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PART  L 

ELEMENTS   OF  ARITHMETIC. 


SECTION  L 
NUMERATION. 

ABTICI.B  1.  The  terms  magnitude,  quantity,  are  emp1o}red  to  describe  that 
propert;^  of  objects  by  means  of  which  they  are  susceptible  of  increase  or 
aimmation. 

Quantity  is  either  discontinuous,  that  is,  composed  of  separate  parts ;  or 
continuous,  that  is,  whole,  or  without  any  distinction  of  parts. 

In  discontinuous  quantity,  a  separate  part  may  be  taken,  and  an  exact 
notion  of  the  quantity  formed,  by  observing  how  often  this  part  is  contained 
in  the  whole. 

In  continuous  quantity,  an  arbitrary  part  is  assumed  and  employed  in  the 
same  manner  as  the  separate  part  in  the  case  of  discontinuous  quantity. 

The  name  given  to  uiis  separate  or  arbitrary  part,  is  one  or  unit,  or  unity. 

Unity,  therefore,  is  a  magnitude  of  any  kind  whatever,  either  given  by  me 
constitution  of  the  quantity,  or  arbitranly  assumed,  and  which  serves  as  the 
nieans  of  comparison  between  all  quantities  of  the  same  kind. 

2.  Number  is  the  relation  of  a  quantity  to  its  unit 

If  the  magnitude,  compared  witn  its  unit,  is  described  as  'being  of  some 
particular  sort,  the  number  resulting  from  such  comparison  is  said  to  be 
ccmcrete. 

A  number,  considered  without  reference  to  any  determinate  species  of 
unit,  is  termed  abstract. 

When  different  quantities  of  the  same  kind  are  compared  with  the  same 
unit,  the  resulting  numbers  must  be  different.  Whence  it  becomes  neces- 
sary to  assi^  to  these  results  different  names,  to  the  end  that  the  numbers 
may  be  distinguished  each  from  another. 

The  formation  and  arrangement  of  a  system  of  names  of  numbers  is  the 
subject  matter  of  numeration. 

iMames.of  numbers,  like  aU  other  words  of  any  language,  are  purely  con- 
ventional. 

3.  One  is  the  name  employed  to  designate  a  single  individual. 

All  whole  numbers  are  formed  by  the  combination  of  one  with   itself, 
then  with  the  result  of  this  combination,  and  so  on. 
The  number  formed  by  the  combination  of  one  with  one  is  named  two. 

of  two  with  one      •        -  three, 
of  three  with  one   -        -  four, 
of  four  with  one     -        -  five, 
of  five  with  one      -        -  six. 
of  six  with  one       •        -  seven, 
of  seven  with  one  -        -  eight, 
of  ei^ht  with  one   •        -  mne. 
The  series  of  numbers  formed  in  this  manner  is  indefinite,  for,  however  far 
it  be  carried,  one  may  always  be  combined  with  the  last  number,  and  another 
term  obtained. 

Since  each  number  must  have  its  distinguishing  name,  it  becomes  necessary 
to  devise  some  means  by  which  the  inconvenience  of  an  unlimited  nomen- 
clature may  be  avoided. 
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With  thifl  ^ew,  it  has  been  agreed  to  consider  the  nmnber  resulting  from 
the  combination  of  nine  with  one  (which  is  named  ten)  as  a  second  kind,  or 
new  order,  of  unit ;  and  as  the  nnits  of  the  -first  order  huve^  been  reckoned 
from  one  to  nine,  so,  in  accordance  with  the  same  convention,  the  tens,  or 
units  of  the  second  order,  are  also  reckoned  from  one  to  nine. 

Thus,  the  number  formed  by 

the  combination  of  ten  with  ten  is  named  twenty. 

twenty  with  ten  -  -  thirty, 

thirty  with  ten  -  -  forty, 

forty  with  ten  -  -  fifty, 

fifty  with  ten  -  -  sixty, 

sixty  with  ten  -  -  seventy, 

seventy  with  ten  -  -  eighty, 

ei^ty  with  ten  *•  -  ninety. 

Between  each  of  these  collections  of  tens  there  are  nine  numbers.  Of  the 
names  of  the  nine  between  ten  and  twenty,  two  are  irregular :  the  others  are 
formed  by  combining  the  names  of  the  simple  units,  from  three  to  nine 
inclusive,  with  ten. 

The  number  formed  by  the  combination  of  ten  with  one  is  named  eleven. 

of  eleven  with  one,  or  ten  with  two,  twelve. 

of  twelve  with  one,  or  ten  with  three,  thirteen, 
of  thirteen  with  one,  or  ten  with  four,  fourteen, 
of  fourteen  with  one,  or  ten  with  ^Te^  fifteen, 
of  fifteen  with  one,  or  ten  with  six,  sixteen, 
of  sixteen  with  one,  or  ten  with  seven,  seventeen, 
of  seventeen  with  one,  or  ten  with  eight,  eighteen, 
of  eighteen  with  one,  or  ten  with  nine,  nineteen. 
The  names  of  the  nine  numbers  between  twenty  and  thirty  are  formed  by 
annexing  to  the  word  twenty  the  names  of  the  simple  units  from  one  to  nine 
inclusive. 

The  names  are,  twenty-one. 

twenty-two. 
twenty-three, 
twenty-four. 
.  twenty-five, 
twenty-six. 
twenty-seven, 
twenty-eight, 
twenty-nine. 

Similarly  are  formed  the  names  of  the  numbers  between   thirty  and 

forty ;  forty  and  fifty ; eighty  and  ninety ;  ninety  and  mne^- 

nine ;  that  is,  by  annexing  one,  two to  the  word  expressing  the 

number  of  tens. 

Combining  ninety-nine  with  one,  t. «.,  ninety  with  ten,  or  nine  tens  with 
one  ten,  the  collection  of  ten  times  ten  simple  units  is  obtuned  for  the 
number  immediately  following  ninety-nine. 

By  convention,  the  collection  of  ten  simple  units  has  been  made  a  unit  of 
the  second  order.  In  like  manner,  the  collection  of  ten  tens  is  taken  to  form 
a  third  order  of  units,  designated  hundred  or  hundreds ;  and  the  name  of 
the  nmnber  next  after  ninety-nine  is  one  hundred. 

The  hundreds,  like  the  units  and  tens,  are  taken  from  one  to  nine.  Their 
names  are,  one  himdred. 

two  hundred, 
three  himdred. 


nine  hundred. 
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Intermediate  between  each  of  the  Buccessive  hundreds  are  nmetj-nine 
numbers.    These  obtain  names  compounded  of  the  terms  one  hundred,  two 

hundred and  the  names  alreadj  given  to  the  series  from  one  to 

ninetj-nine.    Thus,  one  hundred  and  one. 

one  himdred  and  two. 

one  hundred  and  three. 


one  himdred  and  ten. 
one  hundred  and  eleven, 
one  himdred  and  twelve. 

one  htmdred  and  twenty, 
one  hundred  and  twenty-one. 

one  hundred  and  ninety-nine. 

two  himdred. 

two  hundred  and  one. 


nine  hundred  and  ninety-nine. 

The  next  number,  nine  hundred  and  ninety-nine,  increased  by  one,  or 
nine  hundred  increased  by  one  hundred,  is  named  not  ten  hundred,  but 
one  thousand. 

As  the  assemblage  of  ten  individuals  or  units  of  the  first  order  was,  by  con- 
vention, made  a  umt  of  the  second  order,  and  the  assemblage  of  ten  tens  (or 
one  himdred)  a  unit  of  the  third,  so  the  assemblage  of  ten  hundreds  (or  one 
thousand)  is  made  a  unit  of  the  fourth,  that  of  ten  thousands  a  unit  of  the 
fifth,  and  of  ten  tens  of  thousands  a  unit  of  the  sixth  order. 

To  avoid,  however,  the  too  great  multiplication  of  names,  a  single  word 
has  not  been  chosen  to  signify  either  ten  thousand,  or  ten  times  that  number, 
but  a  new  convention  has  been  introduced. 

Between  simple  units  and  thousands  are  interposed  tens  and  hundreds. 
It  has  been  affreed  to  consider  one  thousand  as  a  new  principal  imit,  and  to 
continue,  in  &.e  manner,  the  thousands  through  tens  and  hundreds. 

Whence  the  names  of  the  consecutive  thousands  are  formed  by  placing 
successively  the  names  in  the  series  beginning  with  one,  and  ending  nine 
hundred  and  ninety-nine,  before  the  w<m  thousand,  thus, 

one  thousand, 
two  thousand. 


nine  thousand, 
ten  thousand. 

.    *    ^    .     • 


ninety-nine  thousand. 

one  hundred  thousand. 

one  hundred  and  one  thousand. 


nine  hundred  thousand. 


nine  hundred  and  ninety-nine  thousand. 
The  names  of  the  nine  hundred  and  ninety-nine  numbers  between  one 
thousand  and  two  thousand,  two  thousand   and  three  thousand,  &c.  are 
formed  by  writing  the  words  from  one  to  nine  hundred  and  ninety-nine 
after  each  of  the  successive  thousands,  as, 
one  thousand  and  one. 
one  thousand  and  two. 
•        •        •       f         • 
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one  thousand  and  ninety-nine. 

one  thousand  one  hundred. 

one  thousand  one  hundred  and  one. 

one  thousand  nine  hundred  and  ninety-nine 

two  thousand. 

two  thousand  and  one. 


nine  thousand  nine  hundred  and  ninety-nine 

ten  thousand. 

ten  thousand  and  one. 


ninety-nine  thousand  nine  hundred  and  ninety-nine. 

one  hundred  thousand. 

one  hundred  thousand  and  one. 


one  hundred  thousand  nine  hundred  and  ninety-nine. 

one  hundred  and  one  thousand. 

one  hundred  and  one  thousand  and  one. 

one  hundred  and  nine  thousand  nine  hundred  and  ninety-nine. 

one  hundred  and  ten  thousand. 

one  hundred  and  ten  thousand  and  one. 


one  hundred  and  ninety-nine  thousand  nine  hundred  and  ninety-nine. 

two  hundred  thousand. 

two  hundred  thousand  and  one. 


nine  hundred  and  ninety-nine  thousand  nine  hundred  and  ninety-nine. 
ten  hundred  thousand,  or 
one  thousand  thousand. 

The  number,  ten  hundred  thousand,  is  named  one  million. 

One  million  is  taken  as  a  third  principal  unit,  which,  like  the  simple  unit* 
and  thousands,  is  reckoned  by  tens  and  hundreds. 

Millions,  from  one  to  nine,  form  a  seventh  order  of  units. 

Tens  of  millions  -  -      an  eighth. 

Hundreds  of  millions  -  -      a  ninth. 

From  the  number  one  million  to  the  number  nine  hundred  and  ninety- 
nine  millions  nine  hundred  and  ninety-nine  thousand  nine  hundred  and 
ninety-nine,  the  names  are  analogous  to  those  of  the  numbers  between  one 
thousand  and  nine  hundred  and  ninety-nine  thousand  nine  himdred  and 
ninety-nine. 

But  to  denote  the  succeeding  number,  or  ten  hundred  millions,  the  term 
employed  is  one  billion. 

la  like  manner,  for  ten  htmdred  billions  the  term  is  trillion,  &c.  &c. 

4.  Recapitulation, 

One,  the  element  of  nxmiber,  is  the  first  of  the  first  order  of  units.  The 
first  order  comprehends  one,  two,  three nine. 

Ten  is  the  first  number  of  the  second  order.  The  second  order  compre- 
hends ten,  twenty,  thirty ninety. 

One  hundred  is  the  first  number  of  the  third  order.  The  third  order  Com- 
prehends one  hundred,  two  hundred nine  hundred. 

One  thousand  is  the  first  number  of  the  fourth  order.    The  fourth  order 

comprehends  one  thousand,  two  thousand,  three  thousand nine 

thousand. 

This  convention,  by  which  ten  of  any  given  order  of  units  is  constituted 
one  of  the  next  higher  jorder,  pervades  the  whole  series  of  numbers. 
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Bj  a  term  derived  from  the  Latin  equivalent  of  ten  (decern)  numbers 
tkua  reckoned  are  said  to  belong  to  the  decimal  scale. 

Besides  this  rate  or  scale  of  progression  by  tens,  a  second  contrivance  is 
introduced ;  namely,  to  consider  one  as  a  first  principal  unit,  to  reckon  it  by 
tens  and  hundreds :  to  consider  ten  hundred  times  one,  or  one  thousand,  as 
a  second  principal  unit ;  to  carry  it,  in  like  manner,  through  tens  and  hun- 
dreds :  to  consider  ten  hundred  times  a  thousand,  or  one  million,  as  a  third 
princi^  unit ;  to  carry  it  through  tens  and  hundreds :  to  consider  ten  hun- 
dred tunes  a  million,  or  one  billion,  as  a  fourth  principal  unit 

In  consequence  of  this  arrangement,  the  names  of  the  first  four  orders  of 
units  (thousands,  hundreds,  tens,  and  simple  units)  suflice  to  distinguish  all 
numbers  below  the  seventh  order,  or  one  million ;  the  names  of  the  first, 
second,  third,  fourth,  and  seventh,  to  distinguish  numbers  below  the  tenth 
order,  or  a  billion,  &c.  &c. 

Three  orders  of  units  being  placed  in  the  first  principal  order  (thalrof 
units),  three  in  the  second  principal  order  (that  of  tnousands),  &e.  &c.,  the 
arrangement  has  obtained  the  name  of  a  ternary  division  of  the  scale  of 
numbers. 

5.  The  nomenclature,  which  has  been  explained,  is  simple,  and  sufiiciently 
oomprehensive  to  embrace  all  finite  numbers.  Yet,  if  the  names  of  two  or 
more  numbers  consisting  of  several  orders  of  units  were  written  at  length, 
it  would  be  troublesome  and  difficult,  on  accoimt  of  the  tediousness  of  the 
expressions,  to  efiect  any  combinations  amongst  them.  Experience  of  this 
difficulty  has  suggested  the  expedient  of  an  abridged  notation. 

One ;  ten ;  hundred ;   thousand are  Uie  names  of  the  successive 

orders  of  units ;  and  the  terms  one,  two,  three, nine  express  the 

repetitions  of  each  sort  of  unit  in  any  given  number. 

I^  therefore,  convenient  svmbols  or  characters  were  emploved  to  represent 
the  nine  simple  units,  and  a  means  were  also  devised  by  which  these 
characters  could  be  rendered  capable  of  representing  different  orders  of  units, 
the  difficulty  would  be  surmounted. 

And  it  has  been  surmounted  in  the  manner  following : — 

The  numbers,  one,  two^  three,  four,  five,  six,  seven,  eight,  nine  are  denoted 
thus,  1,  2,  3,  4,  5,  6,  7,  8,  9**;  and,  to  express  the  different  orders  of  units, 
this  principle  (conventional^  of  course)  has  been  agreed  upon,  that  every 
figure  placed  to  the  lefb  of  another  shall  be  held  to  express  units  of  the  order 
immediately  superior  to  those  of  that  other  figure. 

6.  As  an  illustration,  let  it  be  required  to  express,  in  figures,  the  number 
Ave  hundred  and  forty-six.  This  number  is  composed  of  six  '(6)  imits,  four 
(4)  tens,  and  five  (5)  hundreds ;  and  is,  therefore,  in  accordance  with  the 
conventions  already  made,  to  be  written  546. 

Similarly,  the  number  eight  thousand  six  hundred  and  thirty-two,  which 
is  composed  of  2  units,  3  tens,  6  hundreds,  and  8  thousands,  if  translated 
into  figures,  will  stand  thus,  8632. 

Let  the  number  seven  hundred  and  ninety  be  proposed.  This  contains 
9  tens  and  7  hunclrcds,  but  no  units ;  whence  arises  tiie  question,  in  what 
manner  the  tens  and  hundreds  are  to  obtain  their  proper  value  by  occupying 
the  second  and  third  places ;  for  79  signifies  seventy-nmc  only,  and  not  seven 
hundred  and  ninety. 

That  such  a  number  may  be  capable  of  expression  in  figures,  it  is  necessary 
that  there  be  a  figure  without  value  to  occupy  the  place  of  the  units  of  any 
order  which  may  be  wanting.  The  character  adopted  is  0,  or  zero ;  and  the 
number  seven  hundred  and  ninety  is  written  790. 

Whence  also  the  numbers 

ten,  twenty,  thirty, ninety  are  expressed  thus, 

10,       20,         30, 90 

*  These  characters  are  termed  figures  or  cyphers. 
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The  numben 
one  hundred,  two  hundred,  three  hundred,  ....  nine  hundred,  thus, 
100,  200,  300,  ....  900. 

7.  The  ten  characters,  I,  2,  3,  4,  5,  6,  7,  8,  9,  0  are  capable  of  being  to 
combined  as  to  express  any  whole  number ;  for  every  number  which  can 
be  named  is  composed  of  aimnle  units,  tens,  hundreds,  thousands,  &c.;  the 
order  of  each  sort  of  unit  is  denoted  by  its  place ;  the  assemblage  of  units 

of  each  order  is,  of  necessity,  some  number  m  the  series  1,  2,  3 9 ; 

and  the  places  of  deficient  imits  of  any  order  are  occupied  by  the  character 
0.    In  contra-disdnction  to  the  0,  which  has  no  value  when  taken  alone,  1, 

2,  3, 9  are  called  si^piificant  figures.    These  have  two  values :  the 

one  belonging  to  the  figure  itself,  and  by  virtue  of  which  it  is  2,  and  not 

3 ;  ue  other  derived  from  the  place,  as  ten,  hundred  .  .  .  .,  which 

the  figure  occupies.  That  is  termed  the  absolute,  thb  the  relative,  value  of 
the  figure. 

8.  The  principle  of  a  temarv  division  of  the  scale  of  numbers  has  been 
explained.  (AA  4.)  Now,  the  characters  1,  2,  3, 9  are  compen- 
dious representations  of  the  names  one,  two,  three, nine ;  and  the 

place  of  each  figure,  be  it  second,  third,  ....  firom  the  right  or  idaoe  of 
simple  units,  indicates  the  particular  order  of  units,  whether  second,  third, 

,  which  that  figure  is  employed  to  express.    Whence  each  name, 

whether  hundred,  or  ten,  or  one  of  simple  units,  of  thousands,  of  millions, 
&c.,  is  represented  by  a  single  figure  holding  its  appropriate  place;  and 
consequently  the  three  orders  of  units  which,  in  the  verbal  enunciation  of 
numbers  are  contained  in  each  principal  unit,  are  represented  in  figures 
by  three  cyphers,  and  no  more. 

Therefore,  if  any  number  expressed  in  ^gnres  be  divided  into  periods  of 
three  cyphers  each,  beginning  firom  the  right,  the  division  will  correroond 
with  the  ternary  arrangement  of  the  names,  as  expressed  in  woriu  at 
length. 

^e  number  twenty-eight  millions  five  hundred  and  forty-seven  thousand 
three  hundred  and  nme,  being  composed  of  9  units,  0  tens,  3  hundreds, 

7  thousands,  4  ten-thousands,  5  hundi^d-thousands,  8  millions,  2  ten-miUions, 
is  written  in  figures  thus,  28547309 ;  and  this  expression  may  be  divided 
into  periods,  as  follows : 

milUoiu   thouaandt    units 
28,        547,       309. 
Each  of  the  periods  contains  three  figures,  excepting  the  last,  or  that  of  the 
highest  order  of  units ;  this  may  contain  three,  two,  or  only  one. 

Also,  proceeding  from  right  to  left, 
the  first  period  is  composed  of  hundreds,  tens,  and  units  of  unity, 

second        ...      hundreds,  tens,  and  units  of  one  thousand, 
third  ...      hundreds,  tens,  and  units  of  one  million, 

fourth         ...      hundreds,  tens,  and  units  of  one  billion, 
fifth  ...      hundreds,  tens,  and  units  of  one  trillion. 

The  progression  ascends  regularly  by  units,  tens,  and  hundreds  of  the 
successive  principal  units.  ^  The  names  appropriated  to  these,  in  order,  afler 
trillion,  are  quatmllion,  quintillion,  sextimon,  septillion,  octillion,  noniUion, 
decillion 

9.  These  remarks  make  it  easy  to  translate  into  words  the  expression,  in 
figures,  of  any  numb^,  however  large;  for,  beginning  at  the  right  and 
pointing  the  number  into  periods  of  three  figures,  the  first  period  on  the 
ri^ht  is  that  of  units ;  the  second,  that  of  thousands ;  the  third,  that  of 
millions 

The  hundreds,  tens,  and  units ;  tens  and  units ;  or  units  (as  the  case  may 
be),  of  the  extreme  period  on  the  left  are  first  to  be  read,  making  the 
name  of  the  period  to  follow  that  of  the  units ;  the  second  period  is  to  be 
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proceeded  with  In  the  same  manner,  then  the  third,  and  bo  on  to  the  last  or 
extreme  period  on  the  right. 

Take,  as  an  example,  the  number  5738649879204651 ;  this  divided  into 
periods  is 

5,  738,  649,  879,  204,  651. 
writing  over  each  period  its  denomination, 

q;iuidrUlioiis    trillioQ*    blllioiu    mlllioiu    tbouniMb    unlU 
5,  738,      649,      879,        204,      651, 

the  number,  expressed  in  words,  is  five  quadrillions,  seven  hundred  and 
thirty-eight  trillions,  six  hundred  and  fortj-nine  billions,  eifht  hundred 
and  seventy-nine  millions,  two  hundred  and  four  thousand,  six  nundred  and 
fifty-one. 

As  exercises  in  numeration,  let  it  be  required  to  express  in  figures  the 
numbers  following : — 

1.  Fifly  thousand  seven  hundred  and  sik. 

2.  Twenty-seven  millions  three  hundred  and  ten  thousand  five 

hundred  and  twenty. 

3.  Nine  thousand  and  mnety. 

4.  Thirty-five  billions  four  hundred  and  seven  millions  one 

hundred  and  thirty  thousand  six  hundred  and  sixty-four. 

5.  Ninety  trillions  five  hundred  and  eighty  billions  seventy-six 

miUions  ei^ht  hundred  and  twelve  thousand  and  three. 

6.  One  hundred  thousand  and  one. 

7.  One  thousand  one  himdred. 

Also,  let  it  be  required  to  express  the  following  numbers  in  words  :^- 

1.  3749584. 

2.  501876308. 

3.  2005809700106. 

4.  1234567890. 

5.  27358429060726. 

6.  73458946537053096. 

10.  The  contrivance  to  reckon  one  ten,  then  another  ten,  &C.,  and  thence 
to  arrange  numbers  in  a  decimal  scale,  was  probably  suggested  to  computists, 
in  remote  antiquity,  by  the  number  of  the  fingers  of  ^th  hands.  The  ten 
ntmieral  characters  or  cyphers,  although  of  comparatively  recent  invention, 
are  often,  firom  the  same  cause,  termed  digits,  that  is,  fingers. 

11.  Every  combination  of  terms  taken  from  the  nomenclature  of  numbers, 
and,  bv  conseauence,  every  arrangement  of  figures,  represents  some  particular 
assemblage  oi  units.  Yet,  in  reasoning  upon  number,  it  is  often  advan- 
tageous to  employ  considerations,  and  to  establish  principles,  independent  of 
particular  quantity.  In  such  cases  the  usual  practice  (based  on  convention) 
IS  to  employ  letters  of  the  alphabet  a,  6,  c, . . . .  r,  y,  z,  to  represent  numbers 
general^. 

The  mvestigation  of  the  properties  of  numbers  by  means  of  general 
symbols  belongs  to  the  science  of  Algebra. 

12.  In  treating  of  Numeration,  it  has  been  shown  that  numbers  are  formed 
by  successive  reunions  of  unity  to  itself,  or  to  existing  collections  already 
formed  in  the  same  manner.  There  is,  manifestly,  no  lunit  to  the  multitude 
of  dififerent  assemblages  (^  unity,  that  is,  of  different  numbers  which  may 
be  thus  composed. 

Now,  it  may  become  necessary  to  combine  two  or  more  such  collections 
into  a  single  numb^,  or  it  may  oe  required  to  find  how  many  times  oftener 
unil^  is  repeated  in  one  collection  than  it  is  in  another. 

Tne  former  object  is  accomplished  by  an  operation  named  Addition ; 

The  latter  by  another,  Subtraction. 

In  addition  the  result  is  termed  Sum ;  and  in  subtraction.  Difference. 

The  numbers  to  be  added  together  are  sometimes  called  (by  a  Latin  tenn) 
Addenjda.  In  subtraction  the  greater  number  is  the  Minuend,  the  less  the 
Subtrahend. 
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It  18  aometimea  conTenient  to  indicate,  without  performing,  an  addition  or 
subtraction.  In  such  cases  the  symbol  +9  named  plus,  is  employed  to  ufl;nify 
that  the  sum  of  the  numbers  which  it  connects  together  is  to  be  tuen ; 
and  — ,  named  minus,  to  denote  that  the  number  written  after  the  symbol  ia 
to  be  subtracted  from  that  placed  before  it. 


SECTION  n. 

ADDITION. 

Id.  In  Addition  certain  numbers  are  given,  to  find  a  single  number  com- 
posed of  as  many  units  as  are  contained  m  all  the  given  numbers. 

If,  to  select  a  familiar  instance,  it  were  required  to  find  the  number  of 
shells  contained  in  two  separate  heaps,  one  would  follow  some  such  course 
as  this :  havine  reckoned  the  number  in  one  heap  (suppose  it  fifteen),  the 
computer  womd  transfer  a  shell  firom  the  other  heap  to  this,  saying  sixteen ; 
then  another,  saying  seventeen ;  another,  eighteen ;  and  thus  proceed  unUl 
all  the  shells  in  the  second  heap  were  transferred  to  the  first.  The  name 
corresponding  to  the  last  transfer  would  express  the  whole  number  of  shells. 

14.  As  the  moving  of  that  heap  to  this,  or  of  this  heap  to  that,  cannot 
increase  or  diminish  the  absolute  number  of  shells,  it  manifestly  is  indifierent 
which  is  added  to  the  other. 

If,  instead  of  two  heaps,  there  were  three  or  more,  the  addition  would  be 
performed  by  transferring  any  one  heap  to  any  other,  a  third  to  these,  or  these 
to  a  third ;  and,  in  like  manner,  a  fourth,  a  mlh  ....  to  the  last  inclusive. 

The  reasoning  from  which  it  was  inferred,  in  the  case  of  two  heaps,  that 
the  order  of  combination  does  not  afiect  the  result,  may  be  esLtended  from 
two  to  any  greater  number.  Further,  the  same  reasoning  may  be  emploved 
to  prove  that,  whether  several  numbers  (or  heaps,  considered  as  sensible 
representations  of  numbers,)  are  singly  added  to  another  number,  and  the 
successive  results,  or  their  sum  is  at  once  added  to  that  other  number,  the 
last  result,  or  absolute  number  of  individuals,  is  the  same. 

In  the  example  considered,  the  addition  consists  in  the  transfer,  shell  after 
shell,  of  the  one  parcel  to  the  other ;  and  a  knowledge  of  the  number  of 
shells  in  the  combmed  heap  is  attained  by  means  of  the  name  of  the  number 
pronounced  simultaneously  with  the  last  transfer.  This  name  is  the  last  of  a 
series  setting  out  from  umty,  and  increasing,  by  successive  augmentations  of 
one,  to  the  inclusion,  first,  of  every  shell  m  one  heap ;  and  from  this  pro- 
ceeding, still  by  augmentations  of  one,  to  the  comprehension  imder  one  name 
of  all  Uie  individual  in  both  heaps. 

This  process  does  not  differ  from  that  by  which,  in  numeration,  the  series 
of  numbers  is  formed  by  successive  reunions  of  unity. 

15.  Addition,  then,  is  simply  an  application  of  the  principles  of  nume- 
ration. To  add  qitantities  together,  tne  names  of  numbers  and  die  order  of 
their  succession  must  be  known ;  and  more  than  this  is  not  required. 

The  Addenda  may  be  either  abstract  or  (as  in  the  example  already  given) 
concrete  numbers.  If  the  latter,  the  quantities  must  be  of  the  same  kino. 
Should  they  be  of  difierent  kinds,  as  hours  and  pounds,  the  question  is  absurd, 
and  the  addition  impracticable. 

The  name  of  the  number  of  individuals  resulUng  from  the  combination  of 
several  quantities  into  one  is  found  by  means  of  the  names  of  number,  which 
express  the  repetitions  of  unity  in  each  of  the  several  quantities.  These 
names  being  independent  of  the  particular  kind  of  the  unit,  it  follows  that 
the  addition  of  concrete  numbers  (provided  they  be  of  the  same  kind)  and 
also  of  abstract  numbers  is  performed  in  the  same  manner;  that  is,  by  a 
reduction  of  the  names  of  the  difierent  numbers  into  the  name  of  a  single 
number  composed  of  all  the  others,  in  conformi^  with  the  princiides  of 
numeration. 
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The  addition  of  mnte  can  be  made  in  thia  manner  only,  and  the  process 
is  eaailj  and  (after  a  litUe  practice)  quickly  executed. 

16.  If  tiie  addenda  contain  tens  and  units,  the  operation  is  tedious ;  if 
higher  numbers,  as  thousands,  the  combination,  one  by  one,  of  so  many 
individuals  becomes  excessively  laborious,  or  even  impracticable.  The  con- 
ventional laws  of  numeration  afford  a  means  of  overcoming  this  difficulty. 
By  these  the  assemblage  of  units  composing  any  large  number  is  broken 
into  parts,  and  distributed  amongst  other  wders  of  units,  each  of  which  is 
ten  times  greater  than  that  immediately  succeeding  it.  A  large  number  is 
thus  to  be  regarded  as  composed  of  so  many  units  of  the  first,  so  many  of 

the  second,  so  many  of  the  third so  many  of  the  nth  order ;  that  is,  of 

so  many  units,  tens,  hundreds,  &c. 

When,  tiierefore,  tiie  sum  of  two  or  more  large  numbers  is  reqtured,  each 
of  the  ntmibers  is  to  be  considered  as  decomposed  into  units,  tens,  hundreds 

the  sum  of  all  the  units  of  the  first  order  contained  in  the  given 

numbers  is  to  be  foimd ;  then  that  of  all  the  units  of  the  second  order,  or 

tens ;  next  that  of  all  the  units  of  the  third  order,  or  hundreds,  &c.  &c 

Then,  since,  in  any  quantitv  which  is  divided  into  parts,  the  sum  of  all  the 

'parts  is  equal  to  the  whole  quantity ;  since  also  the  units,  tens,  hundreds 

of  any  number  compose  that  number ;   and  consequently  all  the 

units,  the  tens,  the  hundreds  of  the  given  numbers,  compose  these  numbers ; 
it  follows  that  the  result  obtuned  by  adding  the  different  collections  of  imits 
into  one  sum,    of  tens  into  a  second,  of  hundreds  into  a  third. . , . .  # , 

must  comprehend  all  tiie  units,  the  tens,  the  hundreds contained  in 

the  ^ven  numbers,  and  must,  therefore,  be  equal  to  the  sum  of  them  all. 

The  addition  of  large  numbers  is  thus  reduced  to  the  repetition,  for  each 
order  of  units,  of  the  process  employed  in  the  addition  of  units  of  the  first 
order ;  that  is,  of  numbers  each  not  greater  than  nine. 

.  17.  The  method  to  be  followed  in  the  addition  of  simple  units  is  the  same 
as  that  explained  in  Article  13. 

These  additions  may  be  at  first  performed  by  means  of  sensible  objects. 
A  littie  practice  will  fix  the  results  m  the  memory,  and  render  any  subsidiary 
means  unnecessary. 

Or  (the  principles  of  addition  being  well  understood)  some  labour  may  be 
saved  by  referring,  for  the  sum  of  any  two  units,  to  the  following 

Table  of  Addition. 


1 

2 

a 

4 
5 
6 
7 
8 

9 

1 

1 
2 

2 
3 

3 

4 
5 
6 
7 
8 
9 
10 

4 
5 
6 
7 
8 
9 
10 
11 

6 

6 
7 
8 
9 
10 

6 
7 
8 
9 
10 
11 

7 
8 
9 
10 
11 
12 
13 
14 
16 
16 

8 

9 

10 

11 

12 

9 
10 
11 
12 
13 

3 
4 
5 
6 
7 
8 
9 
10 

4 
5 
6 
7 
8 
9 
10 
11 

13 

14 
15 
16 
17 

14 
15 
16 
17 
18 

11 
12 
13 
14 

12 
13 
14 
15 

11 
12 

12 
13 
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Ab  example  will  best  show  the  manner  of  nsing  this  table :  for  wUch 
purpose,  let  it  be  required  to  find  the  sum  of  the  two  numbers  8  and  7. 
Find  8  in  the  first  column  on  the  left,  and  7  in  the  uppermost  column ; 
trace  the  former  to  the  right,  and  the  latter  downwards  to  the  crossing  of 
the  two ;  15  ^the  number  filling  the  square  formed  by  the  intersection  of 
horizontid  column  8  with  vertical  column  7)  is  the  sum  of  the  numbers  9 
and  7. 

18.  Before  proceeding  to  the  consideration  of  examples,  it  will  be  con* 
Yenient  to  introduce  a  new  symbol  «,  (ec[ual  to),  which  is  em^oyed  to 
indicate  that  numbers  between  which  it  is  interposed  are  equal.  Thus,  the 
expression,  24-1=3*,  signifies  that  the  sum  of  2  and  1  is  equal  to  3. 

19.  This  premised,  let  it  be  required  to  find  the  sum  of  the  numbers  5  and  4. 
Kecurring  to  first  principles  (Art.  13.)  the  addition  is  performed  thus : 

64-4«6-|-3=7+2=8-|-l=9. 
Therefore  9  is  the  sum  of  the  numbers  5  and  4. 

The  same  result,  54-4a9,  is  obtained  by  a  reference  to  the  table  of 
addition. 

As  a  second  example,  let  it  be  required  to  find  the  sum  of  the  numbers 
9,  7,  and  8. 
Tlie  operation  at  lenglih  is  as  follows : 

9-|-7=»10-|-6=114-5«12-f-4«13-f-3«14-f-2=15-fl«16. 

Thati8,9-f7«16. 
Next,  16-1-8=17 -f7=184-6«19-f5«20-f  4=21+3=22 -|-2=23+l«24, 

or,  16+8=24. 
But  16=9+7,  therefore  9+7+8=24. 
•  Employing  the  table  to  find  the  sum,  9+7+8,  it  gives  9+7=16:  but 
how  find  the  sum  of  16  and  8,  seeing  the  table  contains  none  greater  than 
9+9  ?    Thus  :     16  is  composed  of  1  ten  and  6  units.    Reserving  the  ten, 
the  6  units,  added  to  the  otner  8,  make  14  units,  or  1  ten  and  4  umts;  which, 
added  to  the  ten  reserved,  make  2  tens  and  4  units,  or  24. 
Required  the  sums  of 
(1)  2        (2)  6        (3)  2        (4)  8        (5)  5        (6)  9        (7)  8 
8  7  4  5  8  7  9 

.48677  46 

5  9  8  9  6  8  9 

14  30  20  24  26  28  32 

20.  The  preceding  examples  contain  units  of  the  first  order  only.  It 
appears,  however  (Art.  16),  that  to  accomplish  the  addition  of  numbers 
containing  units  of  several  orders,  no  difierent  method  is  required ;  but  that 
the  same  process  b  to  be  repeated  for  each  distinct  order  of  units. 

Suppose  the  numbers  32  and  57  to  be  given ;  and  let  it  be  required  to 
find  tneir  sum. 

Following  the  method  pointed  out  in  the  preceding  observations,  the 
addition  is  to  be  efiected  as  follows : 

32  consists  of  3  tens  and  2  units. 

57  consists  of  5  tens  and  7  units. 

Adding  the  units,  2+7=9  units. 

And  the  tens,         3+5=8  tens. 
Whence  32+67=8  tens+9  unit8=89. 
The  addenda  and  result  may  be  put  down  more  compactly  thps : 

Tem.  Units. 

3         2 
_5 7_ 

8        9 


*  An  expression  saeh  as  2  + 1  ^3,  or  a  +  6«c,  is  termed  an  equation. 

Connected  with  the  symbol  »,  are  two  other  symbols,  >  (groiter  than),  <  (leu 
than);thiis  5>3sigmfies  that  5  is  greater  than  8;  and  a  <  6,  that  the  quantity  r^we- 
sented  by  a  is  less  than  the  quantity  represented  by  b. 
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Let  it  next  be  required  to  find  the  Bum  of  the  numbers  29  and  68  : 

tena     uniU 

2        9 

_6 8 

8       17 


This  result,  8  tens  and  17  units,  rightly  represents  the  sum  of  the  units 
and  tens  contained  in  the  given  number ;  but  it  appears  in  a  form  requiring 
some  modification  to  bring  it  into  accordance  with  the  decimal  scale  of 
notation ;  for  it  is  a  principle  of  this  scale  that  ten  units  of  any  order 
make  one  unit  of  the  order  next  higher ;  and  here  are  seventeen  units.  The 
change  to  be  made  is  this : — 

Since  17  unit8=sl  tenH-7  units. 
The  number  8  tens-f  17  unit8=8  tens+1  ten-|-7  units. 
That  is,  it  equals  9  tens +7  unitss97. 

*  /.  29+68=97. 
Required  the  sum  of  167,  386,  294,  and  98  ? 

faun.  teiM  units 

1  6    7 
3    8    6 

2  9    4 
9    8 

9    4    5 

3      S 


ExpUmatiatL — ^Having  written  the  numbers  under  each  other,  in  such 
manner  that  the  units  of  the  same  order  may  occupy  the  same  vertical 
column,  the  addition  is  made  thus  :-— 

1st,  of  the  units:  8+4=12.  12+6=18.  18+7=25  units.  25  units»2ten8 
and  5  units.  The  5  units  are  recorded  imder  the  column  of  units ;  and 
the  two  tens  carried  forward  to  the  column  of  tens. 

2d,  of  the  tens:  2+9=11.  11+9=20.  20+8=28.  28+6=34  tens. 
34  tens =3  hundreds  and  4  tens.  The  4  tens  are  written  under  the  column 
of  tens,  and  the  3  hundreds  carried  forward  to  the  column  of  hundreds. 

3rd,  of  the  hundreds:  3+2=5.  5+3=8.  8+1=9  hundreds.  This  9 
being  written  in  its  proper  place,  the  operation  is  completed,  and  the  sum 
of  the  given  numbers  found  to  be  945. 

21.  Having  foimd  the  sum  of  any  colunui,  and  written  the  units  contained 
in  that  sum  m  their  proper  place,  the  tens,  reserved  for  combination  with 
the  next  column,  may  be  conveniently  recorded  by  means  of  a  small  figure 
written  imder  the  units  of  that  particular  order  from  which  they  are  carried. 
An  advantage  of  this  practice  is,  that  if,  afler  the  sums  of  several  columns 
have  been  found,  anv  interruption  occur,  and  the  sum  of  the  column  under 
process  of  addition  oe  lost,  tne  number  carried  from  the  preceding  column 
IS  not  lost  along  with  it. 

Without  some  such  expedient  it  might,  in  cases  like  the  one  imagined,  be 
necessary  to  resume  the  work  from  the  beginning. 

In  the  last  example  the  2  written  under  the  five  units,  and  the  3  under  the 
4  tens,  are  instances  of  the  precaution  recommended. 

The  work  and  illustrations  of  the  last  example  appear  sufficient  to  direct 
the  mode  of  procedure  in  the  addition  of  any  whole  numbers  whatever. 

The  words  units,  tens,  hundreds,  ....  placed  in  the  preceding  examples 
over  the  different  orders  of  units,  were  so  placed  to  give  distinctness  to 
the  explanations.  The  learner,  afler  fully  understanding  the  rationale  of 
addition,  may  omit  them  from  his  work. 

22.  In  finding  the  stun  of  several  numbers,  each  composed  of  two  or  more 
orders  of  units,  the  addition  is  always  commenced  with  the  extreme  columxi 
9n  the  right,  that  is,  with  the  simple  units. 

*  The  symbol  .*.  is  pat  for  the  word  tker^art* 
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The  reason  for  so  begiiming  is,  that  the  tens,  which  may  arise  in  the  Jiddi- 
tion  of  the  units,  can  thus  be  at  once  taken  into  account  in  adding  the  column 
of  tens ;  the  hundreds  arising  from  the  column  of  tens,  in  that  of  the  hun- 
dreds, &c. 

I£  die  extreme  left  column  be  taken  first,  and  the  addition  made  from  left 
to  right,  either  new  additions  must  be  made  to  combine  the  tens  arising  fixxa 
the  units  of  any  order  with  the  units  of  the  next  higher ;  or  the  result  must 
remain  with  more  than  nine  units  in,  at  least,  some  of  the  orders. 

But  for  these  circumstances,  it  would  be  matter  of  indifierence  whether,  in 
adding  numbers  together,  the  process  were  performed  from  right  to  left  or 
from  left  to  right. 

For  the  sake  of  illustration,  the  addition  in  the  following  example  is  made 
from  left  to  right : — 

th.   han.    tent  units. 
5      3      4      6 


8 

7 

9 

0 

3 

5 

1 

2 

7 

6 

8 

4 

23 

21 

22 

12 

1st.    7+3=10,  10+8sl8,  18+5s23  thousands. 
2d.    6+5»ll,  11+7»18,  18+3»21  hundreds. 
3d,    8+l»9,  9+9»18,  18-f4»22  tens. 
4th.  4+2=»6,  6+0=6,  6+6-12  units. 

The  stmi  b  therefore  made  up  of  23  thousands  b  23000 

21  hundreds  «s  2100 

22  tens  «  220 
12  units  «  12 


Ofwhich  the  total  «    25332 

To  reduce  the  result  to  a  single  number,  a  second  addition  is  necessary. 
As  the  sum  of  no  column,  in  the  present  instance,  exceeds  nine,  this  second 
addition,  whatever  way  begun,  completes  the  work.  But,  supposing  always 
the  addition  to  be  made  from  left  to  right,  cases  may  occur  in  which  three 
or  more  operations  will  be  required  to  i^uce  tens  of  an  inferior  order  into 
units  of  the  next  higher ;  that  is,  to  reduce  the  sums  of  the  different  columns 
into  one  number. 

The  preceding  remarks  and  demonstrations  are,  it  is  presumed,  sufficient 
to  render  intel%ible  the  principles  and  operations  of  addition. 
A  Greneral  Rule  and  Examples  are  annexed. 

23.  General  Rule  for  the  addition  of  whole  numbers. 
-   Write  the  numbers  to  be  added  together  under  each  other  in  suc- 
cessive lines,  so  arranged  that  all  the  figures  representing  units  of  the 
same  order  may  occupy  the  same  vertical  column. 

Draw  a  line  under  the  last  number,  to  separate  the  addenda  from 
the  result.  Then,  beginning  with  the  right  column  or  units  of  the 
first  order,  find  the  sum  of  the  figures  composing  this  column  :  write 
the  units  of  the  sum  under  the  column  added,  and  reserve  the  tens,  if 
any,  for  combination,  as  units  of  the  second  order,  with  the  second 
column,  or  units  of  the  second  order.  Add  this  column,  in  like 
manner :  place  the  units  of  the  sum  below  it,  and  reserve  the  tens  for 
combination  with  the  third  column.  In  the  same  manner  proceed 
with  a  third,  a  fourth  ....  to  the  extreme  column  on  the  left.  The 
result  of  this  operation  ia  the  sum  of  the  given  numbers. 
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'24.  Examples  in  the  addition  of  whole  numbers. 
Beqnired  the  sums  of  the  following  numbers : 

Ist.  5943,  7685,  2768,  and  9374? Ans.  25770. 

2d.  38796,  67438,  54874,  and  89657? Ans.  250765. 

8d.  73564,  89753,  46586,  95845,  and  38479? Ans.  344227. 

4th.  4789,  6543,  2101,  and  9876? Ans.  23309. 

5th.  123456,  789012,  345678,  901234, and 567890?... -4iw. 2727270. 

6th.  2574,  83965,  1781,  479,  and  8698? ^w*.  97497. 

7th.  15893,  7586,  59948,  479,  3548,  and  95  ? Ans.  87549, 

8th.  456,  7890,  12345,  67,  890123,  and  4? Ans.  910885. 

9th.  49876534, 15798249, 6789012,  and  4789656 ?...^>m.  77253451. 

10th.  7690458,  7690458, 7690458,  and  7690458  ?...Ans.  30761832. 

11th.  97,764,  386,  17578,  8997,  and  59604? ^«*. 87426. 

12th.  8759076,  605895,  961704,  87289,  743998,  6657,  and 
7985065? ^»*.  19149684. 

13th.  8796,  5348,  284,  7963,  57,  9,  154,  9598,  358,  and  85  ? 

Ans.  32652. 

14th.  574,  896,  78,  985,  347,  7584,  59,  870,  5794,  648,  1842,  31, 
8628,  and  779? ., ^...Ans.  29115. 

15th.  689,  748,  986, 577,  854,  98,  379,  956,28,  989,  497,588,  867, 
179,  996,  755,  and  778? Ans.  10964. 

25.  The  addition  of  two  numbers  is  indicated  by  interposing  the  symbol 
•f  betvreen  them.  Thus  9+7  is  an  expression  signifying  that  the  numbers 
9  and  7  are  to  be  combined  into  one  number. 

When  general,  instead  of  particular,  expressions  of  number  are  employed 
(Art.  11)  the  same  notation  is  used. 

If  a  represent  one  number,  and  b  another,  the  sum  of  a  and  b  is  written 
a-^b. 

In  like  manner,  the  sum  of  a,  &,  c,  is  denoted  by  the  expression  a-\-b-{-c. 

1£  any  (quantity,  a,  is  added  to  itself,  the  sum  of  the  repetitions  may  be 
expressed  m  the  same  manner ;  as,  a+a ;  a'\-a'\-a. 

But  it  is  to  be  observed  that  a  signifies  once  the  number  & ; 
that  once  a,  +  once  a,  «  twice  a=s2a : 
that  once  a,  +  once  a,  +  once  a,  as  three  times  assSa,  &c. 

Hence  the  practice  is,  not  to  write  the  number  as  many  times  as  it  is 
repeated,  but  once  only ;  and  to  express  the  number  of  repetitions  by  a 
figure  prefixed  to  the  a,  or  other  general  expression  of  number. 

Numbers  which  (like  2  and  3  in  the  present  instances)  express  the  number 
of  repetitions  of  a  quantity,  are  termed  co-efficients  of  that  quantity. 

Again,  tlie  sum  of  the  quantities  2a  and  3a  may  be  indicated  by  the 
expression  2a+3o. 

But  since  2asa*f  a 

and  Saasa+ci+o. 
Therefore  2a-|-8as=aa+a ;  -f  a+a+a. 
or  2a4-3asB5a. 

So,  3a,  are  expressions  which  signify  that  the  quantity  a  is  to  be  taken  in 
the  one  instance  two,  and  in  the  other  three,  times ;  that  is,  as  often  as  the 
co-efficients  contain  simple  units. 

If  the  numeral  co-efficients  2,  3,  are  replaced  b^  the  general  expressions 
m,  n  (termed  literal  co-efficients),  then,  i»ia  or  m  tunes  a,  indicates  that  the 
number  a  is  to  be  repeated  as  often  as  the  co-efficient  m  contains  simple 
units ;  and  na  that  ue  number  a  is  again  to  be  repeated  as  oflen  as  Vie 
co-efficient  n  contains  simple  units. 

Whence,  if  a  repeated  m  times  is  increased  by  a  repeated  n  times,  the 
sum  is  equal  to  (i  repeated  aa  often  as  m  and  n  together  contain  simple  units. 
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But  the  number  of  simple  umfa  contained  in  m  and  it  Is  indicated  bj  the 

expression  m+n*    Consequently  iiia+fias(ffi+n)  a. 

To  signify  that  a  is  repeated  m+n  times,  and  not  m  times  onlj,  or  n  times 
onlj,  the  sum  of  the  co-efficients  m,  n,  is  written  thus  (m+i*)* 

26.  Quantities  expressed  by  the  same  letters,  or  hj  the  same  ccnnbinations  of 
the  same  letters,  are  termed  like  or  similar:  quantities  expressed  by  different 
letters,  or  by  different  combinations  of  the  same  letters,  unlike  or  dissimilar. 

From  this  definition,  and  the  conclusions  of  Article  25,  it  follows  that  the 
addition  of  unlike  quantities  is  indicated  by  connecting  the  quantities 
together  with  the  symbol  +,  and  the  addidon  of  like  auandties,  by  adding 
the  co-efficients  together,  and  writing  their  sum  before  tne  common  quantity. 

26^.  Each  of  die  quanddes  composing  an  expression  such  as  0+0+^9  or 
a+ft— c,  is  called  a  term. 

A  quandty  composed  of  one  term  only  is  called  a  monomial ;  a  quantity 
composed  of  two  terms,  a  binomial ;  a  quantity  composed  of  three  terms, 
sometimes  a  trinomial ;  but  generally  a  quandty  composed  of  more  terms 
than  two  is  called  a  polynomial. 

Exercises  in  the  addidon  of  general  expressions  of  quantity. 

1st.  Reqiured  the  sum  of  So,  5a,  a,  6a,  17a? ^ns.  32a. 

2d.        -         -         -        mo,  2iiia,  5iia,  and  a  P Ans.  (Sm+dn-^-l^a, 

3d.        >         •         -        a^ia^tnaf Ans.  (B-j-m)a, 

4th.       -         <•         •        a,  mft,  6d;  3a,  ft,  and  Ag  ? 

Ans.  4a+6c/+(m+l)5+4g'' 
6di.       -         -         -        a+ft,  ma+RC,  3ft+5c? 

Ans.  (l+m)a+4ft+(ii+fi)c. 
6U1.      ...»        a+2aft,  and  ab+h  ? 

Ans,  a4-2aft+ft,  or  a+(2a+l)5. 
7th.       •         .         .        a-f2aft+<2ft,  and  06+2^4-6? 

Ans.a-\'Bab+Sdb+b,  ora+(3a+3(f4-l)6,  or  a-f  {aCa+^O  +  ij^- 
Sth.       -         -         -        a+d&4-5,  &+5a+17,  and2a+10P 

Ans.  8a+4ft+32. 
9th.       •         •         -        fna+md+l^  Sua,  and  7d+lZ  ? 

^Jw.'(mH-3ji)a+(m+7)rf+14. 
10th.     -         -         -        a+i+e,  i-f-c,  6d^  7c,  and  &4-9<?  ? 

Ans.  a+2&+8c+6cl+  ^Oe, 


SECTION  m. 

SUBTRACTION. 

27.  Two  unequal  collections  of  units  are  given,  and  it  is  required  to  find 
how  many  more  are  contidned  in  the  greater  collecdon  than  in  the  less :  or, 
how  many  units  of  the  greater  collection  are  left  when  as  many  as  are  con- 
tained in  the  less  have  been  taken  fix>m  it.  Such  is  die  problem*  of 
subtracdon. 

As  a  pardcular  case,  let  it,  for  the  sake  of  illustration,  be  supposed  that  a 
boy  who  had  twelve  apples  gave  five  away ;  the  quesdon  is,  H^w  many  had 
he  left? 

Giving  away  one,  he  retained  twelve  less  one,  or  eleven, 
two,      -        «     eleven  less  one,  or  ten, 
three,  -        -     ten  less  one,  or  nine, 
four,     -        -      nine  less  one,  or  eight, 
five,      «        -      eight  less  one,  or  seven. 
Whence,  having  fix>m  twelve  apples  given  away  five,  the  boy  had  seven 
left. 

*  A  problem  is  a  quesdon  which  reqnirss  a  aolodon.. 
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In  lids  example  the  subtraction  is  effected  bj  taking  from  the  whole 
number  of  fmples,  first  one,  then  a  second,  a  third,  a  fourth,  a  fifth.  Also, 
the  steps  of  the  operation  are  traced  and  the  final  result  enunciated  by  means 
of  a  series  of  names  of  numbers,  commencing  with  that  of  the  greater  quan- 
tity, and  descending  bj  successive  subtractions  of  unity  until  &e  name  cor- 
responding to  the  sum  of  the  units  taken  away  represents  the  less  quantity. 
The  name  arrived  at  by  these  successive  decompositions  is  that  of  the  result 
sought. 

28.  This  result  is  termed  Remainder. 

If  two  numbers  are  mentioned  as  being  uneaual,  but  without  distinction 
of  the  greater,  the  term  Difference  is  given  to  tnat  number  which  constitutes 
the  inequality.  But  if  the  greater  be  distinguished,  instead  of  difference,  the 
proper  term  is  Excess. 

29.  Subtraction,  like  addition,  is  manifestly  an  application  of  the  principles 
of  numeration.  It  requires  that  the  names  of  numbers. be  known  in  a 
descending  series ;  or  in  the  order  contrary  to  that  of  their  formation.  Ad- 
dition being  performed  by  means  of  the  ascending  series  of  numbers,  the  one 
operation  is  the  reverse  of  the  other. 

The  minuend  and  subtrahend  may  be  abstract  or  concrete  numbers :  if 
concrete,  the  numbers  must  express  collections  of  individuals  of  the  same 
kind ;  the  operation,  beii^  conducted  through  the  intervention  of  ^names,  is 
the  same  for  concrete  as  lor  abstract  numbers. 

30.  The  difference  of  small  numbers  is  foimd  bv  decomposing  the  minuend 
into  two  numbers,  of  which  one  is  the  subtrahend  and  the  other  the  renuun- 
der ;  and  this  decomposition  is  effected  bj  taking  from  the  minuend  succes- 
sive units,  imtil  the  number  taken  away  is  equal  to  the  subtrahend. 

But  as,  in  finding  the  difference  of  large  numbers,  this  method,  by  the 
continued  subtraction  of  simple  units,  would  be  impracticable,  the  conventions 
of  numeration  which  were  employed  to  facilitate  addition  are  in  like  manner 
rendered  subsidiary  to  the  operation  of  subtraction.  Thus  both  the  quan« 
tides  are  considered  to  be  decomposed  into  collections  of  simple  units,  tens, 
hundreds,  &c. ;  the  units  of  the  subtrahend  are  taken  from  the  units  of  the 

minuend,  the  tens  fix>m  the  tens in  fiine,  the  units  of  every  order 

contained  in  the  former  firom  the  units  of  the  correspondent  order  in  the 
latter.    The  result  of  these  partial  subtractions  is  the  remainder  sought. 

91.  That  a  remainder,  thus  obtained,  correctly  expresses  the  difference  of 
theghren  numbers,  is  proved  by  the  considerations  following  :~- 

l£e  whole  bemg  equal  to  the  sum  of  all  its  parts,  the  mmuend  and  sub- 
trahend are  respectively  equal  to  the  sum  of  tne  units,  tens,  &c  Into  whicb 
th^  are  decomposed. 

All  the  units,  tens,  &c.  of  the  subtrahend  are  taken  fix>m  the  units,  tens, 
&c.  of  the  minuend,  each  firom  each ;  that  is,  all  the  parts  of  the  subtrahend 
are  taken  firom  the  minuend.  But  to  take  away  all  the  component  parts  of 
any  quantity,  amounts  to  the  subtraction  of  the  whole  of  that  quantity. 
Whence  the  whole  of  the  subtrahend  is  taken  from  the  minuend,  and  conse- 
quentiy  the  remainder  obtained  by  taking  the  units  of  the  former  firom  those 
of  the  latter,  the  tens  firom  the  tens,  &c.,  is,  in  effect,  the  correct  expression 
of  that  number  of  units  by  which  the  greater  quantity  exceeds  the  less. 

32.  Reviewing  the  whole  subject,  it  appears  that  the  subtraction  of  one 
unit  from  another,  or  of  one  small  number  from  another,  is  accomplished  bj. 
the  process  of  decomposition  explained  in  Article  27 ;  and  that  the  subtraction 
of  large  numbers  (wnich  has  been  reduced  to  that  of  the  successive  orders 
of  units  in  the  subtrahend  firom  the  corresponding  orders  in  the  minuend)  is, 
in  effect,  performed  by  repetitions  of  the  same  elementary  process. 

33.  The  subtraction  of  one  small  number  from  another  may  be,  at  first, 
eSected  by  means  of  sensible  objects,  as  was  recommended  in  addition ;  or, 
they  who  prefer  it,  may  use  the  following — 
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Tabk  of  SuhbracHon, 


1 

2 
3 

4 
6 
6 
7 
8 
9 
10 

1 
0 

2 
1 
0 

3 
2 
1 
0 

4 
3 
2 

1 

5 
4 
3 

6 
6 

4 

7 
6 

4 

8 
7 
6 
5 

9' 

10 

11 
9 

12 
9 

13 

14 

9 
8 
7 
6 
5 
4 

15 

9 
8 
7 
6 
5 

«; 

17 

18 

19 

8 
7 

9 

8 

2 

1 
0 

3 

6 

7 

8 
7 
6 

— 

0 

2 

1 
0 

3 
2 

1 
0 

4 
3 
2 
1 
0 

5 

4 
3 
2 

1 
0 

6 
6 

8 
7 
6 

9 

8 
7 

9 

9 
8 
7 
6 

8 
7 

9 
8 

4 
3 
2 

1 
0 

5 
4 
3 
2 
1 

5 
4 
3 
2 

6 
5 

4 
3 

In  this  table,  the  uppermost  horizontal  column  contidns  the  greater  num- 
bers, and  the  left  vertical  column  the  less ;  also  the  excess  of  any  number  in 
the  former  over  any  number  in  the  latter,  is  placed  in  the  sauare  formed  by 
the  intersection  of  a  vertical  colunm,  descending  from  the  larger  numbers, 
with  a  horizontal  column  extending  to  the  right  of  the  smaller  numbers. 

Thus,  to  find  the  difference  of  the  numbers  12  and  5  :  tracing  the  vertical 
column  12  downwards  to  its  intersection  with  the  horizontal  column  5,  the 
number  7  b  found  to  fill  the  square  formed  by  their  intersection.  Whence, 
according  to  the  table,  7  is  the  difference  of  the  numbers  12  and  5. 

■   34.  Applying  the  principles  which  have  been  established  to  the  soluiion  of 
questions,  let  it  be  required  to  find  the  difference  of  the  numbers  9  and  4. 

The  subtraction  of  4  firom  9  may  be  made  by  the  method  of  decomposition 
explained  in  Ai:ticle  ^27  thus  :-*- 

9-1  =  8 
9— 2«8-l«7 
9^3»7— ls6 
9»4b6- 1»5 

.*.  9  — >  4  B  5,  the  difference  sought. 
Otherwise,  the  subtraction  mii^  be  made  by  successive  abstractions  of  unity 
firom  both  minuend  and  subtranend  until  the  latter  be  exhausted,  thus : — 

9  -  4«  8-3«7— 2=6— 1  =5— 0«5 
Beferring  to  the  table  of  subtraction,  it  is  found  that  9—4=5. 

As  an  example  involving  larger  numbers,  let  it  be  required  to  find  the 
difference  of  tne  numbers  57  and  43. 

It  is  demonstrated  ^Art.  81)  that  the  difference  of  large  numbers  is 
found  by  taking  the  umts  of  the  subtrahend  firom  the  imits  of  the  minuend, 
the  tens  finom  tne  tens,  &c. ;  whence 

7— 3=6— 2=5— 1=4— 0=4=difference  of  the  units, 
5^4«4— 8aa3^2=2— 1=1— O=l=differenoe  of  the  tens. 
The  difference  of  the  numbers  57  and  43  is  thus  composed  of  1  ten  and 
4  units,  consequently  it  is  14. 
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The  operation  may  be  represented  as  follows : 

tens  uniU 

Minuend        -  5    7 
Subtrahend   -  4    3 


Remainder     -  1  •  4 


35.  Other  examples : 

b.t.u. 

Given  the  minuend    -  2  3  7 

And  the  subtrahend  -     9  4 

Required  the  remainder  ? 

Subtracting,  as  in  the  last  example,  the  units  of  the  subtrahend  from  the 

units  of  the  minuend,  and  the  tens  from  the  tens,  the  results  are 

7— 4a=3=di£Ference  of  the  units, 

3 — 9,  the  subtraction  cannot  be  effected. 

The  method  of  subtracting  a  number  by  parts  creates,  in  this  instance,  a 

difficulty ;  it  requires  9  to  be  taken  from  3,  a  greater  nimiber  from  a  less ; 

and  yet,  seeing  that  237  exceeds  94,  the  subtraction  of  the  whole  nimiber 

94  from  237  can  certainly  be  accomplished. 

The  difficulty  is  removed  thus  :   a  convention  made  to  facilitate  the 

expression  of  numbers  by  means  of  cyphers  is,  that  any  figure  placed  to  the 

left  of  another  shall  be  held  to  express  units  of  the  order  immediately 

superior  to  those  of  that  other  figure  ^Art.  5). 

Whence,  in  the  example  imder  consideration,  one  in  the  place  of  hundreds 

is  equal  to  ten  in  the  place  of  tens.    Let  one  be  taken,  or  (as  the  usual 

phrase  is)  borrowed,  from  the  hundreds, 

this  1  hundred=  10  tens, 

and  10  tens +3  tens=13  tens, 

from  these  13  tens  take  9  tens, 

then  13— 9s4=di£rerence  of  the  tens. 

The  subtrahend  contains  no  units  of  the  3rd  order ;  but,  on  account  of  the 
10  tens,  or  1  himdred,  borrowed  from  the  hundreds  of  the  minuend  to  render 
possible  the  subtraction  of  9  from  3,  the  2  must  be  diminished  by  1 ; 

.• ,  2— l  =  l=difference  of  the  hundreds. 

Assembling  the  remainders  of  the  partial  subtractions,  3  units,  4  tens,  and 
1  hundred,  or  143,  compose  the  general  result. 

Whence,  from  237  taxing  94,  Uie  remainder  is  143. 

In  figures  the  operation  will  stand  thus, 

bund,  teiu  unite 
Minuend         -    2      3     7 
Subtrahend     -  9     4 


Remainder      -     1      4     3 


Given  the  minuend         -        -    5367 
And  the  subtrahend       -         -    3278 

Required  the  remainder  ? 

In  order  that  the  subtraction  of  the  8  units  of  the  subtrahend  from  the 
7  units  of  the  minuend  may  be  rendered  possible,  it  becomes  necessary  to 
borrow  1  ten=10  units  from  the  6  tens  of  the  minuend.    The  6  tens  and 
7  units  are,  in  consequence,  to  be  taken  as  5  tens  and  17  units. 
Whence,  proceeding  with  the  subtraction  of  the  units, 

17— 8=r9=difference  of  the  units. 
To  subtract  7  from  5  a  like  arrangement  is  requisite,  by  which  means  the 
5  in  the  second  place  becomes  15,  and  the  3  in  the  third  place  is  reduced 
to  2. 

Then  15— 7= 8= difference  of  the  tens, 

2— 2=0=  difference  of  the  hundreds, 
5— 3=2=:differencc  of  the  thousands. 
Consequently  9  units +8  tens+0  hundreds -f  2  thousands,  that  is  2089,  is  the 
remunder  Idl  by  the  subtraction  of  3278  from  5367. 
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36.  To  accomplish,  in  the  last  ezanmle,  the  subtraction  of  8  tuiits  from  7, 

1  ten  or  10  units  are  borrowed  from  o,  the  next  figure  to  the  left ;  and  the 
6  is,  in  consequence,  reduced  to  5.  But,  since  the  absolute  difference  of  two 
numbers  is  not  changed  by  the  addition  of  unity  to  each  of  them,  the  result 
will  be  the  same,  whether  the  I  borrowed  be  taken  from  the  succeeding  figure 
in  the  minuend,  and  the  corresponding  figure  in  the  subtrahend  be  sunered 
to  remain  as  it  is,  or  the  minuend  be  lefr  as  it  is  and  1  be  added  to  the  figure 
in  the  subtrahend,  for  this  amounts  simply  to  the  increasing  of  each  by 
imity. 

The  second  method,  namely,  that  of  carrying  one,  for  ten  borrowed,  to  the 
next  higher  figure  of  the  subtrahend,  instead  of  deducting  one  from  the 
corresponding  figure  of  the  minuend,  is  usually  adopted  in  practice,  on 
accoimt  of  its  convenience. 

Example :  Given  minuend         *    3954 

subtrahend     -     1986 

Required  the  remainder  ? 
4  being  less  than  6,  10  are  borrowed ; 

10+4=14  and  14~6=8=dLSerence  of  the  units ; 
carrying  to  8,  the  next  figure  of  the  subtrahend,  1  for  the  ten  borrowed, 
8+1=9;  the  next  figure  to  be  subtracted,  d,  being  less  than  9,  10  are 
borrowed, 

10+5=15  and  15~9=6=difierenoe  of  the  tens ; 
carrying  1  for  10  borrowed,  9+1=10, 
and  borrowing  again,  to  render  the  subtraction  possible, 

10+9=19  and  19— 10=9=difference  of  the  hundreds ; 
carrying  1  for  10  borrowed,  1+1=2, 

2  being  less  than  3,  the  subtraction  is  made  at  once ; 

3— 2=l=di£rerenoe  of  the  thousands. 
Whence,  if  from    -     8954 
There  be  taken       -     1986 

The  remainder  is    -     1968 


By  this  example  it  appears  that  (carrying  for  loans  to  the  subtrahend)  it 
may  be  necessary  to  subtract  10  from  19 ;  a  contingency  which  has  been 
provided  for  in  the  table  of  subtraction. 

h.m.  t.m.  m.  h.th.  t.th.  tb.    h.    1     u. 

Example:       From    3704      00100 

Take     2935      26482 

Remainder  768      78618 

Abridged  detail  of  the  operation  : 

10— 2=8s=:units  of  the  difierence. 
l+8s9  and  10— 9= listens  of  the  difference. 
1+4=5  and  11— 5 =6= hundreds  of  the  difference. 
1+6=7  and  10— 7=3= thousands  of  the  difference. 
1+2=3  and  10— 3 =7= ten  thousands  of  the  difference. 
1+5=6  and  14— 6=8=hundred  thousands  of  the  difference. 
1-f  3=4  and  10— 4 =6= millions  of  the  difference. 
1+9=10  and  17— 10=7=ten  millions  of  the  difference. 
1+2=3  and  3— 3=0=hundred  millions  of  the  difference. 

37.  In  the  preceding  example,  the  places  of  several  orders  of  units  in  the 
minuend  are  filled  wiua  zeros,  the  corresponding  orders  of  the  subtrahend 
being  significant  figures.  If,  instead  of  carrying  one  to  the  next  fi^^ure  of 
the  subtrahend  for  every  ten  borrowed,  the  other  method  of  takmg  one 
from  the  next  figure  of  the  minuend  were  followed,  the  details  of  the  work 
would  require  some  explanation. 

For  instance,  2  imits  cannot  be  subtracted  from  0 : 

1  ten =10  units,  ought  therefore  to  be  borrowed  from  the  tens  of  the 
minuend.    But  the  place  of  tens  (or  units  of  the  2d  order),  is  also  occupied 
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by  0 ;  and  from  0,  1  cannot  be  borrowed.  In  such  a  case  it  is  nccessarj 
to  proceed  to  the  hundreds  (or  units  of  the  3d  order)  of  the  minuend, 
borowing  1  from  the  units  of  the  dd  order : 

1  hundredsslO  tens s 9  tens+lO  units ;  whence 
10— 2  «s  8  s  units  of  the  difference, 
and  9— Ssaiastens  of  the  difference. 

The  figure  expressing  units  of  the  third  order  is  1 ;  and  1  haying  been 
borrowed  from  it,  this  1  is  reduced  to  zero. 

4,  the  corresponding  figure  of  the  subtrahend,  cannot  be  taken  from  0 ; 
therefore  a  necessity  of  borrowing  recurs. 

The  places  of  the  units  of  the  4th  and  5th  order  being  both  filled  with 
zeros,  the  loan  must  be  taken  irom  the  units  of  the  6th,  that  is,  the  hundred 
thousands: 

1  hundred  thousandoslO  ten  thousands. 

s  9  ten  thousands+10  thousand, 
as  9  ten  thousands+9  thousand -{-10  hundred. 
Whence,  10— 4 =6= hundreds  of  the  difference. 
9 — 6 = 3 = thousands  of  the  difference. 
9— 2=7  s=  ten  thousands  of  the  difference. 

The  figure  in  the  6th  place,  from  which  1  was  taken,  is  4  :  on  account  of 
the  1  borrowed  it  is  reduced  to  3.  3  being  less  than  5,  the  corresponding 
fin^ure  of  the  subtrahend,  1  must  be  borrowed,  not  from  the  0,  which  fills  the 
place  of  the  units  of  the  7th  order,  but  from  7  of  the  8th  order. 

1  unit  of  8th  order  as  10  millions. 

=s  9  millions -h  10  hundred  thousand. 

Also  10  hundred  thousand-!- 3  hundred  thousand « 13  hundred  thousand. 

Whence,  13 — 5=88shundred  thousands  of  the  difference, 
and    9 — 3  ==  6= millions  of  the  difference. 

The  7  in  the  8th  place  is  reduced  to  6  by  the  loan  taken  from  it,  and 
6  being  less  9,  1  is  borrowed  from  the  3  in  the  9th  place. 

1  unit  of  9th  orders  10  units  of  8th  order. 

10+6sl6  and  16— 9a=7=ten  millions  of  the  difference. 

The  3  in  the  9th  place  is  reduced  to  2  by  the  1  borrowed,  and  2— 2=:0. 
Whence,  the  remainder  contains  no  imits  of  the  9th  order. 

Collecting  the  partial  differences,  the  result,  as  before,  is  76873618. 

38.  If  every  figure  of  the  subtrahend  is  less  than  the  corresponding 
figure  of  the  minuend,  the  subtraction  may  be  performed  from  right  to  left, 
or  from  left  to  ri^ht,  at  pleasure.  Thus,  from  7854  to  take  3721,  the 
remainders,  beginnmg  with  the  highest  figure,  lure, 

7 — 3  s  4  =s  thousands  of  the  difference. 

8— 7  =sl  5=  hundreds  of  the  difference. 

5 — 2s3stens  of  the  difference. 

4 — 1  s  3 = units  of  the  difference. 

And  the  whole  remainder  is  composed  of  4  thousands -j-l  hundred  4- 3  tens 
4-3  units,  or  4133. 

Subtracting  from  right  to  left,  the  same  results  are  obtained,  but  in  a 
contrary  order. 

When,  however,  a  figure  of  any  order  of  units  in  the  subtrah^d  is 
greater  than  the  corresponding  figure  in  the  minuend,  and  a  necessity  of 
borrowing  arises,  the  cotirse  of  the  operation  from  left  to  right  is  encumbered 
with  trouolesome  reductions. 

As  affording  an  instance  of  such,  let  it  be  required  from  5748  to  subtract 
3876. 

5— 3=2= thousands  of  the  difference. 

7—8 ;  without  a  power  of  borrowing,  the  subtraction  is  impossible.  The 
lom,  besides,  must  be  taken  from  the  next  higher  figure,  that  on  the  left ; 
and  the  operation,  so  far  as  regards  this  figure,  is  already  performed.     Ten, 
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however,  must  be  borroweil,  and  the  thousanda  of  the  difference  made  leu 
by  1.    Proceeding, 

74.10=17  and  17— 8=9=hiindred8  of  the  difference. 

4 — 7  ;  agfun  the  subtraction  is  not  possible  without  a  loan.  One  must  be 
borrowed  from  the  hundreds  of  the  difference,  and  the  proper  reduction 
made;  4+10=14  and  14— 7=7=ten8  of  the  difference,  8— 6=2=unit8  of 
the  difierenoe. 

The  result  of  the  preceding  operations  may  be  put  down  as  follows : 

m.  h.  t.  u. 
Minuend  -  5  7  4  8 
Subtrahend  -     3   8    7   6 

Remainder,  without  reduction       -    2  9   7   2 
Loans  to  be  taken  from  remainder  -  1    1 
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If  zero  occupy  any  place  in  the  unreduced  remiunder,  and  it  be  requisite, 
on  account  of  a  loan,  to  take  1  from  this  0,  a  further  reduction  will  be 
necessary. 

The  conventions,  that  ten  units  of  any  order  shall  be  considered  as  one 
unit  of  the  next  higher  order,  and  that  this  shall  be  written  immediately  to 
the  left  of  those  units,  from  tiie  decomposition  of  which  into  tens  and  units 
it  has  arisen,  fix  the  direction  in  which  the  progression  of  numbers  by  tens 
is  carried,  namely,  from  right  to  left,  and  confer  a  facility  on  the  per- 
formance in  the  same  direction  of  those  arithmetical  operations  in  wnich 
reductions  between  units  of  different  orders  may  be  necessary. 

If  in  addition  it  were  never  reauisite  to  carry,  or  in  subtraction  to  borrow, 
the  direction  in  which  the  work  is  performed  would  be  of  no  importance. 
But  when  the  units  in  the  sum  of  a  column  exceed  10,  the  next  figure  to 
the  left  must  be  augmented ;  and  when,  in  subtraction,  a  figure  of  the 
subtrahend  is  greater  than  the  corresponding  figure  in  the  mmuend,  one 
must  be  borrowed  firom  the  next  figure  to  the  lefL  Proceeding  from  ri^ht 
to  left,  these  operations  fall  into  the  work ;  but  finom  left  to  ri^t,  they  give 
rise  to  new  additions  and  subtractions.* 

39.  To  find  the  difference  of  two  unequal  numbers : 
General  Rule.     Write  the  minuend,  and  underneath  it  the  sub- 
trahend, in  such  a  manner  that  the  figure  expressing  the  units  of  any 
order  in  the  latter  shall  be  under  the  figure  expressing  units  of  the 
same  order  in  the  former. 

Then,  if  all  the  figures  of  the  subtrahend  are  less  than  the  corre- 
sponding figures  of  the  minuend,  take  the  simple  units  of  the  sub- 
trahend from  the  simple  units  of  the  minuend,  and  record  the  excess 
of  the  latter  below  the  subtrahend,  in  the  place  of  simple  units. 
Proceed  after  the  same  manner  to  take  the  tens  of  the  subtrahend 
from  the  tens  of  the  minuend,  the  hundreds  from  the  hundreds,  Sec, 

*  The  tens  arising  in  addition  from  the  smn  of  any  column  might  be  disposed  of 
by  an  arrangement  expressing  the  deficit  of  the  oolomn  from,  or  its  excess  over, 
certain  repetitions  of  ten ;  and  in  subtraction,  whenever  a  figure  of  the  minuend  is 
less  than  that  figure  of  the  subtrahend  which  is  to  be  taken  from  it,  a  means  oonld 
be  devised  to  express  the  deficient  units. 

Thus  in  addition  the  operation  could  be  performed  firom  left  to  right,  without  a 
necessity  of  disturbing  any  part  of  the  result  by  subsequent  combination  of  the  tens 
arising  firom  collections  6t  inferior  units ;  and  in  subtraction,  without  borrowing 
from  Sie  units  of  that  order  immediately  to  the  left  of  any  deficient  figure. 

But  such  contrivances,  without  being  of  any  real  utUity,  infringe  the  principles  of 
decimal  notation,  and  the  results  expressed  by  their  help  would  require  some  reduc- 
tion before  they  could  be  made  to  enter  into  combination  with  numbers  expressed  in 
the  usual  manner. 
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and  to  write  the  partial  remainders  in  their  proper  places ;  the  result 
thus  obtained  is  the  difference  sought. 

But  if  any  figure  of  the  minuend  is  less  than  the  corresponding 
figure  of  the  subtrahend,  add  ten  to  the  imits  expressed  by  that 
figure  of  the  minuend,  subtract  the  figure  of  the  subtrahend  from  this 
sum ;  write  the  remainder  in  its  proper  place,  cany  1  to  the  next 
figure  of  the  subtrahend  as  an  equivalent  for  the  10  combined  with 
the  next  lower  units  of  the  minuend ;  take  the  augmented  figure  of 
the  subtrahend  from  the  corresponding  figure  of  the  minuend,  borrow- 
ing and  carrying,  if  requisite ;  and  thus  proceed  till  all  the  partial 
subtractions  are  effected. 

The  result  is  the  difference  of  the  given  numbers. 

40.  Examples  in  the  subtraction  of  whole  numbers. 

Required  the  differences  of  the  following  numbers  : 

1st  1842  and  1769? An8.7S. 

2d.  15760  and  9874  ? ; ^iw.  5886. 

8d.  25040  and  18360? ^n*.  6680. 

4th.  35417840  and  8709864? Ans,  26707976. 

5th.  104352576  and  96847986? Ans.  7504590. 

6th.  57984  and  38976? Ans.  19008. 

7th.  130462  and  92785? ^w.  37677. 

8th.  5807854  and  3918765? Ans,  1889089. 

9th.  743850261  and  683979548  ? ^«*.  59870713. 

10th.  100154798654  and  968839527  ? Ans.  99185959127. 

nth.  5081347100  and  4998538605  ? Ans.  82808495. 

12th.  9876543210  and  123456789? ^w.  9753086421. 

13th.  987654321  and  123456789? Ans.  864197532. 

14th.  40081306500  and  19987517864? Ans.  20093788636. 

15th.  2507815384  and  1827938879? ^n*.  679876505. 

16th.  3020417000  and  1543868004? Ans.  1476548996. 

17th.  5320749813  and  257868754? Ans.  5062881059. 

18th.  1958700401  and  986943684  ? Ans.  971756717. 

19th.  10370986451  and  971883569? ^iw.  9399102882. 

20th.  30507406854  and  29735849673  ? Ans.  1771557181. 

41.  In  the  preceding  examples  it  is  required  to  subtract  one  number  only 
from  any  given  minuend.  It  may  be  reauired,  however,  to  determine  the 
remainder  which  is  left  after  several  nnmoers  have  been  taken  from  a  given 
minuend,  and  the  successive  remainders.  The  most  obvious  manner  of  pro- 
ceeding in  such  a  case  is,  to  take  one  subtrahend  from  the  minuend,  a 
flecond  from  the  Ist  remainder,  a  third  from  the  2d  remainder,  &c.,  till  all 
the  numbers  are  subtracted. 

The  order  of  making  the  subtractions  cannot,  it  is  evident,  affect  the  last 
remainder  so  long  as  uic  absolute  number  of  individuals  taken  away  is  the 
same.    Whence  me  subtractions  may  be  made  in  any  order. 

Since  the  last  remainder  is  the  difference  between'  the  minuend  and  the 
sum  of  all  the  subtrahends,  if  the  latter  are  added  together,  and  their  siun 
at  once  taken  from  the  minuend,  the  result  must  be  equal  to  that  obtained 
by  the  method  of  repeated  subtractions ;  for  thus  also  the  absolute  number  of 
individuals  subtracted  is  the  same. 

42.  Any  given  number  can  be  subtracted  from  1,  followed  by  as  many 
zeros  as  the  given  number  contains  figures.  The  remainder  is  termed  the 
Arithmetical  Complement  of  the  given  number. 
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Thua  the  aritlimetical  complement  of  7  u  10— 7ai3 ; 

of  84  is  100— 84b  16; 

of  576  is  100O-576:»424 ; 

Whence,  generally,  the  sum  of  a  number  and  its  arithmetical  complement 
is  equal  to  10,  considered  as  having  the  relative  value  of  the  highest  figure 
of  the  number. 

When  the  difference  of  two  numbers  is  to  be  foimd,  if  the  less  is  taken 
from  the  greater,  the  remainder  is  the  difference  required.  But  itf  instead 
of  taking  the  less  number  from  the  greater,  the  arithmetical  complement  of 
the  less  is  added  to  the  greater,  the  result  must  contain  ten  umts,  of  the 
same  order  as  the  highest  figure  of  the  subtrahend,  more  than  the  renuunder 
obtained  by  the  common  process  of  subtraction.  Taking  awav  these  ten 
units,  the  results  are  equal.  Whence  the  arithmetical  complement  of  a 
number  supplies  the  means  of  changing  subtraction  into  addition. 

Examples  of  subtraction  made  by  adding  the  arithmetical  complement  of 
the  subtrahend  to  the  minuend  : 

Example  1.  From  7d5484  take  389685. 
Solution  by  subtraction.  Solution  by  addition  of  arith.  oompt. 

From    795484  To  the  minuend         -         -    795484 

Take     389685  Add  arith.  compt.  of  389685    610315* 

Rem.     405799                            The  sum  is          -        -        -  1405799 
"*~"^  From  this  sum  subtract       •  10 

The  rem.  is,  as  before    -     -405799 

Example  2.  From  854097  take  97548. 
Solution  by  subtraction.  Solution  by  addition  of  anth.  compt. 

From    854097  To  the  minuend  -         -     854097 

Take       97548  Add  arith.  compt.  of  97548  2452 

Rem.     756549  The  sum  is  equal  to       -       -  856549 

"■*"— ™"  From  this  sum  subtract         -  10 

The  rem.  b        -  -         -  756549 


When  in  the  same  calculation  it  is  requbite  to  add  several  numbers  and 
to  subtract  several  others,  the  arithmetical  complements  of  the  latter  may 
sometimes  be  employed  with  advantage. 

But  it  is  chiefly  m  calculating  with  logarithms  that  this  employment  of 
the  arithmetical  complement  is  of  much  utility. 

43.  The  subtraction  of  one  number  from  another  is  indicated  by  writing 
the  minuend  to  the  lefl  and  the  subtrahend  to  the  right  of  the  symbol—. 
Thus,  the  expression  25—18  indicates  that  18  is  to  oe  subtracted  finom 
25. 

The  actual  subtraction  may  be  expressed  thus, 

25—18=7. 

Replacing  particular  by  general  expressions  of  number,  the  subtraction  of 
b  from  a  is  mdicated  by  the  expression  a — b, 

*  Jf  the  subtraction  of  any  given  subtrahend  from  10,  followed  by  the  proper 
number  of  zeros,  is  made  from  right  to  left,  it  is  evident  that  ones,  for  tens  bor- 
rowed, must  either  be  carried  to  the  figures  of  the  subtrahend  or  taken  frxxn  the  cor> 
responding  figures  of  the  minuend ;  since  the  figures  of  the  minuend  are  zeros, 
excepting  the  last,  if  the  second  method  is  adopted  (see  Article  35)  the  last  signifi- 
cant figure  of  the  subtrahend  must  be  taken  from  10  and  the  others  frx>m  9.  Whence 
the  subtraction,  which  gives  the  arithmetical  complement  of  a  number,  may  be  per- 
formed frt>m  left  to  riffht,  by  taking  the  figures  of  the  subtrahend  each  fit>m  9, 
excepting  the  last  significant  figure,  and  this  from  10. 

The  arithmetical  complement  of  the  subtrahend  in  Example  1.  may  be  found 
thus:  9-3»6  :  9-8sl  :  9~9s0  :  9-6»3  :  9-8^1  :  10-5«5 ;  and 610315, 
the  number  composed  of  these  remainders,  is  the  arithmetieal  complement  required. 
With  a  little  practice  the  arithmetical  complement  of  any  number  may  be  found  in 
this  manner  mentally,  and  with  very  little  trouble. 
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If  two  quanUties,  5,  c,  are  both  to  be  taken  from  a,  the  expression  of  the 
xemainder  is 

or,  a— (ft-f  c)  Art.  41. 
if  the  excess  of  a  over  the  sum  of  b  and  c  is  equal  to  d^  the  subtraction  is 
expressed  thus : — 

a^(b+e^=:d. 
When  the  quantities  whose  difference  la  required  are  similar,  that  difference 
is  expressed  in  terms  of  the  common  quantity. 

Thus  6a — 3a=:2a :  And,  ma — fia=(m — n)a. 
For  5a  and  3a  express  respectively  5  repetitions  and  3  repetitions  of  the 
common  quantity  a. 

From  5a=^a-\-a+a+a-\'a. 
Take  Sa^=a^a-j-a. 
The  remainder=:a-f  a=2a. 
Therefore  5a— 3a=2a=(5— 3)a. 

Again,  ma  is  equal  to  a  repeated  as  often  as  m  contains  simple  units ;  and 
na  is  equal  to  a  repeated  as  often  as  n  contains  simple  imits. 

Therefore,  if  n  repetitions  of  a  are  taken  from  m  repetitions  of  a,  the 
remainder  must  contain  a  as  often  as  the  excess  of  m  over  n  contains  simple 
units.  This  excess  is  represented  by  the  expression  m — n.  Whence 
ma — na = (m — n)a. 

Exercises  in  the  subtraction  of  general  expressions  of  quantity : 

1st.    from  4a          subtract  a  rem.  =^  3a. 

12a  -  (ro--12)a. 

5a+4&  -  4a+2d. 

n(a'\-b)  -  (m^n)a 

ax  -  (15— a)x. 

«+y  -  a+b—x—y. 

ap+y+^r  -  («— l)x— y— z. 

ac-^-d-^-S  -  a(6— c)— rf+7. 

Ven^ation  of  Addition  and  Subtraction, 

44.  The  composition  and  decomposition  of  nxmibers,  as  explained  under 
the  titles  of  Addition  and  Subtraction,  depending  partly  on  the  conventions 
of  numeration,  and  partly  on  axioms  or  first  principles  of  indisputable 
certainty,  the  accuracy  of  the  methods  can  require  no  fiu-ther  proof. 

But  as  those  combinations  of  number  which  constitute  the  operations  of 
Addition  and  Subtraction  are  made,  chiefly  or  altogether,  through  means  of 
the  memory,  and  are  on  this  account  liable  to  uie  suspicion  of  error,  it 
l)ecomes  necessary  to  find  some  test^  by  the  application  of  which  the  accuracy 
of  any  given  result  may  be  tried.  I^ch  process  may,  with  more  propriety, 
be  termed  verification  than  (what  it  is  commonly  called)  proof. 

The  process  of  verification  ought,  for  an  obvious  reason,  to  be  of,  at  the 
utmost,  not  greater  difficulty  thaa.  that  of  the  operation  whose  accuracy  is 
tested ;  for  if  the  verification  be  the  more  difficult,  so  also  will  the  chance  of 
error  in  performing  it  be  greater,  aaxd  the  coincidence  of  result  less 
probable. 

45.  In  addition  the  accuracy  of  the  result  may  be  tried  in  several  ways. 
1st.  If  the  operation  has  been  performed  by  commencing  with  the  last 

figure  of  each  column  and  adding  upwards,  a  repetition  of  the  process,  onlv 
beginning  with  the  first  figure  of  each  column  and  adding  downwards,  will 
constitute  a  verification. 

For,  the  combinations  being  made  in  an  order  one  the  reverse  of  the 
other,  it  is  most  unlikely  that  the  same  error  can  affect  both  results. 
Whence,  if  they  agree,  a  strong  probability  arises  that  both  are  accurate. 

2d.  K  the  addenda  are,  one  after  another,  subtracted  from  the  result,  and 
the  subtraetion  of  ^e  last  leaves  no  reminder,  the  addition  may  be  pre- 
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2nd. 

ma 

dd. 

'     9a+66 

4th. 

-     ma+nb 

5th. 

-      15a: 

6th. 

-     a-^b 

7th. 

-     nx 

8th. 

-    ab+l2 
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sumed  correct.  The  reason  b  plain :  the  remit  arises  from  the  oombinataon 
of  all  the  addenda  into  one  number ;  and  if  the  whole  of  these  be  again  takea 
away  there  can  be  no  remunder.  ^ 

3d.  Another  verification  is  obtained  by  combininff  the  preceding  methods. 
The  manner  of  effecting  this  maj  be,  perhi^  most  clearly  explained  through 
the  medium  of  an  example. 

Let,  therefore,  the  numbers  to  be  added  together  be, 

37865 
49736 
84297 
58641 

The  som  is      -    230589 

20 

80 
28 

25 
28 

23 
22 

19 
19 

To  yerify  the  result,  begin  with  the  left  column,  and  proceed  thus : 

8-H=7;  7+8=15;  15+5=20. 

From  the  two  highest  fibres'!  in  the  sum,  t.  e.  23,  subtract  20,  the  sum  of 
the  left  column,  and  to  ue  remainder  3  annex  0,  the  next  figure  of  the 
sum. 

The  sum  of  l^e  second  oolumn=7+9+4+8=28.  Take  this  from  30; 
and  to  the  remainder,  2,  bring  down  5,  the  next  figure  of  the  sum. 

The  sum  of  the  third  column  is  23,  and  25—23=2.  To  this  remainder 
annex  3,  and  from  the  23  subtract  the  sum  of  the  fourth  column,  which 
is  22. 

To  the  remainder  =:!,  annex  9,  the  last  figure  of  the  sum,  and  from  19« 
subtract  the  sum  of  the  last  column ;  this  sum  is  also  19.     19 — 19=0. 

The  last  subtraction  leaves  no  remainder,  fix>m  which  the  inference  is  that 
the  addition  is  correct. 

The  subtraction  of  the  sum  of  the  numbers  in  each  column  firom  the  cor- 
responding figures  in  the  entire  result  maj  be  made  ment^y ;  in  which  case 
the  work  may  stand  thus, 

37865 

49736 

84297 

58641 

230539 

•8a»9 

^  3,  2,  2,  1,  0,  are  the  remainders  from  the  partial  subtractions.  As  soon  as 
each  figure  is  cancelled,  in  succession,  by  these  subtractions,  a  stroke  is 
drawn  through  it  to  record  the  fact. 

These  remainders,  it  will  be  observed,  are  the  tens  which  in  the  course  of 
the  addition  were  carried  from  the  sums  of  the  lower  columns  respectively, 
and  combined  as  units  with  the  next  higher. 

46.  The  most  simple  and  obvious  verification  of  subtraction  is  made  by 
reversing  the  operation. 

The  remainder  being  obtained  by  taking  the  subtrahend  from  the  minu- 
end, it  follows  that,  addirg  together  the  subtrahend  and  remainder,  their 
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sum  ought  to  reproduce  the  nunaend.  If  not,  the  subtraction  ou^t  to  be 
reyised  as  probably  erroneous. 

Example:  From  €17846 

Take      848978 

Remainder        -     178868 

Whence,  since  the  sum  of  the  remainder  and  subtrahend  is  equal  to  the 
minuend,  Uie  subtraction  is  to  be  presumed  correct. 

Another  mode  of  yerifying  subtraction  is  to  take  the  remainder  from  the 
minuend.    The  number  left  ought  in  this  case  to  be  the  subtrahend. 

Example :  From    736942 

Take    647986 

Remainder        -     188956 

SubtractiiLg  the  r«|^der  from  the!      ^^^^g^^^   subtrahend, 
mmuend,  their  dinerence  is  J  o«mi*€«*«*v». 

Remark, — ^These  verifications,  as  well  as  the  results  which  they  are  em- 
ployed to  corroborate,  are  in  a  great  measure  performed  mentally,  and  their 
accuracjr  must  depend  upon  the  strength  of  memory  and  closeness  of  atten- 
tion which  the  computer  orinfs  to  the  performance  of  his  task. 

It  is  unlikely  that,  the  work  and  the  verification  starting  from  different 
points  and  following  different  routes,  they  should  both  agree,  and  yet  be  both 
in  error.  Such  a  coincidence  b  not,  however,  impossible.  Hence  the  utmost 
which  one  is  entitled  to  infer  from  the  agreement  of  a  verification  with  a 
given  result  is,  that  a  strong  probability,  but  still  not  an  absolute  certainty, 
of  its  accuracy  exists. 

MultipUcatum  and  Division, 

47.  Addition  and  subtraction  are,  in  effectj  the  only  elementary  operations 
of  arithmetic. 

But  when,  in  a  case  of  addition,  the  addenda,  instead  of  being  different 
numbers,  are  all  equal,  the  work  admits  of  considerable  abbreviation.  The 
methods  by  which  this  is  accomplished  are  constituted  into  an  operation, 
•bo  eenenUly  regurded  as  elementary,  and  which  has  been  named  Multi- 
plication. 

The  terms  Addenda  and  Sum,  respectively  employed  to  distinguish  the 
numbers  which  are  to  be  added  together,  and  the  result  of  such  admtion  are, 
Bke  the  name  of  the  process  itself,  replaced  by  others.  The  addendum,  or 
sin^e  number  which  is  to  be  repeated  a  given  number  of  times,  is  termed 
Multrplicand;  the  number  which  expresses  the  times  of  repetition,  Multij^er ; 
and  the  sum  or  result  of  these  repetitions,  Product. 

The  multiplicand  and  multiplier  are  also  termed  Factors  (that  is,  makers) 
of  the  product. 

The  symbol,  X  (into,  or  multiplied  bv),  placed  between  two  numbers, 
indicates  that  the  one  is  to  be  multiplied  by  the  other. 

48.  A  similar  arrangement  is  made  with  respect  to  a  particular  case  of 
subtraction. 

If^  instead  of  taking  the  subtrahend  only  once  from  the  minuend,  it  were 
required  to  take  the  subtrahend  again  frx>m  the  first  remainder,  then  from  the 
2d,  3d,  ...  .  until  a  remainder  either  less  than  the  subtrahend  or  equal 
to  zero  were  attidned,  for  the  purpose  of  ascertaining  the  exact  number  of 
subtractions  which  must  be  made  in  order  to  exhaust  the  minuend  the  re- 
peated subtractions  would  be  tedious.  To  avoid  this  an  abridged  process 
nas  been  devised,  and  this  is  called  Division. 

The  number,  from  which  the  repeated  subtractions  are  made,  is  termed 
Dividend ;  that  by  the  repeated  suotraction  of  which  the  dividend  is  ex- 
hausted. Division ;  and  the  number  expressing  the  times  of  subtraction  pos- 
nble,  Quotient. 


26  ELEMENTS  OF  ABITHMETIC. 

The  symbol    ^  (divided  by)  is  employed  to  denote  tlmt  tiie  mnnber 
placed  before  is  to  be  divided  by  that  which  oomee  after  it.    Thii8»  8-4-2 

signifies  that  8  is  to  be  divided  by  2.    2)8^^   2)8(  and  |  are  expressiona 
having  the  same  import 


SECTION  IV. 

MULTIPLICATION. 

49.  In  multiplication  the  quantities  which  are  given  are, 

Ist.  The  mmtiplicand,  or  nimiber  which  is  to  be  repeatedly  added  to 
itself. 

2d.  The  multiplier,  or  number  expressing  the  times  of  repetition  of  the 
multiplicand. 

And  the  thing  required  is,  to  find  the  sum  of  these  repetitions  of  the  mul- 
tiplicand, or  the  pr(>duct  of  the  two  given  numbers. 

50.  If  the  multiplicand  is  repeated  but  a  few  times,  the  product  is  readily 
found  by  addition.  But  when  the  times  of  repetition  are  many,  the  addition 
becomes  exceedingly  tedious ;  and  hence  arises  the  necessity  of  investigating 
a  more  compendious  method.  This  is  inferred  from  a  consideration  of  what 
is  actually  aone  when  a  number  is  reueatcdly  added  to  itself. 

Taking  a  few  examples  of  such  audition ;  let  it  be  required  to  find  the 
sum  of  three  times  the  number  8. 

8+8=16  and  16+8=24,  that  is  8+8+8  or  8x3=24^ 
In  this  instance  there  is  no  room  for  simplification. 

Let  it  be  required,  next,  to  find  the  sum  of  4  times  the  number  858,  or  the 
product  of  358  by  4. 

Writing  858  tlie  requiivd  number  of  times,  and  peiibrming  the  addition, 
as  under, 

358 

358 

358 

_358 

1432 

the  sum  is  found  to  be  1432,  that  is,  358  X4el432. 

Regarding  the  358  of  this  example  as  composed  q{  8  unit8+5  tens+S  hun- 
dreds, it  is  evident,  on  inspection  of  the  columns  to  be  added,  thai  the  sum 
1432  is  made  up  of  4  times  8  units+4  times  5  tens+4  times  3  hundreds, 
that  is,  of  four  repetitions  of  the  units  of  each  order  contained  in  the 
multiplicand. 

Now,  the  process  would,  manifestiy,  be  the  same  whether  the  moltiplieand 
contained  more  or  fewer  digits  than  three,  and  the  multiplier  were  4,^  or 
anv  other  figure  of  the  series  1,  2,  3 9. 

Whence,  eenerall;^,  the  repetition  1,  2,  3, 9  times  of  any  number  is 

reduced  to  tne  repetition  1,  2,  3, 9  times  of  the  successive  oigita  of  tiiat 

number. 

Otherwise,  Uxe  multiplication  of  any  number  bv  a  single  figure  is  reduced 
to  the  multiplication  of  the  successive  digits  of  that  number  by  the  said 
figure. 

51.  The  multipliers  1,  2,  3 9  having  been  considered,  the  next  in 

order  is  10. 

Now,  to  find  the  product  of  anv  number  by  10,  the  multiplicand  may  be 
written  ten  times,  and  the  result  found  by  additicm.  But  such  labour  is  not 
necessary,  since,  by  tiie  principles  of  numeration  (Art.  5),  the  same  result  is 
obtained  bv  moving  every  figure  of  the  multiplicand  one  place  to  the  left. 

This  is  done  by  writing  a  zero  to  the  right  of  the  number. 
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SimilarWf  the  multiplication  by  100  is  performed  by  AnnpTing  two  2er08 
to  the  multiplicand ;  by  1000,  three  zeros,  Ac. 
If  instead  of  1  ten  it  is  required  to  muhipl j  by 

2  tens,  3  tens, 9  tens,  or  by 

20,        30      90, 


of  tens,  nreciseiy  as  was  done  in  the  last  example  by  the  figure  expressing 
the  numoer  of  units. 

To  multiply  by  2  hundreds,  3  hundreds, 9  hundreds,  two  zeros  are 

annexed  to  the  multiplicand,  and  this  result  multiplied  by  2,  3, 9. 

The  multiplication  by  thousands,  ten  thousands,  &c.,  is  performed  in  a 
similar  manner. 

52.  As  examples  of  the  application  of  these  principles,  let  it  be  required, 

1st.  To  multiply  427  by  35. 

This  multiplier  is  composed  of  3  tens  and  5  units,  or  of  30+5.  Whence 
if  to  30  times  the  midtiplicand  5  times  the  multiplicand  be  added,  the  sum 
will  consist  of  35  repetitions  of  the  multiplicand,  and,  consequently,  be  the 
result  reauired. 

The  calculation  may  be  made  as  follows : 

Multiplication  by  the  tens.  Multiplication  by  the  units. 

427  X  10=4270  ^ 

4270  427 

4270  427 

4270  427 

12810  2135 


that  is,  427x10=4270  and  4270x3=12810, 

or,  427x30=12810 
also,  427  X  5=  2135 

whence,  by  addition,  427x35=14945 

14945  is,  therefore,  the  product  required. 

2d  Example.  Let  it  be  reauired  to  multiply  354  by  245 ;  the  multiplier 
may  be  resolved  into  2  hunareds-h4  tens+5  units,  and  the  calculation 
pei^formed  thus, 

Multiplication  by  the  hundreds  of  the  multiplier, 

354  X  100=35400,  and  35400+35400=70800, 
.-.354X200=70800: 

Multiplicaticm  by  the  tens, 

354X10=3540,  and  3540+3540+3540+3540=14160, 

.-.354X40=14160: 

*  To  multiply  a  number  by  20,  $0, 90,  and  to  find  the  sum  of  20,  30, 

90  repetitions  of  that  number,  amounts  to  the  same  thing.  I^  the  multi- 
plicand be  written  20, 30, 90  times,  in  the  form  of  an  example  in  addition, 

and  let  the  sum  be  found,  first,  in  the  uscud  manner,  next  separate  the  vertical 
colnmn'into  parts,  each  containing  ten  repetitions  of  the  multiplicand,  find  the  sum 
of  these  parts  separately,  (or  of  one  of  them,  for  they  are  all  equal,)  and  add  the 
sums  together ;  tiie  first  and  second  methods  must  afford  the  same  result,  since  each 
comprehends  all  the  repetitions  of  the  number. 

But,  by  the  first  method,  the  ^ven  number  is  multiplied  by  20, 30, 90, 

and  by  the  second  it  is  multiplied  by  10,  and  afterwards  by  2,  3, 9. 

Whence,  fh  multiplying  a  number  by  20,  30, 90,  the  product  is  the  same, 

whether  the  number  be  at  once  multiplied  by  20,  30, 90,  or  first  by  10, 

and  then  by  2,  3, 9. 
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Multiplication  by  the  units ; 
354+354+854+854+854=1770, 
.•.854X5=1770: 

Collecting  the  partial  products ; 
354X200=70800 
354  X  40=14160 
354  X     5=  1770 

and  adding  354  x  245=86730=product  required. 

53.  From  the  preceding  remarks  and  examples  it  follows, 

That  the  product  of  a  number  less  than  10  by  another  number  less 
than  10  is  found  by  repeating  the  ^fuie  representing  the  midti- 
plicand  as  many  times  as  the  multiplier  contains  unity,  and  taking 
the  sum ;  or,  in  other  words,  by  adding  to  itself  the  multiplicand 
as  many  times,  less  one,  as  there  are  units  in  the  multiplier ; 

That  the  product  of  a  number  not  less  than  10  by  another  number 
less  than  10  is  found  by  applying,  successively,  the  same  method  of 
repeated  additions  to  each  of  the  orders  of  units  comprehended  in 
the  multiplicand ;  to  the  units,  to  the  tens,  to  the  himdreds,  &c ; 

And  that  the  product  of  a  number  not  less  than  10  by  another 
number  not  less  than  10,  is  found  by  resolving  the  multiplier  into 
the  several  orders  of  units  of  which  it  is  composed,  finding  the 
product  arising  from  the  multiplication  of  the  multiplicand  by  each 
of  these  units,  and  then  collecting  all  the  partial  products  into  one 
result. 

Also,  the  product  of  the  multiplicand  by  the  units  of  the  first  order,  or 
simple  units,  is  found  as  in  Article  50. 

The  product  of  the  multiplicand  hj  the  units  of  the  second  order,  or  tens, 
is  founa  by  annexing  zero  to  the  multiplicand,  (that  is,  multiplying  it  by  10,) 
and  then  multiplying  this  result  by  the  ^gure  expressing  the  number  of  units 
of  the  second  order,  which,  agiun,  is  effected  as  in  Article  50. 

The  product  of  the  multiplicand  by  the  units  of  the  third  order,  or  hun- 
dreds, is  found  by  annexing  two  zeros  to  the  multiplicand,  and  multiplying 
this  result  by  the  imits  of  tue  third  order,  also  as  in  Article  50 ;  and  similarly 
for  the  higher  orders  of  units. 

Wherefore,  universally,  the  multiplication  of  any  number  by  any  other 
number  is  reduced  to  a  series  of  partial  multiplications,  in  performing  which 
it  is  never  necessary  to  find  the  mutual  product  of  two  numbers  exceeding  9. 

54.  Knowing  the  results  of  all  the  combinations  of  the  numbers  1,  2,  3, 

'9,  with  the  numbers  1,  2,  3, 9,  the  learner  will  be  in  a 

condition  to  find  the  product  of  any  numbers  whatever. 

These  results  are  obtained  by  addiog  each  of  the  simple  units  to  itself 
1,  2, 3, 9  times,  thus, 

1  +  1=2.     1  +  1  +  1=3.     1  +  1  +  1  +  1=4,  &c 

2+2=4.    2+2+2=6.    2+2+2+2=8,  &c. 

3+3=6.    3+3+3=9.     3+8+3+3=12,  &c 


9+9=18.    9+9+9=27.    9+9+9+9=36,  &c. 

55.  The  sums  of  these  nine  repetitions  of  each  of  the  9  digits  being  com- 
puted in  this  manner,  the  whole  may  be  arranged  in  the  following — 
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Table  of  Muliiplicaiion. 
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1 

2 

3 

4 

5 

6 

7 

8 

9 

2 

4 

6 

8 

10 

12 

14 

16 

18 

3 

4 
5 
6 
7 

6 
8 

10 
12 
14 

9 
12 

12 
16 

15 

18 

21 
28 
35 
42 
49 

24 
32 
40 

48 
56 

27 
36 
45 
54 
63 

20 

24 

15 

20 

25 

30 

18 

24 

30 
35 

36 
42 

21 

28 

8 

16 

24 

32 

40 

48 

56 

64 

72 

9 

18 

27 

36 

45 

54 

63 

72 

81 

The  principle  of  arrangement  is  the  same  here  as  in  the  tables  of  addition 
and  suDtraction,  the  product  of  anj  two  numbers  being  placed  in  the 
sauare  formed  bj  the  intersection  of  the  vertical  and  horizontal  columns  in 
wnich  these  numbers  are  situated. 

Thus  the  product  of  4  by  8  is  found,  bj  the  table,  to  be  32 ;  and  that  of 
9  by  7, 63. 

£i  these  instances  4  and  9  are  mtdtiplicands,  8  and  7  multipliers ;  but  if 
the  product  of  8  by  4  be  sought,  that  also  is  32 ;  and  the  proouct  of  7  by  9 
is  63,  as  before. 

56.  So  far,  then,  as  can  be  inferred  from  the  table,  it  appears  that  if  two 
numbers  are  multiplied  together,  then  interchanged  so  as  to  render  the  mul^r 
tiplier  multiplicand,  and  the  multiplicand  multiplier,  and  again  multiplied 
together,  the  two  products  are  ec^ual. 

Inference,  however,  from  particular  cases  cannot  be  admitted  as  general 
proof;  and  since,  in  finding  the  mutual  product  of  two  numbers,  it  is 
convenient  to  employ  as  multiplier  that  of  the  two  which  contains  the 
fewer  digits  (which  may  as  often  be  the  mtdtipUcand  as  the  multiplier),  it 
becomes  of  importance  to  demonstrate  genenuly  that  the  mutual  product 
of  any  two  numbers  is  not  altered  by  an  interchange  of  the  factors. 

To  mtdtiply  one  number  by  another  is,  in  effect,  to  repeat  each  unit  of 
the  multiplicand  as  many  times  as  the  multiplier  contains  unity,  and  the 
product  is  composed  of  tne  whole  assemblage  of  these  units. 

Writing  the  units  of  the  mtdtiplicand,  one  after  another,  in  a  horizontal  line, 
and  placing  as  many  such  lines,  one  imder  another,  as  the  multiplier  contains 
units, 

Thus,  1,  1,  1,  1,  1 

1,  1,  1,  1,  1,  

1,  1,  1,  1,  1,  

1,  1,  1,  1,  1,  


it  is  manifest  that  the  sum  of  all  these  units  is  the  product  of  the  numbers. 

Now  this  sum  may  be  found  by  beginning  with  the  uppermost  horizontal 
line;  embracing  the  units  contained  in  it  imder  one  name;  combining  the  sue- 
cesnve  units  of  the  second  horizontal  line  with  the  sum  of  the  units  in  the  first, 
and  so  proceeding  with  a  3d,  a  4th, ....  an  nth  line,  until  all  the  units  are 
comprehended  under  one  name  of  number.    This  name  (to  reach  which  the 
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whole  intermediate  series  from  unity  has  been  traversed^  expresses  the  sum  of 
all  the  units  contained  in  the  table,  i.e^  the  product  or  the  numbers. 

But  the  sum  of  all  the  units  in  the  table  may  be  found  in  another  manner, 
namely,  by  commencing  with  a  vertical  column  ;  combining  into  one  number 
all  the  units  contained  in  it ;  joining,  successiyely,  to  this  number  the  units 
of  a  2d,  a  3d,  ....  an  mth  column,  until  the  whole  are  again  included  in 
one  number. 

Now,  in  the  first  instance,  the  horizontal  line  is  made  mulUplicand  and 
the  vertical  column  multiplier ;  while  in  the  second  the  vertical  column 
is  multiplicand,  and  the  horizontal  line  multiplier ;  and  in  each  case  the 
result  or  product  contains  all  the  units  in  the  table.  Consequently  the 
products  are  equal. 

But  the  reasoning  is  general,  for  its  evidence  does  not  depend  on  any 
position  that  the  multiplicand  is  some  one  and  the  multiolier  some  other 
particular  number.  Whence  the  product  of  any  two  numbers  is  indepen- 
dent of  the  order  in  which  these  numbers  are  multiplied  together. 

This  proposition  may,  by  means  of  general  symbols,  be  expressed  thus, 

axb=bxa, 

57.  Examples  of  multiplication  : 

Ist  Example.    Multiply  72  by  4. 

The  multiplicand  bem^  greater  than  10,  and  the  multiplier  less,  tins 
example  falls  under  Article  50. 

Resolving  the  multiplicand  into  2  units  and  7  tens,  the  partial  multiplica- 
tions are 

uniU    unlta 

2X4=8  ...  -  8 

teiM  tens  tens  tan  hund.  tens. 

7x4=28=20+8=2+8=  -  -         280 

Whence,  adding  the  partial  products,  72  x  4=    288 

2d  Example.    Multiply  49  by  8.  ^ 

The  multiplicand  being  resolved  into  9  units  and  4  tens,  the  details  of  the 
multiplication  are, 

units   units  units  units  tens  units 
9x8=72=70+2=7+2=       -        -        -        72 
tens  tens  tens  tens  tens  hund.  tens 
4x8=82=30+2=3+2=        -        -        -      820 

Adding  the  products,  49  X  8=      -        -        -      892 

In  combininff  the  partial  products,  the  7  tens  arising  from  the  multipli- 
cation of  9  umts  by  8  are  added  to  the  2  tens  resulting  from  the  multiphca- 
tion  of  4  tens  by  8.  But  this  addition  may  be  made  and  the  combination 
of  the  partial  products  effected  simultaneously  with  the  multiplication,  thus, 

units       units  tens  units 

9x8=72=7+2. 
Let  the  2  units  be  written  under  the  units  of  the  multiplicand,  and  the  7 
tens  reserved  for  addition  to  the  product  of  the  tens. 

tens        tens  tens  tens  tens     tens  tens  hds  tens 

4X8=32,  and  32+7   carried,  =  89=30+9=3+9. 
Therefore  the  product  is  composed  of  3  hundreds,  9  tens,  and  2  units  or 
it  is  equal  to  392. 
The  calculation  may  be  written  as  under, 

Midtiplicand  =:=     49 
Multiplier       =  8 

Product  -=  392 


drd  Example.    Multiply  3854  by  7, 

Multiplicand  -^  3854 

Multiplier      =   7 

Pft>duct 
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Detail  of  the  operation,  ' 

units       unlta  units  units  tens  units. 
4x7=28=20+8=2+8; 
the  8  units  are  written  under  the  units  of  the  multiplicand,  and  the  2  tens 
reserved  for  addition  to  the  product  of  the  tens ; 

tens  tens  tens  tens  tens    tens  tens  hds.  tens. 

5X7=35,  and  85-f2  carried  =37=804-7=3+7; 
the  7  tens  are  written  under  the  tens  of  the  multiplicand,  and  the  3  hundreds 
reserved  for  addition  to  the  product  of  the  hundreds ; 

hds.         lids.  hds.  hds.  hds.    hds.  hds.  ths.  hds. 

8x7=56,  and  56+3  carried  =  59=50+9=5+9; 
the  9  hundreds  are  written  under  the  hundreds  of  the  multiplicand,  and  the 
6  thousands  reserved  for  addition  to  the  product  of  the  thousands ; 

ths.  ths.  ths.  ths.  ths. 

8X7=21,  and  21+5  carried  =  26; 
there  being  no  higher  unit  to  the  product  of  which  by  7  the  2  ten  thousands 
con  be  carried,  the  6  is  written  under  the  thousands  of  the  multiplicand,  and 
the  2,  expressing  ten  thousands,  in  the  next  place  to  the  left. 
The  result  of  this  detail  is  that  3854x7=26978. 

58.  4th  Example.    Multiply  8762  by  47. 

The  multipliicimd  and  multiplier  being  both  greater  than  10,  this  example 
fiJla  under  Article  51. 

Whence,  resolving  the  multiplier  into  7  units  and  4  tens,  it  follows  that 
8762  X  7  units+8762  x4  tens  =product  required. 

units 

Proceeding  as  in  Example  3,  8762x7=61334=product  of  multiplicand  by 


units  of  multiplier,  and  8762x4=ten  times  8762x4  (Art.  51)=87620x4 
=350480=produ€t  by  the  tens  of  the  multiplier. 
Taking  the  sum  of  the  partial  products, 

8762x7    =     61334 

8762X40  =  850480 

.'.  8762  X  47  =  411814 

The  calculation  is  conveniently  represented  thus. 

Multiplicand    =        8762 
Multiplier        =     47 

61334 
350480 

Product  =     411814 

5th  Example.    Multiply  684  by  35742. 

Emplo^^ing  ^35742  as  multiplier,  five  partial  products  must  be  found ; 
whereas  if  684  be  taken  as  multiplier,  the  number  of  partial  products  to  be 
found  is  only  three. 

Now  (Art.  56)  684x35742=35742x684;  therefore  it  is  permitted  to 
employ  684  instead  of  35742  as  multiplier ;  and  since  684  is  composed  of 
4  units,  8  tens,  and  6  hundreds  (Art.  51).' 

85742x4  unit8+35742x  8  tens+35742x6  hundreds=product  required. 
85742x4  units        =142968  ...         142968 

85742X8  tens         =357420  X  8  units=  2859360        -      2859360 
35742  X  6  hundred8=8574200  x  6  unil»=2 1445200      -    21445200 


.*.  85742X684 

Multiplicand  ^ 
Midtiplier      = 

35742 

684 

-     24447528 

Otherwise^ 

142968 

2859360 

21445200 

Product          = 

24447528 
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6tli  Example.  Multiply  13607  by  5578. 

13607  13607 

5578  5578 

108856  108856 

952490  95249 

6803500  68035 

68035000  68035 


75899846  75899846 


It  seems  unnecessarj  to  repeat  the  details  of  the  multiplication. 

^  59.  The  calculation  of  the  last  example  is  exhibited  in  two  forms,  slightly 
differing  the  one  from  the  other.  In  the  first  the  zeros  arising  from  the 
multiphcation  of  the  multiplicand  by  the  tens,  the  himdreds,  &c  of  the  mul- 
tiplier, are  retained,  and  in  the  second  omitted. 

This  omission  may  always  be  made,  provided  care  is  taken  to  place  the 
units  of  the  lowest  order  m  each  partial  product  directly  under  that  figure 
by  which  this  partial  product  arises.  The  reason  of  so  arranging  the  jMurtial 
products  is  obvious,  for  the  product  of  simple  units  by  simple  umts  is  simple 
units,  of  simple  units  by  tens  it  is  tens,  &c. 

60.  When  a  multiplier  contuns  the  same  digit  oflener  than  once,  the  sig- 
nificant figures  of  the  partial  product  must,  for  every  repetition,  be  the  same, 
but  their  relative  values  difierent.  It  is  only  necessary,  therefore,  for  every 
such  repetition,  to  write  the  partial  product,  already  found,  taking  care  to 
annex  in  each  case  the  proper  number  of  zeros,  or  to  place  the  lowest  figure 
under  the  partial  multiplier. 

7th  Example.    Multiply  13256  by  6080. 

13256 
6080 

1060480 
795360 


80596480 


This  example  affords  the  occasion  to  observe,  that  when  the  last  figure  of 
a  multiplier  is  zero,  or  when  zeros  are  inteiposed  between  significant  figures, 
the  precedins  remarks  with  regard  to  placmg  the  last  figures  of  the  partial 
proauctfl  under  those  figures  of  the  multiplicand  to  which  they  respectively 
oelong,  apply  as  well  to  a  multiplier  such  as  this,  as  to  one  wholly  composed 
of  significant  figures. 

61.  Any  necessity,  except  as  an  exercise,  of  finding  the  product  of  two 
very  large  numbers,  can  seldom  occur.  If,  however,  it  were  required  to  find 
the  product  of  a  number  expressed  by,  ex,  gr.^  20  digits,  by  another  con- 
taining as  many,  the  labour  might  be  considerably  abridged  by  the  following 
means. 

How  many  soever  the  number  of  digits  in  the  multiplier,  it  is  certain  that 

there  can  be  only  1,  2,  3, 9  distinct  figures ;  and  that  the  excess,  at 

the  very  least,  of  the  whole  number  of  digits  over  nine  is  composed  of  repeti- 
tions of  some  of  the  figures. 

Whence,  if  once,  twice,  three  times, nine  times  the  multiplicand 

be  computed,  all  the  partial  products  will  be  known ;  and  it  will  further  be 
only  necessary  to  write  in  its  proper  place  the  product  of  the  multiplicand 
by  each  digit  of  the  multiplier,  ana  to  add  these  partiiU  products  together,  in 
order  to  obtain  the  result  sought. 
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The  product  of  the  multipiicand  by  1,  2,  d,  . . 
repeated  Additioiis. 

Let  the  multiplicand=  7385498067 132^487963 

7385498067 1325487963 

Multiplicand  x  2=  147709961342650975926 

73854980671325487963 


9,  is  readily  found  bj 


Multiplicand  X  3=221564042013976463889 

7385498067 1 325487963 

MulOpUcand  X  4=29541992268530195 1852 


The  table  being  eompleted  to  multiplicand  X  9,  the  partial  products  are 
copied  from  it  in  their  proper  order,  and  added  together :  their  sum,  thus 
obtained,  is  the  product  of  the  given  numbers. 

62.  The  multiplication  of  a  large  number  by  a  single  figure  is  performed 
from  rifi^  to  left,  to  &dlitate  the  combination  of  the  tens  produced  by 
the  muItipUoation  of  units  of  any  order  with  the  units  of  the  product  of 
the  order  which  is  next  higher;  and  in  the  multiplication  of  one  large 
number  by  another  the  partial  products  are,  for  the  same  reason,  found  by 
following  the  same  course.  The  digits  of  the  multiplier  may,  however,  l^ 
taken  from  right  to  left,  left  to  right,  or  in  any  order  whatever ;  for,  since 
the  sum  of  any  given  numbers  is  independent  of  the  order  in  which  they 
are  added  together,  the  sum  of  the  same  partial  products,  in  whatever  order 
tafcen^  must  give  d^  same  result. 

In  tlie  following  example  the  figures  of  the  multiplier  are  first  taken 
from  left  to  r%ht,  and  second  from  right  to  left : 

537  537 

463  ^  463 


2148 
3222 
1611 

248631 


1611 
3222 
2148 

248631 


The  order  of  the  Pjurtial  products  in  the  first  operation  is  the  reverse  of 
that  in  the  second.    Their  sum  is,  of  course,  the  same  in  both. 

Although  the  partial  products  are  found  most  conveniently  by  taking 
the  figures  of  the  multiplicand  firom  right  to  left,  it  is  not  impossible  to 
per^Drm  the  multiplicaticm,  in  respect  of  both  factors,  from  left  to  right,  as 
the  following  instance  may  show : 

Multiply         537  •^  r  537 


K 


463 


500X400=200000 

80X400= 

12000 

7X400= 

2800 

500  X   60= 

30000 

30  X   60= 

1800 

7x  60= 

420 

500  X     8= 

1500 

80x     »= 

90 

7x     3= 

21 

463 


5x4=20 


;or,  omitting  the  zeroS' 


537X468=248681  J 


3X4= 
7X4= 
5x6= 
3x6= 
7x6= 
5x3= 
3X3= 
7X3= 


12 
28 
30 
18 
42 
15 
9 
21 


V 


248631 
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Up<m  the  ifrhole,  the  usual  practloe,  by  which  the  figures  as  irell  of  the 
multiplier  as  of  the  multiplicand  are  ta&en  from  right  to  left,  seems  that 
which  is  most  oonvenient. 

68.  As  the  quantity  repeatedly  added  to  itself  may  be  of  any  kind,  so  the 
number  expressing  it  (that  is,  the  multiplicand)  ma^  be  concrete  or  abstract. 
But  the  multiplier,  expressing  only  times  of  repetition,  must  be  always  an 
abstract  number. 

The  product  consists  of  units  of  the  same  kind  as  the  multiplicand. 

In  performing  the  multiplication,  it  is  usual,  on  account  that  the  factors 
are  sometimes  interchanged,  to  regard  both  as  abstract  numbers,  and  after- 
wards to  restore  to  the  product  the  denomination  of  the  multiplicand. 

64.  To  find  the  product  of  any  two  numbers, 

General  Rule.  Write  the  greater  of  the  two  numbers  as  multi- 
plicand, and  the  less  as  multiplier,  placing  the  units  of  each  order  in 
the  latter  under  the  corresponding  units  of  the  former. 

Take  as  a  partial  factor  the  figure  expressing  the  units  of  the 
first  order,  or  simple  units  of  the  multij^er ;  multiply  the  units  of 
the  first  order  in  the  multiplicand  by  this  figure ;  write  the  units  of 
the  product  in  the  same  Tertical  column  with  the  putial  factor,  and 
reserve  the  tens  (if  there  be  any)  for  combination  with  the  product 
of  the  units  of  the  second  order  of  the  multiplicand  by  this  partial 
factor. 

Multiply  the  units  of  the  second  order  of  the  multiplicand  by  the 
partial  factor,  and  to  the  product  add,  as  units  of  this  order,  the  tens 
reserved  from  the  product  of  the  simple  units ;  write  the  units  of  the 
sum  on  the  immediate  left  of  that  figure  of  the  product  which  is  already 
found,  and  reserve  the  tens,  as  before,  for  combination  with  the 
product  of  the  partial  factor  into  the  units  of  the  third  order  of  the 
multiplicand. 

Proceed  in  the  same  manner  with  the  units  of  the  3d,  the  4th, .... 
the  nth  order,  so  as  to  form  the  partial  product  of  the  multiplicand  by 
the  simple  units  of  the  multiplier. 

Next,  take  as  partial  factor  the  figure  expressing  the  units  of  the 
second  order,  or  tens  of  the  multiplier ;  multiply  the  units  of  the  first 
<Mrder  of  the  multiplicand  by  this  figure ;  write  the  units  of  the  par- 
tial product  in  the  ^same  vertical  column  with  this  partial  factor,  and 
reserve  the  tens  for  combination  with  the  product  of  the  units  of  the 
second  order  of  the  multiplicand  by  the  partial  factor. 

Continue  to  multiply,  one  after  another,  the  remaining  figures  of 
the  multiplicand  by  the  figure  expressing  the  tens  of  the  multiplier, 
and  dispose  of  the  units  and  tens  of  the  successive  products  as  in  the 
case  of  the  partial  factor  expressing  units  of  the  first  order;  the 
result  is  the  product  of  the  multiplicand  by  the  tens  of  the  mul- 
tiplier. 

Find,  in  like  manner,  the  product  of  the  multiplicand  by  the  units 
of  the  dd,  the  4th,  . . .  the  mth  order  of  the  multiplier,  and  write  the 
successive  products,  one  below  another,  in  horizontal  lines,  placing 
always  the  lowest  figure  of  each  partial  product  in  the  same  column 
with  that  partial  fkc^r  from  the  multiplication  of  the  muhaplicand  by 
which  it  has  been  obtained. 

Hien  add  together  all  these  partial  products.  Their  sum  is  the 
product  of  the  given  numbers. 
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65.  Examples  in  the  multiplication  of  whole  numbers. 

Required  the  products  of  the  following  numbers  ? 

Ist.  765498  and 4?  Ans.  3061992. 

2d.  350486and5?  ^iw.  1752430. 

3d.  83795602  and  6  ? ^iw.  502773612. 

4th.  479685036  and  7  ? ^jm.  3357795252. 

5th.  153879864  and  8  ? Ans.  1231038912. 

6th.  123456789  and  9  ? Ans.  1111111101. 

7th.  987654321  and  9  ?  -4«*.  8888888889. 

8th.  742  and  68?  -4iw.  50456. 

9th.  853  and  720?  -^4iw.  614160. 

10th.  6730  and  89? Ans.  598970. 

11th.  87694  and  358? -^iw.  31394452. 

I2th.  59387  and  796? Ans.  47272052. 

13th.  78464  and  4207  ? Ans.  330098048. 

14th.  58470  and  90070  ? Ans.  5266392900. 

15th.  12345  and  6789?  Ans.  83810205. 

16th.  123456  and  708009  ? Ans.  87407959104. 

I7th.  8214356  and  132? Ans.  1084294992. 

18th.  8210075  and  420306? Ans.  3450743782950. 

19th.  821436  and  672576? Ans.  552478139136. 

20th.  870497  and  500407? Ans.  435602792279. 

21st^  4700  and  290? Ans.  1363000. 

22d.  5704  and  4870  ? Ans.  27778480. 

23d.  944784  and  972? Ans.  918330048. 

24th.  46090521  and  6789? Ans.  312908547069. 

25th.  594786043  and  64074958  ? Ans.  38110890724211194. 

26th.  3529987504  and  7985463  ? Ans.  28188584603654352. 

27th.  179865380024  and  90730856  ? .  Ans.  163 19339894342820544. 
28th.  405970382  and  470098435  ? Ans.  190846041234552170. 


quantiiies  a,  6,  may  be  considered  as  general  expressions  of 
oaking  them  the  factors  of  a  product,  that  product  is  indicated 


66.  The 
number.    "hA 
in  an  J  of  the  three  forms  following : 

axb;  a.b;  ab;  each  of  which  is  a  general  expression  of  the  product  of 
two  factors. 

It  is  in  the  first  form  only  that  the  product  of  two  numerical  factors  can 
be  expressed ;  5  x  7  signifies  5  multiplied  by  7 ;  but  5*7  is  not  distinguishable 
from  the  expression  of  a  decimal  fraction ;  or  57  from  the  number  fifty- 
seven. 

If  one  factor  is  a  particular,  and  the  other  a  general  expression  of 
number,  as  5  and  a,  the  product  is  written  in  any  of  the  forms  5xa]  5m; 
5  a. 

67.  Hitherto  attention  has  been  given  to  the  formation  of  such  products 
only  as  result  from  the  combination  of  two  factors. 

But  it  is  often  necessary  to  find  the  product  of  more  than  two  numbers. 

To  afford  a  distinct  notion  of  this  subject,  it  may  be  of  use  to  take  a 
particular  case  requiring  the  multiplication  of  more  than  two  factors. 

One  pound  sterling  contains  20  shillings ;  and  one  shilling  contains  12 
pence :  let  it  be  required  to  find  the  numl^r  of  pence  in  three  pounds. 

To  find  the  number  of  pence  in  d£,  it  is  obviously  necessary  to  determine 
the  product  of  the  three  factors  12, 20,  and  3.  Now,  granting  that  the  whole 
sum  is  given  in  penny-pieces,  the  number  of  these  may  be  determined  as 
follows,  by  a  recurrence  to  the  first  principles  of  multipiicalion  : — 
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19 


Let  twelve  pence,  the  number 
contained  in  1  Builling,  be  placed  in 
a  horizontal  line  or  row,  and  20 
such  rows  arranged  one  beneath 
another. 

This  coUecti<Ni  of  20  rows,  each 
containing  12peDce=:12x20=240s3 
tfre  numTOT  of  pence  in  1  pound. 


1,  1,  1,  1,  1,  1,  1,  1,  1,  1,  1,  1. 

1,  1,  1,  1,  1,  1,  1,  1,  1,  1,  1,  1. 

1 

1 

1 

1 

1  12x20=240 

1 

1 

1 


20 


B. 


1,  I,  1,  1. 
1,  1,  1.  1, 
1,  1,  1,  1, 


240. 
240. 
240. 


240x3=720. 


Let  now  the  240 
pence  of  this  collection 
De  arranged  anew  in  one 
horizontal  row ;  and  a 
second,  and  after  that 
a  third  row,  each  containing  240  pence,  be  arranged  successiTelj  under- 
neath. 

This  new  collection  of  three  rows,  each  contdning  240  pcnce=:240  x  3= 
720=the  number  required. 

Li  this  instance  the  result  has  been  obtiuned  by  multiplying  together  two 
of  the  factors,  and  then  employing  the  product  of  these  two  as  a  single 
factor  to  be  multiplied  by  the  third ;  and  since  the  manner  of  perfomung 
the  operation  depends  in  no  respect  on  the  particular  niunbers  12,  20,  3, 
it  is  to  be  concluded  that  the  product  of  any  tlirce  numbers  whatever  is 
found  in  the  same  manner. 

68.  Again,  since  no  change  of  arran^ment  can  affect  the  absolute 
number  of  individuals  in  the  collections  A,  l3,  it  follows  that  the  product  of 
three  numbers  is  the  same,  whatever  be  the  order  in  which  the  mctors  are 
multiplied  together.  Representing  the  factors  by  a,  ft,  c,  the  general  ex- 
pression of  this  proposition  is, 

abc^acbz=,bae=bca^cab^=cba, 

69.  Further,  (for  the  same  reason  that  changes  of  arrangement  cannot 
increase  or  diminish  the  number  of  units  composmg  a  product,) 

720x3  or  3x720=3x12x20 
otherwise,  more  generally,  a x  r6c)=a xbxc. 

Whence  the  result  ansinff  m>m  the  multiplication  of  a  number  by  the 
product  of  two  factors  is  the  same  as  that  obtained  by  multiplying  the 
number  successively  by  these  factors. 

70.  Returning  to  diagram  A,  in  which  the  horizontal  line  is  12,  the  ver- 
tical  column  20,  and  the  product  240 ;  let  it  be  intersected  by  a  horizontal 
line  separating  the  vertical  columns  into  (for  example)  the  parts  13  and  7. 

The  number  of  pence  contmned  in  one  part  is  12  x  13=  156 

in  the  other    12  X  7=    84 
But  the  sum  of  these  parts  makes  the  whole  of  A. 
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Whence  12  x  13+ 12  x  7=12  x  (13+7)=  12x20=240. 
or,  more  generally,  axb-^-axcs^a  (6+c)* 

The  same  reasoning  is  applicable  to  cases  in  which  the  divided  nnmber  is 
separated  into  more  parts  than  two.  Whence,  if  a  multiplier  is  divided  into 
any  number  of  parts,  the  sum  of  the  partial  products  of  tne  multiplicand  by 
these  parts  is  equal  to  the  prodnct  of  the  multiplicand  by  the  undivided 
multiplier. 

^  Since  the  multiplicand  and  multiplier  may  be  interchanged,  this  propon« 
tion  must  be  tarue  in  the  case  also  of  a  divided  multiplicand  and  undivided 
multiplier. 

71.  When  the  product  of  four  factors  is  to  be  found,  the  product  of  three 
is^  obtained  by  Article  67,  and  this  result^  multiplied  by  the  fourth  factor, 
gives  the  product  required. 

A  sensible  illustration  of  the  process  could  be  obtained  by  arranging  the 
units  composing  the  OToduct  of  tnree  of  the  Actors  in  one  line  (for  mstancej 
the  units  of  dis^ram  i)),  and  repeating  this  line  as  oftcm  as  the  fourth  fiictor 
contains  unity. 

If  the  number  of  factors  multiplied  together  exceeds  two,  the  final  result 
is  termed  the  continual  product  of  these  factors. 

The  continual  product  of  five  factors  may  be  found  fix)m  that  of  four ;  of 
six,  firom  five ;  of  n,  from  n—l ;  precisely  as  in  the  last  article  the  product 
of  four  factors  was  obtained  from  that  of  three. 

And  since,  however  manv  the  number  of  factors,  the  process  can  always 
be  reduced  to  a  series  of  aaditions  in  which  the  absolute  number  of  imits 
must  remain  the  same,  whatever  may  be  the  order  in  which  they  are  com- 
bined together,  it  follows  that  the  continual  product  of  3,  4,  5, .  .  .  n  factors 
is  obtained  by  multiplying  together  two  of  the  factors ;  the  product  by  a 
third ;  this  by  a  fourth ;  and  so  on  to  the  inclusion  of  the  nth  factor ;  and 
that  the  result  is  the  same,  in  whatever  order  the  factors  are  multiplied 
together. 

72.  The  product  of  2,  3,  ....  n,  factors  is  termed  a  multiple  of  each 
factor,  or  oi  any  combination  of  them,  not  comprehending  the  wnole ;  reci- 
procally, the  factors  are  siud  to  be  sub-midtiples,  or  parts  of  the  product. 

K  the  2,  3, ....  91,  factors  are  all  equal,  the  products  arc  termed  the  2d, 
3d,  ....  nth  powers  of  the  single  factor ;  and  this  the  2d,  3d, ...  .  nth 
root  of  the  corresponding  power  or  product. 

The  second  ana  third  powers  and  roots  have  also  particular  names,  being 
termed  respectively  Square  and  Cube,  Square  Root  and  Cube  Root. 

73.  The  product  of  any  number  less  than  10  by  any  number  less  than 
10  is  composed  of  not  more  than  two  figures ;  for  10  X  10=100  is  the  lowest 
number  expressed  by  three ;  and  since  the  product  of  some  two  numbers, 
as  4  by  2,  for  example,  which  is  8,  contains  but  one  figure,  it  follows  that 
the  product  of  any  number  less  than  10  by  any  number  less  than  10  is 
exraessed  by  two  figures,  or  by  one  only. 

The  product  of  any  number  greater  than  10  by  any  number  less  than  10 
IS  composed  of  as  many  figures  as  are  contained  in  ooth  factors,  or  of  that 
number  less  one. 

For  by  the  multiplication  of  each  figure  of  the  greater  number  up  to  the 
last  on  the  left,  one  figure  is  given  to  the  product ;  by  that  of  the  last,  two 
figures  may  be  given,  or  one. 

If  two,  the  product  contauns  as  many  figures  as  both  factors ;  if  one  only, 
it  contains  that  number  of  figures  less  one. 

The  product  of  any  number  greater  than  10  by  any  number  greater  than 
10  is  composed  of  as  many  figures  as  are  contained  in  both  factors,  or  of  that 
number  less  one. 

*  Quantities  inclosed  within  a  parenthesis  are  taken  collectively ;  thus  aib-kc) 
indicates  that  the  sum  of  b  and  c  is  multiplied  by  a, 
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For  ihe  absolute  jprodact  of  the  mulUplicand  by^  tbat  Bgwee  wbidi  ex- 
presses the  units  or  the  highest  order  of  the  multiplier  is  oompofled  of  as 
many  figures  as  there  are  m  both  factors,  or  of  that  number  of  figures  leas 
one ;  and  to  give  this  product  its  relative  value,  one  zero  must  be  annexed 
to  it  for  every  remaining  figure  of  the  multiplier. 

Whence  the  product  of  the  midtiplicand  by  the  umts  of  the  highest  order 
of  the  multiplier  is  composed  of  as  many  figures  as  there  are  in  both  fiustors, 
pr  of  that  number  of  figures  less  one. 

When  this  partial  product  is  composed  of  as  many  figures  as  both  factors, 
the  number  of  figures  cannot  be  increased  by  the  tens  which,  in  the  process 
of  adding  together  the  several  partial  products,  it  may  be  requiiute  to  carry 
from  lower  to  higher  orders  of  units. 

Let  that  figure  of  the  multiplicand  which  expresses  the  units  of  the 
highest  order  be  replaced  by  10 ;  the  10  is  greater  than  the  whole  of  ^e 
multiplicand.    Let  10  replace  the  highest  figiu^  also  of  the  multiplier. 

The  product  of  these  tens,  followed  by  zeros  equal  in  number  to  the 
remainmg  figures  respectively  of  the  multiplicand  and  of  the  multiplier, 
must  exceed  the  product  of  the  multiplicana  and  multiplier.  The  product 
of  the  tens  is  100;  annexing  to  this  as  many  zeros,  less  one,  as  there  are 
figures  in  the  multiplicand,  and  then  as  many,  less  one,  as  there  are  figures 
In  the  multiplier,  the  total  number  must  be  one  greater  than  the  number 
contained  in  both  factors.  But  this  product,  whidi  is  1  followed  by  zeros, 
b  the  least  quantity  which  can  be  expressed  by  the  number  of  figures 
composing  it. 

Tnerefore  the  smaller  quantity  resulting  firom  the  midtiplication  of  the 
two  factors  cannot  be  composed  of  more  figures  than  are  contained  in  the 
multiplicand  and  multiplier. 

Wherefore,  universally,  the  product  of  any'two  factors  is  composed  of  as 
many  figures  as  are  contained  in  both  fiM^tors,  or  of  that  number  less  one. 

Let  the  multiplicand  contain  m  figures,  and  the  multiplier  ti,  the  product 
contains  m-\'n  figures,  or  m+n — 1* 

74.  The  general  expression  of  the  continual  product  of  many  factors  is 

axbxcxdx ,  or  a'h'cdr.  .  .  .,  or  abed.  .  .  .  .,  of  which  forms  the 

last  is  that  which  is  most  commonly  used.  The  continual  product  of  numbers 
expressed  by  figures  can  be  incucated  in  the  first  manner  only.  (See 
Article  66.) 

It  has  been  already  proved,  by  referring  to  the  principles  of  addition  (of 
which  multiplication  is  only  an  abridged  form),  uiat  tine  product  of  any 
number  of  factors  is  the  same,  whatever  be  the  order  in  which  these  factors 
are  multiplied  together. 

In  effect,  the  product  ab  expresses  some  assemblage  of  individuals  or 
simple  units  whose  absolute  number  can  be  rendered  neither  greater  nor 
less  by  changes  of  arrangement.  The  same  is  true  of  abxcy  or  abc ;  of 
abc  xd^OT  abcdf  abode.  .  . 

K  any  of  the  literal  factors  of  a  product  have  numeral  co-efiicients, 
or  if  numeral  and  literal  Actors  are  combined  in  the  same  product,  the 
numeral  co-efficients  or  factors  may  be  multiplied  together,  and  the  result 
prefixed  to  the  expression  of  the  product  of  the  literal  factors. 

Supposing  that  it  is  required  to  find  the  product  of  the  fiMstors  8a,  6,  7c, 
9,  and  $d^  it  follows  from  this  article  that, 

8ax&x7cx9x5<£=8x7x9x5xaX&XcX(/; 

or  since  8  X  7  X  9  X  5=2520, 

that,  8axftx7cx9x5<i=:2520a^ccf. 

75.  When  a  quantity  is  added  to  itself  the  number  of  repetitions  is 
expressed  by  a  numeral  or  literal  co-efficient,  which  is  prefixed  to  the 
quantity  (Art.  25).     Thus  a+a-f  a  is  abridged  into  3a. 

By  a  similar  convention,  when  a  quantity  is  multiplied  by  itself,  the  times 
of  repetition  of  the  individual  factor  are  expressed  by  a  small  figure  or 
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cfaaracier  written  to  the  right  of  that  factor,  and  above  the  horizontal  line 
in  which  it  is  placed,  thus, 

ay.a  -•-••-     is  written  a^ 

ay.aXa      -  -  •  -  -  ---a'. 

ay^axaxa  -  -  -  -  -..a*. 

ay.axaxay.ay.  .  .  .  to  n  repetitions  of  the  factor  a  -  -  a". 
The  figure  or  character  which  expresses  the  times  of  repetition  of  the 
ringle  fiictor  is  termed  an  index  or  exponent.  The  co-efficient,  then,  expresses 
the  repeated  additions  of  the  quantity  to  which  it  is  prefixed,  and  the 
exponent  the  repeated  multiplications  of  the  quantity  to  wnich  it  is  annexed. 
This  distinction  it  is  important  to  keep  in  mind. 

A  co-efficient  or  exponent  =1  is  not  expressed.  Thus  1  xa^  is  written  a. 
The  {iroduct  of  a'  by  o^  may  be  expressed  in  the  usual  form,  c^xct^. 
But  since  o'^axax a,  ana  a^=:aXaXaXa; 

.  • .  a*  X  c^B»aaa  x  aaoo=o'=s:a***. 
Grenerally  the  product  cTycf*  is  equal  to  a"  or  aaaa  ...  to  m  factors ; 

multiplied  oy  a"  or  aaaaaa  ....  to  n  factors. 

That  is,  a'^ya'ssaaaaaaaa to  tn-^-n  fiictors. 

But  a,  repeatedly  multiplied  to  m+n  factors,  is  written  a"*^. 
Whence,  a"  X  <C=4f^. 

Consequently  the  product  of  two  powers  of  the  same  root  is  equal  to  that 
root  raised  to  a  power  indicated  by  the  sum  of  the  exponents  of  the  two 
factors: 
If  fii=rft,  a"  X  a"  becomes  cT  x  fl"=a"-**=a*". 

76.  a+ft  is  a  general  expression  for  the  sum  of  two  quanUties. 
Twice  this  quantity  is  2  (a+6)  or  2a+2ft.  (Art.  70). 
Three  time8;>i-{-5  is  3(a-{-ft)  or  3a-h3i^. 
And,  generally,  n  times  a-f  ft=fi(a-V^)=**fl+«^' 

If  it  is  required  to  multiply  the  sum  of  two  general  expressions  of  quan- 
tity, a+^  by  the  sum  of  two  other  general  exnressions  of  quantity  o'+f^. 
Make  <?+ f'=ii,  and  therefore  (a+0  (tf'-l-'j=(a-|-0'*=o'*+'''* 
Then,  since  «=:a'-f  i',  a»=fl(a'-f  f^=««'+<«  > 

and  fti=:<(a'+0=fl^'+<''- 
therefore  (Art.  25)  nji-f  fti=aa'+af -f  tf'^+tf^ ; 

or,  (a-fO  (a'+0=««'-l-«C+«7+^- 
Whence  the  product  of  one  binomial  expression  by  another  is  equid  to  the 
sum  of  the  partial  products  of  each  term  of  the  mmtiplicand  by  each  term 
of  the  multiplier. 

a.  To  find  the  expression  of  the  product  of  one  trinomial  quantity  by 
another,  make  t  equal  to  &+«,  and  f'=ft-f  u^, 

And  ac^ '\-af  •^cft-\'tlf  becomes 

.\(a+ft+tt)(a'+ft'4-ti')=tffl'+a*'+a'ft-ffty+ai<'-ha^t+^+6't«4-t«'. 

b.  Making  tir=c-|-v,  ti'rrc^-f  e^,  and  reducing  as  before,  it  is  found  that 

'\-c(^'\-aif-\'a'v'\-W-\'l/v'\'Ci/-\-&v-\rw\ 

Whence,  also,  when  the  multiplicand  and  multiplier  are  each  composed 
of  three  terms,  or  of  four  terms,  the  product  is  eaual  to  the  sum  of  the 
partial  products  of  each  term  of  the  multiplicana  by  each  term  of  the 
multiplier. 

By  making  v=£f-j-;E,  x=^e-\-y^  &c.,  the  nnmber  of  terms  of  the  polynomial 
factors  may  be  increased  indemiitely,  and  with  the  same  result. 

c  From  the  rule  obsenred  in  forming  these  products,  it  is  erident  that  if 
the  multiplicand  and  multiplier  are  not  composed  of  the  same  number  of 
terms,  the  complete  product  is  still  equal  to  the  sum  of  the  partial  products 
of  each  term  or  the  midtiplicand  by  each  term  of  the  multiplier. 

d.  If  a,  byC^dyCy ,  •  .  represent  the  figures  of  a  multiplicand,  taken  with 
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respect  to  their  relatife  TaliMB,  and  <^,  y,  c;'  •  .  .  the  figures  of  a  multifJifr 
taken  alflo  with  respect  to  their  reUtiye  vslues,  the  result  of  this  infestiga* 
tion  may  be  taken  as  a*general  proof  of  the  proposition  of  Article  53. 
e.  Let  a:=a^,  6=^,  c=«^ then, 

(a-^h)  (a'4-ft0=«»'+«*'+<*'^+**'»  becomes 
[a-^'b)  (a'i'b)^siaa+ab'^ab'^bi^  or 

becomes 

(a-^-b-^-e)  (a-f  ft-4-<?)==«»-l-«*+o*+^+«»+«+*«+^-H«» 


or  (a+ft-|-«)*s=Ki«+2a6-f  A*+2(a+6)c+c«. 
Simiiarlj, 

(a-f6+c+rf+e)'=a'+2a6-hy-f2(a+ft)c+c«-f2(a-f6-fc)i^-fd«H- 

2(a+6+c-hd>-f«*. 

The  square  of  a  polynomial  expression  is  consequently  composed  of  the 
square  of  the  first  term,  plus  twice  the  product  of  the  first  term  by  the 
second,  plus  the  square  oi  the  second  term,  plus  twice  ihe  product  of 
the  sum  of  the  first  and  second  terms  by  the  third,  plus  the  square  of  the 
third  term,  &c  &c. 

f.    (o-h¥)«=a*+2att-hii«.    Let  a+ii=«i :  then 


or  (a+tt)*(a+tt)=a*(«+«)-i"2aii(a+ii)-fit'(a-|-«), 
or  (a+ttV=ci5+a«it+2a«tt+2cm«+flii*+tt', 
or  (a+tty=a'-f  3a«it-h3att«+tt'. 
Make  i«=6-|-r,  and  therefore  (a+K)'=(a+J+r)\  then 

or  (a-f  i+»V=a'+3a^i+3a*r+3a6«+3a  X  2i»-i-3ap«+i3-}-3i*»+S6c«-f  r', 
or  (a+6-h»)'=a»+3a«5+aat«+*'-i-8c«»-h3aX2i»+3i«»+3a»*+3W+»», 

Making  t;=c-ha:,  and  reducing,  it  is  found  that  (a-|-64-c+x)*=a'+3a*4 

and  generally,  that  (a-hfe-f  c+d+e  •  •  .y*=a3+3a«&-f  3a*H^+S(a+^)'c 
+  3(a+6)c«+c»  +  3(a-|-ft+c)«rf  +  3(a-f5+c)(P  +  cP+3(a+&+c-|-rf)«e  + 

3(a-f  &+c-f  <0«*H-«'+ 

Hence  the  cube  of  a  polynomial  expression  is  equal  to  the  cube  of  the  first 

term  of  the  expressioui  plus  three  times  the  square  of  the  first  term  into  the 

second,  plus  three  times  the  first  term  into  the  square  of  the  second,  plus  the 

cube  of  the  second  term,  plus  three  times  the  square  of  the  sum  of  the  first 

and  second  terms  into  the  third,  plus  three  times  the  sum  of  the  first  and 

second  terms  into  the  square  of  the  third,  plus  the  cube  of  the  third  term, 

plus  three  times  the  8([uare  of  tlie  sum  of  the  first,  second,  and  third  terms 

into  the  fourth  term,  plus,  &c.  &c. 

The  multiplication  of  a-|-6  by  a+i,  and  of  the  product  by  a+J,  may  be 

performed  as  follows :  ,  , 

a  +& 

aH2a*ft+a6« 

a'6-f2ay+y 
aH3£M^325^i^==  (a + &)  » 

Making  i&=:l  in  the  expanded  expressions  of  (a-^by  and  (a+fr)^ 
(a+l)«=a*4-2a+l,  and  (a+l)5=a5+3a«-h3a+l. 


SnJLTIPLICATION.  41 

Exercises  in  the  nraltiplication  of  general  expressions  of  quantity : 

1.  Multiply  o^  by  oM? .........Xitf.  a*6*cd; 

2.  -  -  Ba^bhydab^f   Aru.  Idt^bK 

3.  -  -  a-c*byac-? Ang.  (T+^iT^. 

4.  -  -  c+ftbyc+rf? « Aru.  ac-^ad+bc-^bd. 

5.  -  -  c+ft+cbyrf? « Ans.  ad-^bd+cd. 

6.  -  -  a»+**bya«+fr*? ^4iw.  fl*+2a«6«+&*. 

7.  -  -  a--fJ-bya-+fr'? iliw.  a«-+2a-6"-f  &«-. 

8.  -  -  a+ft+c  by  6-l-c? Arts,  ab-^ac-^b^+^bc+f^. 

9.  -  -  a-^b+c  hy  d-j-e? ..Atu.  ad-^ae-^-bd+bi-^cd-i-ce. 

10.  Required  the  continual  product  of  4a&,  a%  6,  2c^,  and  2r^  ? 

^iw.  48a'ft*c*. 

11. 2a",  3a-&*,  2ft3c«,  and  24  ? 

^w«.  2*x3«Xflr+-&'c«: 
12. a+J,  a+Ca+rf? 


SECTION  V. 
DIVISION. 

77.  In  Article  48  of  this  treatise,  definitions  are  given  of  the  tenns  Divi- 
BLoni  Dividend,  Divisor,  and  Quotient. 

The  process  of  division  consists  in  the  decomposition  of  one  quantity  into 
parts  each  equal  to  another  quantity ;  the  result  sought  being  the  number  of 
these  equal  parts. 

78.  Since  the  decomposition  of  the  dividend  into  parts  equal  to  the 
divisor  can  be  effected  by  subtracting  the  divisor  successively  from  the 
dividend  and  remainders  until  either  no  remainder  is  \e(ty  or  one  less  than 
the  divisor,  and  the  number  of  ports  equal  to  the  divisor  can  be  ascertained 
by  reckoning  one  for  each  subtraction,  and  combining  the  ones  into  a  single 
number,  it  is  evident  that  subtraction  and  addition  afford  the  means  of 
resolving  questions  in  division. 

79.  But  when  the  cdvidend  is  large  as  compared  with  the  divisor,  the 
process  by  individual  subtractions  of  the  latter  is  laborious.  Whence  it 
oecomes  requisite  to  investigate  a  more  compendious  method. 

For  this  purpose  let  D  denote  the  dividend,  d  the  divisor,  and  q  the  quo- 
tient of  an  example  in  di^sion ;  q  being  found  in  the  manner  pointed  out 
in  the  preceding  Article. 

q  bemg  obtamed  by  reckoning  1  for  each  subtraction  of  the  divisor  from 
the  dividend,  it  follows  that  the  quotient  contains  unity  as  many  times  as 
the  dividend  contains  the  divisor. 

If,  instead  of  subtracting  d  q  times  in  succession  from  D,  the  sum  of  q 
repetitions  of  d  are  at  once  subtracted  from  D,  the  result  is  the  same 
(Art.  41).    But  the  sum  of  o  repetitions  of  (^  is  the  product  dxq. 

When  the  last  subtraction  leaves  no  remainder,  q  times  the  divisor  is  equal 
to  the  dividend ;  that  is,  <f  X  ^=D. 

Whence,  in  such  cases,  the  dividend  may  be  regatxled  as  a  product  of 
which  the  divisor  and  the  quotient  are  the  factors,  and  division  is  reduced 
to  this  problem  :  given  a  product  and  one  of  its  factors,  to  find  the  other 
factor. 

In  discussing  this  problem,  it  will  be  convenient  to  consider, 

1st.  Cases  in  which  d  is  less  than  10,  and  D  less  than  9x10. 

2d.  Cases  in  which  d  is  less  than  10,  and  D  any  number  whatever. 

3d.  Cases  in  which  both  d  and  D  are  any  numbers  whatever. 
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80.  Vva^  let  the  divifaid  b»  a6»  imd  die  divisor  9.  Adopting  tlie 
elementary  process  by  subtraction, 

36—9=27  -  -    1  subtraction. 

27—9=18  -  .     1  „ 

18—9=9  -  -     1  „ 

9—9=0  .  ._1  „ 

4=number  of  subtractions. 

The  dividend  being  exhausted  by  4  subtractions  of  the  divisor,  it  follows 
that  the  quotient  is  4,  a  result  wliich  may  be  expressed  thus  (Art.  48) 

86 +9=4 

Sinoe  (Art.  79)  D^dxq^  and  (in  the  preceding  example)  36=9x4; 
it  b  evident  that  division  may  be  performea  by  means  of  the  multi|dicatbn 
table. 

To  find  the  product  of  9  b^  4,  horizontal  column  9  and  vertical  column 
4  are  traced  to  thdr  intersection.  The  square  in  which  they  meet  is  occu- 
pied by  their  product,  36.  Chan^g  this  order 'of  research,  the  divisor  9 
18  found,  the  eye  carried  along  horizontal  column  9  to  the  dividend  36,  and 
then  to  the  number  at  the  top  of  the  vertical  column  in  which  36  is  placed. 
This  number  (4)  is  the  factor  which  multiplied  by  9  produces  36,  and  it  is 
therefore  the  quotient  required. 

Similarly  it  is  found  that  56-^8=7 

54^-6=9 
72+9=8. 

81.  In  these  examples  both  dividend  and  divisor  arc  numbers  contained 
in  the  multiplication  table. 

Let  it  next  be  required  to  divide  43  by  8. 

Consulting  horizontal  column  8,  it  is  found  not  to  contiun  the  number  43. 

As  43  is  comprehended  between  40=8x5,  and  48=8x6,  it  follows 
that  43  contains  8  more  than  5,  and  fewer  than  6,  times;  and  since 
8  x  5=40,  and  43—40=3,  it  is  to  be  concluded  that  the  quotient  is  5,  and  the 
remainder  3. 

The  dividend  and  divisor  of  an  unexecuted  division  are  sometimes 
written,  the  first  over  and  the  second  under  a  horizontal  line,  as  {. 
In  this  manner  the  result  of  the  preceding  example  may  be  expressed 
thus, 

43+8=5| 

By  Article  79.  it  appears  that  when  the  division  is  exact  (or  leaves  no 
remainder^,  D^dxq. 

It  now  oecomes  necessary  to  extend  this  principle  to  cases  in  which  the 
operation  terminates  in  a  remainder  less  than  the  divisor. 

If  the  principle  is  true  in  such  cases,  it  must  follow  that 

43=8  X5| 
or  43=5^X8  (Art  56). 

In  multiplying  5ft  by  8,  the  products  5x8  and  |  x  8  may  be  formed  Sepa- 
rately, and  the  results  added  together  (Art.  70). 

Now  f  is  a  form  of  writing  3  divided  by  8. 

Whence  |  X  8  sig^nifies  3  divided  by  8,  and  multiplied  by  8.  But  if  a 
quantity  is  both  divided  and  multiplied  by  the  same  number,  it  cannot  be 

changed  by  the  process,  which  (because  }=1,  and  generally  ^=1)  amounts 

merely  to  the  multiplication  of  the  quantity  by  1. 

Wherefore        fx8=3 
And       •    «    5x8=40 

Consequently  5|x8=43 

This  reasoning  bdng  of  general  application,  it  follows  that  in  any  case 
the  dividend  is  equal  to  the  product  or  the  divisor  and  quotient. 
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82.  Between  any  multiple  of  a  diviaor  and  tlie  multiple  following  there 
are  as  many  numbers,  leas  one,  as  the  divisor  contains  units.  But  no  number 
between  a  multiple  of  the  divisor  and  the  multiple  next  following  can  be 
exactly  divided  oy  the  divisor ;  whence  a  remainder  greater  than  zero  and 
leas  than  the  divisor  must,  most  frequently,  terminate  the  operation  of 
division.  - 

A  remainder  written  as  in  the  last  example  Tnamely,  as  f )  may  be  read, 
tliree  divided  by  eight,  three  over  eight,  or  three  eighths.  Numbers  so  written 
are  named  fractions. 

83.  Let,  next,  d  be  less  than  10,  and  D  any  number  whatever : 

Since  the  product  of  the  divisor  and  quotient  is  equal  to  the  dividend,  and 
the  divisor  contains  one  figure,  the  quotient  must  contain  as  many  as  the 
dividend,  or  that  number  less  one  (Art.  73) ;  and  the  dividend  must  be 
composed  of  the  partial  products  of  the  (JUvisor  by  these  quotient  figures 
taken  individually,  and  with  regard  to  their  relative  values  (Art.  50). 
The  divisor  bemg  some  number  in  the  series, 

1,    2,    3,    4,    5,    6,    7,    8,    9,     (A) 
and  the  fij^ures  of  the  quotient  (regard  being  had  to  tneur  relative  values) 
numbers  m  the  series, 

0,        1,        2,        3,        4,     .    .    .    .        9,1 
0,       10,       20,       30,       40,     ...     .       90, 
0,     100,     200,    300,     400,     ....     900,  ^(B) 
0,  1000,  2000,  3000,  4000,     ....  9000,  I 
&c.      &c.      &c.      &c.  &c.    J 

it  follows  that  the  dividend  is  equal  to  the  sum  of  the  partial  products  of 
some  number  in  series  A  by  one  term  in  each  of  the  series  B  ;  and  this  simi 
is  the  same,  whatever  be  the  order  in  which  the  partial  products  are  added 
together ;  thus  it  is  evident  that  if  these  very  products  are  again  taken 
away,  the  order  of  subtraction  can  have  no  effect  upon  llie  final  result. 

It  is  also  evident  that  the  product  of  the  divisor  by  one  term  in  any  of 
the  series  B  cannot  contain  more  than  two  significant  figures,  and  may 
contain  only  one  (Art.  73)  ; 

That  the  zeros  which  follow  such  significant  figures  or  figure  indicate 
merely  the  relative  value  of  the  partial  product ; 

And  that  in  subtracting  the  partial  products,  that  of  the  divisor  by  the  tens 
of  the  quotient  cannot  tend  to  diminish  the  units  of  the  dividend ;  that  of 
the  divisor  by  the  himdreds  cannot  tend  to  diminish  the  tens  of  the  dividend ; 
and,  generally,  that  the  product  of  the  divisor  by  the  highest  figure  of  the 

Snotient  cannot  affect  those  units  of  the  dividend  which  are  of  a  k>wer  order 
lan  the  highest  figure  of  the  quotient. 

From  these  principles  it  follows,  that  the  partial  product  of  the  divisor  by 
the  highest  quotient  figure  may  be  subtracted  first,  and  the  others  by  the 

3notient  figures  following  in  succession ;  that  the  absolute  product  of  the 
ivisor  by  the  hiffhest  auodent  figure  can  affect  only  the  first,  or  the  first  and 
second,  ^^ures  of  the  aividend ;  and  that  if  the  divisor  is  contained  in  the 
first  figure,  the  quotient  contains  as  many  figures  as  the  dividend ;  if  in  the 
first  and  second,  it  contains  one  figure  fewer  than  the  dividend. 

The  highest  figure  of  the  quotient  is  consequently  obtained  by  dividing 
the  first,  or  the  fiirst  and  second,  fibres  of  the  dividend  by  a  number  less  than 
10 ;  hence  it  is  given  by  the  multiplication  table. 

Afler  subtraction  of  the  product  of  the  divisor  by  the  first  quotient  figure, 
the  remainder  may  be  considered  as  a  new  dividend,  and  the  same  process 
repeated ;  and  this,  it  is  evident,  may  be  done  with  the  successive  remainders 
until  the  operation  is  brought  to  an  end. 

84.  Let  it  now  be  required  to  divide  59213  by  7. 

Since  7  is  not  contained  in  5,  the  first  partial  dividend  b  59,  and  the 
quotient  is  composed  of  4  figures ; 
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50^7=:8-f*B  remftindcr ;  the  Ist  quotient  number  is,  therefbre,  8000; 

8000 X  7=56000 ;  and  59213— 56000=3219=l8t  remainder. 
32 -4- 7=4+ A  remunder ;  the  2d  quotient  number  ia,  therefore,  400 ; 

400x7=2800 ;  and  3213— 2800=41  S=2d  remainder. 
41  ^7«B5+a  remainder ;  the  3d  quotient  number  is,  therefore,  50 ; 

50x7=350;  and  413— 350=63=3d  remainder. 
63 -H  7=9+0  remainder ;  the  4th  quotient  number  is,  therefore,  9 ; 

"Whence  the  partial  quodenU  are     •  8000 

400 

50 

9 

And  59213-1-7        -         -         -    =8459 
The  calculation  may  be  represented  thus, 

dWlMT     4iTkltn4     pwtial  qooticnto 


7    )   59213      /    8000  1 

.«nno      (      400    \^^' 


56000      \      400 

^0    I 
9  J 


3213 
2800 


413 
350 

"63 
63 


85.  In  the  preceding  oalculation  the  relatiye  Tolue  of  every  iiffnre  of  the 
quotient  is  put  in  evidence,  and  the  product  of  each  by  the  divisor  sub- 
tracted from  the  whole  of  the  dividend  and  remainders.  The  subject  being 
understood,  such  detail  is  not  necessary. 

The  division  may  be  performed  thus, 

59^7=8+3  remainder, 
32-1-7=4+4  remainder, 
41-1-7=5+6  remainder, 
63-1-7=9+0  remainder, 
and  the  calculation  written  as  under, 

7  )  59213  (  8459 
56 

32 

28 


41 
35 


63 
63 


In  explanation  of  this  abridged  process  it  is  to  be  observed,  that  the 
remainder  being  less  than  the  divisor,  the  third  figure  (2)  of  the  dividend 
must  be  annexed  to  the  first  remainder  (3)  before  a  second  partial  divi^on 
can  be  made.  In  like  manner,  the  fourth  figure  of  the  dividend  must  be 
annexed  to  the  second  remainder ;  the  fifth  to  the  third,  &c.  The  figure 
brought  down  is  annexed,  not  added  to,  die  remunder,  because  it  expresses 
units  of  the  order  immediately  inferior  to  those  of  the  last  figure  of  the 
remainder. 

Since  each  quotient  figure  has  the  same  relative  value  aa  the  lowest  tugni* 
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ficant  figure  of  the  eonespondiiig  partial  diyiilend*,  it  foUowa  that  if  the 

auotient  fi^pires  obtaii^  in  this  manner  are  written  each  to  the  right  of 
tioee  preTioualx  obtained,  the  relative  yaluea  of  the  whole  will  be  properly 
determined. 

After  annexing  the  proper  figure  of  the  dividend  to  the  remainder  left  by 
a  preceding  division,  it  may  happen  that  the  divisor  is  greater  than  the  partial 
dividend.  Ia  this  case  it  becomes  necessarjr  to  write  zero  in  the  quotient, 
for  the  purpose  of  preserving  to  the  preceding  quotieat  figures  their  proper 
relative  values. 

For  the  same  reason,  when  the  last  figure  of  a  dividend  is  0,  and  the 
remainder  to  which  this  0  is  to  be  annexed  nappens  to  be  also  equal  to  zero, 
O  must  be  written  to  the  right  of  the  quotient  figures  previouslj  obtained ; 
end  when,  under  the  same  circumstances,  there  are  several  zeros  terminating 
the  dividend,  one  0  for  each  must  be  annexed  to  the  significant  figures  of 
the  quotient. 

It  is  only  in  the  abridged  process  of  division  that  these  precautions,  for  the 
purpose  of  preserving  to  eacn  figure  of  the  quotient  its  proper  relative  value, 
Deoome  necessary. 

As  a  means  of  illustrating  these  remarks,  let  it  be  reqnked  to  divide 
70625536  by  9,  and  36863680  by  8. 

2d  Example.  9)  708$5536. 47869504 

J3 

78 

J? 

62 
j54 

85 
81 

45 
45 


36 
36 

The  subtraction  of  the  partial  product  of  9  by  the  fifth  quotient  figure  5 
leaving  no  remainder,  the  sixth  partial  dividend  is  composed  of  omy  the 
figure  brought  down.  Thus,  figure  3  b  less  than  9,  b^  which  it  cannot  be 
divided.  Zero  is  written  in  that  place  whidi,  had  the  division  been  possible, 
some  significant  figure  must  have  filled ;  the  next  figure  of  the  dividend  is 
then  brought  down,  and  the  process  continued. 

8d  Example.  8)  36863680  (4607960 

32 

48 
48 

63 

56 

76 
J2 

48 
48 


*  The  first  quotient  fignre  has  the  same  relative  value  as  the  lowest  figure  of  the 
first  partial  dividend,  for  each  rpmaining  fignre  of  the  diridend  gives  one  figure  to 
the  quotient. 

For  the  same  reason,  any  other  figuv  of  the  quotient  has  the  ssme  relative  value 
as  the  lowest  figure  of  the  corresponding  partial  dividend. 
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In  this  example  the  third  pvtial  diyisbn  being  impoarible,  0  k  made  to 
occupy  the  place  of  the  dendent  figure ;  also  0  ia  annexed  to  the  last 
significant  figure  of  the  quotient.  Restoring  the  detailed  process,  as  explained 
in  Example  1,  the  reason  becomes  manifest,  or  it  may  be  inferred  fix>m  the 
considerations  following:  had  a  remainder  been  Im  firom  the  preceding 
subtraction,  this  remainder,  with  the  0  of  the  dividend  annexed,  must  have 
been  diTisible  by  8 ;  another  quotient  figure  must  have  been  obtained,  nod 
the  6  made  to  occupy  (its  proper  place)  the  place  of  tens. 

86.  When  the  divisor  is  a  factor  contained  in  the  multiplication  table,  the 
successiye' quotient  figures  may  be  foimd,  and  the  partial^  products  formed 
and  subtracted,  mentally.  In  this  manner  the  calculation  is  made  to  appear 
in  a  very  abrideed  form ;  the  results  only,  or  results  and  partial  remainaersy 
being  registered  thus : 

Example  1  repeated :  7)  59218 

8459  quotient. 

Example  2  repeated :  9)  70825586 

Example  8  repeated :  8)  86868680 

4607960  quotient. 

87.  Lastly,  let  D  and  d  be  any  numbers  whatever,  with  this  limitation, 
however,  that  D  is  greater  than  a. 

^  Since  D=iiX9,  the  dividend  is  composed  of  the  partial  products  of  the 
divisor  by  the  figures  of  the  ouoUent  tfucen  singly,  and  with  regard  to  their 
relative  values  (Art.  53).  The  relative  values  of  these  figures  may  be 
determined  firom  the  principles  established  in  Articles  78  and  85  ;  and  when 
the  absolute  values  auo  luive  been  found,  the  products  by  the  divisor  may 
be  subtracted  firom  the  dividend  and  remainders,  as  has  been  done  in  the 
case  of  Example  1,  Art.  84. 

When  the  divisor  is  less  than  10,  the  'quotient  figures  are  obtained  Indi- 
vidually from  the  multiplication  table ;  but  when  greater  than  10,  the  manner 
of  discovering  them  is  not  at  first  so  obvious.  It  is  certain,  however,  that 
the  significant  part  of  the  partial  product  of  the  divisor  by  any  figure  of  the 
quotient  must  oe  the  product  of  the  divisor  by  some  number  in  the  series 
1,  2,  3,  4,  5,  6,  7,  8,  9.  Whence,  if  the  products  of  the  divisor  by  these 
numbers  are  computed  and  arranged  in  a  tabular  form,  it  will  be  as  easy 
from  this  table  to  determine  the  quotient  figures  in  succession  as  it  is,  in  the 
case  of  a  divisor  less  than  10,  to  find  the  quotient  figures  by  means  of  the 
multiplication  table. 

88.  The  process  of  dividing  by  a  divisor  greater  than  10  bdng  thus  ren- 
dered identical  with  that  of  dividing  by  a  divisor  les9  than  10,  the  calculation 
in  the  former  case  may  be  abridged  as  it  has  been  in  die  latter.  ('See 
Article  85.)  Provided  always,  that  attention  is  g^ven  to  tlie  explanations 
and  directions  contained  in  Article  85. 

Example :— Divide  640791247  by  74693. 

The  product  of  74693  by  each  of  the  nine  digits  may  be  formed  by 
repeated  additions,  as  follows : 

74698X1—  74698 
74698 

74693X2=149886 
74693 

224079 
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74698  Xd=:224a79 
74693 

74693X4=298772 
74693 

74693X5=373465 
74693 

74693  X6s448158 
74693 

74693x7=522851 
74693 

74693X8=597544 
74693 

74693  X  9=672237 

cUtUot  diTideod       quotI«ot 

74693)  640791247  (8579 
597544 

432472 
373465 


590074 
522851 

672237 
672237 

Detail  of  the  operation : 

64079  -«- 74693 ;  this  diyision  gives  no  whole  number  to  the  quotient. 
-640791 -4- 74693=8'»+43247  remainder. 
432472-1-74693=5  +59007  remainder. 
590074-»-74693=7  +67223  remainder. 
672237 -»-74693=9  +        0  remainder. 

89.  The  labour  of  computing  such  a  table  for  every  example  more  than 
counterbahmces  the  advantage  to  be  derived  from  its  use.  I^  practice  the 
•uccessive  quotient  figures  are  obtained  by  trial,  and  a  little  experience 
renders  it  easy  to  se&ct  the  proper  figures.  Usually  the  first,  or  first  and 
second  figures  of  the  dividend  are  divided  bv  the  first  figure  of  the  divisor. 
The  result  (given  by  the  multiplication  table)  is  taken  as  a  first  quotient 
figure.  If  &  product  of  the  divisor  by  this  quotient  figure  is  greater  than 
the  partial  dividend  from  which  it  is  to  be  subtracted,  the  figure  next  lower 

in  tne  series,  1,  2,  3, 9  must  be  taken,  and  tried  in  the  same  manner ; 

on  the  other  hand,  if  the  remainder  is  greater  than  the  divisor,  the  figure 
next  higher  is  to  be  taken.  The  subtraction  bcin^  possible,  and  die  remainder 
less  than  the  divisor,  the  quotient  figure  chosen  is  the  proper  one. 

To  apply  these  remarks,  let  it  be  required  to  <uviae  2577922208  by 
588976. 

538976)2577922208(4783 
2155904 

4220182 
3772832 


4473500 
4311808 

1616928 
1616928 


*  The  product  of  the  first  quotient  figure  by  the  units  of  the  divisor  foils  under 
the  thousands  of  the  dividend.    Whenoe  the  quotient  must  contain  four  figures. 
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Detail  of  the  operation : 

2-H5  ;  the  diviaion  cannot  be  made.  Whence  the  first  partial  dividend 
eontiuns  7  figures,  and  the  quotient  4  figures  (Art.  85). 

25-1.5=5,  and  538976  X  5=2694880. 

This  product  is  greater  than  tlie  partial  dividend,  2577922 ;  the  quotient 
figure  5  is  therefore  too  great. 

Trying  4,  the  next  lower  figure, 

538976x4=2155904,  and  257792—2155904=422018  ; 
the  remainder,  422018,  being  1m  than  the  divisor,  4  is  the  proper  quotient 
figure. 

Annexinff  2,  the  next  figure  of  the  dividend,  to  the  remainder  422018,  the 
second  partuil  dividend  is  4220182, 

42-»-5=8,  and  538976x8=431 1808. 

This  number  exceeds  the  dividend ;  the  quotient  figure  8  is  th^^fore  too 
great.    Tr^ring  7, 

538976x7=3772832,  and  4220182—3772832=447350; 
whence  7  is  the  proper  quotient  figure,  and  447350  the  remsinder. 

Annexing  to  tnis  remainder  the  next  figure  of  the  dividend,  which  is  0, 
4473500  is  obtained  for  the  third  partial  £vidend ; 

44-»-5=8,   and  538976x8=4311806,  a  number  less  than  the  partial 

dividend ; 

4473500—4311808=161692 ; 

8  is  the  proper  quotient,  and  161692  the  remainder. 

Annexing  to  this  remainder  8,  the  last  figure  of  the  dividend,  1616928  is 
the  fourth  partial  dividend. 

I6-»-5=3,  and  538976x3=1616928,  a  number  equal  to  the  partial 
dividend. 

Whence  the  division  is  exact,  and  the  gttoti6nt=4783. 

In  the  first  and  second  partial  divisions  it  is  found,  that,  although' 25  •«>  5=5, 
and  42-1-5=8,  yet  5  ana  8  are  not  the  proper  quotient  figures.  Tfab  arises 
from  the  circumstance,  that  when  the  product  of  the  remaining  part  of  the 
divisor  (namely,  38976)  by  5  or  8  is  added  to  the  product  of  500000  by 
5  or  8,  the  sum  of  both  exceeds  the  partial  dividend. 

90.  After  finding  a  quotient  fijrare  in  the  manner  prescribed,  if  its  product 
by  the  first  and  second  figures  of  the  divisor  is  formed  mentally,  and  com* 
pared  with  Uie  corresponding  figures  of  the  partial  dividend,  it  wdl  in  general 
DC  possible,  without  further  trim,  to  ascertain  whether  the  figure  found  is  or 
is  not  too  great. 
In  the  preceding  instances 

53  X5,  or  265,  is  greater  than  257 ; 
and  53  x  8,  or  424,  is  greater  than  422. 
The  preceding  remarks  will  be  found  applicable  to  the  following  example  : 
Divide  303374185950  by  4985607. 

4985607)303374185950(60850 
29913642 

42377659 
89684856 

24928085 
24928035 


It  does  not  seem  necessary  to  go  at  length  through  the  details  of  the 
process  in  this  example  also.  Wh^  zeros  are  written  m  the  quotient  in  the 
places  of  thousands  and  simple  umts  is  explained  in  Article  85. 

91.  An  abridged  form  of  division  in  the  case  of  a  divisor  less  than  10  has 
been  noticed  in  Article  86.  When  the  divisor  is  greater  than  10,  the  suc- 
cessive multiplications  and  subtractions  may,  in  like  manner,  be  made 
mentally,  and  the  quotient  figures  and  renuunders  alone  recorded. 
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In  division  by  this  method  the  divisor  seems  most  conveniently  placed 
over  the  fignres  composing  the  first  partial  dividend. 

As  this  abridged  method  may  be  most  intelligibly  explained  through  the 
medium  of  an  example,  let  it  be  required  to  divide  945945  by  2457. 

The  calculation  is  represented  thus, 

2457 

945945(885 

20884 

12285 

0000 

And  the  details  of  the  process  are, 

Ist.  To  find  the  highest  quotient  figure, 

9-i-2=:4.  But  since  24x4=96,  and  96  is  greater  than  94,  this  result  is 
too  great. 

The  first  quotient  figure  cannot,  therefore,  be  greater  than  3 ;  and  since 
24  X  3=72,  a  number  considerably  less  than  94,  it  may  be  presumed  that  3  is 
the  proper  figure. 

2d.  To  find  the  remainder  lefl  by  the  subtraction  of  3  times  the  divisor 
Irom  the  first  partial  dividend.  In  the  ordinary  process  the  divisor,  2457,  is 
multiplied  by  3,  and  the  product  subtracted  from  the  partial  dividend 
9459 ;  but  in  this  abridged  method  the  multiplication  of  each  figure  of  the 
divisor  by  3,  and  the  subtraction  of  this  product  from  the  corresponcUng 
figure  of  the  partial  dividend,  are  performed  simultaneously  liius, 

The  last  figure  of  the  first  partial  dividend  is  9,  and  7  X  3=21 ;  therefore 
21  is  to  be  tiScen  firom  9. 

To  render  this  subtraction  possible  2  is  borrowed  from  5,  the  next  higher 
figure  of  the  dividend ;  regaid  beins  had  to  the  relative  value  of  the  5  as 
compared  with  that  of  the  9,  the  2  Dorrowed  are  equal  to  20  units  of  the 
order  of  the  9. 

Whence  20+9=29,  and  29—21=8. 

This  8  is  written  under  the  figure  9  of  the  dividend,  and  the  2  borrowed  is 
either  taken  from  the  next  higher  figure  of  the  dividend,  5,  or  reserved  for 
combination  with  the  product  of  the  tens  of  the  divisor  by  the  quotient 
fisure  3.  The  latter  course,  which  is  found  the  more  convenient,  is  generally 
adopted  in  practice. 

Proceeding  to  the  second  figures  of  the  divisor  and  partial  dividend, 

5x3=15,  and  15+2  borrowed=17. 

5—17,  subtraction  not  possible :  borrow  20, 

20+5=25,  and  25—17=8. 

The  renuunder  8  is  written,  and  the  two  tens  borrowed  are  carried,  as 
before. 

Third  figures  of  the  divisor  and  partial  dividend, 

4x8=12,  and  12+2  borrowed=14. 
4 — 14,  subtraction  not  possible  :  borrow  10, 
10+4=14,  and  14—14=0. 
The  0  is  written,  and  the  10  carried,  as  before. 

Fourth  figures  of  the  divisor  and  partial  quotient, 

2x3=6,  and  6+1  borrowed=7. 
9-7=2. 

The  2  being  written  in  its  proper  place,  it  is  found  that  the  first  figure  of 
the  quotient  is  3,  and  the  first  remainder  2088  :  annexing  the  next  figure 
oTtiie  dividend  to  this  remainder,  20884  is  obtained  as  the  second  partial 
dividend. 

The  quotient  evidently  contains  two  figures  in  addition  to  that  already 
found.  For  each  the  process  is  the  same  as  that  which  has  been  develo^ied 
at  so  great  length. 

£ 
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To  find  the  second  figure  of  the  qnoiient. 

20-1-2=10.  If  the  quotient  really  is  10,  the  preceding  quotient  figure 
has  been  taken  too  low,  for  it  is  evident  that  this  10  in  the  second  place  is 
equal  to  1  in  the  first  place,  and  that  the  3  must  become  34-lt  oi*  4. 

Applying  the  practical  test  of  Article  90, 

24  X  10=240 :  but  the  corresponding  number  of  the  dividend  is  only  208 ; 
therefore  the  quotient  is  less  than  10.  In  the  same  manner  it  is  found  to 
be  less  than  9 ;  to  be  8. 

8  is  written  in  the  quotient ;  and  the  multiplication,  bv  8,  of  the  figures 
of  the  divisor,  and  the  subtraction  of  the  imcombined  products  continued  as 
before, 

7  X  8=56.    To  render  the  subtraction  possible  60  is  borrowed, 

60+4=64,  and  64—56=8. 

The  8  remainder  is  written  under  the  4  of  the  partial  dividend,  and  6 
carried  for  the  60  borrowed, 

5  X  8=40,  and  40+6=46. 
8—46.    To  render  the  subtraction  possible  40  is  borrowed, 

40+8=48,  and  48—46=2. 

The  2  remainder  is  written  under  the  proper  figure,  and  4  is  carried. 

4X8=32,  and  32+4=36. 

8—36.    Borrow  30, 
30+8=38,  and  38—36=2. 

Write  2  remainder,  and  carry  3  for  30  borrowed. 

2x8=16,  and  16+3=19. 

20—- 19=1.  Writing  1  under  the  0,  die  second  remainder  is  foimd  to 
be  1228. 

If  to  thb  remainder  the  last  figure  of  the  dividend  is  annexed,  the  third 
partial  dividend  is  12285. 

To  find  the  last  figure  of  the  quotient,  and  the  reminder,  if  any. 

12-1-2=6;  but  since  24x6^144,  and  the  corresponding  figures  of  the 
partial  dividend  are  122,  the  quotient  figure  must  be  less  than  6. 

24  X  5= 120,  a  number  less  than  122  ;  therefore  5  may  be  tried. 

Writing  5  in  the  quotient,  and  proceeding  as  before, 

7  X  5=35.    5 — 35  :  to  render  the  subtraction  possible  borrow  30, 

30+5=35,  and  35—35=0. 
Write  0  under  5  of  the  partial  dividend,  and  carry  3, 

5  X  5=25,  and  25+3  borrowed=28. 
8—28.    Borrow  20. 
20+8=28,  and  28—28=0. 
Write  0  under  8,  and  carry  2. 

4x5=20,  and  20+2  borrowed=22. 
2—22.    Borrow  20. 
20+2=22,  and  22—22=0. 
Write  0  under  2,  and  carry  2. 

2x5=10,  and  10+2  borrowed=12. 
12—12=0. 

Whence  the  quotient=385,  and  the  remainder=0. 

Second  example  of  calculation  by  thb  method. 

7584 

8548728(467 

51512 

60088 

0000 


Thinl  example. 
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2789 


963947^(34^6/^. 
12724 
15687 
17425 
691 

92.  In  the  preceding  operations  of  arithmetic  it  has  been  shown  that  the 
calculations  may  be  made  either  from  left  to  right,  or  from  right  to  left ;  but 
that  the  latter  course  is  the  more  convenient. 

The  calculation  in  division  may,  in  like  manner,  be  carried  from  ri^ht  to 
left ;  for  the  divisor  may  be  subtracted  from  the  dividend  and  remamders 
time  after  time  till  the  latter  are  exhausted,  and  the  times  of  subtraction 
assembled  to  form  the  quotient ;  or  the  divisor,  and  its  multiples  by  10, 
100,  1000,  &c.  &c.  may  be  subtracted  as  often  as  possible,  and  the  ones, 
tens,  hundreds,  &c  &c.  combined  into  a  quotient  number.  In  either  case 
the  calculation  may  proceed  from  right  to  left. 

But  the  calculation  by  the  rule  of  division,  properly  so  called,  is  carried 
from  the  left  to  the  right  of  the  dividend.  The  reason  for  so  doing  is  this  : 
the  dividend  is  the  sum  of  the  partial  products  of  the  divisor  by  the  units, 
the  tens,  the  hundreds,  &c.  &c.  of  the  quotient.  In  the  addition  of  these 
partial  products,  tens  arising  from  the  product  of  units  of  the  first  order  are 
combined  as  ones  with  imits  of  the  second  order,  tens  of  the  second  with 
units  of  the  third,  &c.  Now,  in  the  process  of  decomposition  the  tens 
carried  must  be  restored  to  the  units  of  that  order  from  which  they  came ; 
and  it  is  only  by  commencing  the  decomposition  with  the  highest  figures  of 
the  dividend  that  these  tens  can  be  disei^aged  in  such  a  manner  as  to  admit 
at  once  of  combination  with  the  units  m>m  which  they  are  derived,  and  to 
which  they  belong. 

93.  To  divide  the  greater  of  two  whole  numbers  by  the  less. 
General  Rule.     Arrange  the  numbers  thus, 

Divisor)  Dividend  (Quotient 

Or  thus,  Divisor. 

Dividend  (Quotient 

Take  from  the  left  of  the  dividend  as  many  figures  as  ore  con- 
tained in  the  divisor,  or  (when  the  absolute  number  expressed  by 
these  figures  is  less  than  the  divisor)  one  figure  more.  These  form 
the  first  partial  dividend,  of  which,  also,  the  last  figure  has  the  same 
relative  value  as  the  first  figure  of  the  quotient. 

Find  by  trials  (or  by  a  table  as  in  Aiticle  88)  how  often  this  par- 
tial dividend  contains  the  divisor :  the  figure  expressing  the  number 
of  times  is  the  first  partial  quotient.  Write  this  figure  in  its  proper 
place ;  multiply  the  divisor  by  it,  and  subtract  the  product  from  the 
first  partial  dividend. 

Annex  the  next  figure  of  the  dividend  to  the  remainder,  to  form  a 
second  partial  dividend. 

If  the  second  partial  dividend  is  greater  than  the  divisor,  find,  as 
before,  how  often  it  contains  the  divisor. 

Annex. to  the  first  partial  quotient  the  figure  expressing  the  num- 
ber of  times  ;  multiply  the  divisor  by  it,  subtract  the  product  from  the 
second  partial  dividend,  and  to  the  remainder  annex  the  next  figure 
of  the  di^-idend.     The  third  partial  dividend  is  thus  obtained. 
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But  if  the  seoond  partial  dividend  is  less  than  the  divisor,  annex  to 
the  first  partial  quotient  a  zero,  to  preserve  the  place  of  that  order  of 
units  which  is  not  expressed  by  a  significant  figure  ;  and  bring  down 
the  next  figure  of  the  dividend,  as  if  the  second  partial  dividend  were 
a  remainder. 

In  this  manner,  whether  the  second  partial  division  gives  to  the 
quotient  a  significant  figure  or  a  zero,  the  third  partial  dividend  Is 
attained. 

The  process  with  the  third  partial  dividend,  the  fourth  ....  the 
last,  is  the  same  as  with  the  second. 

When  the  last  remainder  is  zero  the  division  is  exact ;  when  it  ia 
composed  of  one  or  more  significant  figures,  these  are  written  over  the 
divisor,  and  annexed  to  the  quotient,  in  order  to  complete  it,  as  in  the 
example  of  Article  81. 


94.  Exercises  in  the  division  of  whole  numbers : 


1st.  409248-^ 

2d.  234787-5- 

dd.  478594-^ 

4th.  3957468-T- 

5th.  58696358-h 

6th.  56032897-f- 

7th.  7854954^ 

8th.  5847865 -T- 

9th.  17598576-4- 

10th.  75840629-H 

nth.  112918539-^ 

12th.  173e06070-H 

18th.  89296336-^ 

14th.  89925606-s- 

15th.  152024453-s- 

16th.  405779296-5- 

17th.  46672071 -f- 

18th,  102027318-r- 

19th.  444948224-f- 

20th.  810208-5- 

2l8t.  381060-5- 

22d.  1068912-^ 

23d.  3326689-5- 

24th.  47218592-r- 

25th.  653520081752-^ 

26th.  963259373376-5- 

27th.  574063384231-5- 

28th.  882250012071 -f- 

29th.  10477691340-4- 

30th.  905353634024-5- 

3l8t.  711165446776-j- 

32d.  334544448888-^ 

83d.  464584018625-5- 

d4th.  1016263909833-5- 

85th.  651037378878-4- 

36th.  4178379461760-5- 

37th.  19548607332474-T- 


3= 

4= 

5= 

6= 

7= 

8= 

9= 

11= 

13= 

17= 

19= 

23= 

29= 

31= 

37= 

41= 

43= 

47= 

49= 

112= 

87= 

234= 

347= 

7408= 

8678= 

9876= 

8311= 

9591= 

27964= 

4837= 
8926= 
6942= 
7745= 
6971= 
6879= 
7476= 
45678= 


136416. 
58696i. 
95718|. 
659578. 
8385194. 
70041 12^. 
8727725. 
531624^. 
1353736A. 

4461213A- 
5943081. 

7548090. 

3079184. 

2900826. 

4108769. 

9897056. 

1085397. 

2170794. 

9080576. 

7234. 

4380. 

4568. 

9587. 

6374. 

75307684. 

97535376. 

69072721. 

91987281. 

374685. 

187172552. 

79673476. 

48191364. 

59985025. 

145784523. 

94641282. 

558905760. 

427965483. 
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38th.  274616097466^   579486=  473896. 

39th.  38110890724211194-^594786043=  64074958. 

40th.  29857547202-T-   498673=  59874. 

4l8t.  962674279624-r-  24373969=  39496. 

42cL  66275122223520-T-  97486353=  679840. 

43d.  890734377 1535H-  29601847=  300905. 

44th.  2498145110262^  3785946=  659847. 

45th.  3424123359360-r-  97888032=  34980. 

95.  If  two  factors  are  multiplied  together,  and  the  product  is  divided  by 
one  of  the  factors,  the  residt  is  the  other  factor. 

Whence,  if  anj  number  of  fiictors  are  employed  to  form  a  product,  and 
this  product  is  divided  by  these  factors  one  tater  another  in  a  reverse  order, 
it  is  evident  that  the  products  in  a  reverse  order,  and  the  original  multipli- 
cand, must  be  in  succession  recovered. 

Now,  to  form  the  product  of  a  multiplicand  by  2,  8,  4,  ... .  factors,  either 
the  multiplicand  is  multiplied  by  one  factor,  the  product  by  a  second,  this  by 
a  third,  &c.  &c.,  in  any  order ;  or  the  product  of  all  the  factors  is  formeo, 
and  the  multiplicand  multiplied  by  this  product  (Art.  71). 

Consequently,  if  the  product  of  any  multiplicand  by  several  factors  is 
divided  by  these  factors  one  after  another,  the  last  quotient  is  the  multipli- 
cand ;  or,  if  the  same  product  b  at  once  divided  by  the  product  of  all  the 
factors,  the  quotient  is  also  the  multiplicand. 

Whence,  it  is  indifferent  to  divide  a  number  by  several  divisors  in  succes- 
sion, or  at  once  by  the  product  of  these  divisors. 

96.  It  is  sometimes  convenient  to  break  down  a  large  divisor  into  factors 
each  less  than  10,  and  to  divide  by  these  factors  one  afler  another,  instead 
of  by  the  whole  divisor.  It  follows  from  the  last  article  that  the  results 
given  by  the  two  methods  are  the  same.  But  when  the  calculation  by  the 
unbroken  divisor  ends  in  a  remainder,  that  by  the  factors  of  the  divisor  must 
exhibit  remainders  terminating  some  or  perhaps  all  the  divisions.  From 
these  remainders  it  may  be  necessary  to  find  the  whole  remainder  left  when 
the  division  is  performed  at  once. 

The  remainder  from  the  division  of  the  dividend  by  the  first  factor  of  the 
divisor  is  evidently  composed  of  units  of  the  dividend ;  and  the  remainder 
from  the  division  of  the  nrst  quotient  bv  the  second  factor  of  the  divisor  is, 
in  like  manner,  composed  of  units  of  the  first  quotient.  Similarly  the 
remainder  from  the  third  division  is  composed  of  units  of  the  second 
quodent,  &c.  &c. 

The  manner,  therefore,  of  reducing  the  remainder  of  the  second  division 
into  units  of  the  first  dividend  being  discovered,  the  other  reductions  must 
be  made  in  the  same  way.  Whence  it  is  sufficient  to  investigate  the  means 
of  reducing  this  remainder. 

Let  ^=7  (Art  79). 

Then,  since  D  is  composed  of  d  repeated  as  often  as  there  arc  units  in  q^ 
it  follows  that 

to  1  unit  in  q  correspond  Ixd  units  in  D  ; 
to  2  units  in  q  correspond  2xd  units  in  D ; 
to  n  units  in  q  correspond  nxd  units  in  D ; 

consequently,  from  any  number  in  ^  to  recover  the  corresponding  number 
in  D,  it  b  necessary  to  multiply  the  tormer  by  d, 

97.  As  the  whole  calculation  may  be  best  explained  through  the  medium 
of  an  example,  let  it  be  required  to  divide  359482  by  105,  which  is  equal 
to  the  continual  product  of  the  factors  3,  5,  and  7.  , 
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Calculaiiun : 

3)359482 


5)  1 1 9827 + 1  first  remainder. 
7)23965+2  second  remidnder. 
3423+4  third  remainder. 


Explanation.  The  uuotient  resulting  from  the  division  of  359482  bj  3  is 
119827,  and  the  remamder  1.  Tliis  remainder  (Art.  96)  is  1  unit  of  the 
dividend. 

The  (luotient  resulting  from  the  division  of  1 19827  by  6  is  23965,  and  the 
remainder  2.  This  remainder  is  composed  of  units  of  the  first  quotient ; 
and  1  imit  of  the  first  quotient  corresponding  to  3  units  of  the  diviaend,  the 
second  remainder,  2,  corresponds  to  2  X  3=6  units  of  the  dividend. 

The  quotient  resulting  m>m  the  division  of  23965  by  7  is  3423,  and  the 
remainder  4.    This  remainder  is  composed  of  units  of  the  second  quotient. 

Now  I  unit  of  the  second  quotient  corresponds  to  5  units  of  the  first : 

Therefore  4  units  of  the  second  quotient  correspond  to  4  X  5=  20  units 
of  the  first. 

Again,  1  unit  of  the  first  quotient  corresponds  to  3  units  of  the  dividend  : 

Therefore  20  units  of  the  first  quotient  correspond  to  20  X  3=60  units  of 
the  dividend. 

Whence  4  units  of  the  second  quodent  correspond  to  60  units  of  the 
dividend. 

The  Ist  remainder  is  equal  to     1  unit  of  the  dividend* 
2d        -  -  -  6         „ 

3d        -  -  -       ^9         »' 

The  sum  of  the  three  remainders  is   67 


♦1 
It 


The  whole  remainder   which  would  be  obtained  ii*  the  division  were 

performed  at  once  is  therefore  67  : 

And  359482-1.  105=3423tVt. 

The  several  remainders  may  be  reduced  into  one  number  briefiy,  as 

follows : 

3d  ram.      ad  div.  Sd  rem. 

4x5     =20,  and  20+     2    =22. 

Ift  div.  Itt  rem. 

22  X    3    =66,  and  66+     1     =67. 

98.  If  any  of  the  divisions  are  exact,  let  0  be  written  as  the  remainder. 
This  done,  the  following  practical  rule  for  the  reduction  of  all  the  remain- 
ders into  one  is  perfectly  general : 

Multiply  the  last  remainder  by  the  last  divisor  but  one,  and  to  the  pro- 
duct add  the  preceding  remainder ;  multiply  this  sum  by  the  next  preoediog 
divisor,  and  to  the  product  add  the  next  preceding  remainder ;  repeat  this 
process  until  all  the  divisors  and  remainders  are  included.  The  last  result 
IS  the  number  sought. 

99.  It  is  only  when  a  number  can  be  broken  into  factors,  each  not  greater 
than  the  greatest  niunber  contained  in  the  first  horizontal  or  first  vertical 
column  of  a  multiplication  table,  that  the  employment  of  this  method  can 
bring  any  practical  advantage. 

Whether  a  given  number  can  be  decomposed  into  such  factors  may  be 
ascertained  by  trials,  thus :  it  may  be  divided  by  2  as  often  as  the  division 
can  be  made  exactly ;  then  by  3,  5,  7,  &c.  in  the  same  manner.  If  a  last 
remainder  equal  to  zero  is  found,  the  product  of  the  divisors  is  equal  to  the 
given  number. 

Some  numbei*8  cannot  be  broken  into  factors,  being  divisible  by  them- 
selves only,  and  by  unity,  which  is  a  divisor  of  every  whole  number. 
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100.  The  division  of  one  general  expression  of  quantity,  a,  by  another,  bj 
is  indicated  thus, 

T  or  a-^b. 

Supposing  the  division  exact,  and  the  quotient  c,  the  preceding  expressions 

a 
become  r=c,  or  a-t-b^c. 

The  division  being  inexact,  the  quotient  c,  and  the  remainder  dj  they 

become  r=:c-\-r,  or  a-«-&=c-f"  r- 

When  the  quantities  composing  the  dividend  and  divisor  are  unlike,  the 
division  and  its  restdt  must  be  represented  in  one  or  other  of  the  preceding 
forms ;  but  when  they  are  composed  of  similar  factors,  the  quotient  is 
expressible  in  terms  of  the  common  quantity. 

_      a*     axaxaxaxa    ..       ^  .       a     a     a 

For -J = — ^^„^„ —   (Art.75)  =  -X-X-Xaxa. 
or  aXaXa        ^  ^      a     a     a 

a  cfi 

But-=1  .•,^=lxlxlxaxa=axa=£^,  ora*"^ 

ofi     aaaaaa  .      ^  , 

-o = — — —  z::zaaaa=€r=cfi~*» 
a*        aa 

a" aaa  ...  to  m  repetitions  of  the  factor  a 

tf*     aaa  . .    to  n  repetitions  of  the  factor  a ' 

a*  .a" 

.' .  -^^=aaa  to  m—n  repetitions  of  the  factor  a,  that  is,  -;r=  a"^« 

When  the  dividend,  therefore,  and  divisor  are  powers  of  the  same  root, 
the  quotient  is  obtiuned  by  giving  that  root  an  exponent  equal  to  the 
difference  between  the  exponents  of  the  dividend  and  divisor. 

a.  If  the  dividend  is  composed  of  the  product  of  two  or  more  factors,  and 
the  divisor  involves  one  or  more  factors  which  are  either  similar  to  the 
factors  of  the  dividend  or  are  powers  of  the  same  root,  the  factional  expres- 
sion of  the  quotient  admits  of  the  same  kind  of  simplification : 

Thus,  a«i«-i.a*=^r=^  X  d«=  1 X  b^^b^. 

(j^bc-^f^b^  ?!  X  i-  X  c=-c?  X 1  X  c:=a?c. 
(r     0 

cTl^c a"     ^    c c_{r^bc 

(tbd^<t^T^~d^^^^^'^' ^dr    d    ' 
For  the  continuation  of  this  subject  see  Article  154,  on  the  reduction  of 
fractions  to  the  lowest  terms. 

b.  The  product  of  a  multiplicand  composed  of  several  terms  by  a  multi- 
plier consisting  of  one  term  is  obtained  by  multiplying  each  term  of  the 
muldplicand  by  the  multiplier  (Art.  76  c). 

Consequently,  in  division  (Art.  79),  the  dividend  being  expressed  by 
several  terms,  and  the  divisor  by  one  term,  the  quotient  is  a  quantity  con- 
sisting of  as  many  terms  as  the  dividend ;  and  the  product  of  the  first  term 
of  the  quotient  by  the  divisor  is  the  first  term  of  the  dividend ;  the  product 
of  the  second  term  of  the  quotient  by  the  divisor  is  the  second  term  of  the 
dividend,  &c.  &c. 

Whence,  the  divisor  and  dividend  bein^  given,  the  quotient  in  this  case 
is  obt^ed  by  dividing  each  term  of  the  dividend  by  the  divisor,  and  taking 
the  sum  of  the  partial  quotients  for  the  result  required : 

a'     a^b     ac 

,     o*     (^b^    ab     a^       ,  .  , 
(a»+a»JH«i)-^a6=^+-^+^=  j-+ab+ 1. 

For  the  division  of  one  polynomial  expression  by  another  see  Fart  XL 
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£xercue8  in  the  divisioii  of  general  expretsions  of  qtuuitity : 

Ist.  Diyideo^  by  a? ••••••iiiu.  o^. 

2d.     -       -  aThya^f iljw.  a*~'. 

3d.    .      '  b'hybr?  „ Ang.  lf'\ 

4th.  -      •  a^byo*? •••. Ant,  a. 

5th.   -      -  a*  by  a*? Amm.  I. 

6th.   -      -  oCfcVbya'ftc?  Am.n^lf^c. 

7th.   .      -  a'A^+a^ftc+oJ^c*  by  fl*? -Aim.  a*6+«?-f  Ac*. 

8th.   -      -  flx"+6*— i+cx— «-|-fu:'-|-;>x+y  by  ar? 

Am.  ox— »-h&x— «-|-cx--»-h«r-h/>+|. 

Verifications  of  Multiplication  and  Division. 

101.  The  product  of  two  factors  having  been  found,  the  accuracy  of  tlie 
result  may  be  tested  by  making  the  multiplicand  multiplier,  and  the  multi- 
plier multiplicand,  and  repeating  the  multi|)licatiou.  Tnen,  if  both  products 
a^rec,  it  is  to  be  presumed  that  the  result  is  accurate ;  for,  as  the  combina- 
tions effected  are  different,  it  is  unlikely  that  the  same  error  can  occur  in 
both  calculations. 

Another  verification  of  the  accuracy  of  a  {iroduct  is  supplied  by  diyiston, 
for  the  product  of  the  divisor  and  quotient  is  the  dividend.  AVhence,  if  the 
product  of  two  factors  is  nuide  dividend,  and  one  of  the  factors  divisor,  the 
quotient  must  be  equal  to  the  other  factor. 

As  the  process  of  division  is  more  complicated  than  that  of  multiplication^ 
this  verification  is  liable  to  the  objection  of  Article  44. 

102.  A  convenient,  though  not  an  indispensable,  preliminary  to  the  verifi- 
cation of  a  Quotient  is  the  subtraction  of  the  remainder  (if  there  is  one)  from 
the  dividend ;  the  division  is  thus  rendered  exact. 

Then,  since  the  dividend  is  equal  to  the  product  of  the  divisor  and 
quotient,  if  the  divisor  is  multiplied  by  the  quotient,  and  the  product  result- 
ing from  this  multiplication  is  equal  to  the  dividend  (or  the  dividend  less  the 
remainder),  it  is  to  be  presumed  that  the  division  has  been  accurately  per- 
formed. 

Another  verification,  without  subtraction  of  the  remainder,  may  be  obtained 
by  making  the  quotient  divisor,  and  repeating  the  division.  Then  the 
number  which  before  was  divisor  ought  to  be  quotient  now,  and  the  re- 
mainder the  same  as  before. 

Another  verification  of  multiplication  and  division  is  given,  Article  131. 


SECTION  VI. 

DIVISIBILITy  OF  NUMBERS.  GREATEST  COMMON 
MEASURE  AND  LEAST  COMMON  MULTIPLE  OF 
TWO  OR  MORE  NUMBERS. 

103.  A  tentative  method  of  decomposing  a  large  number  into  factors  has 
been  explained  in  a  preceding  Article.  The  possibility  of  exactly  dividing 
one  number  by  another  can  always  be  determined  by  trial,  and  it  is  oflen 
the  easiest  way  of  ascertaining  whether  the  division  can  be  effected  or  not. 

There  are,  however,  tests  by  which  the  divisibility  of  numbers  by  certain 
divisors  can  be  readily  ascertained.  Some  of  the  most  simple  and  elemen- 
tary shall  be  given  in  the  course  of  this  Section. 

As  the  research  of  the  divisors  of  one  number,  the  common  divisors  of 
two  numbers,  and  the  least  common  multiple  of  two  or  more  numbers, 
depends  on  a  common  principle,  it  seems  useful  to  take  these  subjects  in 
connection  with  each  other.  Some  new  terms  are  necessary,  of  wmch  the 
following  are  definitions : 
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m.  One  whole  number  ia  said  to  be  exactly  divisible  by  another  whole 
number  when  there  exists  a  third  whole  number,  which,  multiplied  by  the 
second,  produces  the  first. 

b.  Every  whole  number  which  exactly  divides  another  whole  number  is 
called  a  factor,  divisor,  measure,  sub-multiple,  or  aliquot  part  of  that 
number. 

c  Every  whole  number  which  has  no  divisor,  excepting  unity,  is  called 
an  absolute  prime  number,  or,  simply,  a  prime  number. 

d.  Every  whole  number  which  exactly  divides  each  of  two  other  whole 
numbers  is  called  a  common  divisor  or  common  measure  of  these  numbers. 

e.  Two  whole  numbers  are  said  to  be  prime  to  each  other  when  they  have 
no  common  measure  but  unity. 

f.  From  definitions  c,  e,  it  follows  that  a  prime  number,  which  is  not  a 
sub-multiple  of  another  whole  number,  is  prime  with  that  other  number,  for 
they  can  have  no  common  measure  but  unity. 

^.  Two  whole  numbers  not  prime  to  each  other  may  have  several  common 
divisors.  Taking,  for  example,  12  and  18,  the  numbers  2,  3,  6,  are  divisors 
common  to  both.  Of  these  common  divisors,  or  common  measures,  if  there 
are  several,  one  must  be  greater  than  the  others.  This  is  termed  the  Greatest 
Common  Measure ;  which  expression,  for  brevity,  is  sometimes  written, 
g.  c.  m. 

b.  A  whole  number  which  is  exactly  divisible  by  another  whole  number 
ia  called  a  multiple  of  that  by  which  it  is  divided ;  and  a  whole  number 
which  ia  exactly  divisible  by  two  or  more  numbers,  a  common  multiple  of 
these  numbers. 

L  The  same  divisors  have  manv  common  multiples.  For  example,  12, 
24,  36,  ...  .are  all  common  multiples  of  the  numbers  2,  3,  4.  Of  these 
common  multiples  one  must  be  the  least  of  those  which  are  exactly  divisible 
by  the  given  divisors  ;  this  is  called  their  Least  Common  Multiple.  The 
expression,  least  common  multiple,  is  some^es  written  in  the  abridged  form, 
1.  c  m. 

k.  To  avoid  prolixity  of  expression  and  ambiguity,  the  following  abbrevia- 
tions are  also  employed ;  viz. 

N,  N',  N     ...  for  numbers  (N'  is  read  N.  one,  &c.) 

i2,  <f ,  <f  '    ...  for  divisors  or  measures. 

F,  P',  P^'  .  .  .  for  the  parts  into  which  a  number  is  divided. 

r,    r',    r^'  .  .  .  for  remainders. 

9*   9^9    ^'  '  •  •  ^or  quotients  or  factors  of  a  number. 

in,  m^  vi'  ...  for  coefficients  of  a  number. 

104.  Every  number  which  measures  another  number  measures  also  any 
multiple  of  that  other  number. 

Let  N  be  a  multiple  of  d ;  mN,  any  multiple  of  N,  is  also  a  multiple 
ofrf. 

Since  N  is  a  multiple  of  d^  let  N= j</ ; 

Whence  mN=m^a=moX</;  that  is,  if  (f  b  contained  q  times  in  N,  it  is 
contained  mq  times  m  mN.  Consequently,  as  m,  9,  are  by  hypothesb  whole 
numbers,  the  proposition  is  established. 

105.  Every  number  which  is  decomposed  into  two  parts,  each  divisible  by 
a  second  number,  is  itself  divisible  by  this  second  number. 

Let  a  number,  N,  be  divided  into  the  parts  F,  P ;  and  let  P,  P  be  both 
divisible  by  </ ;  N  shall  be  divisible  by  </. 
Since  F  is  divisible  by  </,  let  P=oa. 

„     F'  „  d,     „F=:/rf. 

Therefore  F+F'=wl+9'rf=(y+^)rf  (Art.  70). 
But  F+F=N ;  therefore  N=(7+/)rf. 

Now  ^,  ([  are,  by  hypothesis,  whole  numbers ;  therefore  the  sum  of  ^,  if 
is  a  whole  number,  and  consequently  (/  b  a  measure  of  N. 
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106.  If  a  number  is  decomposed  into  two  parts,  every  number  which 
measures  the  whole  and  one  of  the  parts  must  also  measure  the  other 
part. 

Let  N=P+F,  and  let  N,  F  be  each  divisible  by  </;  F  shall  be  diyisible 
hyd. 

By  hypothesis,  N=^</  (a  being  a  whole  number), 

and  Y^=^qd  (jf  being  also  a  whole  number)  ; 
let  Y'^^^'d  ((if'  bemg  any  quotient,  whole  or  not) ; 
then,  since  NsP-t-F, 

qd=^dJtq''d=i((^'^^')d. 

Now  9  is  a  whole  number ;  therefore  the  sum  of  ^,  ^'  is  a  whole 
number. 

But  ^  is  also  a  whole  number ;  therefore  tjf'  must  be  a  whole  number ; 
otherwise  one  whole  number  must  be  equal  to  another  whole  number  and  a 
fraction,  which  is  absurd. 

Therefore  if'  is  a  whole  number,  and  consequently  V  is  divisible  by  d. 

107.  The  preceding  principles  are  sufficient  for  the  inyesUgation  of  the 
greatest  common  measure  of  two  niunbers. 

To  apply  them,  let  it  be  required  to  find  the  greatest  common  measure 
of  the  numbers  637  and  143. 

This  greatest  conunon  measure  cannot  exceed  the  less  number  143 ;  and 
seeing  that  143  divides  itself,  if  it  also  divides  637,  it  must  be  the  greatest 
common  measure  sought. 

Dividing  637  by  143,  the  quotient  is  4,  and  the  remunder  65. 
Or,  637=143x4+65.      Wherefore  143  is  not  the  greatest  common 
measure. 

The  greatest  common  measure  of  the  numbers  637  and  143  is  therefore 
less  than  143. 

Every  number  which  divides  143  divides  also  143x4,  or  572  (Art.  104)  ; 
and  since  the  greatest  common  measure  divides  637,  it  must  also  divide 
637—143x4  or  65  (Art.  106).  Whence  the  greatest  common  measure  of 
637  and  143  cannot  be  greater  than  that  of  143  and  65. 

Agdn,  the  greatest  common  measure  of  143  and  65  dividing  the  two  parts 
of  637  (viz.  4x  143  and  65)  must^  divide  the  whole  number  637  (Art  105)  ; 
and  being  an  exact  divisor  of  637  and  143,  it  cannot  be  greater  than  the 
greatest  common  measure  of  637  and  143.  Whence,  since  the  greatest 
common  measure  of  637  and  143  is  not  greater  than  that  of  143  and  65, 
and  the  greatest  common  measure  of  143  and  65  is  not  greater  than  that  of 
637  and  143,  it  follows  that  they  are  equal. 

Following  with  143  and  65  the  process  and  reasoning  employed  with  637 
and  143,  it  is  found  that  143-4-65=2+13  remainder,  and  that  the  greatest 
common  measure  of  143  and  65  must  be  the  same  as  that  of  65  and  13.    . 

The  question  is  therefore  reduced  to  the  investigation  of  the  greatest 
common  measure  of  65  and  13. 

Dividing  65  by  13,  an  exact  quotient  is  found,  namely  5. 

YHience,  as  13  divides  itself  and  65,  it  is  a  common  measure  of  65 
and  13. 

Being  also  the  greatest  number  by  which  13  can  be  divided,  it  b  the 
greatest  common  measure  of  65  and  13. 

But  it  has  been  shown  that  the  greatest  common  measure  of  05  and  13  is 
also  the  greatest  common  measure  of  143  and  65,  and  that  the  greatest 
common  measure  of  143  and  65  is  the  greatest  common  measure  of  637  and 
143. 

Therefore  13  is  the  greatest  common  measure  of  637  and  143. 
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The  calculation  may  be  made  as  under  : 

143)637(4 
572 

65)143(2 
130 

13)65(5 
66 


108.  The  following  practical  rule  is  deduced  from  Article  107. 

To  find  the  greatest  common  measure  of  two  numbers.  Divide  the 
greater  number  bj  the  less ;  if  there  is  no  remainder,  the  less 
number  is  the  greatest  common  measure  of  the  two  numbers. 

If  there  is  a  remainder,  divide  the  less  number  by  this  remainder. 
If  the  division  is  exact,  the  first  remainder  is  the  greatest  common 
measure. 

But  if  the  second  division  gives  a  remainder,  divide  the  first 
remainder  by  the  second.  K  this  division  is  exact,  the  second  re- 
mainder is  the  greatest  common  measure :  if  not,  and  so  long  as  the 
division  is  not  exact,  continue  to  divide  the  last  remainder  but  one 
by  the  last 

An  exact  quotient  being  obtained,  the  last  divisor  is  the  greatest 
common  measure  of  the  two  given  numbers. 

If  the  last  divisor  is  unity,  the  two  numbers,  having  no  common 
measure  but  unity,  are  prime  to  each  other. 

109.  If  the  Drocess  for  finding  the  greatest  common  measure  be  employed 
upon  two  numbers  which  are  prime  to  each  other,  the  last  remainder  found 
must  be  unity ;  for,  fi*om  the  nature  of  the  process,  each  remainder  is  less 
than  that  wmch  preceded  it ;  and  a  reminder  equal  to  zero  cannot  be 
obtained  before  a  remainder  eqiud  to  1,  for  the  divisor  greater  than  1 
which  gives  a  reminder  =0,  must  be  a  common  measure  of  the  numbers ; 
that  is,  of  two  numbers  prime  to  each  other,  which  is  absurd. 

Whence,  in  the  case  of  two  numbers  prime  to  each  other  after  more  or 
fewer  divisions,  a  remainder  equal  to  unity  must  always  be  found. 

1 10.  When  any  remainder  is  a  prime  number,  and  not  a  measure  of  the 
preceding  remainder,  a  remainder  equal  to  1  must  be  foimd  (Art.  103  f), 
and  the  numbers  proposed  have  no  greatest  common  measm^e. 

Note, — ^Two  numbers  may  have  only  one  common  measure  greater  than 
unity.    This  is  called  their  greatest  common  measure. 

111.  Every  nmnber  which  measures  the  product  of  two  factors,  and  which 
is  prime  with  one  &ctor,  must  measure  the  other  factor. 

Let  NN^=f?id  (m  representing  a  whole  number),  and  letN  axidd  be  prime 
to  each  other ;  then  N  is  measi:^ed  by  d. 

To  establish  thb  principle,  let  it  be  supposed,  first,  that  N  *  is  greater  than 
d,  and  let  the  process  for  finding  the  greatest  common  measure  of  N  and  d 
be  employed. 

Since  N  and  d  are,  by  hypothesis,  prime  to  each  other,  this  process  must 
end  in  a  remainder  =1  (Art.  109). 

The  detail  is  contained  in  the  first  column  of  the  subjoined  table. 

In  a  second  column  the  equal  quantities  of  the  first  are  multiplied  by  the 
other  factor  N^.  The  products  are  equal ;  for  if  equal  quantities  are  multi- 
plied by  the  same  quantity  (or  have  the  same  quantity  added  to  them)  the 
results  must  be  equal. 

*  If  N  is  less  than  </,  the  application  of  the  greatest  common  measure  is  made 
by  dividing  d  by  N }  in  other  respects  the  process  does  not  differ  fix>m  that  given. 
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In  a  Chird  oolumn  th<a  equal  quantities  of  the  second  are  divided  by  the 
measure  d.  The  results  asain  are  equal,  for  if  equal  quantities  are  divided 
by  the  same  quantity  (or  have  the  same  quantity  subtracted  from  them)  the 
results  are  equal. 


NV  =NYV+NV 


/^^ 


•f^tt 


r'rz^'V'+r"'    NV=NYV+NV 


NV  _NYV      N^/' 


Ck>nsidering  now  the  quantities  in  the  third  column ; 

N'N 

.     is  a  whole  number,  by  hypothesis. 

N'0  is  a  whole  number ;  since  N^  and  a  are  boUi  whole  numbers,  there- 

NV 
fore  (Art.  106)    -^  is  also  a  whole  number. 

Again,  N^  is  a  whole  number. 

.  -  is  a  whole  number,  being  the  product  of  --^  hy  j'',  a  whole  number; 

NV 
therefore  (Art.  106)  -^-  is  a  whole  number. 

NV  N  V 
In  the  same  manner  it  may  be  shown  that  the  quantities    — .  »  — • — 

....  are  whole  numbers. 

And  since  in  the  succession  of  remainders,  r,  r^,  i^\  i^'\  ....  a  remain- 

N'  X 1 . 
der=l  must  be  foimd,  (Art.  109)  ;  it  follows  Uiat  — ^—  is  a  whole  numbert 

and,  by  consequence,  that  N^  is  measured  by  d, 

112.  Every  absolute  prime  number  which  measures  the  product  of  two 
factors  must  measure  one  of  the  factors. 

Let  c/  be  an  absolute  prime  number  which  divides  the  product  NN^ ; 
d  must  divide  either  N  or  N"'. 

For  if  d  does  not  divide  N  it  is  necessarily  prime  with  that  factor 
(Art.  103 e),  and  therefore  it  must  divide  the  other  factor  N'  (Art.  111). 

113.  Every  absolute  prime  number  which  divides  N^  or  in  general  any 
power,  N",  of  N  must  oivide  N. 

For  N*=N  X  N.  Now,  every  absolute  prime  number  which  measures 
N  X  N  must  divide  one  of  the  factors  (Art.  1 12).  For  the  same  reason  every 
absolute  prime  number  which  divides  N^  must  divide  N  or  N^ ;  and  to  divide 
NS  it  must  divide  N. 

This  proof  may  be  extended  to  any  power  of  N. 

1 14.  Every  number  which  is  prime  with  both  the  factors  of  a  product  is 
also  prime  with  the  product. 

Let  d  be  prime  to  each  of  the  numbers  N,  N^ ;  d  shall  be  prime  to  the 
product  N,  N'. 

For  any  absolute  prime  number  which  divides  d  and  N  N'  must  divide 
cither  N  or  N^  ^Art.  1 12).  Whence  d  and  N,  or  d  and  N^  cannot  be  prime 
to  each  other,  wnich  is  contrary  to  the  hypothesis. 

115.  The  product  of  many  factors,  N,  N',  N^^ can  contain  no  prime 

factors  which  are  not  contcdned  in  some  of  the  numbers  N,  N^  N^^ 

For  everv  prime  number  which  divides  N  N'  N%  but  does  not  divide 
N^^  must  divide  N  N'  (Art.  112),  and  every  prime  number  which  divides 
N  N'  must  divide  N  or  N'. 
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Whence,  if  a  number  is  formed  bj  the  continual  multiplication  of  many 
Ikctors,  it  cannot  be  equal  to  the  product  of  other  numbers  containing  prime 
ftctors  different  from  those  which  enter  into  the  numbers  already  multiplied 
together. 

116.  Every  number  which  can  be  divided  by  two  or  more  numbers  prime 
to  each  other  is  also  divisible  by  the  product  of  these  prime  numbers. 

Let  N  be  divisible  by  d^d^a', ,  .  .  which  are  prime  to  each  other ;  K  is 
divisible  by  the  product  Md' 

Since  d  divides  N,  N=d^  (^being  a  whole  number)  ;  but  <f  divides  N  ; 
therefore  <f  divides  dq^  and  a^d  are  prime  to  each  other;  therefore  d! 
divides  q  (Art.  111). 

Asmn,  since  <f  divides  9,  let  q='d!((  (j/  being  a  whole  number)  ;  therefore 
X,  which  is  equal  to  d^,  is  also  equal  to  ad<jf^:^d£t  X  ^ ;  whence  N  is  divisible 
by  dd. 

Similarly,  since  d'  divides  N,  it  therefore  divides  dd^ ;  but  d'  is  prime 
with  dy  d ;  and  therefore  with  dxd ;  whence  d'  divides  ^. 

Let  /  =  <f  Y'  (/'  }>^^,  a  ^l»ole  number)  ;  therefore  ^^ddd'ff'^ 
ddd'y^ff' ;  whence  N  is  divisible  by  ddd'. 

The  proof  is  the  same  when  the  divisors  are  more  in  number  than  3. 

117.  Let  dy  dy  d\  ....  be  numbers  which  are  prime  to  each  other. 
Let  dxdxd   .  .  or  d^ 

dxdxdxd    .  .  or<f"' 

d* Xd' Xd' xd' Xd'  .  .  .  orrf"*"  be  factors  which  are  multiplied 
together ;  and  let  their  product  be  N. 

The  number  N  is  divisible  hydxd'^xd''*'*  .  .  .  . ;  it  is  also  divisible  by 
all  the  products  which  can  be  formed  by  multiplying  together  two  by  two, 
three  by  three,  &c.,  the  different  powers  of  d^d^  d\  .  ,  ,  between  the  first 
power  and  that  marked  by  ii  for  a^  by  n^  for  cT,  by  n^^  for  d%  &c. 

^ce  dy  dy    d' are  prime  to  each  other. 

d«,  <r  ,  d'^ 

d»,  if,  d'^ 

d'y  cT"',  d'"^' are  prime  to  each  other  (Art.  113) ;  conse- 

onently  N,  which  is  the  product  of  rf*,  cf"',  d'*^\  .  .  .  must  be  divisible  by 
toew  numbers,  or  by  the  products  of  any  of  them  taken  two  \xj  two,  three 
by  three,  &c.,  in  manner  aforesaid ;  for  these  products  are  evidently  sub- 
multiples  of  die  entire  product  dxd'^xd''^'  .  .  .  .,  which  is  equal  to  K. 

118.  The  possibility  of  exactly  dividing  one  number  by  another  can 
always  be  determined  by  trial.  It  may,  however,  in  the  case  of  some  num- 
bers, be  ascertained  more  easily  by  certain  tests  than  by  actual  division. 

To  investigate  these  tests  tms  principle  (established  Art.  105)  is  required, 
namely,  . 

Every  number  which  is  decomposed  into  two  parts,  each  divisible  by  a 
second  number,  is  itself  divisible  oy  the  second  number. 

To  which  must  be  subjoined  the  following : 

That  ifN=P-hF,  of  which  ^divides  P,  but  not  F,  then  d  does  not 
divide  N  ;  and  the  remainder  from  the  division  of  N  by  </  is  equal  to  that 
from  the  division  of  F  by  cL 

Since  N=P+F;  ^=3-1-^  (see  Art.  111). 

P 

Kow,  by  hypothesis  3  is  a  whole  number;  but 

^is  not  a  whole  number. 

P    F        N 
Whence  •j+'j'  or  -r  cannot  be  a  whole  number. 
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P' 

Next,  to  prove  that  the  remfunder  from  the  diTision  -^  is  equal  to  that 

N 
from  the  division  -j. 

F  being  divisible  by  d^  F^dq  (q  being  a  whole  number). 

P  being  not  divisible  by  d,  P=(i/+r  (^  being  a  whole  number). 

Therefore  P+P'=dy-hd/-l-»^«^(^-f  ?0-H'' 

But  P-hF=N. 
Whence  N=%-|-/)+r. 

That  is,  N  divided  by  d  gives  for  quotient  a -h^r',  and  for  remainder  r ; 
which  r  is  the  remainder  from  the  division  of  F^  by  d. 

Tests  of  the  divisibility  of  numbers  by  certain  divisors, 

119.  Every  number  whose  last  figure  is  0,  2,  4,  6,  or  8,  is  divisible  by  2. 
Separating  the  number  into  two  parts,  namely,   the  figure  expressing 

simple  units,  and  the  number  to  the  lefl  of  that  figure,  the  second  part 
(re^rd  being  had  to  its  relative  value)  is  some  multiple  of  10,  and  therefore 
divisible  bv  2 ;  and  since  each  of  the  figures  0,  2,  4,  6,  8,  is  also  diviable 
by  2,  it  follows  (Art.  105)  that  the  whole  number  can  be  divided  by  2. 

A  number  ending  with  one  of  the  figures  1,  3,  5,  7,  9,  is  not  divisible 
by  2. 

For  the  number  to  the  lefl  of  the  last  figure,  considered  with  respect  to 
its  relative  value,  is  divisible  by  2 ;  but  ue  other  part,  1,  9,  5,  &c.  is  not 
(Art.  118). 

Numbers  divisible  by  2  are  named  even ;  and  numbers  which  cannot  be 
divided  by  2,  odd. 

120.  A  number  can  be  divided  by  3  when  the  sum  of  the  digits  of  the 
number  is  divisible  by  3. 

1  in  the  place  of  tens  =        9+1 

1  in  the  place  of  hundreds     =      99-)- 1 
1  in  the  place  of  thousands    =    999+1 

And,  generally,  1  in  any  place  (except  the  place  of  simple  units)  is  equal 
to  1  +  a  number  expressed  oy  9  repeated  as  many  times  as  the  1  has  zeros 
after  it. 

Whence  any  other  figure,  ni,  =m  X  the  I>roper  number  of  nines  +m  x  1, 
or  the  figure  m  itself  regarded  as  simple  units. 

Now,  any  number  9,  99,  999  ...  is  a  multiple  of  3. 

Therefore  mx  999  ....  is  a  multiple  of  3  (Art.  104). 

This  reduction  into  a  number  expressed  by  a  multiple  of  9,  99,  999,  .  .  . 
+  the  significant  figure  of  the  order,  considered  as  simple  units,  may  be 
made  for  every  figure  which  is  contained  in  a  number. 

Whence  anv  number  can  be  decomposed  into  two  parts ;  the  one  consist* 
ing  of  multiples  of  9,  99,  999,  .  .  . ;  the  other  of  the  sum  of  the  significant 
figures  of  the  number,  regarded  as  simple  units. 

The  multiples  of  9,  99,  999  ....  are  divisible  by  3. 

Wherefore  if  the  sum  of  the  digits  can  be  divided  by  3,  the  number  is 
itself  divisible  by  3 ;  but  if  not,  not  (Art.  118). 

121.  Every  number  is  divisible  by  4  when  the  number  composed  of  its 
two  last  figures  can  be  divided  by  4. 

For  the  number  mav  be  separated  into  two  parts ;  one,  in  which  the 
places  of  tens  and  simple  units  are  occupied  by  zeros ;  the  other,  the  num- 
Dcr  composed  of  the  tens  and  simple  umts. 

The  first  part  b  a  multiple  of  100,  and  it  is  divbible  by  4,  since  100  is 
BO  (Art  104). 

Whence,  if  the  second  part,  composed  of  the  two  last  figures  taken  with 
their  relative  values  can  also  be  divided  by  4,  the  whole  number  must  be 
divisible  by  4  (Art.  105). 
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122.  Every  number  of  which  the  last  figure  is  0  or  5,  is  divisible  by  5. 
Ltet  the  number  be  decomposed  into  parts,  the  first  a  multiple  of  10,  the 

second  a  figure  expressing  simple  units. 

The  part  which  is  a  multiple  of  10  is  divisible  by  6  ;  and  the  other  part 
being  0  or  5,  the  division  of  this  other  part  by  5  leaves  no  remainder. 

Whence  (Art.  105)  every  number  ending  in  0  or  5  is  divisible  by  5. 

If  the  last  figure  of  a  number  is  not  0  or  5  the  number  cannot  be  measured 
by  5  (Art.  118). 

123.  Every  even  number  which  can  be  divided  by  3  is  divisible  by  6. 
For  every  even  number  is  divisible  by  2  (Art.  119). 

The  even  number  which  can  be  divided  by  3  is  therefore  divisible  also  by 
2 ;  and  since  the  divisors  2,  3,  are  prime  numbers,  the  nimiber  which  can  be 
diTided  by  2  and  by  3  is  divisible  by  2  x  3,  or  6  (Art.  1 17). 

124.  To  find  the  conditions  of  divbibility  of  any  number  by  7. 

Any  number,  for  example  13875964,  may  be  decomposed  into  the  several 
orders  of  units  of  which  it  consists. 

And  the  several  orders  of  units  may  be  a^ain  decomposed  into  the  pro- 
duct, for  each,  of  the  significant  figure  of  me  order  by  unity  followed  by 
the  number  of  zeros  required  to  give  that  significant  figure  its  relative 
value.    Thus, 

4=4x1 

60=6  X 10 

900=9  X 100 

6000=5  X 1000 

70000=7X10000 

800000=8  X  100000 

3000000=3  X  1000000 

10000000=1  X  10000000 

The  1,  10,  100,  1000,  &c.  represent  1  of  each  order  of  units  contained  in 
the  proposed  number,  and  the  whole  number  is  composed  of  multiples  of 
these  different  orders  of  units.  Wherefore,  if  the  conditions  of  divisibility 
of  these  units  can  be  determined^  the  same  conditions  will  be  applicable  to 
the  whole  number  (Art.  118). 

Now,  a  unit  of  each  order  may  be  represented  by  some  multiple  of  7, 
angmented  or  diminished  by  the  quantity  required  to  reproduce  this  unit  by 
its  combination  with  the  multiple  of  7. 

Whence  again,  if  the  conditions  of  divisibility  of  the  quantities  by  which 
the  multiples  of  7  are  to  be  augmented  or  diminished  can  be  determined, 
those  of  the  whole  number  will  be  found.  .  ^ 

Now  1=  Ox7-hl    .   and4=4x  0x7+4x1 

10=  Ix7-f3  .    .    .  60=6X  Ix7-f6x3 

100=  14x7+2  .  .  .  900=9 X  14x7+9x2 

1000=         143x7—1.    .  6000=5 X  143x7—5x1 

10000=       1429x7—3    .    70000=7 X       1429x7—7x3 
100000=     1428^x7-2  .  800000=8 X     14286x7—7x2 
1000000=  142857 X 7+1.  3000000=3 X    142857x7+3x1 
10000000=1428571  X  7+3.10000000=1  X 1428571  X  7+1  x8 
In  the  first  part  of  the  preceding  table  1  of  each  order  of  units  contained 
in  the  eiven  number  is  divided  by  7,  and  in  the  second  part  the  results 
are  multiplied  by  the  significant  figures  of  the  respective  orders  of  imits. 

0,  1,  14,  the  quotients  of  1,  10,  100  by  7  are  taxen,  so  that  the  products 
0x7,  1x7,  14x7  are  less  than  1,  10,  100;^  whence,  in  reconstructing  the 
original  number  by  the  combination  of  all  its  parts,  the  remainders  1,  3,  2, 
or  rather  their  products  by  the  significant  figures  4,  6,  9,  must  be  added  to 
the  sum  of  the  other  parts. 

But  the  quotients  143,  1429,  14286  resulting  from  the  division  of  1000, 
10000,  100000  by  7  are  taken  in  such  manner  that  the  products  143  x  7, 
1429x7,  14286x7  are  greater  than  1000,  10000,  100000,  respectively. 
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Whence,  in  rccomposing  the  original  number,  the  remainders  — 1,  —3, 
— 2,  or  their  products  by  the  corresponding  significant  figures,  must  be 
subtracted  from  the  sum  of  the  other  parts. 

Proceeding  in  this  manner,  it  is  found  that  a  ternary  arrangement  of  the 
rcnuunders  can  be  made,  and  that  before  multiplication  by  me  significant 
figures  of  the  respective  orders  of  units  the  renudnders  are  1,  3,  2  to  be 
added ;  1,  3,  S  to  be  subtracted ;  1,  8,  2  to  be  added ;  1,  3,  2,  to  be  sub- 
tracted, and  so  on  alternately. 

Now,  any  number  decomposed  as  the  preceding,  may  be  considered  as 
composed  of  two  parts  represented  in  the  last  table  by  columns  A,  B. 

Column  A,  being  composed  of  muldples  of  7,  can  be  divided  by  7. 

In  column  B  let  the  numbers  which  are  to  be  added  to  the  other  parts 
be  formed  into  one  sum,  and  those  which  are  to  be  subtracted  from  the 
other  parts  into  another  sum.  Then,  if  the  difference  of  these  two  sums  is 
either  equal  to  zero,  or  is  a  multiple  of  7,  the  whole  number  is  divisible 
by  7  (Art.  105). 

Whence,  in  conclusion,  if  the  numbers  1,  3,  2  arc  multiplied  respectively 
by  the  1st,  2d,  3d;  7th,  8th,  9th;  13th,  14th,  15th  .  .  .  .  digits  of  a  given 
number,  and  the  products  are  added  together ;  also,  if  the  same  numbers 
I,  3,2  are  multiplied  by  the  4th,  5th,  6th;  10th,  11th,  12th;  16th,  17th, 
18th ....  digits  of  the  same  number,  and  tiiese  products  are  added  toother ; 
then,  if  the  difference  of  these  results  b  either  0,  or  a  multiple  of  7,  the 
number  proposed  is  divisible  by  7. 

It  seems  scarcely  necessary  to  add,  that  Uiis  investigation  is  more  curious 
than  useful,  since  in  practice  it  is  much  easiei:  to  divide  any  number  by  7 
than  to  apply  the  test 

125.  K  the  three  last  figures  of  a  number,  considered  with  respect  to 
their  relative  value,  can  l^  divided  by  8,  the  number  is  itself  divisible 
by  8. 

For  the  number  may  be  broken  into  two  parts ;  the  one,  that  in  which 
the  three  last  figures  are  replaced  by  zeros ;  the  other,  the  number  ex* 
pressed  by  the  three  last  figures. 

The  first  part  is  a  multij^e  of  1000 ;  and  since  1000  (=125  X8)  is  divi- 
sible by  8,  the  multiple  of  1000  b  divisible  by  8  (Art.  104). 

Whence,  if  the  second  part,  the  number  expressed  by  the  three  last 
figures,  can  be  divided  by  8,  the  whole  number  must  be  divisible  by  8 
(Art.  105). 

Since  1000  is  a  multiple  of  25,  if  the  number  expressed  by  the  three  last 
figures  can  be  divided  by  25,  the  whole  number  is  divisible  by  25. 

126.  Every  number,  the  sum  of  whose  digits  can  be  divided  by  9,  is 
itself  divisible  by  9. 

For  every  number  can  be  decomposed  into  two  parts,  the  one  composed 
of  multiples  of  9,  99,  999,  ....  and  the  other,  or  the  sum  of  the  digits 
of  Uie  number. 

The  multiples  of  9,  99,  999,  ....  are  divisible  by  9.  Whence,  if  the 
sum  also  of  the  digits  can  be  divided  by  9,  the  whole  number  b  ^visible 
by  9  (Art.  105). 

127.  Since  an^  number  can  be  divided  into  two  parts  of  which  the  one  b 
divbible  by  9,  if  the  other  part,  which  is  the  sum  of  the  digits  of  the 
number,  cannot  be  divided  by  9,  the  whole  number  b  not  divbible  by  9, 
and  the  remiunder  from  the  division  of  the  sum  of  the  digits  by  9  b  equal 
to  the  remunder  from  the  divbion  of  the  whole  number  by  9  (Art.  118). 

128.  Every  number  which  ends  in  0  b  divbible  by  10.  Thb  b  self- 
evident. 

The  tests  of  the  divisibility  of  numbers  by  the  prime  numbers  11,  13,  17, 
&C.,  might  be  in  like  manner  investigated ;  but  the  investigations  depend 
on  principles  which  are  not  elementary, .  and  (as  in  the  case  of  the  prime 
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number  7)  the  apj>lication  of  the  test  u  more  tedious  and  difficult  fban  the 
actual  trial  by  division. 

129.  The  following  are  more  simple  : 

a.  A  number  is  divisible  bj  18,  when  that  number  is  even,  and  the  sum  of 
its  digits  can  be  divided  by  9 ;  for  under  these  conditions  the  number  can 
be  divided  by  2  and  by  9,  and  consequently  by  2  X  9,  or  18  (Art.  117). 

b.  A  number  is  divisible  by  12  or  by  36  when  the  two  last  figures,  taken 
with  respect  to  their  relative  value,  can  be  divided  by  4,  and  the  sum  of 
the  digits  of  the  number  by  3  or  by  9. 

For  in  the  one  case  the  number  is  divisible  by  4  and  by  3,  and  therefore  by 
4x3,  or  12 ;  in  the  other  it  is  divisible  by  4  and  by  9,  and  therefore  by 
4x9,  or  36. 

c.  A  number  is  divisible  by  15  or  by  45  when  the  last  figure  is  0  or  5,  and 
the  sum  of  the  digits  of  the  number  is  divisible  by  3  or  by  9. 

For,  in  the  first  instance,  the  number  can  be  divided  by  5  and  by  3,  and 
consequently  by  their  product,  15  ;  in  the  second  it  is  divisible  by  6  and  by 
9,  and  therefore  by  their  product,  45. 

130.  The  prime  numbers  between  1  and  100  are  2,  3,  5,  7,  11,  13,  17,  19, 
23,  29,  31,  37,  41,  43,  47,  49,  53,  59,  61,  67,  71,  73,  79,  83,  89,  97. 

131.  From  the  properties  of  the  number  9,  established  in  Articles  126 
and  127,  are  derived  easy  verifications  of  multiplication  and  division. 

Let  N,  N'  be  two  numbers  whose  product  is  to  be  found. 

Let  N  be  divided  by  9,  and  let  the  quotient  be  ^,  and  the  remainder  r. 
N'  .  9  .  .  ^        .  .  r^. 

Whence  ^,^^^^;J;p|  multiplying  these  quantities  (Art.  76). 

NN'=9x9X9'X5^-h9x/xr-|-9X9'XK+rx»^. 
The  product  NN'  is  composed  of  four  partial  products.   Three  of  these  pro- 
ducts are  multiples  of  9,  tnerefore  their  sum  is  a  multiple  of  9  (Art.  105). 

Whence  NN'  is  composed  of  two  parts,  of  which  the  one  is  divisible  by  9. 
If  the  other  part,  rxr,  can  be  divided  by  9,  then  NN'  is  also  divisible  by 
9  (Art  126) ;  but  if  rxK  is  not  divisible  by  9,  neither  is  NN';  and  the 
renuiinder  from  the  division  of  r  x  /^  by  9  is  equal  to  the  remainder  from  the 
division  of  NN'  by  9,  Also,  the  remainders  from  the  division  of  NN'  and 
rK  by  9  are  equal  respectively  to  the  remainders  left  from  the  division  of 
the  sum  of  the  digits  of  NN',  rr^  by  9  (Art.  127). 

Whence  N,  N',  being  numbers  which  are  to  be  multiplied  together,  if  the 
«nm  of  the  dijgits  of  N,  N'  are  respectively  divided  by  9,  and  if  the 
remainders  p,  r  are  multiplied  together,*  and  if  the  sum  of  the  digits  of 
the  product  rXf^  is  divided  by  9,  the  remainder  from  this  division  of  the 
sum  of  the  digits  of  r  X  /  by  9  is  equal  to  the  remainder  obtained  from  the 
division  of  the  sum  of  the  digits  ©f  the  product  NN'  by  9. 

When  r,  or  r^,  or  rx/,  is  exactly  divisible  by  9,  then  the  product  NN'  is 
also  exactly  divisible  by  9. 

These  principles  afibrd  a  simple  means  of  verifying  the  results  of  multipli- 
cadon  and  division. 

Hie  manner  of  conducting  the  verification  will  be  most  easily  understoo<l 
from  an  instance  of  its  application : 

Let  the  factors  and  product  of  an  example  in  multiplication  be  378482,, 
3548,  and  1342854136. 

The  sum  of  the  digits  is  formed  and  the  divisicm  by  9  effectetl  simul-^ 
ianeously  thus,  b^inning  at  the  left  of  the  multiplicand,  378482 ; 

Division  of  the  sum  of  the  digits  of  the  multiplicand  by  9, 
3+7=10,  10-i-9=l-f  1  rem. 

r 


66  ELEMENTS  OF  ABITHMETIC. 

The  qaotientfl  resultang  from  the  division  by  9  are  omitted,  and  the 
renudnders  alone  preserved : 

1  rem.-h8=9,  9-i-9=l+0  rem. 

0  rem.+4=4,  0-h4+8=12,  12-4-9=1+3  rem. 
3  rem. +2=5,  5-4-9=0+5  rem.    Whence  r=5. 

Division  of  the  sum  of  the  digits  of  the  multiplier  by  9  * 
3+5=8,  8+4=12,  12^-9=1+3  rem. 
3+8=11,  11-4-9=1+2  rem.    Whence  f^=2. 

Therefore  r  X  1^=5  X  2=  1 0 

And  1+0=1,  1-4-9=0+1  rem. 

The  remainder  from  the  divbion  of  the  sum  of  the  digits  of  rxt'  is 
consequently  1. 

Division  of  the  sum  of  the  digits  of  the  product  by  9  : 
1+3+4+2=10,  10-4-9=1  +  1  rem. 

1  rem.+8=9,  9-»-9=l+0  rem. 

0  rem.+5+4=9,  9-4-9=1+0  rem. 
0rem.+ 1+3+6=10,  10-i-9=l  +  l  rem. 

The  remainder  from  the  division  of  the  sum  of  the  digits  of  NN'  is  1 ; 
but  the  remainder  from  the  division  of  the  sum  of  the  digits  of  r  x  r^  is  also 
1 ;  whence  the  product  is  to  be  presiuned  accurate. 

When  the  remainder  from  the  division  of  the  sum  of  the  digits  of  the 
product  r  X  /  is  not  the  same  as  the  remainder  from  the  division  of  the  sum 
of  the  diffits  of  the  product  K  X  N^  the  calculation  ought  to  be  revised, 
being  probably  erroneous. 

In  the  case  of  division;  when  the  quotient  b  exact,  that  is,  when 
D=c/X9,  d,  7,  D,  are  the  representatives  of  N,N''  and  KxN'  respectively, 
and  the  process  of  verification  is  precisely  like  that  already  detailed. 

But  when  the  quotient  is  not  exact,  that  is,  when  D:=</X9+R,  heSofre 
proceeding  with  the  verification,  it  is  necessary  to  subtract  the  remainder  B 
from  the  mvidend  D. 

The  dividend  is  thus  rendered  the  exact  product  of  the  divisor  and 
quotient,  and  this  case  reduced  to  the  preceding. 

It  is  evident  that  the  figure  9  may  hold  the  place  of  0,  and  conversely ; 
also  that  the  order  of  the  figures  in  NN''  may  be  chanjged  without  changing 
the  sum  of  the  digits,  and  consequently  without  changing  the  remainder  len 
from  the  division  of  that  sum  by  9. 

For  these  reasons  (and  others  might  be  adduced)  the  verifications  of  mul- 
tiplication and  division  by  this  method  are  not  so  deserving  of  confidence  as 
those  already  given  in  Articles  101  and  102. 

132.  A  number  which  is  exactly  divisible  by  any  other  number  greater 
than  unity  is  said  to  be  a  composite  numtier.  The  terms  Prime  and 
Composite  are,  hence,  opposed  to  each  other. 

133.  From  the  preceding  remarks  on  the  conditions  of  the  divisibility  of 
numbers,  it  is  certain  that  no  even  number,  excepting  2,  can  be  a  prime 
number  (Art.  119).  Among  odd  nimibers  the  multiples  of  3  and  5  are 
discoverea  by  the  tests  of  Articles  119  and  120.  Therefore,  in  the  research 
of  prime  numbers,  it  is  not  necessary  to  iry^  any  excepting  such  odd  numbers 
as  nave  none  of  these  characters  of  divisibility. 

The  limits  within  which  it  is  necessary  to  discover  by  trial  whether  a  given 
number  is  prime  or  composite  admit  of  another  contraction. 

If  anv  number  is  divided  by  6,  a  certain  quotient,  9,  is  found,  and  a 
remainder  of  1,  2,  3,  4,  5,  or  0 ;  therefore  all  numbers  may  be  considered  as 
multiples  of  6  with  one  of  the  remainders  1,  2,  3,  4,  or  5. 

Now,  a  multiple  of  6  with  the  remainder  2  or  4  is  divisible  by  2,  and  a 
multiple  of  6  with  the  remainder  3  is  divisible  by  3.  Whence  the  prime 
numbers  must  all  be  found  amongst  multiples  of  6-f- 1  and  multiples  pf  6+5. 
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These  multiples  of  6  may  be  represented  by  the  expressions, 

But  5  IS  equal  to  6  diminished  by  1,  or  5=6—1.    Therefore  6X9+^  may 
be  otherwise  expressed, 
6X9^-1-6—1 

or  a  times  6-Hl  time  6—1 
or(y+l)x6— 1. 
And  since  q  denotes  a  number,  that  number  and  1  may  be  added  together. 
Lety-hl=/, 

then  6  x  ^+5  becomes 
6xg'-l. 
And  the  expressions  A  become 

6X5^4.1  1 

6x^-1 1^- 
Since  the  conclusions  deduced  m  this  Article  depend  on  the  condition 
that  6xq  and  6Xc^  are  multiples  of  6,  without  reference  to  the  parti- 
cular values  of  9,  q,  these  conclusions  must  be  true  when  q^  q^  are  equal. 
Whence  both  01  the  expressions  B  may  be  put  under  the  form, 

6^±1.* 
TUs  conclusion,  expressed  in  words,  is :  All  prime  numbers  greater  than  3 
have  this  property,  that  if  they  are  augmented  or  diminished  oy  unity,  the 
results  are  divisible  by  6. 

133.  But  although  all  prime  numbers  are  comprehended  in  the  formula 
6^+ 1  (q  being  any  whole  number  whatever),  yet  all  the  numbers  expressed 
by  67 -hi  are  not  prime  numbers. 

For  the  expressions,  6x^4- If  6x9+ 9i  6X9-f-fi)  evidently  comprehend  all 
odd  numbers  greater  than  6.  Of  these,  6x^+3,  which  expresses  multiples 
of  3,  is  not  induded  in  the  general  formula  6x^-^1.  This  formula,  thererore, 
comprehends  all  odd  numbers  which  are  not  multiples  of  3. 

Now,  the  product  of  any  two  prime  numbers  greater  than  2  or  3  is  an  odd 
number  which  cannot  be  divided  by  3  (Art.  114).  This  product  being 
an  odd  number,  not  a  multiple  of  3,  b  expressed  by  the  formula  6  x^Jhl, 
and  it  is  not  a  prime  numbo:. 

134.  To  discover  whether  a  number  expressed  by  the  formula  6x^-1-1  is 
an  absolute  prime  number,  it  is  necessary  to  attempt  its  division  by  all  the 
prime  numbers,  from  7  inclusive  to  that  which  is  immediately  inferior  to  the 
half  of  the  given  niunber.  Beyond  half  the  number  it  is  useless  to  extend 
the  trial,  as  no  number  can  be  exactly  divided  by  a  divisor  greater  than 
its  half. 

135.  The  manner  of  distinguishing  prime  from  composite  numbers  having 
been  explained,  let  it  be  next  requ&ed  to  find  all  the  prime  factors  of  any 
^ven  number. 

To  give  ^nerality  to  the  results,  let  N  represent  the  given  number  and  a 
the  least  prime  number  by  which  N  is  divisible ;  and  let  the  division  of  N 
and  the  successive  quotients  hy  a  he  repeated  until  after  n  divisions  a 
quotient,  N',  not  divisible  by  a  is  found. 

ThenN=a-xN'. 
Since  every  prime  number,  other  than  a,  which  divides  N,  must  divide 
N^  (Art.  Ill),  the  investigation  of  the  prime  factors  of  N,  different  from 
a,  is  reduced  to  that  of  the  prime  factors  of  N^. 

Let  b  represent  the  least  prime  number  by  which  N'  can  be  divided,  1/ 
the  number  of  divisions  possible  by  b,  and  N^^  the  quotient  not  divisible 
by  b. 

Then  N'=&"'  x  N'', 
and  N=a"  X  N'=a- x  6-' X  N'^ 
Again,  every  prime  factor,  except  a,  fr,  which  divides  N  must  divide  N'^. 

*  A  general  expression  such  as  6  x  7  db  1  is  termed  a  Formula. 
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Let  c  be  the  prime  number  which  divides  N'' ;  let  the  divMioii  of  N"  by 
c  be  li"  times  possible ;  and  the  quotient  not  divisible  by  c,  N"'.  . 

ThenN"=c-"xN'", 
and  N=a-Xft^xN''=rf'x6-'xc-"N'''. 

Continuing  this  process,  a  prime  number,  or  some  power  of  a  prime 
number,  must  be  at  length  obtiuned  for  quotient.  Dividing  as  often  as 
possible  by  this  prime  number,  a  last  quotient  equal  to  unity  is  found. 

Let  it  be  supposed  that  N'''=rf^". 

Then  N=a-x6^xc-''xN'''=d-xft^Xc^'xrf^". 
And  a,  6,  c,  d  are  the  only  prime  factors  which  can  enter  into  the  number 
N  (Art.  115).    This  being  accomplished,  N  is  said  to  be  decomposed  into 
its  simple  factors. 

136.  As  a  particular  example  of  the  decomposition  of  a  number  into  simple 
factors,  let  it  be  required  to  find  the  simple  factors  of  the  number  105840. 

Calculation :  2)  105840 

2)  52920 

2)  26460 

2)  13230 

3)  6615 

3)  2205 

3)  735 

5)  245 

7)  49 

7)2 

Explanation  :  the  given  number,  105840,  ends  in  0,  therefore  it  is 
divisible  by  2  (Art.  119). 

For  the  same  reason  the  firsts  second,  and  third  <^notients  are  divisible  by  2. 
The  fourth  quotient.,  6615,  being  an  odd  niunber,  is  not  divisible  by  2. 
Whence  105840  is  divisible  by  2  X  2  X  2  X  2=2*, 
And  105840=2*  X  6615. 

The  sum  of  the  digits  of  6615  being  divisible  by  3,  6615  is  divisible  by  3 
(Art.  120). 

For  the  same  reasons  the  fifth  quotient,  2205,  and  the  sixth,  735,  are 
divisible  by  3 ;  but  the  seventh,  245,  is  not. 

AVhencc  6615  is  divisible  by  3  x  3  X  3=3'. 

And  105840=2*  X  6615=2*  X  33x245. 

The  last  figure  of  245  beiii^  5,  245  is  divisible  by  5  ^Art.  122) ;  but 
the  8th  quotient,  49,  ending  neither  in  5  nor  0,  is  not  divisible  by  5. 

Whence  245=5x49, 

And  105840=2*  x  3'  X  245=2*  X  3'  X  5  X  49. 

The  next  prime  number  is  7,  attempting  the  division  of  49  by  7; 
49*7=7,  and  7-1-7=1. 

Whence  49=7  x  7=7S 

And  105840=2*  x  3^  X  5  X  49=2*  X  3'  X  5  X  7«. 

2,  3,  5,  7,  are  therefore  the  simple  factors  of  the  given  number,  105840. 

187.  When  two  numbers,  N,  N',  have  been  reduced  to  expressions  com- 
posed of  the  products  of  their  simple  factors,  if  none  of  the  prime  factors 
which  enter  into  the  one  number  are  found  in  the  other,  the  numbers  are 
prime  to  each  other  (Art.  114). 

If  one  prime  factor,  a,  is  common  to  N,  N^  the  numbers  are  both  diviable 
by  diis  factor,  which  is  the  only,  and  therefore  the  greatest,  common  measure 
of  them  both. 
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If  the  prime  factor,  a,  is  contained  2,  3,  4  ....  or  m  times  in  each,  then 
a*,  a",  a* or  a*  is  the  greatest  common  measure  of  N,  N'. 

Bat  if  a  is  contained  m  times  in  N  and  n  times  in  N^,  it  being  less  than  m^ 
oT  is  the  greatest  common  measure  of  N,  N^ 

For,  let  N=^ar  X  a^  «nd  N''=a"  X  ^.  Then,  since  a,  9,  ^  are  prime  to  each 
other,  the  numbers  N,  N^  can  contam  no  common  prime  factor  excepting  a. 

Now  oTxq  18  divisible  by  a",  since  by  hypothesis  the  factor  a  enters  into 
the  product  expressed  by  a"  oftener  tnan  mto  that  expressed  by  a" ;  and 
a*  X  ^  is  a  multiple  of  d".  Whence  a'xq  or  N,  and  a"  X  ^  or  N  ,  are  both 
multiples  of  oT;  but  (t  is  the  greatest  number  by  which  a"  can  itself  be 
divided  :  whence  it  is  evident  that  cT  is  the  greatest  common  measure  of 
N,N'. 

If  N=a-  br'x^'md  N'=a"  fr^  x  5^",  in  which  expressions  a,  b,  gf\  /''  arc 
prime  to  each  other,  and  m,  rnf  are  greater  respectively  than  it,  n%  it  may  in 
like  manner  be  shown  that  cTlT'  \a  the  greatest  common  measure  of  the 
numbers  N,  N^ :  also  that  if  m  is  greater  than  n,  but  nt^  less  than  it^,  then 
itlr^  is  the  greatest  common  measure  of  N,  N^. 

If  another  simple  factor,  c,  raised  to  the  powers  c^',  d^%  of  which  rC*  is  less 
than  ni*\  is  contained  in  N,  N'  respectively,  it  follows,  for  the  reasons  already 
given,  that  cTlT'd^'  is  the  greatest  common  measure  of  the  numbers  N,  N'. 

This  reasoning  is  as  ap{Slcable  to  all  the  simple  factors  common  to  two 
given  numbers  as  it  is  to  one,  or  two,  or  three  such  factors.  Whence  the 
greatest  common  measure  of  two  numbers  is  e<]ual  to  the  product  of  all  the 
prime  factors  common  to  the  two  numbers  raised  each  to  the  lower  of  the 
two  powers  with  which  it  is  affected  in  either  of  the  given  numbers. 

138.  K<^  is  written  a Xa>^aXa  .  .  .  to  m  factors, 

a"    .     .    .    axaxa ton  factors, 

and  the  same  is  done  with  ft"',  ft^,  c"'^  c^',  &c.  &c., 

so  that  all  the  repetitions  of  all  the  simple  factors  common  to  N,  N'  are 
put  in  evidence,  the  conclusion  just  obtained  mav  be  more  simply  expressed 
thus :  The  greatest  common  measure  of  two  numbers  is  equal  to  the  product 
of  all  the  simple  factors  common  to  the  two  numbers. 

139.  In  the  same  manner  it  may  be  proved  that  the  greatest  common 
measure  of  three  numbers  is  composed  of  the  product  of  all  the  prime  factors 
common  to  the  three  numbers ;  tnat  of  four  numbers  to  the  product  of  all 
the  prime  factors  common  to  the  four  numbers,  &c.  &c. 

140.  If  two  numbers,  N,  N',  are  multiplied  together,  the  product  N  X  N' 
b  a  multiple  of  both  the  numbers ;  and  if  N,  N'  are  decomposed  into  their 
simple  factors,  the  product  of  all  the  factors  being  equal  to  N  X  N'  is  also  a 
mnldple  of  both  the  numbers. 

When  the  simple  factors  into  which  N  is  decomposed  are  all  different  from 
those  into  which  I^'  is  decomposed,  it  is  evident  that  the  product  N  X  N'  is 
the  least  number  which  can  be  divided  by  both  the  numbers  N,  N'  (Art. 
1 15),  or  that  it  is  the  least  common  multiple  of  these  numbers. 

But  when  N,  N'  have  one  or  more  common  prime  factors,  the  least  com- 
mon multiple  of  N  and  N'  is  less  than  die  proauct  N  X  N"*. 

Let  K  be  resolved  into  the  product  of  the  prime  factors  a,  ft,  and  N^  be  re- 
solved into  the  product  of  the  prime  factors  a,  c. 

Then,  since  N^  divides  any  multiple  of  aft,  it  divides  oft  X  e, 
and  since  N'  divides  any  multiple  of  ac,^  it  divides  ac  X  ft. 

Wlience  dbc  or  ach  is  a  common  multiple  of  N  and  N'.  This  multiple  of 
N,  N'  is  less  than  N  X  N'  or  aabc.  Also,  since  ahc  contains  only  the  prime 
factors  which  enter  into  N,N',  and  since,  to  be  capable  of  division  by  N,N', 
the  number  abc  must  contain  every  prime  factor  found  in  N,  N',  it  follows 
that  oibc  is  the  least  common  multiple  of  N,  N'. 

Next,  let  N  contain  the  prime  factors  aah  or  a'^ft, 

and     N' ac: 

F  3 


70  ELEMENTS  OF   ARITHMETIC. 

Then^  since  N  divides  anj  multiple  of  a'i,  it  divides  Mxcy 

and  smce  N^  divides  any  multiple  of  oc,  it  divides  acxab. 

Whence  a^bxc:=acxab:=^a^bc  is  a  common  multiple  of  N,  N';  and  since 
It  contains  cvcrv  prime  factor  found  in  N,  N^  and  no  more,  it  b  the  least 
common  multiple  of  N,  N'. 

Since  the  product  of  the  prime  factors  abc  cannot  be  divided  bj  a%  or  the 
product  if  be  by  a",  when  m  is  greater  than  n,  it  follows  that  the  highest 
power  of  each  prime  factor  common  to  two  numbers  must  be  a  factor  of  the  ] 

least  common  multiple  of  these  numbers.  j 

Again,  since  the  product  of  the  prime  factors  a^b  cannot  be  divided  hj  the 
prime  factor  c,  or  the  product  of  oc  by  6  (Art.  114),  it  is  also  evident 
that  all  the  prime  factors  which  are  not  common  to  N,  W  must  enter  into  the 
least  common  multiple  of  N,  N'. 

That  which  has  been  proved  in  the  case  of  a,  a\  cT^  a",  being  equally  true 
of  a  second  common  prime  factor,  5,  fr',  6*^,  b^,  a  third  common  prune  nictor, 
tf,  c*,  c^',  c^',  &c.,  it  follows,  that  to  form  the  least  common  multiple  of  two 
numbers  it  is  necessary  to  decompose  the  numbers  into  their  prime  factors, 
and  to  multiply  together  all  the  prime  factors  not  common  to  the  two  num- 
bers and  the  highest  powers  of  the  common  prime  factors.  The  product  thus 
obtained  is  the  multiple  required. 

141.  For  the  same  reasons,  if  N*,  N',  N''.  ...  are  decomposed  into  prime 
factors,  the  least  common  multiple  of  N,  N',  N'' is  equal  to  a  pro- 
duct of  which  all  the  prime  factors  not  common  to  the  numbers  nused  to 
their  respective  powers,  and  the  prime  factors  common  to  the  numbers 
raised  to  the  highest  powers  which  they  obtain  in  any  of  the  numbers  N, 
N',  N'' are  the  several  factors. 

142.  Instead  of  denoting  the  repetitions  of  any  simple  factor  by  an  expo- 
nent, let  every  factor  be  put  in  evidence,  thus. 

Let  'N:=aabbce     and  W^aaabcc^ 
or,    N^^aabc  X  be  and  l^'==aabc  x  at. 

Then,  since  N  divides  aabc  X  be^  it  also  divides  aabc  xbexac; 

And  since  N'  divides  McXae^  it  divides  aahcxacxbe. 

Whence  aabc  x  be  Xacy  or  aabc  xacxbe^or  aabc  x  abce^  is  a  common  multiple 
ofNandN'. 

Again,  to  render  aabc Xbe  or  N  capable  of  division  by  aabc Xac  or  N^,  it 
is  necessary  to  multii)ly  aabc  X  be  by  ac ;  and  to  render  aabc  X  ac  ^pable  of 
division  by  aabc  X  be,  it  is  necessary  to  multiply  aabc  xbehy  ac.  Whence  it 
follows,  that  oa^Xo^ce  is  the  least  number  which  is  exactly  divisible  by 
aabc  X  be  and  aa6c  X  ac ;  that  is,  aabc  X  abce  is  the  least  common  multiple  of 
the  numbers  K,  N'. 

The  factors  of  the  least  common  multiple  of  N,  W  are, 

1st.  The  simple  factors  which  are  common  to  N  and  N^  taken  once 

onljr. 
2d.  The  simple  factors  contained  in  N,  and  not  in  N^. 
3d.  The  simple  factors  contained  in  N',  and  not  in  N. 
Whence,  if  two  numbers  are  decomposed  into  simple  factors,  and  if  all 
the  simple  factors  which  are  common  to  both  the  numbers  are  cancelled  in 
one  of  them,  the  continual  product  of  the  remaining  simple  factors  b  the 
least  common  multiple  of  the  two  numbers. 

The  product  c^  all  the  simple  factors  common  to  N,  N^  is  the  least  common 
multiple  of  N,  N' :  let  thb  be  wi. 

,_^       N    aabbce    ,      ,     , 

^'^««' «=-5^ =*•='«»  *^«- 

N'    aaabcc 

Conseancntly  aabc  xbe  xac^mq^ ;  and  hence,  if  two  given  numben  are 
divided  Dy  their  greatest  common  measure,  the  product  of  the  greatest 
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common  measure  and  the  two  quotients  is  the  least  common  multiple  of  the 
^en  numbers.^ 

143.  When  the  quotient  of  an  example  in  division  is  exacts  that  is,  when 
D=dxq,  all  the  prime  factors  of  <f  must  be  found  in  D  (Art.  117). 

Whence,  if  D,  d  are  decomposed  into  prime  factors,  and  those  which  are 
contained  in  d  are  cancelled  in  D,  the  product  of  the  remaining  prime 
fiurtora  of  D  must  be  equal  to  q. 

Therefore,  when  D=rfxy,  the  operation  of  division  may  be  performed  hy 
decomposing  the  dividend  and  divisor  into  their  prime  factors. 


SECTION  VL 

FRACTIONS. 

144.  In  the  division  of  one  whole  number  by  another,  if  the  dividend  is 
not  a  multiple  of  the  divisor,  the  process  ends  in  a  remainder  less  than  the 
divisor  (Art.  82). 

The  remainder  in  such  cases  is  written  over,  and  the  divisor  under,  the 
same  horizontal  line,  to  indicate  that  the  former  ought  to  be  divided  by 
the  latter. 

This  expression  of  the  quotient  of  an  unexecuted  division  is  termed  a 
Fraction. 

A  fraction  forms  part  of  the  quotient  of  every  inexact  division ;  and  when 
die  dividend  is  less  than  the  divisor,  it  is  the  entire  quotient. 

Any  dividend  and  divisor  may  be  expressed  fractionallpr,  and  any  whole 
number  may  be  represented  in  the  firactional  form  by  writing  1  in  the  place 
of  the  divisor. 

145.  Resuming  the  consideration  of  {,  the  fractional  expression  which 
results  from  the  division  of  43  by  8  (Art.  81),  the  3  is  a  whole  which  it  is 
required  to  divide  into  8  equal  parts,  and  1  of  these  parts  is  the  quotient. 
This  part,  or  quotient,  must  contun  unitj  as  often  as  the  dividend  contains 
the  divisor  (Art.  79).  But  in  all  cases  like  the  nresent  the  dividend  is  less 
than  the  divisor ;  the  quotient  is  therefore  less  {nan  unity.  Consequently, 
some  expedient  must  be  devised  in  order  to  find  a  number  which  shall  have 
to  unity  that  relation  which  the  dividend  has  to  the  divisor,  or  which  shall 
form  the  same  part  of  unity  as  the  dividend  forms  of  the  divisor. 

Let  the  divisor  8  be  considered  as  one  whole  or  unit  composed  of  as  many 
equal  parts  as  it  contains  simple  units,  namely,  of  8  equal  parts. 

Then  1  of  these  equal  parts  is  one  eighth  of  the  whole,  written,  (. 

2  -  are  two  eighths  -  {. 


8  -  three  eighths 

4  -  four  eighths 

5  .  -  five  eighths 

6  -  six  eighths 


4 

¥• 

ft 
II' 


7  -  seven  eighths  -  ^. 

•      8  -  eight  eighths  -  {=1. 

Now,  the  dividend,  3,  is  composed  of  three  simple  units  or  parts,  each 
equal  to  the  parts  into  which  the  divisor,  taken  as  a  whole,  has  been  de- 
composed ;  and  three  parts  of  the  divisor  form  three  eighths  of  that  unit  of 
whi&  the  divisor  is  a  whole.  Whence  the  quotient  of  3  divided  by  8  is 
e^ual  to  {  of  the  quotient  of  8  divided  by  8  ;  that  is,  it  b  equal  to  three 
eighths  of  one  unit  of  the  quotient,  or  three  eighths  of  unity. 

*  The  least  common  multiple  of  three  or  more  given  nmnbers  may  be  obtained 
in  this  manner :  by  finding,  first,  the  least  common  multiple  of  two  of  Uie  numbers, 
then  the  least  common  multiple  of  that  least  common  multiple  and  a  third 
number,  &c  &c. 
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146.  Generally,  let  —  be  tLe  expression  of  the  quotient  of  any  unexecuted 

division :  if  m=:ii,  the  quotient  is  unity ;  if  m  is  greater  that  n,  but  not  a 
multiple  of  it,  the  process  of  division  may  be  employed  till  a  remainder  less 
tlum  n  is  obtained.  Whence  it  may  always  be  assumed  that  m  is  l^s 
thann. 

Let  It  be  considered  as  a  whole,  composed  of  as  many  equal  parts  as  it 
contuns  simple  units,  thus, 

1  simple  unit  is  one  nth  part  of  n  taken  as  a  whole :  this  is  written  - 

2 

2  simple  units  are  two  nth  parts  of  n  taken  as  a  whole  :  Uiis  is  written  - 

3  -        -        three  nth  -*---" 

n 

«— 1 


n—l  simple  units  are  n~l  nth  parts  of  n  taken  os  a  whole,  written 

n  simple  units  are  n  nth  pai'ts  of  the  whole  n -,  or  1. 

Whence  the  quotient  of  1  -*-n  is  e(^ual  to  one  nth  part  of  one  simple  unit  of 
the  quotient  resulting  from  the  division  of  any  number  by  n. 

The  quotient  of  2-*-n  is  equal  to  two  nth  parts  of  one  simple  unit  of  the 
same  quotient. 

The  quotient  of  (n — \)'*'^  ^  equal  to  (n~l)  nth  parts  of  one  simple  unit 
of  the  same  quotient.  But  m  is  some  number  in  tne  series  1,  2,  3,  ...  . 
n — 1 ;  therefore  the  quotient  of  m-i-n  is  ec^ual  to  m,  nth  parts  of  one  simple 
unit  of  the  quotient  resulting  from  the  division  of  any  number  greater  tnan 

n  by  n.    In  other  words,  the  fractional  expression  --  is  the  same  part  of  one 

simple  unit  of  the  quotient  that  the  dividend  m  is  of  the  divisor  n. 

Whence,  considering  n,  die  divisor  of  a  fraction,  as  a  unit  or  whole  com- 
posed of  as  many  equal  parts  as  it  contains  simple  imits,  and  the  dividend 
to  consist  of  as  many  of  these  ec^ual  parts  as  it  contains  simple  units,  the 
relation  of  the  fraction  to  unity  is  expressed  by  reckoning  1,  2,  3  ....  »t 
equal  parts  of  the  dividend  as  the  1  nth,  2  nth,  3  nth,  mnth  parts  of 
unity. 

Thus,  in  the  fraction  ^  (which  is  read  three  sevenths)  unity  is  conceived 
to  be  divided  into  seven  equal  parts,  and  the  expression  f  contains  three  of 
these  parts. 

The  primitive  signification,  however,  of  the  expression  ^  is,  that  the  whole 
expressed  by  3  is  to  be  divided  by  the  whole  expressed  by  7. 

Whence  it  appears  tliat  three  times  tlie  seventh  part  of  unity  or  three 
sevenths,  and  three  divided  by  seven  or  the  seventh  part  of  three,  are  iden- 
tical expressions. 

From  Articles  79  and  the  present  it  follows,  that  when  the  greater  of  two 
numbers  is  divided  by  the  less,  the  quotient  contains  unitv  as  often  as  the  divi- 
dend contains  the  divisor ;  and  that  when  the  less  number  is  divided  by  the 
greater,  the  quotient  contains  a  piu*t  of  unity  as  often  as  the  dividend  con- 
tains the  same  part  of  the  divisor. 

147.  In  every  fractional  expression  the  divisor  or  lower  number  is  called 
the  Denominator,  and  the  dividend,  or  upper  number,  the  Numerator. 

The  denominator  indicates  the  number  of  equal  parts  into  which  that 
whole,  of  which  the  fraction  expresses  some  part,  is  divided ;  and  the  nume- 
rator, the  number  of  these  equal  parts  contained  in  the  fraction. 

The  numerator  and  denominator  of  a  fraction  arc  called  its  Tcims. 
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The  name  of  a  fractional  expression  is  fonned  of  the  name  of  the  nnmber 
in  the  numerator  followed  by  the  name  of  the  number  in  the  denominator 
with  the  termination  th  or  ths. 

Thus  ^  is  read  one  fiilh ;  |,  three  eighths ;  4^,  thirteen  twenty-sevenths ; 
|f4^  one  hundred  and  forty-five  three-hundred-and-seventy-sixths,  &c.,  &c. 

Exceptions ;  ^  (which  is  read  one-half), 

if  f«  -  *  (^hich  are  read  one  third,  two  thirds  .  .), 
and  all  numbers,  whose  denominators,  being  greater  than  20,  exid  in  one 
of  the  figures  1,  2,  3. 

^ly-Ay-J^  -fn-A^-fr}  ^^*  ™^J  ^  ^^^d  one  twenty-first,  one  twenty- 
second,  one  twentythird,  two  twenty-firsts,  two  twenty-seconds,  two 
twenty-thirds,  &c. 

148.  From  the  mutual  relations  of  the  numerator  and  denominator  of  any 
firactional  expression  are  deduced  the  following  consequences : 

a.  If  the  numerator  of  a  given  fi*action  is  multiplied  by  any  number,  the 
denominator  remaining  unchanged,  the  result  is  the  same  number  of  times 
as  great  as  the  given  fraction ;  and  if  the  numerator  is  divided  by  any  num- 
ber, the  denominator  remmning  unchanged,  the  given  fraction  is  the  same 
number  of  times  as  great  as  the  result. 

To  multiply  the  numerator  of  a  fraction  by  2,  3,  4,  ...  n  is  to  take 
2,  3,  4,  ...  n  times  the  number  of  parts  expressed  by  the  numerator. 
Now,  the  value  of  each  of  the  parts  of  the  numerator  depends  on  the 
number  of  equal  parts  into  whicn  the  denominator  is  divided :  and  this 
number  is,  by  the  hypothesis,  unchanged ;  whence,  since  the  value  of  the 
parts  of  the  numerator  is  not  changed,  and  the  niunber  of  these  parts  itf 
2,  3,  4,  ...  n  times  greater  than  before,  the  new  fraction  must  be  2,  3,  4, 
.  .  .  n  times  as  great  as  the  other. 

Again,  to  divide  the  numerator  of  a  fraction  by  2,  3,  4,  ...  it,  is  to  take 
half,  a  third,  a  fourth,  .  .  .  one  nth  of  the  nimiber  of  equal  parts  composing 
that  numerator ;  and  the  values  of  these  equal  parts  are  unchanged  so  long 
as  the  denominator  is  not  changed. 

To  multiply,  therefore,  or  divide  a  fraction  by  any  number,  it  is  sufficient 
to  multiply  or  divide  the  numerator  by  that  number. 

Taking,  for  the  sake  of  illustration,  the  fraction  ^,  if  the  numerator  is 
multipli^  by  2,  3,  4,  successively,  the  products  are  12,  18,  24;  and  ^  ^ 
}4,  are,  respectively,  2,  3,  4  times  as  great  (or  contain  ^^  2,  3,  4  times  as 
often)  as  A. 

Again,  if  the  niunerator  6  is  divided  by  2  and  by  3,  the  quotients  arc  3» 
2,  respectively ;  and  ^j^  are  2  and  3  times  as  great  as  ^  ^  respectively. 

b.  If  the  denominator  of  a  given  fraction  is  midtipued  by  any  number, 
the  numerator  remmning  unchanged,  the  given  fraction  is  the  same  number 
of  times  as  great  as  the  result ;  and  if  the  denominator  is  divided  by  any 
number,  the  numerator  remaining  unchanged,  the  residt  is  the  same  number 
of  times  as  great  as  the  given  fraction. 

The  multiplication  of  the  denominator  of  a  fraction  by  2,  3,  4  ...  n, 
produces  the  effect  of  dividing  the  unit  expressed  by  the  denominator  into 
2,  3,  4,  ...  n  times  as  many  parts.  Each  part  is  therefore  2,  3,  4,  ...  ft 
limes  less.  The  numerator  containing,  by  hypothesis,  the  same  number  of 
parts  as  before,  it  follows  that  each  of  the  parts  is  thus  rendered  2,  3,  4 
.  .  .  n  times  less,  and,  by  consequence,  the  fiuction  also  2,  3,  4, .  .  .  n  times 
less  than  before. 

On  liie  contrary,  the  divbion  of  the  denominator  of  a  fraction  by  2,  3, 4, 
.  .  .  n  produces  the  effect  of  dividing  the  unit  expressed  by  the  denominator 
into  hau,  one  third,  one  fourth,  ....  one  nth  of  the  number  of  equal  parts 
composing  that  denominator.  Each  part  is  thus  rendered  2,  3,  4,  ...  A 
times  greater.  The  numerator  containing  the  same  number  of  these  as  of 
the  parts  which  were  2,  3,  4,  ...  n  times  smaller,  it  follows  that  the  value 
of  the  fraction  is  2,  3,  4,  .  .  .  n  times  greater  than  before  the  division  of  the 
denominator  by  2,  3,  4,  .  .  .  n. 
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To  divide,  therefore,  or  multiply  a  fraotion  by  ony  number,  it  Li  sufficient 
to  multiply  or  divide  iJie  denommator  of  the  fraction  by  that  number. 

149.  From  the  preceding  Article  it  follows  that  the  multiplication 
of  a  fraction  by  any  number  is  effected  hj  either  multiplying  the 
numerator  or  dividing  the  denominator  of  the  fraction  by  that 
number ;  and,  conversely,  that  the  division  of  a  fraction  by  any 
number  is  effected  by  either  dividing  the  numerator  or  multiplying 
the  denominator  of  the  fraction  by  that  number. 

Since  the  multiplication  of  the  numerator  is,  in  effect^  multiplica- 
tion of  the  fraction,  and  the  multiplication  of  the  denominator 
division  of  the  fraction  ;  and  since  the  multiplication  and  division  of 
any  quantity  hy  the  same  number  cannot  alter  the  absolute  value 
of  the  quantity  so  multiplied  and  divided ;  it  follows  that  if  the 
terms  of  a  fraction  are  both  multiplied  by  the  same  number,  the  abso- 
lute value  of  the  fraction  remains  imchanged. 

In  like  manner,  as  division  of  the  numerator  amounts  to  division 
of  the  fraction,  and  division  of  the  denominator  to  multiplication  of 
the  fraction ;  it  follows  that,  if  the  terms  of  a  fraction  are  both 
divided  by  the  same  number,  the  absolute  value  of  the  fraction 
remains  unchanged. 

Whence  the  fractions  jK  ^  •Ai  iS»  ^'^  ^  equivalent  to  (or  have  the  same 
absolute  value  as)  the  fraction  f ;  for  they  residt  from  the  multiplication  of 
the  terms  of  the  fraction  }  by  the  numbers  2,  3,  4,  5  respectively. 

And  the  fraction  ff  is  equivalent  to  ^^  or  to  -Uf,  or  to  -^  or  to  j,  or  to  f, 
since  these  fractions  result  from  the  division  of  the  terms  of  the  miction  ff 
by  the  numbers  2,  3,  4,  6,  9,  respectively. 

150.  In  fractions,  as  in  whole  numbers,  the  elementary  operations  are, 
addition,  subtraction,  multiplication,  division. 

To  render  these  operations  in  some  cases  more  easy,  in  others  at  all 
practicable,  certain  changes  and  reductions  of  fractional  expressions  are 
necessary. 

For  example,  it  appears  (Art.  149)  that  the  same  absolute  value  is  ex- 
pressed by  the  fractions  )f  and  ).  JNow,  as  it  is  more  easy  to  calculate  with 
small  numbers  than  with  such  as  are  large,  it  is  important  to  possess  the 
means  of  reducing  fractions,  the  terms  of  which  are  large  numbers,  to 
equivalent  fractions  whose  terms  are  smaller  numbers. 

When  the  terms  of  a  fraction  are  not  prime  to  each  other,  this  reduction 
can  be  always  made. 

For,  the  numerator  and  denominator  of  a  fraction,  being  numbers  not 
prime  to  each  other,  must  be  both  divisible  by  some  common  measure.  If 
Doth  are  divided  by  it  the  terms  are  rendei^  smaller  niunbers,  but  the 
absolute  value  of  the  fraction  is  not  changed  (Art  149). 

151.  A  fraction  which  cannot  be  reduced  to  an  equivalent  fraction  whose 
numerator  and  denominator  are  smaller  numbers,  b  said  to  be  irreducible, 
or  to  be  in  its  lowest  terms. 

Hence  the  terms  of  an  irreducible  fraction  are  prime  to  each  other ;  for 
if  not,  they  have  a  common  measure ;  if  divided  by  this  common  measure, 
the  numerator  and  denominator  are  rendered  smaller  numbers,  and  the 
fraction  is  reduced  to  lower  terms,  which  is  contrary  to  the  hypotiiesis. 

Conversely,  if  the  terms  of  a  fraction  are  prime  to  each  other,  the  fraction 
is  irreducible. 

Let  0,  h  represent  numbers  which  are  prime  to  each  other,  and  let  a  be 

the  numerator,  h  the  denominator^,  of  a  fraction.    Then  ^  is  the  expression 
of  the'fraction.  ^ 


i 
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Let  ^  be  another  firaction  equal  ^  a  «  ^  j  ^^^  X  ^^  ^oth  multiplied 

bj  d;  the  products  are  equal.    Now  jXd=-^=c    (Art  148    a),    and 

a       .     ad     __  ad 

J  X  a^-r-     Whence  c=-r". 

ad  . 
Now  c  ia  a  whole  number ;  therefore  -^  la  also  a  whole  number ;  and 

hy  hypothesis   h  is   prime   with  a;    therefore   h  divides   d    (Art  111). 
iJet  d  be  divided   by  &,  and  let  the  quotient  be   q^  so  that   d=&x^; 

and  in  the  expression   c='~ri  let    hq  be    substituted    for  its  equal  d\ 
then  c=^—^^^aq.  Now  d=hq.  Therefore  j=r^* 

Whence,  if   a  fraction,  ^  is  equal  to  another  fraction,  ^,  whose  terms  are 

c        * 
prime  to  each  other,  the  terms  c,  d  of  the  fraction  ^  are  the  same  multiples 

of  0,  &,  the  terms  of  the  fraction  t. 

Ihe  fraction  r  cannot,  consequently,  be  equal  to  any  other  fractions  whose 

terms  are  smaller  numbers  than  a,  ft ;  in  other  words,  the  finction  r,  whose 

terms  are  prime  to  each  other,  is  irreducible. 

When  the  terms  of  a  fraction  have  been  divided  by  their  greatest  com- 
mon measure,  the  result  obtained  is  an  irreducible  fraction,  for  the  terms 
are  prime  to  each  other. 

152.  Two  irreducible  fractions  cannot  be  equivalent  unless  their  nume- 
rators are  the  same  number,  and  their  denominators  also  the  same 
number. 

For  the  only  fractions  which  can  be  equivalent  to  an  irreducible  fraction 
are  those  whose  terms  are  equimultiples  of  the  terms  of  the  irreducible 
fiuction  (Art  151) ;  and  such  equivalent  fractions  bein^  reduced  to  their 
lowest  terms,  the  common  result  is  that  irreducible  frtujtion  of  the  terms  of 
which  their  terms  are  equimultiples. 

153.  In  conclusion,  then,  it  appears  that  any  fraction  which  is  not 
irreducible  may  be  reduced  to  lower  terms,  by  dividing  its  terms  by 
any  number  which  is  a  measure  of  them  both  ;  and  that  to  reduce 
a  fraction  to  the  lowest  terms,  it  is  necessary  to  divide  its  terms  lay 
their  greatest  common  measure. 

154.  Examples  of  the  reduction  of  fractions  to  the  lowest  terms : 

I  St  Let  it  be  required  to  reduce  the  fraction  ^#|f  to  the  lowest  terms.  ^ 
To  eflfect  the  reduction  it  is  necessary  to  divide  1836  and  2052  by  their 
greatest  common  measure.    This  is  found  as  follows  (see  Art  108), 

1836)2052(1 
1836 


216)1836(8 
1728 

108)216(2 
216 

0 
Whence  108  is  the  greatest  common  measure  of  1836  and  2052. 


m=ii 

a.cH. 

Fraction  In  lowest  tcnna. 

666 

f 

64 

B 

13 

67 
5  9 

121 

191 
9  7  0 

77 

T\Ar 

246 

m 

461 

n 

1703 

99 

45 

rioii 

IKA 

43 
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Now  1836-»-108=17,  and  2052-*- 108= 19. 
Therefore  -J^5=i^  which  is  the  result  required. 

The  division  of  the  terms  of  the  given  fraction  and  the  result  may  be 
in(ticated  thus, 

mi' 

Exercises : 

Fraction  to  be  reduced. 

2d.  ex.  aU 

3d.  HU 

4th.  m 

5tu.       mu 

6th.  ■ffT53" 

7th.       mm 

8th.  uu 

9th.       {nm 
11th.       fiM 

12th.  .f^^  1188  f 

154^.  The  reduction  of  a  literal  or  algebraic  fraction  to  an  equivalent 
irreducible  fraction,  that  is,  to  a  fraction  expressed  in  the  lowest  terms,  is 
in  like  manner  made  by  division  of  the  terms  of  the  fraction  by  their  greatest 
common  measure  (Art.  153).  This  is  e(}ual  to  the  product  of  aU  the  prime 
factors  common  to  the  terms  of  the  fraction  (Art.  138). 

The  manner  of  resolving  the  terms  into  prime  factors  is  expired  in 
Art.  135. 

The  reduction  of  a  literal  fraction  to  the  lowest  terms,  and  the  case  of 
division  (Art.  100  a)  are  identical  operations. 

Example.    Reduce  -,,0-5-  to  the  lowest  terms. 

trb^cre 

The  prime  factors  common  to  both  terms  are  a,  6,  c. 

The  tower  of  the  two  powers  to  which  these  factors  are  raised  respectively, 
are  a*,  6',  c. 

Whence  o^^c  is  the  greatest  common  measure  of  the  terms  (Art.  137). 

Now  a*^ed-*-flf*6^c=a6rf, 
and       a*ft*c'tf-i-flf*ft'c=ctf, 

there&rc  —  is  the  fraction  required. 
ce 

Exercises  in  the  reduction  of  literal  fractions  to  the  lowest  terms ; 

1st.  Reduce  r 3—^5- to  the  lowest  terms? Aw,-^ 

2d.  Reduce  ^5^?  to  the  lowest  terms  ?; Aju.  -^ 

3d.  Reduce  — ,- — -  to  the  lowest  terms  r AM.aTi^ 

mht^  1 

4th.  Reduce —T-:^  to  the  lowest  terms? Ans, 


For  the  reduction  to  the  lowest  terms  of  fractions  whose  numerators  and 
denominators  are  polynomial  expressions,  see  Art.  27,  Part  IT. 

155.  In  the  81st  Article  it  is  required  to  divide  43  by  8.  The  result 
obtained,  namely,  5|,  is  composed  of  two  parts,  a  whole  number  or  int^er, 
5,  and  a  fraction,  f. 

In  this,  as  in  every  instance  of  inexact  division,  ihc  fraction  is  equal  to 
some  part  or  parts  of  one  simple  tinit  of  the  integral  part  of  the  quotient ; 
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and  the  whole  quotient  is  composed  of  some  collection  of  simple  units, 
as  5,  -{-some  part  or  parts  of  one  simple  unit,  as  {. 

The  firaction  is  written  after  the  figure  expressing  simple  units,  without 
the  interposition  of  any  symbol,  although  4-  might  be  written  between 
them;  thus  5|  and  5+f  are  forms  of  expression  which  have  the  same 
meaning. 

Any  unexecuted  division  may  be  -expressed  by  writing  the  dividend  as  the 
numerator,  and  the  divisor  as  tne  denominator,  of  a  fraction. 

If  the  numerator  is  less  than  the  denominator,  the  expression  is  termed  a 
proper  fraction ;  if  greater,  an  improper  fraction. 

In  the  latter  case  when  the  division  (being  performed)  is  exact,  the 
quotient  is  a  whole  number  or  integer ;  when  inexact,  it  is  named  a  mixed 
number. 

The  reduction  of  an  improper  fraction  to  a  whole  or  mixed  number,  and 
of  a  mixed  number  to  an  improper  fraction,  are  both  necessary  operations  in 
fractional  arithmetic. 

An  improper  algebraic  firaction,  whose  numerator  is  polynomial  and  the 
denominator  monomial,  is  reduced  to  a  mixed  quantity  Dy  Art.  100  b ;  and 
if  both  terms  are  polynomial,  by  Art.  27.  Part  II. 

156.  From  the  preceding  Article  is  deduced  this  rule  for  the  reduc- 
tion of  an  improper  fraction  to  an  equivalent  whole  or  mixed  num- 
ber :  Divide  the  numerator  of  the  improper  fraction  by  the  deno- 
minator ;  if  the  division  is  exact,  the  quotient  is  the  equivalent  whole 
number ;  but  if  the  division  is  inexact,  the  whole  number  of  the 
quotient  is  the  integral  part,  and  the  remainder  and  divisor,  the 
numerator  and  denominator,  respectively,  of  the  fractional  part  of 
the  equivalent  mixed  number. 

157.  To  resolve  the  converse  problem,  that  is,  to  reduce  a  mixed  number 
back  to  the  improper  fraction  from  which  it  has  been  derived ;  let  q  denote 

the  integral  part,  and  ^  the  fractional  part,  of  a  mixed  number ;  consequently 

f-h^  is  the  expression  of  the  mixed  number 
d 


therefore  q-\-^9!^^^ ; 


but  the   sum   of  qd  times    any  quantity   and   r   times  the  same  quan- 

qd     r    QuA-T 
tity  18  equal    to    ^rf-j-r   times   that   quantity.    Whence    d  "^^^^t 

anda+r^^^t!: 
^^d        d    * 

From  this  result  is  derived  the  following  rule  for  the  reduction  of 
a  mixed  number  to  an  equivalent  improper  fraction :  Multiply  the 
int^ral  part  of  the  mixed  number  by  the  denominator  of  the  frac- 
tional part,  and  to  this  product  add  the  numerator  of  the  fractional 
part ;  the  result  is  the  numerator  of  the  improper  fraction  ;  and  the 
denominator  of  the  fractional  part  is  the  denominator  of  the  improper 
fraction. 

158.  Examples  in  the  reduction  of  improper  fractions  to  equivalent  whole 
or  mixed  numbers ; 

Ist.  Reduce  Jt^yn  to  an  equivalent  whole  or  mixed  number  ? 
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16  )  16466  (  966} 
144 

106 
96 


106 
96 


10 
16""* 

DetMl  of  the  calculation ;  16466-4-16=966+10  rem. 

966  is  therefore  the  integral  part  of  the  mixed  number  required,  and  the 
remainder  10  being  written  over  the  divisor  16,  -l^f  is  the  nuctaonal  part 

Whence  U^=966|,  the  mixed  number  required. 

Reduce  the  following  improper  fractions  to  equivalent  whole  or  mixed 
numbers; 


2d.  a^i? An8.Ali. 

3d.  ^i^? ^»w.  144^. 

4th.  ii%? Ans.Si. 

5th.  ifj*? ^iM.  109^. 

6th.  Vf^? ^«*.376i. 


7th.  HW^? Ans.205^. 

8th.  «uy^i? An8.24sl, 

9th.  ^^^? ^iM.484t^. 

10th.  HM^? ^iM.  lOOiH. 

nth.  VaVW? Ans.^m' 


Reduce  also  the  following  algebraic  fractions  to  mixed  quantities ; 
l,t.^±^? An..a+b+n 

2d.  ^£±f^±^P Ans.a+,+t, 


ch  '  a 


3d.  ^+^-^"*  f Ant.  6-«+l+J. 

4th..  '^+^J+««'^  ? An,.  «+2*+?*'. 

159.  Examples  in  the  reduction  of  mixed  niunbers  to  equivalent  improper 
firactions. 

Ist.  Reduce  46  -^  to  an  equivalent  improper  fraction ; 

4e;=4^  andiyL=^X4+="W-  (Art.  157). 
.• .  46^  or  46 -|-^=  4^ -H^. 
Now  the  sum  of  506  times  any  quantity  and  3  times  the  same  quantity  is 
equal  to  509  times  that  quantity ; 

or  46^=  ^  ♦  the  improper  fraction  required. 
Reduce  the  followmg  mixed  numbers  to  equivalent  improper  fractions ; 


2d.  235|? -dliw.  M/Lo. 

3d.  156|? Ans.^^. 

4th.  4eH? ^«*-  W- 

5th.  113J4? An8.^^. 

6th.  142^? An8.m^. 


7th.  324^? Ans.^l^s., 

8th.  108911? An9.^J^. 

9th.  197^? An8.^.^^i^\ 

10th.  127^^? AnsA^ii^. 

11th.  749||f? Ans.^^4^^. 


Reduce  also  the  following  mixed  quantities  to  the  form  of  improper 

Ist.  aJ+^? Am.  ?£^. 

a  u 

2d.  /»+5y+^P ^M.£f£±22±r. 

3d.  «+^  y An».  '*"+"y-*. 

4th.  3««+2J+A? Ans.  24a'c+16ftc+6 

oC  oC 
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160.  Wben  the  som  or  difference  of  any  given  nnmbers  is  rednired,  ih» 
numbers  to  be  added  or  subtracted  must  be  of  the  same  kind,  that  is, 
composed  of  collections  of  the  same  simple  unit. 

If  the  ffiven  numbers  are  fractional,  it  is  evident  that  thej  are  not  of  the 
same  kind  (or  are  not  referred  to  the  same  unit)  unless  ^ey  have  the  same 
denominator.  An  indispensable  preparation,  therefore,  for  either  the  addition 
or  the  subtraction  of  fractional  quantises  is  the  reduction  of  fractions  having 
different  denominators  to  equivalent  fractions  having  the  same  number  for 
denominator. 

The  principle  (Art.  149)  that  the  value  of  a  fraction  is  not  changed  by 
the  multiplication  of  its  terms  bj  the  same  number,  supplies  the  means  of 
making  this  reduction. 

Let  it,  for  example,  be  required  to  reduce  the  fractions  f  and  f  to  other 
fractions  of  the  same  value,  and  having  both  the  same  number  for  their 
denominator. 

If  the  terms  of  each  fiuction  are  multiplied  by  the  denominator  of  the 
other  fraction,  the  results, 

JXforfJ, 

andfXiorfJ, 

are  equal  respectively  to  f  and  f  (Art.  149^ ;  and  the  denominators  are 
of  necessity  equal,  since  5  x7=7  x5  (Art.  56). 

When  the  fractions  to  be  reduced  are  more  in  number  than  two,  the 
process  is  in  principle  the  same. 

If  it  is  reqiured  to  reduce  the  fractions  !>  f  >  Af  to  equivalent  fractions 
having  the  same  denominator,  let  the  terms  of  each  fraction  be  multiplied  by 
the  denominators  of  the  other  fractions ;  then 

l  =  |XfX+t=4lf(Art.l49). 

The  reduced  are  consequently  equal  to  the  given  fractions,  and  they  have 
the  same  number  for  their  denominator;  for  the  product  of  the  three 
numbers,  3,  8,  12,  is  the  same,  whatever  be  the  oraer  in  which  they  ar« 
multipUed  together  (Art  68). 

This  process,  derived  from  Articles  149  and  71,  may  be  extended  so  as  to 
include  any  number  of  fractions. 

Whence,  to  reduce  any  number  of  fractions  having  different  deno- 
minators to  equivalent  fractions  having  the  same  (or  a  common) 
denominator,  multiply  the  terms  of  each  of  the  fractions  by  the 
denominators,  or  by  the  product  of  the  denominators,  of  all  the  other 
fractions;  the  results  are  equivalent  fractions  having  the  same 
denominator. 

161.  Examples :  Reduce  to  the  same  denominator, 

Ist  i  and  ^? Ans.  ^,  ^, 

2d.  J,  t,  V ^ns.  i^,  H*,  ^ 

3d.  I,  h  V • ^«*-  u>  Us  a 

4th.  i,f,|? Ans.ii,ii,i% 

5th.  i^hi,^  ? Am.  mi>  A^,  m%s  *m 


6th.  ^,  t,3i? Ans.  ^,  ^J,  m 


7th.  i,  A>3i? Afu.m>^s  W^ 

Bth.  i>  f,  T«n  *? Ans.^^,  i|fj,  UU^  UH 


9th-  h  h  *>  A? Ans.  im,  UUs  UU>  t^ 


10th.  A,  ^y  h  t\? Ans.  j/yAv,,wA.  nm>  ^^m^ 


IT        lIVWSW 
7—7  safloo 

1 1"     isiiiTinnr* 

10 —  a4*tnoo 

Tir     TtfsTffBTnr' 
aa^nai4ig 
98      IfiflSsoV* 

1       lifffOBOTT* 
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A  mixed  number,  as  3^  in  example  6,  and  3^  in  example  7,  is  brought 
to  an  improper  fraction  (Art.  159). 

162.  if  the  number  of  fractions  to  be  reduced  is  considerable,  or  the  deno- 
minators are  large  numbers,  it  abridges  labour  to  form  the  product  of  all  the 
denominators,  to  divide  this  product  bj  ever^  denominator,  and  to  multiply 
the  terms  of  each  fraction  by  the  correspondmg  quotient. 

Let  it  be  required  to  reduce  the  fractions  {,  iV>  -{t*  fi^  )!«  ^  equivalent 
fractions  having  a  common  denominator. 

The  product  of  all  the  denominators  =  8  X  11x13x2^X43  =1229800. 
This  number,  being  a  multiple  of  all  the  denominators,  b  divisible  by  each  of 
them. 

Divide  this  multiple  by  the  denominator  of  the  first  fraction,  and  multiply 
tlie  terms  of  the  fraction  by  the  quotient.  Next,  divide  it  by  the  deno- 
minator of  the  second  fraction,  and  midtiply  its  ternis  by  the  <][uotient,  &c.  &c. 
In  this  manner  the  reduction  of  the  given  fractions  is  accomplished  as  follows : 

1229800-4-  8=153725 
1229800 -i>ll=111800 
1229800-4-13=:  94600 
1229800-i>25=  49192 
1229800  •4-43=  28600 

It  is  evident  that  the  terms  of  each  fraction  are,  in  the  preceding  calcu- 
lation, multiplied  bj  the  product  of  all  the  other  denominators ;  and  that 
the  common  denominator  to  which  all  the  fractions  are  reduced  is  the  product 
of  the  denominators  of  all  the  given  fractions. 

In  this  manner  let  the  following  examples  be  reduced  to  the  same  deno- 
minator: 

iBt.  ^  ^\,  5ii  ? Ans.  1^1,  ^^oa^  %'^\ 

2d-  li  4.  A.  «  ? Ans.  .^VyWn  ^^^^  ^Afifin  i?flfifir 

8d.  ,\,  ^  «,  «? Ans.  im%,  m^  «4|S,  iiiii. 

4th.  A»  «>  A.  iV • Ans.  muh  iHiih  *W«P  tH««- 

163.  If  the  denominators  of  any  ffiven  fractions  are  prime  to  each  other, 
the  least  number  which  can  be  divided  bv  all  these  denominators, — in  other 
words,  tiieir  least  common  multiple, — ^is  their  continual  product ;  but  if  the 
denominators  are  not  aU  prime  to  each  other,  they  have  common  multiplefl 
which  are  less  than  their  continual  product. 

When  the  product  of  the  denominators  is  a  large  number,  the  reduction  of 
several  fractions  to  a  common  denominator  by  the  method  of  Articles  160  or 
162  is  laborious.  J£  any  common  multiple  less  than  die  continual  product  of 
the  given  denominators  is  employed,  the  calculation  is  abridgeo,  and  the 
terms  of  the  fractions  having  the  same  denominator  are  expressed  by  smaller 
numbers ;  and  by  taking  the  least  common  multiple  of  idl  the  denominators 
the  calculation  is  still  more  abridged,  and  the  terms  of  the  fractions  expressed 
by  the  least  numbers  possible. 

The  least  common  multiple  of  the  denominators  of  any  given  fractions  is 
found  by  Article  141.' 

Let  it  be  required  to  reduce  the  fractions  ^  ^  J^^  ^Jf,  -Jfj^  4J4,  to 
equivalent  fractions  which  shall  have  the  least  common  multiple  of  all  tlidr 
denominators  for  common  denominator. 

Decomponng  the  denominators  into  their  prime  factors  (Art.  135),  it  is 
found  that 

60=2«X3X5. 
28=2*  X  7. 
240=2^X3X5. 
225=3«X5«. 
490=2  x5x7*. 
720=2*  X3«x  5. 
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2,  9,  5,  7,  are  consequent!/  the  prime  factors  contained  in  the  given 
denominators,  and  the  highest  powers  to  which  they  are  raised  are  2^, 

Whence  (Art  141)  2^x3<x5'x7'=176400  is  the  least  common  multiple 
of  the  denominators. 

Proceeding  with  this  least  common  multiple  as  with  the  product  of  aU  the 
denominators  in  Article  162, 

1764001-  60=2940  ^=,ftVW«p 

176400-H  28=6300  ^»=4^»i^o. 

176400-1-240=  735  ^^^^AVaW 

1764001-225=  784  m-mUi' 

1 76400 -H  490=  360  »g~»»^. 

1764001-720=  245  «}|=4ff  i^. 

Since  176400  is  a  multiple  of  all  the  denominators,  it  can  be  divided  bj 
each  of  them ;  and  since  each  of  the  reduced  denominators  is  obtuned  by 
dividing  176400  by  a  number,  as  60,  28,  .  .  .  and  again  multiplying  the 
quotient  by  that  very  number,  it  is  evident  that  the  least  common  miutiple 
of  all  the  denominators  is  the  common  denominator  of  all  the  fractions. 

Also,  since  the  least  common  multiple  of  the  denominators  is  the  least 
number  which  is  exactly  divisible  by  aU  the  denominators  (Art  140,  141),  it 
follows  that  the  fractions  given  in  this  example  are  reduced  to  their  least 
common  denominator. 

The  common  denominator  of  the  fractions  ^  4J,  j^  W,  4^  M  is 
60X28X240X225X490X720=32006016000000  (Art  162).  The  least 
common  denominator  of  the  same  fractions  is  only  176400.  The  advantage 
to  be  derived  from  the  use  of  the  latter  when  several  fractions  are  given, 
and  the  denominators  are  expressed  by  large  numbers,  is  sufficiently  apparent 
from  this  example. 

164.  The  following  method  of  decomposing  the  denominators  into 
prime  factors,  and  from  these  forming  the  least  conmion  multiple  of 
the  denominators,  may  be  adopted  in  practice : 

Place  the  denominators  in  a  line,  divide  by  the  least  prime 
number  by  whieb  two  or  more  of  tbe  denominators  are  exactly  divi- 
sible, and  write  the  quotients  and  undivided  denominators  in  a 
second  line  directly  under  tbe  corresponding  numbers  in  the  first 
line.  Bepeat  the  division  by  this  prime  number  as  often  as  any  two 
of  the  quotients  can  be  divided  by  it^  and  after  each  division  write 
the  undivided  numbers  and  quotients  as  before. 

Divide  in  the  same  manner  by  the  next  prime  number  by  which 
two  or  more  of  the  undivided  denominators  or  quotients  are  (^visible, 
and  write  the  undivided  numbers  and  quotients  in  their  proper 
places. 

Divide  similarly  by  a  third  prime  number,  a  fourth,  &c.,  until  all 
the  quotients,  or  undivided  denominators  and  quotients,  are  prime 
to  each  other. 

Then  multiply  together  the  numbers  which  are  prime  to  each 
other  (the  numbers,  namely,  in  the  last  line),  and  multiply  this  pro? 
duct  by  the  product  of  all  the  prime  divisors.  The  last  product  is  the 
least  common  multiple  required. 

The  least  common  denominator  of  the  fractions  given  ui  the  example  of 
Article  163  is  found  by  this  method,  as  follows : 

G 
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2)60.  28.  240.  225.  490.  720 


2)30. 

14. 

120. 

225. 

245. 

360 

2)15. 

60. 

225. 

245. 

180 

2)15. 

30. 

225. 

245. 

90 

S)I5. 

15. 

225. 

245. 

45 

8)5. 

5. 

75. 

245. 

15 

5)5. 

5. 

25. 

245. 

5 

7)1. 

1. 

5. 

49. 

1 

1. 

1. 

5. 

7. 

1 

5x7=35.     2x2x2x2x3x3x5x7=5040, 
and  5040  X  35=176400. 

The  prime  factors  found  by  this  process  are,  in  the  present  instance, 

2  nused  to  the  fourth  power, 
8  raised  to  the  second, 
5  raised  to  the  second, 

7  raised  to  the  second ;  results  which  correspond  with 
those  already  found  by  the  method  of  Article  135. 

This  coincidence  is  not  to  be  taken  as  a  proof  that  the  results  will  always 
correspond. 

That  they  must  always  correspond  is,  however,  easily  proved ;  for  the 
divisors  comprehend  all  the  prime  factors  common  to  we  numbers,  each 
being  raised  to  the  highest  power  which  it  attains  in  any  of  the  numbers ; 
and  the  numbers  left  in  the  last  horizontal  line  (and  which  are  prime  to  each 
other)  contain  all  the  prime  factors  not  common  to  the  numbers. 

Now,  the  product  of  all  die  prime  factors  not  common  to  any  given  num- 
bers, and  of  the  highest  powers  of  the  common  prime  factors,  is  the  least 
common  multiple  of  these  numbers  (Art.  141).  The  results  must  conse- 
quently agree. 

165.  Whole  numbers  may  be  expressed  fractionaUy  (Art  144),  and  reduced 
to  the  same  denominator  with  other  fractions,  by  any  of  the  preceding 
methods.  Also^  mixed  numbers  may  be  brought  to  improper  fractions 
(Art.  157),  and  reduced  in  the  same  manner. 

166.  Of  fractions  having  the  same  denominator,  that  is  the  greatest  which 
has  the  greatest  numerator,  for  the  equol  parts  in  all  the  numerators  are 
of  the  same  value ;  that,  consequently,  is  the  greatest  which  contains  the 
greatest  number  of  parts. 

Fractions  majr,  in  like  manner,  be  reduced  to  a  common  numerator, 
namely,  by  multiplying  the  terms  of  each  fraction  by  Uie  {>roduct  of  the 
numerators  of  all  the  others.  Of  fractions  so  reduced,  that  is  the  gi^atest 
which  has  the  least  denominator,  for  in  this  fraction  the  equal  parts  into 
which  unity  is  divided  are  the  greatest,  and  ike  same  number  of  tnese  equal 
parts  is  taken  in  aU  the  fractions. 

167.  The  methods  to  be  followed  in  the  calculation  of  the  least  common 
multiple  of  any  given  numbers,  and  in  the  reduction  of  fractions  to  the 
same  denominator,  being  scattered  through  several  articles,  it  may  be  usdul 
to  condense  these  meth^s  into  general  rales. 

The  role  for  finding  the  least  common  multiple  of  any  given 
numbers  is, 

Ist  Decompose  the  numbers  into  prime  factors  (Art  135,  164). 

2d.  Multiply  together  all  the  prime  factors  which  are  found  in  one 
number,  but  not  in  any  of  the  others ;  and  multiply  this  product  by 
the  highest  powers  of  the  prime  factors  which  are  common  to  two  or 
more  of  the  given  numbers ;  the  last  product  is  the  multiple  required. 
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Examples.  Required  the  least  common  multiples  of, 

Ist  12,  16,  24,  32? , Am.  96. 

2dL  28,  56,  74? Ans.2072. 

3d.  9,  14,  16,  21? Am.  1008. 

4th.  6,  8,  10,  12,  14,  16,  18? Am.  5040. 

5th.  18,54,48,  108,96? Am.S64. 

6th.  60,  72,  84,  96,  108? ^«*.  30240. 

7th.  78,84,  168,234? ^fw.6552. 

8th.  308,  132,  154,  196? ^im.6468. 

9th.  26,  147,364,585? ^iw.  114660. 

10th.  35,  45,  56,  65,  75? ^««.  163800. 

168.  To  reduce  any  given  fractional  expressions  to  a  common 
denominator : 

Rule.  Reduce  mixed  nimibers  to  improper  fractions  (Art.  157), 
whole  numbers  to  a  fractional  form  (Art.  144),  and  aU  the  fractions 
to  their  lowest  terms  (Art  153). 

Then,  Ist,  multiply  the  terms  of  each  of  the  given  fractions  by 
the  denominators  of  all  the  other  fractions. 

Or,  2d,  form  the  product  of  the  denominators  of  all  the  given 
fractions,  divide  this  product  by  the  denominator  of  the  first  frac- 
tion, and  multiply  the  terms  of  this  fraction  by  the  quotient.  Next, 
divide  the  product  of  the  denominators  by  the  denominator  of  the 
second  of  the  given  fractions,  and  multiply  its  terms  by  the  quotient, 
and  in  the  same  manner  proceed  with  all  the  given  fractions. 

Or,  3d,  find  the  least  common  multiple  of  the  denominators  of 
the  given  fractions,  divide  this  least  common  multiple  by  the  deno- 
minator of  the  first  fraction^  and  multiply  the  terms  of  this  fraction 
by  the  quotient ;  proceed  in  the  same  manner  with  a  second,  a  third, 
....  of  the  given  fractions  ;  the  results  by  each  of  the  three  methods 
of  r^uction  are  fractions  equivalent  to  the  fractions  proposed,  and 
having  the  same  denominator. 

The  common  denominator  found  by  the  first  and  second  methods  is 
the  product  of  the  denominators  of  all  the  given  fractions.  By  the 
Uiird  method,  it  is  the  least  common  multiple  of  all  the  denominators. 

Examples.  Reduce  to  equivalent  fractions  having  the  same 
denominator, 

Ist.  f,  h  f  ? Atu.  ^i,iii,^ 

2d.  i,  i,  +? An*,  If,  tt,  a 

3d.  i,  I,  i? Ans.  n,u,n. 

4th.  4>  A*  H? Afu.  m>-^Wt 

6th.  f  I,  3f  ? Am.  «!,  m  m 

6th.  I,  h  fc  A? ^'«-  im,  ;ft^  mi,  mi 


7th- 1, i,  A.  A? ^«»- -AVW. iWftr. -AW* -Am 


8th.  -A^  tV.  f  A?. An*.  ^"5^  ^f^,  am,  ^ms 


9th.t,Si,i,  3? Am.  il,  W.  «.  U 

10th.  i,  i,  I,  -^7 An*,  i^,  1^,  i^  ^y^ 


Reduce    to    eqidvalent    fractions    having    the    least    common 
denominator, 

l8<^   l»  A^ ^^'  T7>  A- 

2d.  A,  H? Am.  li,  f|. 

o  2 
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H.  «?• ^*«.H,  H 


"A>  T^*" 


•^«*.  T^,  if 


3d. 

4th. 

5th. 

6th. 

7th. 

8th. 

9th. 

10th.  i,  A>  A>  A? ^w*.  1%.  T%,  !%>  T% 


«,  H? ^«.  4*,  I 

i,  t,  H? ^«-  A> «» « 

*,  1. 1? ^^w- «,  M>  A 

fb  4i,  H? :. Am.  T%,  «},  4» 

i,  A>  A  «? ^«'- «.  H.  A  H 


nth.  ^ar,  f  A>  A? Am,  t%,  ^,  t^,  ^ 


12th.  li,  «,  t2j,  f  ? ^«.  i*,  U,  «,  «. 

13th.  ^2;,.  f,  ^,  «? Am.  «^  «^,  |^  |4| 

14th.  -j^,  yj:^,  xlfg^Ti^Air^—'^'''*  tMM*  T^fJir^  7Mlif> 


loth.   -J^,  ^^  iTo>  F6ir»  TToi*  ToTo*  SillO ^>W.  4§39]3S> 

HlliM>  iMM^  Hiilii>  IMIIU  $mm>  HIHH- 

168  a.  The  rules  of  Article  168,  for  the  reduction  of  fractional  expressions 
haying  different  denominators  to  equiralent  fractions  haying  uie  same 
denominator,  are  deduced  from  investigations  which  are  independent  of 
particular  number  or  quantity.  These  rmes  may  therefore  be  employed  for 
the  reduction  of  algebraic  fractions  to  the  same  aenominator. 

The  fractions  r*  >  reduced  by  Article  168  to  the  same  denominator,  are 
«»pectiyely  ^^ 

In  effect,  it  follows  from  Article  149,  that  1=1^7=0* 


d     h 


•  ^,   ^  c    c    h    be 
and  that  jss^x  j=gj. 


d^i 


1£  the  fractions  -^i  ^^  ^  are  given,  and  it  is  required  to  reduce  them 

to  the  least  common  denominator,  it  is  necessary  to  find  the  least  common 
multiple  of  &c,  a6*,  a^e ;  this  (Art.  141)  is  a^l^e. 


Next  (Art.  168),  o*ft*c-4-fcc  =a'^  ^"^^  be^M^^'S^' 

a^b^e^al^=ac,  "^d  ^^X^=j^. 

ft     M        ft» 


aVe-^a^c=b%    and  ^Xjr=5ip^- 


Beduce  to  the  same  denominator, 


n  n 


2d.    J 


3d. 


m        n 


,An8. 


,Ans. 


bfn-{'cm 


5?  ?^ 
^^'  dd^diX' 

fuTd"'  w^dtf"  n^'dd" 

diXd''  WF"  ddd'' 
flji-f-ftii 


a+ft'  *+c     ^"*'  a6+a?+ft*+ftc'  aft-|-ac+6«4-ft<?' 

;a-i-ft    <^4-y  o      .       gm^-fqw^+ftm^+ftn"    g^m+a^n-fym+yii 
^"'•'m+n'  m'+«'  ^''*^^'  mm'+wfi'+m'ji+nV  mm'+flin'+m'ii+nV 

Beduce  to  the  least  common  denominator, 

^*^-  5S?'  s??- 

ft      c     .  cmn    _ft5*^_£5^ 


^^'  nm»  ^  tnn* 
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ace     abd    ^_  o^M^      ct^b^dP         c»d»e* 

'^  fc'rf^ VaV*  a^ftsd  ^ ^"'-  o^ftS^V*' ?1??3V' ?S5^V' 

a+ft  e'\'d  ad^-^hd*  t^c^^a^cd 

^^'  ^V'  '?d^^ ^^-    aVd*   '     gVd*    ' 

Addition  of  Fractions. 

169.  In  addition  of  fractions,  aa  of  whole  numbers,  the  object  is  to  find  a 
sinffle  number  which  shall  have  the  value  of  all  the  numbers  which  are  to  be 
added  together. 

If  the  giyen  fractions  have  the  same  denominator,  the  numerators  are 
added  together,  and  their  sum  is  written  over  the  common  denominatort 
This  fractional  expression  is  the  result  required* 

For  example,  the  sum  of  the  fractions  -A^  iri  tVi 

is  eqiud  to  3  repetitions  of  the  13th  part  of  unit/, 
+  5  repetitions  of  the  13th  part  of  unity, 
4-  4  repetitions  of  the  13th  part  of  unity. 

But  3+5+4  repetitions  of  any  quantity  are  equal  to  12  repetitions  of  that 
quantity ;  therefore  'fg-{'-fg-\' ^"^Ih  ^^  ^^^^^  of  the  given  fractions. 
In  I^e  manner   the  sum  of  the  fiuctions  tvi  ^  Ai  tV  ^  equal  to 

16      —is' 

and  ^y  (Art  153). 

170.  If  the  given  fractions  have  different  denominators,  thev  are  reduced 
to  equivalent  mctions  having  the  same  denominator  by  any  of  the  methods 
of  .^ticle  168.  This  reduction  made,  the  numerators  are  added  together, 
and  their  sum  placed  over  the  common  denominator,  as  in  the  last 
Article. 

Example  1.  Find  the  sum  of  the  fractions  it  tt«  tv^  A  ^ 


2)8. 

12. 

15.  20 

2)4. 

6. 

15.  10 

3)2. 

3. 

15.    5 

5)2. 

1. 

5.    5 

2. 

1. 

1.     1 

120-*-  8=15 
120-4-12=10 
120-*- 15=  8 
120h-20=  6 


l=.1fr. 


ftp 

TWV 


stb'"  no* 


2x2x3x5x2=120. 

Detul  of  the  preceding  calculation : 

Ist.  The  least  common  multiple  of  the  denominators  is  found.  This 
is  120, 

2d.  The  fractions  are  reduced  to  thdr  least  commom  denominator.  Afler 
reduction  the  numerators  of  the  fractions  are  45,  50,  56,  54. 

3d.  The  numerators  are  added  together,  and  their  sum  is  placed  over  the 
common  denominator,  45+50+56+54=205.  This  sum  bemg  written  over 
the  coomdon  denominator  120,  fj^  ^  found  to  be  the  sum  of  the  given 
fractions. 

4th.  The  improper  fraction,  f If,  is  reduced  to  the  equivalent  mixed 
number,  1^  (Art.  156). 

5th.  The  fractional  part  of  the  mixed  number  is  reduced  to  the  lowest 
terms  (Art.  153). 

Making  this  reduction  ^= j{. 

Whence  1  }^  is  the  sum  of  the  given  fractions. 
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2)5. 

6.  15. 

12.  25 

8)5. 

3.  15. 

6.  25 

5)5. 

1.    5. 

2.  25 

1. 

1.     1. 

2.    5 
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Example  2.    Required  the  sum  of  the  fractional  czpreMioni  3^  Ai  <Hi 

'  The  mixed  number  84=  -V-  (Art.  157). 
2)5.  12.  15.  24.  50  600-i-  5=sl20     l/L^Jff/L. 

600^12=  50  A=H»- 

600-1-15=  40  «=«*. 

600-^24=  25  «  =4J«. 

600.i^50=  12  n-ML 

2X2X3X5X2X5=600.  J^^^szS^U- 

In  this  example  one  of  the  addenda,  Sj^  is  a  mixed  number :  it  is  brought 
to  an  improper  fraction.  This  preparation  made,  the  reduction  of  the  nven 
fractions  to  a  common  denominator,  the  additi<m  of  the  numerators,  and  the 
reduction  of  the  result  to  a  mixed  number,  are  all  effected  precisely  as  in 
the  preceding  example. 

Example  3.  Bequired  the  sum  of  t,  ^  4|,  ^  and  2  ? 

4}=^,  and  2=1  (Art  157  &  144). 

The  fracUonal  expressions  whose  sum  is  required  are  therefore, 

*    A  ?1    •.  1 

¥»   I0»    6'    16*    I' 

Calculation  of  1.  c.  m.  of  Reduction  to  the  same  denominator 

die  denominators.  and  addition  of  the  giyen  expressions. 


2)8.  10.    5.  16.     1  80-*-  8=10 

80-«-10=  8 
80-»-  5=16 
80-«-16=  6 
80-*-  1=80 


2)4. 

5. 

5. 

8. 

1 

2)2. 

5. 

5. 

4. 

1 

5)1. 

5. 

5. 

2. 

1 

1. 

1. 

1. 

2. 

1 

2x2x2x5x2=80.  The  sum  of  the  numerators     -=615 


The  common  denominator      -  =^  80 
The  sum  of  p  ^  4  j,  ^^  and  2  is  therefore  equal  to  j^ ; 

and  ^=7^=7||.    Whence  7||  is  the  sum  of  the  given  numbers. 

171.  From  Articles  169  and  170  it  follows. 

That  the  addition  of  fractions  having  the  same  denominator  is  made 
hj  adding  together  the  numerators  of  the  fractions,  and  pladng 
the  sTun  over  the  common  denominator ; 

That  the  addition  of  fractions  having  different  denominators  is 
made  by  reducing  them  to  equivalent  fractions  having  a  common 
denominator,  addmg  together  the  numerators  and  phdng  their 
sum  over  the  common  denominator ; 

And  that  the  addition  of  quantities  consisting  of  fractions  havinj^ 
different  denominators,  mixed  numbers,  and  whole  numbers  is 
made  by  reducing  all  the  quantities  to  the  fractional  form, 
reducing  these  fractional  expressions  to  a  common  denominator, 
adding  together  the  numerators,  and  placing  their  sum  over  the 
common  denominator. 

Whence  the  general  rule  for  the  addition  of  any  given  qimntitiee 
consisting  of  fractions,  fractions  and  mixed  numbers^  or  frtu^onSy 
mixed  numbers,  and  whole  numbers,  is, 

Prepare  the  given  numbers  for  addition  by  reducing  mixed 
numbers  to  improper  fractions,  whole  numbers  to  the  form  of 
fractions,  and  all  the  fractions  to  a  common  denominator. 
Then,  add  the  numerators  together,  and  place  their  sum  over 


ADDITION  OF  FRACTION&  87 

the  oommon  denominator.    The  result  is  the  sum  of  the  given 
quantities. 

If  this  result  is  expressed  bj  an  improper  fraction,  it  is  reduced  to 
a  mixed  number  by  Article  156,  and  the  fractional  part  of  the  mixed 
number  to  the  lowest  terms  bj  Article  153. 

172.  Exercises  in  the  addition  effractions: 

let.      ^+^+^\? Ans.\f. 

2d.      ifr+ii+W Ans.l^. 

3d.       i+i+V Ans,2^ 

4th.     i+l+i+i? Afu.m' 

5th.    f +7i+^? Ans.  S\U^ 

6th.     3i+4f +^+1  ? , Ans.  S^ 

7th.    i+^+^+5i? Ans.7^. 

8th.     i+i+^+ii? Ans.su. 

9th.    ^+^+^+^? Ans.2^,mj,. 

10th.  ^+9i+6i+\i? Ans.  15^1. 

nth.  ^+l^+7+Vt? Ans.9i%. 

12th.  ^+5\+^+^? Ans.  16^. 

13th.  i+i+i+i+i+^+i? Ans.im^ 

14th.  |+i+7+A+3? Ans.  11^. 

15th.  l+i+i+^+i+i+l? Ans.e^. 

16th.  172A+6iJ+^? ^iw.l78i. 

17th.  26Jf+37iJ+5? Ans.6^^ 

I8th.  8A+4gV+5i*+14A? Ans.Simi' 

19th.  1804^+5246^+2618^? Ans.9669i. 

20th.  3854t»^+1756JJ? -4iw.  56 lOf. 

178.  The  sum  of  any  numbers  consisting  of  integers  and  fractions,  integers 
and  mixed  numbers,  mixed  numbers  and  fractions,  or  of  all  the  three  forms 
of  expression,  is  found  by  the  rule  of  Article  171.  But  when  the  integers, 
or  the  integral  parts  of  the  mixed  numbers,  are  expressed  by  several  figures 
the  calculation  by  the  general  rule  is  very  laborious.  Examples  19  and  20 
may  suffice  to  prove  this  assertion. 

Hence  it  is  of  importance  to  discover  a  more  concise  process  for  the  addi- 
tion of  such  numbers. 

The  sum  of  an  integer  and  a  fraction  can  always  be  indicated  bj  inter- 
posing the  sjmbol  +  between  the  integer  and  fraction.  Thus  the  sum  of  the 
mteger  8  and  the  fraction  f  is  indicated  by  the  expression  8+f. 

The  whole  number  being  composed  of  eight  repetitions  of  one  simple  unit, 
and  the  fitiction  of  three  fifths  of  one  simple  unit,  the  expression  8+f  is 
equal  to  eight  and  three  fifth  repetitions  of  one  simple  unit.  This  is  written 
8|  (Art.  155),  and,  generally,  the  sum  of  any  integer  and  fraction,  which 
are  both  related  to  the  same  unit,  is  expressed  by  writing  the  fraction  to  the 
right  of  that  figure  which  expresses  the  simple  units  of  the  integer. 

The  sum  of  8  and  f,  foundby  the  J  ®~fzf  wf  ^T 
general  rule,  is       -        -        - 1       ^    ^    '^     -^  =:84. 

.*.  8+{=8|,  as  before. 

The  addition,  however,  of  a  fraction  to  a  whole  number  of  the  same  kind 
may  be  considered  a  matter  of  notation  merely,  and  the  employment  of  the 
role  Tumecessary. 

G  4 
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174.  Next,  let  it  be  required  to  add  another  fivctioo,  ^  for  example,  io 
the  mixed  number  8f,  without  reducing  the  latter  to  an  improper  fraction. 

Or,  smce  }  and  ^  reduced  to  the  same  denominator,  are  fj,  {f,  82+t= 
8+M-HH-  But  ii-|.JS=i§=li»=l  ^i%. 

This  result  is  obtained  by,  first,  adding  together  the  two  fractions,  and, 
second,  adding  the  sum  of  the  fractions  to  uie  integral  part  of  the  mixed 
number.  The  process  is  independent  of  the  values  of  the  addenda  8|  and 
^,  or  of  any  particular  numbers ;  whence  to  find  the  sum  of  a  mixed  number 
and  a  fraction, 

Rule.  Add  the  fractions  together,  and  add  their  sum  to  the  int^ral 
part  of  the  mixed  number. 

176,  Lastly,  let  it  be  required  to  find  the  sum  of  two  mixed  numbers  (for 
example,  27-^  and  35|f  )  without  reducing  the  mixed  numbers  to  improper 

fractions.  27.^=27  -f  4»  and  35«=35  -f «. 

.  • .  27A+35«=27 + A+35 -f «, 

or27A+35U=27+85+A-fi}  (Art  14). 

Now  27+3tf=:62=sum  of  the  integral  parts, 
and  ^g-i-||=j|-f  ||=:}|=l^j,  or  l+4|=sum  of  the  fractional  parts ; 

.-.  27TV-f  35«=62-|-l-f  ii,  ^^  62-|-H-Ji=68+ii=63H. 

Whence,  in  conclusion,  27.^+35||==68^. 

In  this  case  also  the  process  of  aadition  is  independent  of  the  particular 
values  of  the  mixed  numbers  which  are  added  together. 

llie  smn  of  any  two  mixed  numbers  is,  consequently,  obtuned  hj  adding 
the  integral  parts  of  the  given  mixed  numbers  mto  one  sum,  the  mu^oniu 
parts  into  another,  and  admng  together  the  two  results. 

176.  In  like  manner  it  is  made  evident  if  the  mixed  numbers,  whose  sum 
is  required,  are  three,  four,  ....  in  number,  or  if  some  of  the  addenda  are 
integers,  others  mixed  numbers,  and  others  fractions ;  that  in  any  case  the 
int<^al  numbers  or  parts  may  be  added  into  one  sum,  the  mctions  or 
fractional  parts  into  another,  and  the  two  results  into  one,  which  is  the  sum 
of  the  given  numbers. 

Whence,  to  find  the  sum  of  any  given  whole  numbers,  mixed 
numbers,  and  fractions, 

Rule.  Combine  the  integers  or  integral  parts  of  the  given  quan- 
tities into  one  number,  the  fractions  or  fractional  parts  into  another, 
and  add  together  the  two  results. 

177.  Exercises  in  the  addition  of  mixed  numbers  and  fractions. 
Ist.  Required  the  sum  of  16|,  10^,  and  19}  P 

Calculation.     16f=16-|-f,  lO^^lO-h^ff,  19}=19+i, 

.M64+10TV+19i=16+J-|-10-fA+19-|-i  (Art  173), 
or  16|+10A+19]=16+10-|-19+i-|-A+4  (^J^  ^4). 
The  sum  of  the  inte^al  narts  is  IG+lO-f  19=^. 
The  sum  of  the  fractional  parts  is  found  by  Article  171,  thus : 

Least  common  multiple  Reduction  to  least  common  den<munator, 

of  4.  12.  8.  and  addition  of  the  fractions. 


2)4. 

12. 

8 

2)2. 

6. 

4 

1. 

3. 

2 

2X2X3X2=24 

The  sum  of  the  integral  parts  is  45.  ^ 

The  sum  of  ^e  fractional  parts  is  2+nV- 

.-.  1^1+10^+19^=45+2+11^=47+^=47^. 


24  f  4=6 

i=ii 

24-<-12=2 

A=« 

24-»-  8=3 

i=ii 

«=2A- 
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2d.      176^+4921+245^?... ^iw.  914||. 

3d.      18H+9I+364A+M  ? Ans.  S93jUj,. 

4th.     1284f|+28645^+TJy  ? Ans.  29930^. 

5tlu  7A+18f+A? ^«*-  26^. 

6th.  1827tV+4004t^+27A? Ans.  5859||. 

7th.  37461^+4938f|  ? ^iw.  42399f . 

8th.  3i+4i+5i+6t+7|? Ans.  26J^. 

9th.  135|+29lT^+2618tt? Ans.  3045|j^. 

10th.  74|+1^+I7IH? ^ns.  246^. 

nth.  274f+ 186^+36/^+27^? Ans.  526f^. 

12th.  191+210^+79^^? Ans.  308^^. 

13th.  7i+||+120A+|? Ans.  129^. 

14th.  12i+18g.+27f+10H? Ans.  69f|. 

15th.  1+1^+25^+1+147? Ans.  175^. 

16th.  62^+16^+^+26^? Ans.  105^. 

17th.  17T^+35i+24^+478T^+38H  ? Ans.  593^- 

18th.  26xV+A+*? Ans.  34. 

19th.  54i+26+9A+128ff  ? Ans.  219^. 

20th.  819^+2043^+461^? Ans.  3324^. 

177^  The  flum  of  any  giyen  algebraic  fractional  expressions  is  found  in 
the  same  manner  as  the  sum  of  fractions  which  are  expressed  hj  numbers ; 

for  example,  the  fractional  expressions  -^  -^  are  equal,  the  first  to  n  repetitions 

1  '1 

of  the  ^  part  of  unity ;  and  the  second,  to  n^  repetitions  of  the  -,  part  of 

unity ;  their  sum  is,  consequently,  equal  to  n'\'vC  repetitions  of  the  >«  part  of 

,      .        n+«' 
umty,  that  u,  to  — j-  • 


If  the  sum  of  the  fractions  ^  ^  is  required,  the  addition  may  be  indi- 

n     Is 
cated  by  the  interposition  of  the  symbol  +  between  them ;  thus,  ^+^ ; 

but  to  obtain  the  expression  of  the  sum  as  in  the  preceding  example,  it 

becomes  necessary  to  reduce  the  fractions  ~J[  ~g'  ^  ^^  99xn&  denominator 

(Art.  160). 

The  given  fractions  reduced  to  the  same  denominators  are  equal, 

n       n     d!       nd       ^  vf  ^    n'     d       vfd 
3to-^X3ror^,and^to^X3or^. 

iuf+n^<2 
The  sum  of  these  fractions  is  — -j^ — , 

therefore  3+5^=-^^—- 
Required  the  sum  of  the  following  fractional  expressions : 

1st.  J,  -^and^P ^>"»  4 

2d.  3,  3f,and^? An».  -^ 
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3d-  -^^y  li^M^ ^^'  -^ i^r ^.  or^ i±-i ^. 


4th.  -^gy  and  ^y? ^ Am. ^i^ . 

fitn.  a-hjand^t' — • Am.  ^i . 

_ .     IB**      ,  ffi'n*  ^                                                  ,      a*d*m*ii+ftciiiV 
6th.  paand^^jj? Ans. -^^^^ . 

Subtraction  of  Fiulctions. 

178.  In  subtraction  of  fractions,  two  fractions  or  two  |fractional  ezpresaionfl 
are  given,  and  it  is  required  to  find  the  excess  of  the  greater  over  the 
less. 

If  the  given  fractions  have  the  same  denominator,  that  is  the  greater 
which  has  the  greater  numerator  (Art.  166). 

Of  the  two  fractions  ^^  and  ^  for  example,  -f^  u  the  greater.  To  find 
its  excess  over  -fg : 

The  firaction  ^  is  equal  to  11  repetitions  of  ^  of  unity ; 

And  the  fruction  ^  is  equal  to  5  repetitions  of  ^  of  unity : 

Therefore  f(  and  ^  are  equal,  respectively,  to  11  and  to  6  repetitions  of 
the  same  quantity. 

But  if  from  11  repetitions  of  a  quantity  5  are  taken  awar,  6  repetitions 
of  that  quantity  are  left.  Whence,  from  11  repetitions  of  uie  quantity  ^ 
taking  away  5,  the  remainder  is  6  repetitions  or  ^  or  ^  (Art.  168  aX  or  | ; 
that  IS,  ^— ft— A— i. 

This  result  is  obtained  by  subtracting  5,  the  numerator  of  the  subtrahend, 
from  11,  the  numerator  of  the  minuend,  and  placing  the  remainder  6  over 
the  common  denominator. 

The  reasoning  employed  in  this  particular  case  being  applicable  to  any 
fractions  having  a  conunon  denommator,  it  follows  that  the  difference  of 
any  two  fractions  having  a  common  denominator  is  obtained  by  subtracting 
the  less  numerator  from  the  greater,  and  writing  the  remainder  over  the 
common  denominator. 

179.  If  the  ^ven  fractions  have  different  denominators,  they  can  be 
reduced  to  equivalent  fractions  having  a  common  denominator  by  the  rule 
of  Article  168.  Their  difference  is  then  found  in  tiie  maimer  already 
explained. 

Example.  From  f|  subtract  {. 

2)14.  8  56  -h  14=4)H=H 

7.  4 

66^8=7)  t=|f 
2x7x4=56  H 

Detail :  the  least  common  multiple  of  the  denominators  is  56. 
The  fructions,  after  reduction  to  the  least  conmion  denominator,  an 

if  i^ 
The  difference  of  52  and  35,  the  niunerators,  b  17. 

Therefore  ^  is  the  difference  of  the  firactions  {4  and  f. 

180.  The  minuend  and  subtrahend  may  be,  the  one  a  whole  or  mixed 
number,  and  tiie  other  a  fraction,  or  both  may  be  mixed  numbers. 

The  whole  or  mixed  numbers  in  such  cases  are  reducible  to  firactional 
expressions  by  Articles  157  and  144,  and  the  fractional  expressions  to  a 
common  denominator  bv  Article  168.  After  these  reductions  the  subtrac- 
tion is  made  as  in  Article  178. 
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Example  1.    From  5  subtract  f : 

Since  ^==4>  the  fractional  ezpreadons  whose  difference  is  required  are 
f  and{. 

Explanation:  5=^;  |=|. 

8  t 8  8  ""*t  •     • "        t"~*t* 

Example  2.  From  2^  subtract  f . 

Since  2^  ={)  the  fractional  expressions  whose  difference  is  required  ace 

}and|. 


«  —  10 

49 98 

9—    18* 


Explanation:  24=^;  i=i4. 

Example  3.  From  8{  take  5^. 

84=  V  and  64=^. 
8)  6.    9  18-i-6«=8 

2.    3  18-t.9»2 

3X2X3=:  18.  ^a:2(f. 

Explanation:  84=^;  64=4|. 

181.  From  Articles  178,  179,  and  180  is  deduced  the  following 
general  rule  for  subtraction  of  fractions  : 

Prepare  the  given  numbers  for  subtraction  by  reducing,  if  neces- 
bary,  mixed  niunbers  to  improper  fractions,  whole  numbers  to  the 
form  of  fractions,  and  fractional  expressions  having  different  deno* 
minators  to  equivalent  fractions  having  a  common  denominator ; 
then  subtract  the  less  numerator  from  the  greater,  and  place  the 
remainder  over  the  common  denominator  for  the  result  required. 

182.  Exercises  in  subtraction  of  fractions : 

Irt.    i  — I? An9.i. 

2d.      -^— A? Ans.\. 

3d.      f-t? Ans.^. 

4th.    2^-\i? An$.l^. 

oth.     10-41? Ans.6i. 

6th.    I— A? Ans.^^. 

7th.    HH-l? -^^w-tAit- 

8th.    H— t? Ans.^. 

9th.    U-W Ans.-^. 

10th.  2i^^? Ans.ll. 

11th.  12f— 9^?.. Ans.2ii. 

12th.  9^-5^? An8.S\i. 

13th.  M-44? Ans.^. 

14th.  13J-5H? Ans.  7il. 

15th.  7||-4? Ans.3^. 

16th.  m-H4? ^^.TTfiftrr- 

17th.  2-.Ut? Ans.{^. 
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18th.  m-m?;. ^^^^sUh- 

19th.  200T3^-129f? ^iw.70f. 

20th.  11655V-795iJ? Ans.  369tt. 

183.  The  subtraction  of  a  mixed  number  or  a  fraction  from  a  whole  or 
mixed  number  can  always  be  effected  by  the  rule  of  Article  181.  But 
when  the  whole  numbers  or  the  integral  parts  of  the  mixed  numbers  are 
expressed  by  several  figures,  the  reductions  are  tedious.  In  these  cases  the 
subtraction  may  be  more  easily  made  by  other  methods,  for  the  more  con- 
venient explanation  of  which, 

Ist.  Let  it  be  required  to  subtract  -f^  from  1 : 

Since  unity  is  equal  to  any  number  divided  by  itself, 

.*,  1— ^5^=^— ^=-^=remamder  required. 

In  practice,  this  subtraction  is  readily  made  by  subtracting  the  numerator 
of  the  fraction  from  the  denominator,  and  placing  the  difference  over  the 
denominator  for  the  remainder  required. 
2d.  Let  it  be  required  to  subtract  ^f  from  9. 
1  must  be  borrowed  from  9,  which  is  thus  reduced  to  8. 

Then     .  -     l-|f=T^ 

and  therefore     -    9— 1|=8^. 

The  subtraction  of  a  fraction  from  a  whole  number  can   therefore  be 
made  (without  reduction  of  the  latter)  by  subtracting  the  fraction  fit>m  1, 
and  annexing  the  remainder  to  the  minuend  diminished  by  unity, 
dd.  Let  it  be  required  to  subtract  15-^  from  32. 
1  must  be  borrowed  from  32,  which  is  thus  reduced  to  31. 

Then         -        -      1—  •A=^ 
and  .         .    31-15=16, 

therefore  -    32—15.^1^=16^ 

Whence  a  mixed  number  can  be  subtracted  from  a  whole  number  (with- 
out the  reduction  of  either  to  an  improper  fraction)  by  subtracting  the 
fractional  part  of  the  subtrahend  from  unity,  and  the  integral  part  from 
the  minuend  diminished  by  unity. 

4th.  Let  it  be  required  to  subtract  7  from  15}. 

15|  may  be  divided  into  the  parts  8|  and  7. 

.  M5  J-7=8|-f  7-7==8|, 

or  15|— 7=8|. 

To  subtract,  therefore,  a  whole  number  from  a  mixed  number,  subtract 
the  whole  number  from  Uie  integral  part  of  the  mixed  number;  the  remainder 
is  the  difference  of  the  given  numbers. 
5th.  Let  it  be  required  to  subtract  ^  from  H* 
A  and  ^  reduced  to  the  same  denommator,  are  -f|  and  -fg, 

«=  ii 

j4  remamder. 

Since  ^  is  greater  than  ^  it  becomes  necessary  to  reduce  1.^  to  an 
improper  fraction.  This,  in  practice,  is  accomplished  by  adding  the  numera- 
>,    tor  of  the  fraction  to  the  denominator,  and  placing  the  sum  over  the  deno- 
minator. 

Thus    3+18=21  and  lA=f«- 

Then    f|— {g— }|,  which  b  the  excess  of  1  j-  over  ^ 

6th.  Let  it  be  required  to  subtract  f  from  8^. 
Ihe  fractions,  reduced  to  a  common  denominator,  are  •(}  and  -fg. 

Whence  8^=8./^ 

7tV  remainder. 

Since  \i  cannot  be  taken  from  -fg^  1  must  be  borrowed  from  8  ;  the  8  is 
ntly  reduced  to  7. 
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The  fraction  4^  is  then  subtracted,  as  in  example  5,  from  1^. 

l^^+j;andH-+5=-A- 

or  81-t=7TV 
7th.  Let  it  be  required  from  69^  to  subtract  46|.  ^ 
Tlie  fractions  f  and  {,  reduced  to  the  same  denominator,  are  -J^,  ^. 

.-.   69#=69J$ 

and  46|=46^ 

23^  remainder. 

In  this  example  the  fractional  and  inteml  parts  of  the  subtrahend  are 
both  less  than  the  corresponding  parts  of  the  mmuend.  The  only  reduction 
required  is,  therefore,  that  of  the  fractional  parts  to  the  same  denominator. 

8th.  Let  it  be  required  to  subtract  29f  from  54y. 

»=»X4=A.-.54f=54A 
i=»Xf=».'.295=29|i 

24^  remainder. 

The  fractions  f  and  }  being  reduced  to  the  same  denominator,  and  the 
subtrahend  written  imder  tbe  minuend,  it  is  found  that  }4,  the  fractional 
part  of  the  former,  is  greater  than  ^,  tbe  fractional  part  of  the  latter. 

To  render  the  subtraction  possible  1  is  borrowed  from  the  integral  pari 
of  the  minuendf  and  |^  is  subtracted  from  1^  as  in  Example  5. 

h%=ii ;  and  «-J4=«. 
Kext,  for  the  1  borroited,  take  1  from  54,  or  add  1  to  29 ;  in  either  case 
the  difference  53—29,  or  54— 30,=24. 

Whence  54^— 29||=24J|, 

or54f— 29)  =242). 

184.  From  the  examples  and  illustrations  given  in  the  last  Article  are 
deduced  the  following  rules  for  the  subtraction  of  fractions  or  mixed 
numbers  from  whole  or  mixed  numbers  without  reducing  the  mixed  or  whole 
numbers  to  improper  fractions  : 

a.  To  subtract  a  proper  fraction  from  unity :  subtract  the  nume- 
rator of  the  given  fraction  from  the  denominator ;  the  remainder 
placed  over  the  denominator  expresses  the  excess  of  unity  over  the 
proper  fruction. 

b.  To  subtract  a  proper  fr*action  iarom  any  whole  number :  sub- 
tract the  fraction  fr*om  unity,  and  annex  the  fractional  remainder  to 
the  "whole  number  diminished  by  unity;  the  mixed  number,  thus 
obtained,  is  the  difference  between  the  given  whole  number  and 
proper  fraction. 

c.  To  subtract  a  mixed  number  from  a  whole  number :  subtract 
the  fractional  part  of  the  mixed  number  from  imity ;  carry  I  to  the 
int^ral  part  of  the  mixed  number;  subtract  the  sum  from  the 
whole  number;  the  mixed  number  composed  of  the  integral  and 
fractional  remainders  is  the  excess  of  the  whole  over  the  mixed 
number. 

d.  To  subtract  a  whole  number  from  a  mixed  number :  subtract 
the  whole  number  fix)m  the  integral  part  of  the  mixed  number,  and 
to  the  remainder  annex  the  firactionaJ  part  of  the  latter ;  the  mixed 
number  thus  formed  is  the  excess  of  the  mixed  over  the  whole 
number. 

e.  To  subtract  the  greater  of  two  fractions  having  a  conmion 
denominator  frx>m  the  less  preceded  by  1 ;  add  together  the  numera- 
tor and  denominator  of  the  less  fraction  ;  subtract  the  numerator  of 
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the  greater  fraction  from  the  sum,  and  place  the  remainder  over  the 
common  denominator  for  the  difference  required. 

f.  To  find  the  difference  of  two  mixed  numbers :  reduce  the  frac- 
tional parts  to  a  common  denominator,  and  place  the  less  mixed 
number  under  the  greater. 

Then,  if  the  fractional  part  of  the  subtrahend  is  less  than  that  of 
the  minuend,  the  difference  of  the  fractions  is  the  fractional  part ; 
and  the  difference  of  the  whole  numbers  the  integral  part  of  the 
mixed  number  which  expresses  the  difference  of  the  given  quan- 
tities. 

But  if  the  fractional  part  of  the  subtrahend  is  greater  than  that 
of  the  minuend,  subtract  the  former  from  the  latter  augmented  by 
unity :  the  remainder  is  the  fractional  part  of  the  difference ;  cany 
1,  for  that  borrowed,  to  the  int^;ral  part  of  the  subtrahend,  and 
subtract  the  sum  from  the  integral  part  of  the  minuend;  the 
remainder  is  the  integral  part  of  the  difference.  The  fractional  part 
being  annexed  to  this,  the  result  is  the  difference  of  the  given  mixed 
numbers. 

If  the  fractional  parts  are  equal,  the  remainder  is  a  whole  number ; 
and  if  the  integral  parts  are  equal,  the  remainder  is  a  proper 
fraction. 

185.  Additional  exercises  in  the  subtraction  of  fractions: 

!«*•      1-A? An,.A. 

2d.      100-i*? An,.9^. 

3d.      96-31|f  ? Am.  eSJ. 

4th.    79A-56? ^.23A. 

fith.     1^-tf  ? AnTi. 

eth.     72A-56H? An,.  ImI 

7th.    2050jV-172f?. .4ii,.1877lf 

^  SS"2F ^~-  ^«^- 

11th.  1745t-998i?. An,  T^ 

18th.  74A^-38if  ? ^.Sw 

14th.  2-mi^ Anl^ 

15th.  3786A- 173511? "Anf^^^ 

16th.  8374A-3598SL? .'.r.t^S^ 

17th.  3768*f-2998Vft? ...  iS^JSu* 

8A.  1746A-9861I? .     .H^ 

19th.  1S7*-54|? 1!^iS' 

20th.  5831Aa827«P .ZZZrZZ/J^^^ 


th^ore^puSftuSfeSi^^"  "«  -d  ,79  i.  general  ^m 

The  fiactions  3,  -j  being  equal,  MspectiTely,  to  n  repetitions  of  the  3  part 

of  unity,  «,d  to  «'  repetitions  of  ti,e  J  part  of  unity,  their  difference  i.  equal 
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to  n^nf  repetitions  of  the  common  quantity  expressed  by  ^  that  is,  to 

ii—ji' 

d   '  ,        n    n' 

If  the  difference  of  the  fractions  >  "^i  which  have  different  denominators, 

is  reqnired,  it  becomes  necessary  to  reduce  2*  7  ^  ^^  wsm^  denominator 

(Art  160). 

_-       n    n     df    imT       ,  n'     ii    d    n'd 

jmT    i^d^jnd — v^d 

^^  di!  sr~  dd!  • 

f^n  t.  ^        «' ^ f^d 

Therefore  j — w^"" — "sJS — * 
Required  the  difference  of  the  following  fractional  expressions : 


1st.    -^  and  ^? .4jw.  gj— . 

«j        «        J    «   o  ^      a(&c*— 1) 

^     SSi  and  gs^s? ^^'      y^    ^' 

«^      -p?-  and  -^p^  ? iliM.  jgspf 

^*i.         i"      J  *9                                                  ><       cdm-^cn—bd 
4th.    «»-|-2  and  "^  ?..... Ans. -^ - 

Multiplication  op  FaA.CTiONS. 

18G.  In  the  multiplication  of  whole  numbers  two  integral  fkctors,  the  mul- 
tipUcand  and  multiplier,  are  given,  and  it  is  required  to  find  a  thii^d  number 
wnidi  shall  contain  the  multiplicand  as  often  as  the  multiplier  contains 
unity. 

In  multiplication  of  fractions  the  integral  are  replaced  by  fractional 
fiu!tors,  ana  it  is  required  to  find  a  product  which  shall  contain  some  part  or 
parts  of  the  multiphcand  as  often  as  the  multiplier  contains  the  same  part 
or  parts  of  unity. 

Combining  these  cases,  the  problem  of  multiplication  may  be  enunciated 
more  genenmy  thus:  given  two  numbers  to  find  a  third  which  shsJl  have  to 
the  first  the  same  relation  which  the  second  has  to  unity. 

It  may  be  required  in  the  multiplication  of  firactional  qttantiiles, 

Ist.  To  multiply  a  fraction  or  a  mixed  number  by  a  ^ole  number. 

3d.  To  multiply  a  whole  number  by  a  fr'action  or  a  mixed  number. 

3d.  To  multiply  a  mixed  number  or  a  firaction  by  a  mixed  number  or  a 
firaction. 

187.  Let  it  be  required  to  multiply  A  by  7,  -^  by  4,  and  ,\  by  3. 

By  Art.  148    ^x7=^=fj=l|f 

IS^*       1»t4""3       *S 
SI  ^  ^"  91  "21 —  7 

Let  it  also  be  required  to  multiply  5f  by  8  and  4^  by  4. 

5-|=J?  and  4l=»^    (Art.  157). 

.•.5|x8=yx8=J^-f=44, 

«id  4ix4=?Jx4=T^=a=i7f 

This  case  has  been  fuUy  considered  in  Article  148. 
The  conclusion  is,  that  to  multiply  a  fraction  or  a  mixed  number  by  a 
whole  number,  it  is  necessary  to  bring  the  mixed  number  to  an  improper 
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fraction,  and  then  to  multiply  the  numerator  of  the  fractional  muldplicand 
by  the  inteflpral  multiplier,  or  to  divide  the  denominator  of  the  fractional 
multiplicand  by  the  integral  multiplier ;  the  result  of  either  process  is  the 
product  required. 

188.  Let  it  be  required  to  multiply  8  by  {,  and  14  by  6^. 
Ist.  Since  the  multiplier  ^  is  equal  to  3  times  the  5th  part  of  unity,  the 
product  of  8  by  }  must  oe  equal  to  three  times  the  5th  part  of  8  (Art.  186). 


Now  the  5th  part  of  8  is  f,  and  by  Article  187 

3  times  ^  or  4x3=^=¥=4t. 


5  ^^         6 
-     8V^— ?^=4i 

2d.  The  mixed  number  5^  being  reduced  to  the  equivalent  improper 
fraction  Vt  the  product  of  14  by  5^  is  eaual  to  the  product  of  14  oy  y. 
The  multiplier  y  is  equal  to  21  tunes  the  4th  part  of  unity ;  therefore 
I4X  V  >fl  equal  to  21  times  the  4th  part  of  14. 

But  the  4th  part  of  14=  V, 

and  21  times  ^;=^x21=^=f =73f=73f 

Whence  14=5|=73|. 

Consequently,  to  find  the  product  of  a  whole  number  by  a  proper  or  by  an 
improper  fraction  (the  latter  being  substituted  for  a  mixed  number^,  mul- 
tiply tne  whole  number  by  the^  numerator  of  the  fractional  multiplier  and 
divide  the  product  by  its  denominator ;  the  result  is  the  product  required. 

189.  Let  it  be  required  to  multiply,  1st  |  by  |;  2d.  2|  by  $;  3d.  f  by  6^; 
4th.  2^  by  5f . 

Ist.  It  is  required  to  multiply  f  by  f. 

Since  the  multiplier  is  equal  to  5  tunes  the  7th  part  of  unity,  the  product 
of  f  by  f  must  be  equal  to  5  times  the  7th  part  off. 

Now  the  7th  part  of -|=~^, 
and  5  times  5—5==^. 

The  product  of  ^e  fractional  multiplicand  f  by  the  fractional  multiplier 
f  is,  hence,  expressed  by  a  fraction  whose  numerator  is  the  product  or  the 
numerators  of  the  given  factors,  and  its  denominator  the  product  of  the  deno- 
minators of  the  given  fiictors. 

2d.  It  is  required  to  multiply  2^  by  j. 

The  multiplier  being  equal  to  4  times  the  5th  part  of  imity,  the  product 
f  X  $  must  be  equal  to  4  times  the  5th  part  of  ^. 

The  5th  of  J-=3^ 
and  4  times  the  5th  part  of  3^=1^. 

Therefor*  2i  x  >  }  x  i=|^^=H=ls• 
The  product  of  a  mixed  number  by  a  proper  fraction  is  hence  obtained  by 
reducing  the  mixed  number  to  an  improper  fraction,  and  forming  the  pro- 
duct of  the  two  fractional  factors  as  in  the  1st  example  of  this  Article. 
3d.  It  is  required  to  multiply  f  by  6|. 

"3       8  •    •   9  ^"39^  3* 

The  multiplier  being  equal  to  19  times  the  3d  part  of  unity,  the  product 
f  X  y  must  be  equal  to  19  times  the  3d  part  off. 

The  3d  part  of  |=^ 
and  19  times  the  3d  part  of  ~3=:|~^|. 

.    i  V  R  '  —1  V  'i— .  ®  »  W.— >M_  -17 
•    •  9 '^  "3  ""  »  ^  3  ■"  9x8  ~"  a7.~"'^S7' 
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Wherefore  tlie  i)rodttCt  of  a  proper  fraction  by  a  mixed  number  is  obtained 
bj  reducing  the  mixed  number  to  an  improper  nraction,  and  forming  the  pro* 
duct  of  the  two  fractional  factora  again,  as  m  the  Ist  Example  of  this  Article. 

4th.  It  is  required  to  multiply  2^  by  5f . 

2i=J|^.,*and5f=Al-. 
.•.2ix5f=a|^  X  V. 
The  multiplier  contains  uie  7th  part  of  unity  37  times,  therefore  the  pro- 
duct of  J^,  by  J^  must  contain  the  7th  part  of  >^  37  times. 

The7thpartof»f=giJ^ 
and  37  tunes  ^^rr-^^^^-rs-j^llj., 


therefore  2>  x64==^xf=H^=f  =ll|. 

Whence,  also,  the  product  of  two  mixed  numbers  is  obtained  by  reducing 
the  mixed  numbers  to  improper  fractions,  and  forming  the  product  of  the 
two  fractional  factors  as  in  the  1st  Example  of  this  Article. 

190.  The  first  and  second  cases  of  Article  187  may  be  rendered  identical 
with  the  first  and  second  cases  of  Article  189,  by  giving  the  integral  factor 
unity  as  a  denominator ;  and  the  first  and  second  of  Article  188  with  tiie 
first  and  third  of  Article  189,  by  the  same  means. 

Whence,  employing  the  phrase,  a  fractional  expression,  to  describe  either 
a  proper  fraction,  or  a  whole  number  reduced  to  the  firactional  form,  or  a 
mixea  number  reduced  to  an  iniproi>er  fraction,  the  product  of  any  two 
fractional  expressions  is  equal  to  a  fraction  whose  numerator  is  the  product  of 
the  numerators  of  the  given  fractional  factors,  and  its  denominator  the  pro- 
duct of  their  denominators. 

This  conclusion  is  inferred  from  results  obtained  by  the  application  of 
general  reasoning  to  particular  examoles.  As  the  process  for  one  example 
of  a  case,  and  for  all  the  examples  falling  imder  that  case,  is  the  same,  and 
all  the  cases  which  can  occur  have  been  considered,  it  follows  that  the  con- 
dufflon  is  general. 

191.  The  ^neral  rule  for  the  multiplication  of  any  fractional  expressions 
may  be  obtamed  more  directly  by  means  of  general  symbols. 

Let  a  represent  the  numerator,  and  b  the  denominator,  of  the  multiplicand ; 
c  the  numerator,  and  d  the  denominator,  of  the  multiplier ;  a^b,  c^d  aenoting 

any  whole  numbers  whatever  ^  then  t  represents  the  fitictional  multiplicand, 

c  .  a         c 

2  the  fractional  multiplier,  and  the  product  of  t  by  ^  is   indicated  by  the 

a     c 
expression  j^^* 


a 


If  the  finctional  expression  r  b  actually  multiplied  by  >  the   product 

a  c 

must  have  to  r  the  same  relation  which  ^  has  to  unity. 

c 
Now,  the  relation  of  j  to  unity  is  obtained  by  dividing  unity  into  a  num- 
ber of  equltl  parts  expressed  by  the  numerical  value  of  d,  and  taking  of  these 
equal  jparts  a  number  expressed  by  the  numerical  value  of  c.  One  of  these 
parts  IS  the  <fth  part  of  umty,  and  the  number  of  such  parts  is  c.  Whence  the 
multiplier  is  equal  to  c  tunes  the  <2th  part  of  unity.    The  product  of 

a         c  ,  a 

r  by  ^  must  consequently  be  equal  to  c  times  the  dth  part  of  -r .    But  the 

a      a  a      ac 

dtk  part  o^  a  >fl  O  (^^«  1^  h),  and  c  times  ^^  k^  (Art.  148  a). 

a  c  .   ac 
Wherefore  the  product  of  the  fractional  expressions  m  ^  i^  ^' 
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The  numerator  of  this  product  u  the  product  of  the  numerators  of  the 
fractional  factors,  and  its  denominator  the  product  of  the  denominators 
of  the  fractional  factors.  Whence,  generally,  the  product  of  two  fractional 
factors  is  equal  to  a  fractional  expression,  whose  numerator  is  the  product  of 
the  numerators  of  the  giyen  factors,  and  its  denominator  the  product  of  their 
denominators. 

192.  Since  acs^coj  hds=sdb  (Art.  56),  and  therefore  o=^f  it  follows  that 

either  of  the  fractions  may  be  made  the  multiplicand,  and  the  other  the 
multiplier. 

Also,  since  either  h  or  d  may  be  equal  to  1,  it  follows  that  the  product  of 
a  whole  number  b^  a  fractional  expression  is  equal  to  the  product  of  the 
fractional  expression  by  the  whole  number. 

If  any  of  the  numerators  and  denominators  are  not  prime  numbers,  ihey 
may  be  resolved  into  simple  £M!tors :  thus  if  a^mh^^  bssm^^  c=im'n\ 

d=mPn,  the  product  j3=m'»n'm»n- 

ac ttV 

^''hdTnPnC 

Whence,  if  the  numerator  and  denominator  of  the  product  of  two  fractional 
expressions  are  resolved  into  simple  factors,  and  the  simple  factors  common 
to  both  terms  are  omitted,  the  value  of  the  product  is  not  altered,  and  the 
fraction  expressing  the  px^oduct  is  reduced  to  its  lowest  terms. 

As  an  illustration,  let  it  be  required  to  multiply  -f^  by  ^. 

9=3%  16=2*,  8=2%  15=3X5. 

.      5.^  8_  9x8^__  8*x2» 8__8 


9       8^ 8^ 

^^  16  ^  16""10' 


ace 


193.  Let  r»  >  ?  represent  three  fractional  expressions,  and  let  it  be  re- 
quired to  find  the  continual  product  of  t,  ^  ^* 

The  continual  product  of  three  integral  factors  is  obtained  by  multiplying 
together  two  of  the  factors,  and  then  multiplying  their  product  by  the 
third  factor  (Art.  67);  that  is  (Art.  186),  a  first  product  is  found  which 
has  to  one  of  the  factors,  taken  as  multiplicand,  that  relation  which 
another  of  the  factors,  taken  as  multiplier,  has  to  unity.  Then,  a  second 
product  is  found  which  has  to  the  first  product,  taken  as  mtdtipUcand,  tiiat 
relation  which  the  remaining  factor,  taken  as  multiplier,  has  to  unity.  The 
second  product  is  that  of  the  three  factors. 

Applying  these  principles  to  the  case  of  three  fractional  factors,  the  last 

a    c 
product  must  be  equal  to  the  product  of  g  X  j,  considered  as  multiplicand. 


by  jj:,  taken  as  multiplier. 

Now  yx^^  (Art.  191), 


ac     e     ace 


whence  the  product  of  three  fractional  expressions  is  obtained  by  multi- 
plying together  the  numerators  of  the  fractional  factors  for  die  numerator  of 
the  product,  and  the  denominators  for  its  denominator.    It  is  evident  tiiat 
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the  factors  maj  be  multiplied  togetiier  in  any  order  (Art.  71),  and  the  simple 
fiietors  common  to  the  nmnerators  and  denominators  omitted  in  forming  the 
product  (Art  153). 

The  product  of  four  fractional  factors  is  formed  from  that  of  three  as  the 
product  of  three  is  from  that  of  two,  and  similarly  for  a  greater  number  of 
iactors  than  four. 

Let  it  be  required  to  find  the  continual  product  of  the  three  fractions, 

6  9       M__  5x9x14  _  OO 

7  ^  10^  15~~  7x10x15 — lOSO' 

The  greatest  common  measure  of  630  and  1050  is  210  (Art.  108). 

'    •   1060""  5»    or  7  X  10 X  16""  6 * 

Otherwise  ^— ^    IJ— a^I 
vnnerwise  jq— 2x6'    16— 3x6* 

•    A  V  ^ V  ii— A V  -^ v'?^ 5xyxax7  _ s 

•  •    7^10^16 — 7  ^ax6^»x6 — 7x2x6x3x5  ""5*^ 

In  this  example  the  calculation  is  presented  in  two  forms,  differing  slightly 
the  one  from  the  other. 

Ist.  The  product  of  the  numerators,  5,  9,  14,  is  630;  and  that  of  the 
denonunators,  7,  10,  15,  is  1050.  The  (nroduct  of  the  given  fractions  is 
**w*^ore  ^jflfip 

To  reduce  this  result  to  the  lowest  terms,  it  is  necessary  to  find  the 
greatest  common  measure  of  630  and  1050.    This  is  210. 

Then  630-i-210=:3,  and  1050  •»-210=5. 

Whence  ^-^^L^ M— 1  • 

lYuence  j^^^^^^^^^^^. 

2d.  The  terms  of  the  fractions  are  decomposed  into  simple  factors ;  viz.  9 
into  3*,  10  into  2x5,  14  into  2x7,  and  15  mto  3x5. 

The  product,  expressed  in  terms  of  these  simple  factors,  is  yjfjjf^lx's* 
Omitting  the  simple  factors  common  to  the  numerator  and  denominator  of 
the  product  (which  are  5,  3,  2,  7),  the  result  obtained  is  -^,  as  before. 

Let  it  be  required  to  fiind  the  product  of  the  three  factors  ^  4j^,  and  3 : 

.9— 3«»       *6~'"6""    5   »       O— 1* 

•  i.  v'  ili  N/  Q  ~«*x3x7x8  J.2»x7__28  _  -^ 
•    '    9.  ^  *6  ^•'~     8»x5xl    ~"     6     —  5  "~^6' 

5f  is  therefore  the  product  required* 
Let  it  be  required  to  find  the  product  of  the  factors  -^  3^,  4- J,  and  14  : 

7 7_       ql_25_a?      11— _11_      ij^— if— 2^x7 

10      2x6'      **  7  —  7 — 7'     12 — 2«x3»     ^* — 1  1   * 

•     ^  V  «1  *  V  I*  N/  1^—  -Ix*!-^  11  >1«)<I_— ^xjn  x7_386_„n  1 
•    •  10  ^  •'7  ^12^  l--2x5x7x2«x3xl""   2«x3   "■12"- ^-^U* 

194.  To  find  the  product  of  any  factors  consisting  of  fractions, 
fractions  and  whole  numbers,  fractions  and  mixed  numbers,  whole 
numbers  and  mixed  numbers,  or  mixed  numbers : 

Greneral  Rule.  Reduce  mixed  numbers  to  improper  fractions,  and 
whole  numbers  to  the  form  of  fractions ;  then  multiply  together  the 
numerators  of  all  the  fractional  expressions  for  the  numerator  of  the 
product^  and  the  denominators  of  all  the  fractional  expressions  for 
the  denominator  of  the  product. 

If  the  terms  of  the  fractional  expressions  are  decomposed  into  prime 
factors,  and  aU  the  prime  factors  which  are  common  to  both  terms  of 
the  product  are  omitted,  the  product  will  be  obtained  in  the  lowest 
terms ;  or,  if  the  factors  are  multiplied  together  without  decompo*- 
aition,  and  the  products  are  divided  by  their  greatest  common 
measure,  the  result  wiU  be  the  product  of  the  given  fractions  also, 
expressed  in  the  lowest  terms. 

n  2 
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195.  Ezercisefl  in  the  mulfiplicatioii  of  finctions! 

Ist.     JXf  ? ^m.  If. 

2d-      tVX A ?   Ans.\^. 

8d.      |Xf? Amm.^ 

4th.    ixl3  ? Ans.  lOf 

5th.     153X1?   ^ -^*»-  ^^^• 

6th.     6|Xt? ^iM.  4ft. 

7th.     f  X5i  ? Ans.  2}^. 

8th.     8tXl2fJ  ? Afu.  108|. 

9th.     19^x451?  Ans,  899H- 

10th.  fxAXi*?  * Ans.^. 

11th.  f  XiXH?  * -^«*-  *• 

12th.  2JXiX|? ^iw.  if. 

13th.  9ixAx7i?  ^iM.  171. 

14th.  12xlOJxA^? Ans,  37f 

15th.  2|x3ix6f  ? Ans.  65f^ 

16th.  iXT^yXfXA?  Ans,^. 

17th.  AXi^AxfixiA? ^*«-  4f 

18th.  /rX3|xHxA? Ans,^. 

19th.  §XliXiXl7? Ans.  5^. 

20th.  3Jx5»x3f  ? ^iw.64. 

2l8t.   lOJXf  XllX2|? Ans.  185f. 

22d.    3xf  X5ixf  XHxe? Ans.  42f 

23d.    3206HX709? • Ans.  22737031^. 

24th.  |^X3316A? Ans.  3014}. 

25th.  246Jx351t  ? Ans.  86872^. 

196.  When  the  intqml  ]part8  of  the  factors  of  an^r  product  are  laige 
numhers,  the  process  of  multiplication  by  the  rule  of  Article  194  is  laborious. 
The  labour  could  in  such  cases  be  abridged  by  multiplying  the  factors 
together  without  reducing  them  to  improper  fracftions. 

In  multiplying  a  mixed  number  or  a  fraction  by  an  integer  the  multi- 
plicand is  repeated  as  often  as  the  multiplier  contains  nmple  units ;  and  in 
multiplying  oy  a  fraction,  a  part  of  the  multiplicand,  determined  by  the 
denominator  of  the  multiplier,  is  repeated  as  often  as  the  numerator  of  the 
multiplier  contains  simple  units.  The  product  of  any  mixed  number  or 
fraction  by  an  integral  or  fractional  multiplier  is,  consequently,  equal  to 
some  number  of  repetitions  of  either  the  whole  multiplicand  or  a  part  of 
the  multiplicand.  The  sum  of  these  repetitions  of  the  multiplicand,  or 
of  some  part  of  it,  can  be  found  by  addition.  Now,  in  addition  of  mixed 
numbers  the  integers  and  fractions  are  added  together  sepanteb^,  and  the 
results  added  into  one  sum  (Art.  176). 

Whence,  if  a  multiplicand  is  decomposed  into  two  parts,  the  one  aa 
integer,  the  other  a  fraction,  and  if  the  repetitions  of  the  integer  or  of 
some  part  of  it  are  combined  into  one  result,  and  the  repetitions  of  the 
fraction  or  of  some  part  of  it  are  combined  into  another,  and  the  two  results 
are  added  together,  their  sum  is  equal  to  that  of  the  same  number  of  repe* 
titions  of  the  undecomposed  multiplicand  or  of  some  part  of  it. 

The  sum  of  ainr  number  of  repetitions  of  a  quantity  being  fbund  hj 
mtdtiplication,  it  Allows  that  if  the  integral  and  fractional  parts  of  a  multi- 
plicand are  separately  multiplied  by  the  multiplier,  and  tiie  partial  products 
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are  added  together,  their  sum  la  equal  to  the  product  of  the  multiplicand 
and  multiplier. 

_  Consequoitlj  the  iHrodact  of  a  mixed  number  b j  a  whole  number  or  a  frac- 
tion  is  obtained,  wiUiout  reduotioa  of  the  factors  to  improper  firactions,  by 
maltiplTine  the  inters!  and  fractional  parts  c^  tiie  midtipucand  separately  by 
the  muitipner,  and  taking  the  sum  of  the  partial  products  for  that  required* 

Examplea  of  the  application  of  this  metnod : 
^  Ist.  Let  it  be  required  to  multiply  8547  by  {. 

The  product  of  a  whole  numl«r  by  a  fraction  is  obtained  by  multiplying 
the  whole  number  by  the  numerator  of  the  fraction,  and  dinding  the  product 
by  the  denominator  (Art.  188). 

Now  8547  X  3=25641,  and  25641 -fr-4=:6410l. 

/.8547x|='64ia2. 
The  calculation  may  be  made  as  follows  : 

8547 
3 

4)25641 

6410J 


Since  the  product  of  a  fraction  by  an  integer  b  equal  to  the  product^  of 
the  integer  by  the  fraction  (Art.  191),  it  Mows  that,  the  fraction  beinff 
made  the  multiplicand  and  the  integer  the  multiplier,  the  product  is  still 
formed  in  the  same  manner. 
2d.  Let  it  be  required  to  multiply  6835}  by  7. 

6835f=6885-ff 
and  6835f  x  7=6835  X  7+1 X  7. 
6835  X  7=47845. 
|X7=        4| 

.•J6835#x7=47849t. 

8d.  Let  it  be  required  to  multiply  2857|  by  4. 

The  product  of  2857f  by  f  is  equal  to  5  repetitions  of  the  6th  part  of  2857 
plus  5  repetitions  of  the  6th  part  of  f . 

The  6th  part  of  2857=^=476|. 

1       r  476  X  5,  or  2380  i      ^^^^  ^ 
5r«petitionsof476i=|^|^5;^^       |}=2380|. 

The  6th  part  of  |=^|=:'4 
and  5  repetitions  of  ^s^ie* 
.MJ857  x|=238(>|=2380^ 

9_  ^  JS  _  5 16 

8^6^  16 —  48* 

and2857fx|=  2381^. 

4th.  Let  it  be  requured  to  multiply  246f  hj  863V. 

Hie  product  must  be  equal  to  86  repetitions  of  246|  plus  7  repetitions 
of  the  10th  pert  <^  246}. 

The  product  of  246}  by  86  is  found  as  in  Example  2  of  this  Artide,  and 
the  product  of  246}  by  -^  is  found  as  in  Example  3,  thus, 

OdftA  V  «A-  /^^  ^  86=21 156 
246}X86-|     .^gg^      51J         j^^ 

a46ftxX=-f^^T^     ^^^         *=** 

.•.246}X86,V=  21380jH^  lU, 

From  the  principles  and  examples  of  this  Article  it  appears  that  the 
product  of  a  mixed  number  by  a  whole  number  or  a  fraction  is  composed 
of  two  partial  products ;  the  one  being  the  product  of  the  integral  part  of 

H  3 
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the  mixed  number  by  the  multiplier ;  and  the  other,  the  product  of  die 
fractional  part  of  the  mixed  number  by  the  multiplier. 

YHien  the  multiplier  also  is  a  mixed  number,  the  product  of  the  multi- 
plicand by  the  intend  part  of  ihe  multiplier  is  composed  of  two  partial 
products,  and  the  product  of  the  multiplicand  by  the  fractional  part  of  the 
multiplier  is  also  composed  of  two  ]^artial  products. 

To  obtain  the  product  of  two  mixed  numbers  without  reducing  them  to 
improper  fractions,  it  is,  hence,  necessary  to  form  four  partial  products. 
These  are, 

Ist.  The  product  of  the  int^ral  parts  of  the  factors. 

2d.  The  product  of  the  fractional  part  of  the  multiplicand  by  the  integral 
part  of  the  multiplier. 

3d.  The  product  of  the  integral  part  of  the  multiplicand  by  the  fractional 
part  of  the  multiplier. 

4th.  The  product  of  the  fractional  parts  of  the  two  factors. 

197.  Let  a,  ci  denote  the  integral  parts,  and  ft,  h'  the  fractional  parts,  of 
two  mixed  numbers. 

Then  a-f  &>  d-^-V  denote  the  mixed  numbers. 

Midtiplying  the  first  of  these    expressions    by  the    second  (Art  76) 

This  formula  expresses,  generally,  tiie  conclusion  of  Article  196. 

To  find  the  product  of  a  large  mixed  number  by  a  whole  number^ 
a  fraction,  or  another  mixed  number^ 

Rule.  Consider  each  mixed  number  to  be  decomposed  into  an 
integral  part  and  a  fractional  part ;  then  find  the  product  of  each  of 
the  parts  into  which  the  multiplicand  is  decomposed  by  each  of  the 
parts  into  which  the  multiplier  is  decomposed,  and  add  together  the 
partial  products.     The  result  is  the  product  of  the  given  factors. 

198.  Additional  exercises  in  the  multiplication  of  fractions : 

Ist.     100X991? Am.  9988|. 

2d.     23571  Xf  ? Am.  17678J* 

3d.      4509^Xf  ? -^n*.  2505^. 

4th.    44963T^Xf  ? .4fM.  3746911. 

5th.    4517|X9? -^fw.40659f. 

6th.     763iXlOafly? ^n*.  77020J. 

7th.    71643 X509i? Am.  36474247^. 

8tii.     135000|x72f? ^im.9730152A. 

9th.    261795  x5i? Am.  1439872f 

10th.  5760|x27i? Am.  156690^. 

11th.  3159^Xl50i? ^iw.  474682 J|. 

12th.  72918^^X65^? ^n«. 4796407fJ. 

13th.  32486A^x36S? -4fw.ll81683JJ, 

14th.  64120Jxl07f  ? ^iw.  6908973^. 

15th.  79704Jx879t^? Am.  7010946Jfl. 

16th.  5249^x67^? ^iw.  353455f . 

17th.  7942itx246^^?. Am.  1955153^. 

18th.  7451xl00i  ? Am.  74736|. 

19th.  87463^x7001  ? -4iw. 61 26797 If 

20th.  I782f  x225f  ? ^>M.40l747i5. 

2l8t.  1610tx819f  ? Am.  1320104i|. 
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22d.  5009JX?^X3J? Ans.  4651^- 

23d.  4ajx37JXllU? An8.2l4S5ii. 

24th.  3000|XiXll^? Ans.  Il57lii. 

25tlu  2X"5^  (se«  ^^  1^^'  ^^'  "^^  ^^^)^ ^^''d^ 

26tfi.  ^X-^  ? AnM.  ^. 

27tli.  ^g^X  ^  ? ^.  ^«^. 

28tlL  3X^X^,? ilM.^?^. 

_  ,       II      II      II  _.  Ilr 

29t»^  a'^a'<a^ ^*«"?. 

**"*■  c+d^  c+rf  ' ^**-  c»+2crf+<P- 

Division  of  Fbactions. 

« 

199.  Division  of  fractions  differs  from  division  of  integers  in  this  respect, 
that  the  dividend  or  the  divisor,  or  both  the  dividend  and  the  divisor,  are 
fractional  expressions  instead  of  whole  numbers. 

The  result  which  is  to  be  found,  namely,  the  quotient,  being  a  number 
whose  product  by  the  divisor  shall  be  equal  to  the  dividend  (Art.  79),  it 
follows  fix>m  Article  186  that  the  dividend  must  contain  some  part  or  parts  of 
the  quotient  as  oflen  as  the  divisor  contains  the  same  part  or  parts  oi  unity ; 
or,  conversely,  that  the  divisor  must  have  to  unity  the  same  numerical 
relation  as  the  dividend  has  to  the  quotient. 
In  division  of  fi'actions,  it  may  be  required, 

Ist.  To  divide  a  fractional  expression  by  a  whole  number. 
2d.  To  divide  a  whole  number  by  a  fractional  expression. 
3d.  To  divide  a  fractional  expression  by  a  fractional  expression. 

200.  Let  it  be  required  to  divide  f  by  4,  J  by  8,  and  5%  by  9. 
Ist.  To  divide  4  by  4 : 

Since  unilv  is  the  4th  part  of  the  divisor,  the  quotient  is  the  4th  part  of  {. 

Now,  by  Article  148  tne  4th  part  of  f  is  obtained  by  either  dividing  the 
numerator  8  by  4,  or  multiplying  the  denominator  9  by  4.  As  8  is  a  mul- 
tiple of  4,  the  first  method  is  to  oe  preferred  on  account  of  its  giving  the 
result  in  the  lowest  terms. 

Whence  -^ -1-4=  g-=sy,  the  quotient  required. 

If  the  denominator  is  multiplied  by  4, 

f  ■*'^~9x4~9^4~f » the  same  result  as  before. 
2d.  To  divide  I  by  8 : 
Since  unity  is  the  8th  part  of  the  divisor,  the  quotient  is  the  8th  part  of 
the  dividend. 

3,  the  numerator  of  the  dividend,  is  not  a  multiple  of  8 ;  therefore,  in 
order  to  divide  the  fraction  {  by  8,  the  denominator  5  must  be  multiplied 
by  8. 

Whence  -^  ••"  ^^5^^=401  <he  quotient  required. 
3d.  To  divide  5f  by  9 : 
The  dividend  in  this  example  is  a  mixed  number. 
Expressed  as  an  improper  fraction,  6^=z^, 

Consequently  5  J -♦•9=  y -1-9. 
Unity  being  the  9th  part  of  the  divisor,  the  quotient  must  be  the  9th 

part  of  V' 
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.  17,  the  numerator  of  the  dividend,  is  not  a  multiple  of  9 ;  the  denoimnatar 
of  the  dividend  must  Uierefore  be  multiplied  by  9. 

Whence  5  J--4-9=^-4-9=g^=^,  the  quotient  required. 

From  the  investigations  in  this  Article  it  appears,  that  when  the  dividend 
is  a  fractional  expression  and  the  divisor  a  whole  number,  the  quotient  is 
obtained  by  either  dividing  the  numerator  or  multiplying  the  denominator 
of  the  dividend  by  the  divisor. 

301.  Let  it  be  required  to  divide  8  by  j>  and  15  by  ^. 

Ist.  To  divide  8  by  f. 
Unity  contains  the  7th  part  of  the  divisor  9  times ; 
•  Therabre  8  must  contain  the  7th  part  of  the  quotient  9  tunes. 

Now,  the  7th  part  of  8  is  |,  the  9th  of  the  quotient ; 

and  9  times  y=^=ay=10y,  the  quotient  required. 

2d.  To  divide  15  by  a^ : 

3|=l.M5-^3}=15-i-|. 

Unity  contains  the  7th  part  of  the  divisor  twice ; 

Therefore  15  contains  me  7th  part  of  the  quotient,  also,  twice. 

Now,  the  7th  part  of  15  is  ^  ; 

y  is,  consequently,  half  the  quotient ; 

and  y  x2=^-y^=^=4y  is  the  quotient  required. 

Hence  it  appears,  that  to  divide  a  whole  number  by  a  fractional  expres* 
sion,  it  is  necessary  to  multiply  the  whole  number  by  the  denoihinator  of 
the  divisor,  and  to  divide  this  product  by  its  numerator. 

Let  it  be  required  to  divide  1  by  4 : 

The  division  of  1  by  f  is  effected  by  multiplying  1  by  5,  and  dividing  the 
product  by  3 : 

Whence  1  *|-=4^=1  x  |=|. 

The  fraction  obtained  by  dividing  1  by  {,  namely  {,  is  termed  the  reci- 
procal of  the  fraction  f ;  and,  generally,  a  fraction,  whose  numerator  and 
denominator  are  the  denominator  and  numerator  of  another  fraction,  is 
termed  the  reciprocal  of  that  other  fraction. 

I  The  rule  for  the  division  of  a  whole  number  by  a  fraction  may  now  be 
expressed  thus :  multiply  the  dividend  by  the  reciprocal  of  the  divisor ;  the 
result  is  the  quotient  required. 

202.  Let  it  be  required  to  divide  $  by  -^  and  12f',by  6|. 

Ist.  To  divide  J  by  A : 
1  contains  the  8th  {»rt  or  the  divisor  11  times; 
Therefore  i  contains  the  8th  part  of  the  quotient  11  times. 

The  8th  part  of  ^  is  ^^,  which  is  the  11th  part  of  the  quotient, 

andlltim«ii^,=»^y=|. 
Whence  ^  is  the  quotient  required. 

2d.  To  divide  12}  by  6f : 

.  .12^— j»  and  6^— 7.  .  12j-^6j— ^ -^^• 

Now,  it  may  be  shown,  as  in  the  last  example,  that 

M     a0_61      8^ 61x3 1M_  I  n 

4"*"  a""  4  ^a0"^4x»""80"*80* 

Wherefore  12|--»-6^=l§,  the  quotient  required. 

To  obtain  the  quotient  in  the  Ist  and  2d  examples  of  this  Article,  it  has 
been  found  requisite  to  multiply  the  dividend  by  the  denominator,  and  to 
divide  it  by  the  numerator,  of  the  divisor. 
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The  reasoning  employed  is  ffeneraL  Wlience,  to  divide  one  fractional 
ezpresaion  bjr  another,  multiply  the  dividend  by  the  reciprocal  of  the 
divisor. 

When  any  of  the  given  quantities  are  mixed  numbers,  reduce  them  to 
improper  fractions.  * 

203.  The  general  rule  for  the  division  of  fractions  may  be  investigated 
irithout  refmnce  to  particular  quantity,  thus, 

Let  a  represent  the  numerator  and  b  the  denominator  of  the  dividend ; 

e  the  numerator,  and  d  the  denominator,  of  the  divisor : 

Tten   f  expresses  the  fractiomd  dividend,  and  |  the  divisor. 

Since  1  contains  the  cth  part  of  the  divisor  d  times,  therefore  the  dividend 

a  a 

T  contains  the  cth  part  of  the  quotient  d  times ;  but  the  cth  part  of  r  is 

jTT—;  whence  ttt-  is  the  dth  part  of  the  quotient,  and  X^T^  X^=-£tt-  is 
the  whole  quotient. 

Wherefore  t-^^^=t  X  - ;  that  is,  the  quotient  is  equal  to  the  product 
of  the  dividend  multiplied  by  the  reciprocal  of  the  divisor. 

When  <^=1,  the  formula  J'*"3~a  ^r  ^  applicable  to  the  case  of  Article 
200 ;  and  when  &=1,  it  coincides  with  that  of  Article  201. 

204.  Since  the  division  of  t  by  c  can  be  made  by  either  dividing  a  by  c,  or 
multiplying  bhy  e  (Art.  148),  the  result  h^^^~r~  > 


a-^-c 


And,  by  the  same  Article,  ^zttj  or  its  equivalent  ~y~»  multiplied  by  d^ 
dxd^a'*^c 

Whence,  if  the  terms  of  the  dividend  are  multiples  of  tiie  tertal  of  the 
divisor,  tlie  quotient  can  be  obtained  by  dividing  the  terms  of  the  dividend 
by  the  corresponding  terms  of  the  divisor. 

205.  From  Articles  200,  201,  202,  203,  204,  are  decluced  the  fol- 
lowing practical  rules  for  the  division  of  fractional  quantities,  it  being 
premised  that,  to  render  the  rules  applicable,  mixed  numbers  must 
first  be  reduced  to  improper  fractions  ^ 

1st.  To  divide  a  fraction  by  a  whole  number ;  divide  the  nume- 
iratof ,'  or  multiply  the  denominator,  of  the  dividend  by  the 
divisor. 

2d.  To  divide  a  whole  nimiber  by  a  fhiction ;  multiply  the 
dividend  by  the  denominator  of  the  divisor,  and  divide 
this  product  by  its  numerator. 

dd.  To  divide  a  fraction  \n  a  fraction ;  multiply  the  dividend  by 
the  reciprocal  of  vie  divisor,  or,  if  the  numerfltoT  of  the 
dividend  contains  the  numerator  of  the  divisor,  and  the 
denominator  of  the  dividend  also  contains  the  denominator 
of  the  divisor,  divide  the  terms  of  the  dividend  by  fhe 
corresponding  terms  of  the  divisor. 

The  result  is  in  eacb  case  the  quotient  required. 
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206.  Exercises  in  the  diyiffion  of  fractions : 

1st.     f -4-10  ? Am.  ^. 

2d.      i-hU? Ans.^. 

3d.     26|-^6  ? Ans.  4f . 

4th.     6~A  ? Ans.  22. 

5th.     20-HV  ? ^'w-  32jt- 

6th.    4^-37f  ? -4i«.  VA- 

7th.     lO-r-12^? -4IM.J. 

8th.     1-HJ? .4iw.  1^. 

9th.    iH-aj? -4w.  A- 

lOth.  3797J-5-11  ? -^iw.345t. 

11th.  24021^12  ? .4IW.200J. 

12th.  4483-f-f  ? .4iM.5379|. 

13th.  13884-=-69i? Ans.  200J. 

14th.  ^^  ? Ans.  f. 

15th.  iVft-S-i^a  ? ^««- 1|- 

16th.  iVi-4-A? ^«*-  ItV- 

17th.  if-^i? ^iw.Jf 

18th.  m-Hf? Ans.i^. 

19th.  f|-5-H? ^iw.  ^. 

20th.  H-5-f? ^iw.l. 

21st.   4|^-i-j? ^n*.6f. 

22d.   2^-44? Ans.5\. 

23d.    ff-f-3T^? Ans.\. 

24th.  i4-7-2i? Ans.%. 

25th.  16t^2i? ^iw.  61. 

26th.  4i-r-13i? Ans.}^. 

27th.  7$-5-6J  ? Ans.  l\. 

28th.  147t^-=-13^? Ans.  141ff. 

29th.  98^-T-365i? Ans.^. 
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30th.  45454i-f-H? Ans.  2^19{ 

3l8t   766i-7-1021J? Ans.^. 

32d.    6049^-7-3? Ans.  2016^. 

33d.   40659|-^9? Ans.  4517f. 

34th.  1757HJ-WV? • ^«*-  9842f 

35th.  3087f^-6A? .4iw.490^. 

36th.  53786H-^1|? -^fw.30735|. 

207.  When  the  dividend  is  a  mixed  number  greater  than  the  diyisor,  the 
diyision  may  be  effected  without  the  reduction  of  the  former  to  an  improper 
fraction ;  for,  if  the  divisor  is  a  whole  number  less  than  the  dividend,  it  is 
contained  in  the  int<»ral  part  of  the  dividend  a  certain  numb^  of  times, 
either  exactly,  or  with  a  remainder  less  than  the  divisor. 

K  exactly,  the  (quotient  obtained  by  dividinff  the  int^ral  part  of  the 
dividend  by  the  divisor,  -f  the  quotient  obtained  by  dividing  the  fractional 
part  -of  the  dividend  b^  the  divisor,  must  be  the  quotient  arising  from  the 
division  of  the  whole  dividend  by  the  divisor,  for  the  product  of  this  quotient 
by  the  divisor  is  equal  to  the  dividend  (Art.  70  and  199). 
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If  a  certain  number  of  times  with  a  remainder  less  than  the  divisor,  the 
whole  dividend  is  decomposed  into  two  parts,  the  first  a  multiple  of  the 
divisor,  the  second  a  mixed  number  less  than  the  divisor.  The  result  of 
the  divinon  of  the  first  part  hj  the  divisor  is  a  whole  number ;  that  of  the 
second  part  (found  by  Art.  205)  a  proper  firaction ;  and  the  sum  of  these 
partial  quotients  is,  as  in  the  other  case,  the  quotient  required. 

When  the  divisor  is  a  firactional  expression,  the  dividend  may  be  multiplied 
bj  the  denominator  of  the  divisor,  as  m  Article  197,  and  this  product  divided 
by  its  numerator,  in  the  manner  already  expliuned. 

As  illustrations  of  this  Article,  let  it  be  required, 
1st.  To  divide  748695f  by  5. 

The  integral  part  of  this  dividend  is  a  multiple  of  the  divisor  (Art.  122). 
Decomposing  the  dividend  into  the  parts  748695  and  f ,  it  is  found  that 

748695  ■*-5= 149739 
and  f-^5=  j^ 

Collecting  the  partial  quotients,  149739 +77  ^^  149739,^  is  the  quotient 
required. 

When  the  divisor  is  less  than  10,  the  calculation  may  be  made  as  in 
Article  86,  thus, 

5)748695; 

149739^. 

2d.  Let  it  be  required  to  divide  4557J  by  9 ; 

By  Article  127  it  is  found^that  4557  is  not  a  multiple  of  9,  also  that  the 
remainder  from  the  division  of  4557  by  9  is  3 ;  therefore  4557f  must  be 
decomposed  into  the  parts  4554  and  3}. 

4554-*-9=506,  and  3|-*-9=  J^  -*-9=:5, 
consequently  4557f-i- 9=506 -h§=506|. 

The  process  of  division  may  be  represented  as  follows : 

9  )  4557f 

506+3}  rem.,  8j{=  JS,^ ,  and  J^  ■*-9=S> 
. ' .  506}  is  the  quotient  required. 

3d.  Let  it  be  required  to  divide  4545  f|  hy  1  J. 

Since  the  divi8or=l}=J^,  it  b  required  to  multiply  the  dividend  by  65 
and  to  divide  this  product  by  11 ; 

4545M 

11  )  27273T^=product  of  dividend  by  6. 

2479 4-4,3^  rem.,  4,1^45,  and  4» -4- 11=^* 
. ' ,  2479-^  is  the  quotient  required. 

The  calculation  by  this  method  is  sometimes  more  concise  than  that  by  the 
general  rule  for  the  division  of  firactional  quantities.  On  this  account  a 
rule  and  appropriate  examples  are  subjoined. 

Rule.     To  divide  a  large  mixed  number  by  a  whole  number ; 

Ist.  Divide  the  whole  number  of  the  dividend  by  the  divisor :  the 
result  is  the  integral  part  of  the  quotient. 

2d.  Divide  the  remainder  (which,  if  a  mixed  number,  must  be 
brought  to  an  improper  fraction)  by  the  divisor :  the  result  is  the 
fractional  partof  the  quotient. 

dd.  Annex  the  firactional  to  the  integral  part  of  the  quotient :  the 
mixed  number  thus  formed  is  the  quotient  required. 

To  divide  a  large  mixed  number  by  a  fraction  or  by  a  mixed 
number  (which  must  be  reduced  to  an  improper  firaction) ; 

Multiply  the  dividend  by  the  denominator  of  the  divisor,  and  divide 
this  product  by  its  numerator. 
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208.  Additional  exeroBes  in  division  of  fractions: 

Ist      437850f-f-9  ? ^«'.  48650^:. 

2d.      33378J-^7  ? ^'W.  4768if 

3d.      2914J-H  ? -^^-  ®^^^- 

4th.     15627i-4-t? ^««-  19634f 

5th.    482e9A-HV? ^"'-  8274eHt. 

6th.     524H-H? ^~-  ^^^ 

7th.     4651H-HI? An$.SO(Bi^ 

8th.     5956^-^-35  ? ^«*.  170^- 

9th.     216308f|-^20J^? '^^'  10500^. 

10th.  7396J-r-13i? Ans.  SGOJf. 

nth.  273772i-5-30J  ? Ans.  9050xVV- 

12th.  156690^-^27^? ^iw.  5760}. 

13th.  1320104|J-7-819|  ? An$.  1610^. 

14th.  13511853Ar-^300J? Ans.  4500^. 

15th.  108118749^-4-4411^? ^n*.  24484»H8ii- 

16th.  308856A-^-40H? ^n*.7592. 

17th.  9730152^-^721? Ans.  135000}. 

18th.  474682i}-f-150i? Ans.  3159f 

19th.  353455i-i-67i  ? -4iw.  5249*. 

20th.  85622845|4-f-1000i  ? Ans.  85613}. 

2lBt.    j-^  ^  (Bee  Art.  208  and  204)  ? "^^'TT 

22d.     j-H^? •^*««-  y 

28d.     3-1-3? -'^•*- 

24th.    5-^3? ^...^..^.Ams.  I. 

25th.     5535^55^3?    ^^'iSFe 

h^t^d     bi^  ^      bed 

26th.    ?^^3v  ^ ^'  S^- 

209.  Benuurks  on  multiplication  and  diyiaion  of  fractions. 

In  moltiplicatioa,  when  the  multiplier  is  a  proper  fraction  the  product  is 
less  than  the  midtiplicand ;  for,  the  multiplier  bdng  less  than  unity,  the 
product,  which  is  a  like  part  of  the  mumpUcand,  is  less  than  once  the 
multiplicand. 

In.  division,  when  tfie  divisor  is  a  proper  fraction  the  quotient  is'  greater 
than  the  dividend ;  for,  the  divisor  being  less  than  unity,  its  reciorocal  is 
gr^Uer  than  unity,  and  the  quotient  is  tl^  product  of  the  dividend  by  the 
reciprocal  of  the  divisor. 

210.  The  fractional  expressions  conaidered  in  the  preceding  rules  are 
fractions  of  unity ;  f,  for  example,  and  f  of  1  being  expressicws  of  the  same 
signincation  (Ait.  146). 

But  a  fractional  part  or  fractional  parts  may,  in  like  manner,  be  taken  of 
any  numbers  either  less  or  greater  than  unity,  as  ^  of  ),  }  of  2,  ^  of  5}. 

To  distinguish  a  fraction  of  unity  from  a  fraction  of  any  numoer  less  or 
greater  than  unity,  it  is  usual  to  term  the  former  a  simple  and  the  latter  a 
complex  or  compound  fraction. 
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Wlien  the  ram  or  difference  of  an  j  nombars,  ef  which  aome  are  complex 
Enactions,  is  to  be  found,  it  is  necessary  to  reduce  the  complex  to  equivalent 
flimnle  firactions,  as  without  such  reduction  the  complex  cannot  be  brought 
to  ^e  same  denmninator  with  the  nmple  fractions  or  with  each  other.  I 

Let  a  ^Ten  complex  fraction  be  4  of  f,  and  let  it  be  required  to  reduce 
it  to  a  sunple  fraction.  The  signincation  of  an  expression  such  as  f,  or 
f  of  1,  is  that  1  is  divided  into  4  equal  parts,  and  that  3  of  these  4th  |Mirts 
tare  taken  to  compose  the  fraction  f .  So  in  the  complex  fraction  f  of  f,  it 
is  to  be  understood  that  f  is  divided  into  7  equal  parts,  and  that  5  of  these 
7th  parts  are  taken  to  compose  the  fraction. 

Now,  if  f  or  f  of  1  is  divided  into  7  equal  parts,  one  of  these  7th  parts  is 
equal  to  |  •«-7,  or  ,^  of  1,  and  5  such  parts  are  equal  to  5  times  -^  of  1  or 
jf  of  1,  that  is,  to  uie  simple  fraction  {|, 

Wherefore  ^  of  '=U=J^ 

Similarly  |  of  2  =8  times  the  9th  part  of  2=^=^=l|; 

^  of  5  f  =  9  of  ^J=9  times  the  1 1th  part  of  -^  =^  ; 

"**   3x11*"  3xll"'U'~*ll'-'n  ^^^Z'^^IV 

In  these  instanoes  the  reduction  of  a  complex  to  a  simple  fraction  is  made 
by  multiplying  together  the  numerators  of  the  complex  friiction  for  the 
numerator  of  the  equivalent  simple  fraction,  and  the  denominators  for  its 
denominator.  The  method  beinf  independent  of  the  particular  values  of 
the  ^ven  fractions,  it  follows  mat  any  complex  fraction,  conabting  of  a 
fraction  of  some  number  less  or  greater  than  unity,  is  reducible  to  a  simple 
fraction  by  this  p*ocess,  which  is  identical  with  that  for  finding  the  product 
of  two  fractional  factors. 

Next,  let  it  be  required  to  reduce  the  complex  fraction  4-  of  4  of  f  to  a 
rimple  fraction. 

In  this  example  it  is  required  to  reduce  }  of  $  of  f  to  a  fraction  of  unity. 

Now  |off  is  equal  to  5  times  the  9th  part  of  f =|^v 

Hierefore  *  of  |  of  -^=|  of  |^ 

Similarly  4  of  ?;;*=3  times  the  4th  part  of  ?V9=I^  * 

\mf  1?<6X3_;2X6X3_JI     .    1  rtf  1  ^f  «— ^. 
""''  7>c9x4~'7xa?xi«^42*    *  «  "*    9  "*   7"~4a 

That  is,  the  eoowlex  fraction  4  of  f  of  f  is  equal  to  the  simple  fraction  ^ 

From  a  consideration  of  the  method  followed  in  the  reauction  of  these 
complex  fractions  to  simple  fractions,  it  appears  that  the  process  of  reduction 
coincides  with  that  for  finding  the  product  of  all  the  fructional  expressions 
composing  the  complex  fruction. 

Whence,  to  reduce  any  complex  fraction  to  an  equivalent  simple 
fraction. 

Rule.  Multiply  together  the  numerators  of  the  complex  fraction 
for  tiie  nmnerator  of  the  simple  fraction,  and  the  denominators  for  its 
denominator. 

211.  Exercises  in  the  reduction  of  complex  to  simple  frtu^tions : 

iBt     f  of  ^? Ans.  ^. 

2d.      i  of  li? Ans.  f 

3d.      J  of  I  of  i? Ant.  f 

4th.    I  of  VV  oi4^? Ans,  ^. 

6th.    -^  of  T^  of  3J? Am.  ^ 

6th.    iof4of^of  7tV? Ans.l. 

7th.    TVof«ofHof9? ^.«. 
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8tli.     iVof  Ao^Hof  3J? AfU.  Hi- 

9tiL     J  of  t  of  f  of  J  of  5? Am,  Vs- 

10th.  Mo^Jio^+to^9J? Ans.^oT  Vt- 

nth.  iof  Hof  2Jof  2i? Ans.  H. 

12th.  iVof/roff  0^7? AfU.  J. 

n  n 

To  distiiigaish  fractions  of  the  form  ^  from  fractions  of  the  form  j^ 

the  former  are  termed  Vulgar  or  oonmion,  and  the  Utter  Decimal^  fractions. 


SECTION  vn. 

OF  DECIMAL  FRACTIONS. 


213.  If  the  figures  of  any  niunber  are  taken  consecutively  from  right  to 
left,  the  first  figure  expresses  units  of  the  first  order  or  simple  units ;  the 
second,  units  of  the  second  order,  or  tens ;  the  third,  units  of  the  third 
order,  or  himdreds,  &c.  &c ;  the  units  expressed  by  any  figure  being  ten 
times  greater  than  those  expressed  by  the  figure  which  is  unmediatdy  on  its 
right. 

Conversely,  the  units  expressed  by  any  figure  which  is  on  the  right  of 
anoUier,  are  tenth  parts  of  the  units  expr^sed  by  that  other  figure. 

This  principle  may  be  extended  so  as  to  include  figures  written  to  the 
right  of  that  digit  which  expresses  the  simple  units  of  any  number ;  thus, 
if  1  is  written  to  the  right  of  the  digit  expressing  the  sunple  units  of  a 
number,  its  relative  value  is  one  tenth  part  of  unity,  or,  simply,  one  tenth ; 

similarly  the  values  of  the  figures  2,  3 9,  written  to  Uie  right  of  the 

digit  expressing  the  simple  units  of  a  number  are  respectively  two  tenths, 
three  tenths,  . .  nine  tenths. 

The  relative  value  of  1  written  to  the  right  of  the  figure  expressing 
tenths  b  one  tenth  part  of  one  tenth,  or  one  hundredth  part  of  unity 

f^Art  210) ;  and  similarly  ^e  values  of  2,  3 9,  in  the  second  nlace 
rom  the  figure  expressing  simple  units,  are  two  hundredths,  three  nun- 

dredths, nine  nundredths  of  unity. 

In  like  manner  the  relative  values  of  the  figures  I,  2,  3 9,  written 

to  the  risht  of  the  figure  expressing  hundredths,  are  one  thousandth,  two 
thousandths,  three  thousandths nine  thousandths  of  unity. 

214.  If  the  relative  values  of  the  figures  equidistant  on  both  sides  from 
the  digit  expressing  the  simple  units  of  a  number  are  compared  with  each 
oth^, 


Of  the  figures  on  the  left  of  the 
place  of  simple  units : 
The  first  expresses  tens. 
The  second  expresses  hundreds. 
The  third  expresses  thousands. 
The   fourth  expresses  ten  thou- 
sands. 


Of  the  figures  on  the  right  of  the 
place  of  simple  units : 
The  first  expresses  tenths. 
The  second  expresses  hundredths. 
The  third  expresses  thousandths. 
The  fourth  expresses  ten  thou- 
sandths. 


And,  generally,  whatever  multiple  of  unity  is  expressed  by  a  figure  on 
the  left  of  the  digit  which  expresses  the  simple  units  of  a  number,  the 
corresponding  nart  of  unity  is  expressed  by  tne  same  figure,  at  an  equal 
distance  from  tnat  digit,  on  the  right. 

215.  The  fractional  numbers  expressed  by  figures  written  to  the  right  of 
the  digit  which  occupies  the  place  of  simple  units,  are  termed  decimal 
fhuitions,  or,  simply,  decimals. 

To  distinguish  the  integral  from  the  fractional  part  of  a  mixed  number 
written  in  this  manner,  a  mark,  named  the  decimal  x)oint^  is  placed  after 
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tbat  digit  wfasck  expresses  the  simple  units  of  the  number ;  the  mark  used 
in  this  Treatise  is  ft  point  (*). 

Tlnu  the  figures  24*8  express  the  mixed  number  24  units  and  8  tenths ; 
the  figures  46*54,  46  units  5  tenths  and  4  hundredths;  and  the  figures 
78-246,  78  units  2  tenths  4  hundredths  and  6  thousandths. 

The  integral  part  of  each  of  these  mixed  numbers  is  expressed  as  a 
multiple  of  unity,  but  everj  figure  of  the  fractional  part  is  taken  bj  itself; 
the  manner  of  expressing  both  maj,  however,  be  rendered  uniform. 

For,  since  2  tenths  are  equal  to  20  hundredths  or  to  200  thousandths, 

and  4  hundredths      to    40  tiiousandths, 
it  f(^ows  that  2  tenths  4  hundredths  and  6  thousandths  are  equal  to  200 
thousandths  H-  40  thousandths  +  6  thousandths,  or  to  246  wousandths; 
and  that  the  number  78*246  may  be  read  78  units  and  246  thousandths. 

216.  Each  figure  of  a  decimal  firaction  has  its  own  denominator,  which, 
according  as  the  figure  is  the  1st,  2d,  3d,  Sec  fix)m  the  decimal  point,  is  10, 
100,  1000,  &C. ;  hence  it  is  evident  that  the  preceding  expedient  to  reduce 
the  isolated  names  of  the  several  figures  composing  a  decmial  fraction  into 
one  name  of  number  amounts,  in  effect,  to  tne  reduction  of  the  fractions 
expressed  by  these  figures  to  equivalent  fractions  having  a  common  deno- 
minator, and  their  combination  into  one  fractional  number  having  that 
denominator  for  its  denominator. 

This  common  denominator  must  always  be  the  denominator  of  that  figure 
which  is  most  remote  firom  the  decimal  point. 

A  decimal  is,  consequentiy,  read  as  a  fraction  whose  numerator  is  the 
number  expressed  by  the  figtures  of  the  given  decimal,  and  its  denonunator 
that  of  the  last  figure  of  the  given  decimal. 

217.  The  integral  and  decimal  parts  of  an  expression  composed  of  a  whole 
number  and  a  decimal  fraction  may  be  both  comprehended  under  one  name 
of  number. 

Taking,  for  example,  the  number  57'496  ;  the  decimal  part  is  496  thou- 
sandths ;  the  int^ral  part  57  is  equal  to  57000  thousandths ;  and  therefore  the 
sum  of  both,  or  57000  thousandths  -f  496  thousandths,  is  57496  thousandths. 

This  process  is  analogous  to  that  for  the  reduction  of  a  mixed  number  to 
an  improper  fraction.  In  the  case  of  a  decimal  fraction,  however,  neither 
midtiplication  of  the  integral  part  nor  addition  of  the  fractional  part  is 
necessary.  It  is  sufficient  to  read  the  number  as  if  there  were  no  decimal 
point,  and  to  name  after  it  the  denominator  of  the  last  decimal  figure  con- 
tained in  the  number. 

218.  The  manner  of  expressing  in  words  the  value  of  a  decimal  fraction 
being  explained,  it  is  requisite  next  to  show  how  the  spoken  name  of  a 
decimal  firaction  is  expressed  in  figures. 

Let  it  be  required,  for  the  sake  of  illustration,  to  express  in  figures  the 
number  thirty-seven  units  four  hundred  and  thirty-five  thousandths : 

First,  37,  the  integral  part  of  the  number,  must  be  written  to  the  left  of 
the  decimal  point. 

Next,  siQce  435  thousandths  are  equal  to  400  thousandths  -f  30  thou- 
8andths+5  thousandths,  and  that  400  thousandths  are  eaual  to  40  hundredths, 
or  4  tenths,  and  30  thousandths  are  equal  to  3  hunoredths,  the  figure  4, 
which  expresses  tenths,  must  be  written  to  the  right  of  the  decimal  point,  and 
then,  successively,  the  figures,  3,  expressing  the  himdredths,  and  5,  the  thou- 
sandths of  the  number. 

Whence  the  number  expressed  in  figures  is  37*435. 

Let  it  be  also  required  to  express  in  figures  the  number,  eight  units  and 
tMrty-seven  thousandths. 

The  figure  8,  expressing  the  eight  units,  must  be  written  to  the  left  of  the 
decimal  point. 

The  decimal  part,  37  thousandths,  or  30  thousandths +7  thousandths,  or 
3  hundredths +  7  thousandths,  contains  no  figure  expressing  tenths;  the 
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figure  0  mnst,  therefore,  be  written  after  the  decimal  point  to  oocimv  the 
pbce  of  the  deficient  tenths,  then  the  3,  expressing  the  hundredths,  ana  lastlv 
the  7,  expressing  the  thousandths,  of  the  given  number,  which  in  figures  is 
8-087. 

From  the  preceding  examples  and  remarks  it  follows,  that  to  translate  into 
figures  a  decmuJ  number  expressed  in  words,  it  is  necessary  to  write  first 
the  int^;rai  part  of  the  number,  then  the  decimal  point,  lastly  in  suocession 
to  the  right  of  this  point  the  figures  which  represent  the  tenths,  hundiedtha, 
ihousan&hs,  &c.  named  in  the  words  expressing  the  number,  the  place  of 
any  deficient  tenth,  hundredth,  &c.  being  filled  with  a  zero. 

If  the  number  which  is  to  be  expressed  in  figures  is  wholly  a  decimal 
fraction,  a  zero  may  be  written  to  the  left  <^the  decimal  point  to  occupy  the 
place  of  the  deficient  whole  number. 

219.  In  the  Terbal  exoreasion  of  a  mixed  number  composed  of  an  int^r 
and  a  decimal  fraction,  the  integral  may  not  be  distin^isfaed  from  the  decimal 
part  of  the  number.  This  is  the  conyerse  of  Article  217 ;  firom  which  it 
follows  thai  in  determining  the  position  of  the  decimal  point  in  such  a  caae 
it  is  necessary  to  place  it  so  that  the  last  decimal  figure  may  have  for  deno- 
minator that  denominator  which  is  given  to  the  whole  number,  in  audi 
manner  that  if  the  word  expressing  the  denominator  is  tenths  there  is  one 
decimal  figure,  if  hundredths,  two  decimal  figures,  &c  &c. 

220.  A  vulgar  firaction  is  expressed  by  means  of  two  numbers,  the  nume- 
rator and  the  denominator,  both  of  which  are  written  at  length.  In  decimal 
fructions  the  numerator  only  is  expressed  in  figures ;  but  the  decimal  point, 
by  its  position,  indicates  the  magnitude  of  the  denominator,  which  is  equal  to 
unity  followed  by  as  many  zeros  as  there  are  figur^  on  the  right  of  the 
decimal  point. 

The  numerator  is  the  number  expressed  by  the  figures  on  the  rifi^t  of  the 
decimal  point. 

The  number  75437,  written  as  a  vulgar  fraction,  b  76^  or  •^^'. 

4  UW4W— -^njo^— j^jQ^. 

Conversely,  17^^  or  —=17-2049. 
^iMo      or    low  =  ^'^^' 
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10000  =  0-7684. 


100000  =  0-00098. 

221.  If  a  decimal  is  written  as  a  vulgar  firaction,  and  both  the  terms  of  the 
latter  are  multiplied  by  any  power  of  10,  the  value  of  the  fraction  is  not 
altered. 

Taking  the  number  5*738,  which  is  equal  to  ^ 

was 57360  _57a600_  6736000  _573S0000 

iooo""Voooo~iooooo*~  loooood'ioooooob* 
or  5-786=5*7860=5*73600=5-7d6000=5-7360000. 
Consequently  the  value  of  a  decimal  is  not  changed  by  annexing  to  it  any 
number  of  zeros ;  and  hence,  if  several  decimal  fractions  are  composed,  some 
of  more  and  some  of  fewer  decimal  figures,  by  annexing  zeros,  the  inequality 
may  be  removed  without  any  change  in  the  magnitude  of  the  numbers. 

fiy  means  of  zeros  thus  anneiced  any  given  decimals  are  reduced  to  the 
same  denomiAator. 
Thus,  the  decimals  17-49,  -025,  58-3841, 126-8,  are  equal, 

17-49     to    17-4900, 

•025    to     0-0250, 

58*3841  to    58-3841, 

126*8       to  126-8000, 

under  which  form  they  have  the  common  denominator  10000. 
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All  fiffores  on  the  right  of  the  decimal  point,  and  at  the  same  distance 
from  it,  nave  a  common  denominator. 

222.  In  the  case  of  decimal  fractions,  as  well  as  of  whole  numbers,  ten 
units  of  any  order  make  one  unit  of  the  next  higher  order  (Art.  213). 

Thus,  10  thousandths  (for  example)  make  1  hundredth,  or  i^8fl=ii(i'"'01, 
10  hundredths'  make  1  tenth,  or  ,\Pp— •^"'=•1, 
10  tenths  make  1  unit  or  whole,  \%=^l ; 
precisely  in  the  same  manner  as 

10  units  make  1  ten,  or  10, 

10  tens  make  1  hundred,  or  100, 

10  hundred  make  1  thousand,  or  1000. 

By  this  extension  of  the  decimal  scale  to  numbers  less  than  unity,  the 
reductions  necessary  for  the  combination  of  fractions  with  other  fractions 
And  with  whole  numbers  are  avoided. 

Addition  op  Decimal  Fractions. 

223.  In  addition  of  decimal  fractions  certain  numbers,  altogether  or  partly 
expressed  by  decimal  figures,  are  given ;  and  it  is  required  to  find  a  single 
number  which  shall  be  equal  to  the  whole  of  the  given  numbers  taken 
tocether. 

This  sum  must  coinprehend  all  the  units  and  parts  of  unity  contained  in 
the  given  numbers.  In  forming  it  units  of  the  same  order  alone,  whether 
int^ral  or  decimal,  can  be  combined  together.  Therefore  the  separate  suma 
of  afi  the  units  of  each  order  contained  m  the  given  numbers  must  be  found, 
and  these  sums  collected  into  one  result. 

Since  ten  units  of  any  order  make  one  unit  of  the  next  higher  order  in 
the  fractional  as  well  as  in  the  integral  parts  of  the  given  numbers,  and  ten 
tenths  make  one  whole  (Art  222),  it  follows  that  the  combination  into  one 
number  of  the  given  quantities,  whether  fractional  or  integral,  is  made 
nnifonnly  by  the  rule  for  the  addition  of  whole  numbers. 

In  arranging  the  given  numbers  for  addition  care  must  be  taken  to  place 
in  the  same  vertical  column  all  the  figures  which  have  the  same  relative  value, 
and  no  otiiers.  Thus,  of  the  integral  parts  of  the  numbers,  units  must  be 
written  under  units,  tens  under  tens,  hundreds  imder  hundreds,  &c. ;  and  of 
the  decimal  parts,  tenths  must  be  written  under  tenths,  hundredths  under 
hundredtiis,  &c. ;  and,  by  consequence,  the  decimal  points  also  imder  each 
other. 

224.  When  all  the  given  auantities  contain  the  same  number  of  decimal 
figures,  if  the  figures  of  the  lowest  order,  or  the  last  in  each  quantity,  are 
placed  under  each  other  in  a  vertical  column,  and  the  other  figures  as  if  the 
numbers  were  integral,  the  correspondinj^  decimal  figures,  tiie  decimal  points, 
and  the  same  orders  of  units  of  the  whole  numbers  will  fall  under  each 
other. 

If  there  are  more  decimal  figures  in  some  of  the  numbers  than  in  others, 
the  arrangement  must  be  made  to  proceed  from  the  decimal*point  towards 
the  left  for  the  whole  numbers,  according  to  the  relative  values  of  the 
figures ;  and  towards  the  right  for  the  decimals,  also  according  to  the  relative 
values  of  the  figures,  in  the  manner  described,  Art.  223. 

The  unusual  appearance  of  broken  columns  on  the  right  may  occasion 
some  embarrassment.  On  this  account  it  mav  be  found  convenient  at  first 
to  reduce  the  decimals  to  a  common  denommator  by  Article  221,  and  to 
arrange  the  figures  as  directed  in  the  preceding  paragraph  of  this  Article. 

225.  Example  I.  Let  it  be  required  to  find  the  sum  of  the  decimals 
•0795,  -3854,  -0072,  and  -9588. 

The  number  of  decimal  figures  in  these  quantities  being  the  same,  the 
arrangement  for  addition  is  nuide  by  Article  224. 
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Arrangement  of  the  numbers,  and  calculation : 


0  -0795 
0-3854 
0  -0072 

0  '9588 

1  -  4  3  0  9 

The  detul  of  the  calculation,  beginning  with  the  right  column  (which  in 
this  example  expresses  ten  thousandths  of  imity),  is, 

8 -f  24-4+5=19  ten  thousandth8=10  tenthou8andth8+9  ten  thousandths 
:=!  thousandth +9  ten  thousandths. 

The  9  is  written  under  the  column  of  ten  thousandths,  and  the  1  thou- 
sandth reserved  for  addition  to  the  column  of  thousandths. 

1+8-f  7+5+9=30  thou8andths=3  hundredths+O  thousandths. 

The  0  is  written  under  the  column  of  thousandths,  and  the  3  reserved  for 
addition  to  the  column  of  hundredths. 

3+5+8+7=23  hundredth8=20  hundredths+3  hnndredth8=2  tenths 
+3  himdredths. 

The  3  is  written  under  the  coltmm  of  hundredths,  and  the  2  reserved  for 
addition  to  the  column  of  tenths. 

2+9+3=14  tenths=10  tenths+4  tenths=l  whQle+4  tenths. 

The  4  is  written  under  the  column  of  tenths,  the  decimal  point  to  the  left 
of  the  figure  expressing  tenths,  and  the  1  whole  to  the  left  of  the  decimal 
point,  under  the  column  of  simple  units.  Consequently  the  sum  of  the  given 
numbers  is  1*4309. 

Example  2.  Let  it  be  required  to  find  the  sum  of  the  decimals  35*847, 
9-3546,  125-09546,  -42,  and  76-3865. 

The  common  denominator  of  the  decimals  contained  in  this  exan^ile  is 
1 00000.  Bringinff  the  decimals  to  this  denominator,  arranging  the  numbers 
by  Article  224,  admng  them  together  as  integers,  and  placing  the  decimal  point 
to  the  left  of  the  figure  which  expresses  tenths,  the  sum  is  found  to  be 
247*10356.  A  difference  between  this  example  and  example  1  is,  that  most 
of  the  addenda  are  mixed  numbers.  In  fiinding  their  sum,  the  2  wholes, 
arising  from  the  column  of  tenths,  are  carried  to  the  column  of  simple 
units. 

If  the  decimals  are  not  brought  to  the  same  denominator,  the  addenda 
must  be  arranged  by  Article  223.  Hie  process  of  addition  and  the  result  are 
the  same,  in  wnichever  of  the  two  ways  the  given  numbers  are  arranged. 

Both  forms  of  arrangement  and  the  result  of  the  addition  are  subjoined. 
A  lengthened  detail  of  the  process  (after  that  given  in  Example  1)  seems 
unnecessary. 

{   fill  I 

rHMIM  linl 

35*84700  35-847 

9*35460  9*3546 

25-09546  125-09546 
0*42000  0*42 

76*38650  76*3865 


2  4  7  •10356  247  *10S56 
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226.  Rule  for  the  addition  of  decimal  firactions : 

Arrange  the  numbers  so  that  the  figures  of  the  same  relative  value, 
and,  consequently,  also  the  decimal  points,  may  fall  under  each  other 
in  vertical  columns. 

Then  add  as  in  whole  numbers,  and  place  the  decimal  point  of  the 
sum  in  the  vertical  column  of  the  other  decimal  points. 

227.  Exercises  in  the  addition  of  decimal  fractions : 

1st  '0962+-5847+-9754+-0029+-0506? Ans.  1-7098. 

2d.    •07+-003+-00034+-00562? Ans.  -07896. 

3d.    17039+13-7+0075+186+345-03? Ans.  375-9625. 

4th.  •08+-46+-23+-22+-0048+-0055  ? Ans.  1-0003. 

5th.  274-5+-075+4-0076+290-0486+45-07+394.09  ? 

Ans.  1007 '791 2. 
6th.  17O19+13-7+-7+O075+Ti^+345O3?...-^i«.376-6425i 

7th.  '08+-46+-23+-22+-0045+-0055  ? Ans.  1. 

8th.  987-+-85+-000734+845-01+90tV.? Ans.  1923-760734. 

^^'  A+T7finr+TlTr+ioo8ooo? - ^^' -488008. 

10th.  235-9+17^+32t^+t^  ? Ans.  285-935. 

11th.  5T^+79-25+-00074+29xMf^+394-09?  -^iM.  507-76544. 
12th.  176+W+«*+TVifir+TUSi7? ^ns.  195-5536. 

SUBTSA.CTION  OF   DeCIKAL  FRACTIONS. 

228.  If  the  minuend  and  subtrahend  contain  the  same  number  of  decimala, 
the  last  fignres  of  each  have  the  same  relative  value.  Whence,  if  the 
last  ^gure  of  the  latter  is  written  imder  the  last  of  the  former,  and  the 
others  in  order,  the  figures,  firactional  as  well  as  integral,  which  have  the 
same  reUuive  values,  and  also  the  decimal  points,  must  fall  directly  under 
each  other.  Then,  shice  10  units  of  any  order  make  1  unit  of  the  next 
higher  in  the  firactional  as  well  as  the  integral  part  of  a  number  expressed 
decimally,  and  10  tenths  also  make  1,  if  the  dinerence  is  taken  as  in  whole 
numbers,  and  the  decimal  point  of  the  remamder  is  placed  in  the  same 
vertical  column  with  the  decunal  points  of  the  minuend  and  subtrahend,  the 
result  will  be  the  difierence  of  the  given  numbers. 

229.  If  the  minuend  and  subtrahend  contain  difilsrent  numbers  of  decimal 
figures,  the  inequality  may  be  removed  by  annexing  the  proper  number  of 
zeros  to  that  of  the  two  which  has  fewer* ;  or,  having,  as  in  addition 
(Art.  223]),  arranged  the  numbers  so  that  the  decimal  points  and  those 
figures  wmch  have  the  same  relative  value  shall  fall  in  vertical  columns,  the 
subtraction  may  be  made  as  before. 

230.  Let  it  be  requh^d  from  *1354  to  subtract  -0436.  ; 
Arrangement  of  the  numbers,  and  calculation : 

•1354 
-0436 

-0918 

Detail :  the  denominator  of  the  last  figure  is  ICOOO :  4  ten  thousandths^ 
6  ten  thousandths,  the  subtraction  is  not  possible ;  1  thousandth=lO  ten  thou- 
sandths b  borrowed  from  the  next  figure  on  the  left ;  then  10  ten  thou- 
8andth8+4  ten  thonsandths=14  ten  uousandths;  and  14  ten  thousandths 

*  Though  not  essentially  necessary,  it  is  convenient  at  first  to  reduce  to  the  same 
denominator  the  dechnal  fractions  whose  difierenee  is  to  be  found.  A  beginner 
mi^  suppose  -098,  for  example,  greater  than  -1 ;  hut  if  the  -1  is  written  -100,  such 
a  mistake  is  less  likely  to  be  mad& 

I  2 
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—6  ten  thoosaadthasS  ten  thousandths.  6  is  written  under  the  column  of 
ten  thousandths,  and  1  carried  to  the  next  figure  for  the  1  thousandth  bor- 
rowed :  1  thousandth +3  thousandths=:4  thousandths ;  and  5  thousandths — 
4  thousandths=:l  thousandth. 

The  remainder,  1,  is  written  under  the  column  of  thousandths,  and  the 
Subtraction  continued. 

3  hundredths-^4  hundredths ;  the  subtraction  is  not  possible :  1  tenth,=: 
10  hundredths,  is  borrowed ;  10  hundredths +3  hundredtnB=13  hundredths ; 
and  13  hundredths— 4  hundredths=9  hundredths.  The  9  is  written  in  its 
proper  place,  and  1  tenth  carried  for  the  1  tenth  or  10  hundredths  bor* 
rowed. 

1  tenih+0=l  tenth,  which,  taken  from  the  1  tenth  of  the  minuend,  gi^ea 
0  to  be  written  in  the  place  of  tenths  of  the  remainder. 

The  remainder  is,  therefore,  *09I8  or  918  ten  thousandths. 

2d  Example.    Let  it  be  required  from  176*384  to  take  98-75864. 

The  arrangement  of  the  numbers,  both  with  and  without  the  reduction  of 
the  decimals  to  the  same  denominator,  is  exhibited  below.  The  remainder, 
also,  is  g^yen,  but  not.|he  detail  of  the  calculation,  this  seeming  unne- 
cessary. 

176-38400  176*384 

98-75864  98-75864 

77-62536  77*62536 

'  231.  Rule  for  the  subtraction  of  decimal  fractions : 
-  Arrange  the  figures  of  the  minuend  and  subtrahend,  the  latter 
under  the  former,  according  to  their  relative  values.  Then  subtract 
as  in  whole  numbers,  and  place  the  decimal  point  of  the  remainder  in 
the  vertical  column  containing  the  decimal  points  of  the  minuend 
and  subtrahend. 

232.  Exercises  in  the  subtraction  of  decimal  fractions. 
1st  Find  the  difference  between  274*5  and  4*0076? 

Ans.  270*4924. 
2d.        -  -  -  -     1*0009  and  2*009? 

Ans.  1*0081. 

dd.        -  -  -  -     10*  and  "001  ?. Ans.  9*999. 

4th.       ...  -     -00032  and  *000085? 

Ans.  -000235. 
6th.   -     -     -     -  472A  and  '^  ? 

Ans.  433*83. 

6th.   ...     -  l*and*l? Ans. 'B. 

7th.   -     -     -     -  ,j^and4^? ^iw.  3*663. 

8th.   .     -     -     -  1982  and  19*82? 

Ans.  1962*18. 

9th.   -     -     -     -  *009  and  *01  ? Ans.  -001. 

10th.  ....  79*84  and  794*8  ? 

Ans.   714*96. 
nth.  -     -     -     -  43*2543  and -29354  ? 

Ans.  42*96076. 
12th.  ^     .     .     .  319*006  and  78^^^? 

Ans.  240*9862. 

233.  Rules  for  the  addition  and  subtraction  of  decimals  may  be  easily 
deduced  from  the  rules  for  the  addition  and  subtraction  of  vulgar  fhictions. 

For  any  given  decimals  may  be  reduced  to  a  common  denominator  by 
Article  221 ;  and,  considered  as  fractions  having  a  common  denominator, 
their  sum  ia  equal  to  the  sum,  and  their  difference  to  the  difference,  of  the 
numerators,  placed  over  the  common  denominator. 
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In  decimal  fractions  the  value  of  the  denominator  is  indicated  by  the 
position  of  the  decimal  point.  This  value  being  the  same  for  the  numbers 
which  are  added  or  subtracted,  and  for  their  sum  or  difference,  the  position 
of  the  decimal  point  in  the  sum  or  difference  must  be  the  same  as  it  is  in  the 
numbers  added  or  subtracted. 

Whence,  generally,  to  find  the  sum  or  difference  of  any  decimal  fractions, 
reduce  the  given  decimals  to  a  conmion  denominator,  add  or  subtract  them 
as  whole  numbers,  and  point  off  as  many  decimal  figures  in  the  sum  or 
difference  as  there  are  decimal  figures  in  each  of  the  numbers  after  reduction 
Co  the  same  denominatcNr. 

Multiplication  of  Decimal  Fractions. 

234.  The  decimal  fractions  whose  product  is  required,  can  be  expressed 
as  vulgar  fractions  (Art.  220),  and  tneir  product  obtained  by  multiplying 
together  the  numerators  of  the  factors  for  tne  numerator  of  the  product,  and 
the  denominators  for  its  denominator  (Art.  194). 

Now,  the  numerator  of  a  decimal,  expressed  as  a  vulgar  fraction,  is  the 
given  number  without  the  decimal  point ;  that  is,  it  is  the  given  number 
considered  as*an  int^er ;  and  the  denominator  is  1  with  as  many  zeros  annexed 
as  there  are  decimal  figures  in  the  given  number  (Art.  217  and  220). 

Whence  the  numerator  of  the  product  of  two  decimal  factors  is  equal  to 
the  product  of  the  given  figures,  considered  as  integers ;  and  the  denominator 
of  their  product  is  equal  to  the  product  of  1,  followed  bv  as  many  zeros  as 
there  are  decimal  figures  in  the  multiplicand  into  1  followed  by  as  many 
zeros  as  there  are  decimal  figures  in  tne  multiplier ;  that  is,  to  1  foUowed 
by  as  many  zeros  as  there  are  decimal  figures  in  both  multiplicand  and 
multiplier. 

In  decimal  fractions  this  denominator  is  indicated  by  the  decimal  point, 
which  must  be  placed  so  as  to  cut  off,  from  the  right  of  the  numerator,  as 
many  figures  for  decimals  as  there  are  zeros  in  the  denominator  (Art.  220). 

Consequently  the  product  of  two  given  decimal  fractions  is  found  by, 

1st,  multiplying  together  the  g^ven  factors  as  whole  numbers ; 

And,  2d,  pointing  off  from  this  product  as  many  figures  for  decimals  as 
there  are  decimal  figures  in  both  the  multiplicand  and  multiplier. 

The  product  of  t&ee  decimal  fractions  is  obtained  by  forming  the  product 
of  any  two  of  the  factors,  and  then  multiplying  this  product  by  the  third 
factor ;  and  in  tiie  same  manner  is  found  the  product  of  four  or  any  greater 
number  of  decimal  fractions. 

2S5.  To  i^ply  these  deductions,  let  it  be  required  to  multiply  35*407  by 
12-54 : 

35-407=^-  and  12-54=^  (Art.  220), 
.  • .  35-407  X 12-54=^-  X  ^. 

Wow    aMgy  ^  1254_ 35407x12^4  ,,44400378      ^^^.QQoyQ 
^"^     1000  ^  100~    1000x100         100000  — **»wo/o. 
.  • .  35-407  X  12-54=444-00378. 
Performed  in  this  manner  the  calculation  serves  to  illustrate  the  preceding 
observations  on  the  multiplication  of  decinud,  considered  as  vulgar,  fractions. 
In  accordance,  however,  with  the  conclusion  which  has  been  deduced, 
35407  ought  to  be  multiplied  by  1254,  and  3+2  or  5  decimal  figures  to  be 
pointed  off  from  the  product  thus, 

35-407 
12-54 

141628 
177035 
70814 
35407 


444-00378 
I  3 
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236.  Mvltiplj  (yC9064  by  (Xm. 

-03054 
-023 

9162 
6108 

70242 

The  product  of  3054  by  23  is  70242.  To  g^ye  this  product  its  proiw 
relative  value :  the  multiplicand  contains  5  decimal  figures,  and  the  multi- 
plier 3;  the  product  must  consequently  contain  6  decimal  figures;  and 
therefore  the  last  figure,  2,  is  the  8th  firom  the  decimal  point.  But  the  product 
of  the  factors,  taken  as  whole  numbers,  contains  only  5  figures.  In  order, 
therefore,  that  the  last  figure  may  hold  the  8th  plaoe  firom  Uie  decimal  point, 
it  is  necessary  to  write  three  zeros  to  tilie  left  of  the  significant  figures  of  the 
product,  which  thus  becomes  -00070242. 

The  calculation  by  the  factors,  expressed  firactionally,  is  as  follows, 

__j    a054  .^  « a054xM    70842     -Ot^TnOAO 

"**^  100000  ^lO0O""100b0Ox  1000""  100000000""  ^f^'^^''^' 

A  conclusion  to  be  drawn  firom  this  example  (or  any  other  in  whidi  the 
absolute  product  of  the  g^ven  factors  contains  fewer  figures  than  the  factors 
contain  decimals)  is,  that  when  the  number  of  figures  in  the  product  of  two 
decimal  firactions  is  less  than  the  number  of  decimal  figures  in  the  multipli- 
cand and  multiplier,  zeros  must  be  prefixed  to  the  pr^uct,  till  the  number 
of  decimal  figures  contained  in  it  is  made  equal  to  tne  number  contained  in 
both  factors. 

237.  Let  an^  decimal,  esmressed  as  a  vulgar  firaction,  be  multiplied  by  10 ; 
the  multiplication  can  be  enected  by  dividing  the  denominator  of  the  multi- 
plicand by  10  (Art.  149) ;  the  denominator  of  the  product  consequently 
contains  1  zero  fewer  than  that  of  the  multiplicand,  and,  therefore,  the  pro- 
duct 1  decimal  figure  fewer  than  the  multiphcand. 

Similarly,  the  multiplier  being  100,  tne  product  contains  two  decimal 
figures  fewer  than  the  multiplicand ;  being  1000,  the  product  contains  3 
decimal  figures  fewer  than  the  multiplicand 

Whence,  to  multiply  a  decimal  by  any  power  of  10,  remove  the  decimal 
point  of  the  multiphcand  1  figure  to  the  nght  for  each  zero  contained  in  the 
multiplier ;  the  result  is  the  product  required. 

Example  1.  Multiply  0-00587  by  1000. 

The  multiplier  contains  3  zeros ;  therefore  to  obtain  the  product,  the 
decimal  point  of  the  multiplicand  must  be  removed  three  figures  to  the  rifht. 
The  proauct  conseauently  is  005*87,  or,  omitting  the  zeros,  which  on  the  left 
of  a  whole  number  nave  no  value,  5*87. 

Example  2.  Multiply  476  by  10000. 

The  multiplier  contains  4  zeros;  therefore  the  product  is  obtained  by 
removing  the  decimal  point  of  the  multiplicand  4  figures  to  the  right.  The 
latter  containing  but  two  decimal  figures,  this  transference  of  the  decimal 
point  to  the  right  can  only  be  made  by  annexing  2  zeros  to  the 
multiplicand. 

Therefore  47600  is  the  product  required. 

The  multiplication  of  4*76  by  10000  may  be  represented  also  thus, 

4-76=|g ;       10000=^  ; 
^  X  iop.  =*p  X  ^47600,  the  same  result  as  before. 

238.  Rule  for  the  multiplication  of  decimal  fractions : 

Multiply  the  given  factors  together  as  whole  numbers,  and  point  ofiT 
from  the  product  as  many  figures  for  decimals  as  there  are  decimal 
figures  in  both  the  multiplicand  and  multiplier. 
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When  the  nmnber  of  figures  in  the  product  is  less  than  the  number 
of  decimal  figures  in  the  multiplicand  and  multiplier,  zeros,  equal  in 
nmnber  to  the  deficient  figures,  must  be  written  to  the  left  of  the 
number  which  expresses  the  absolute  product  of  the  factors. 

To  multiply  a  decimal  by  any  power  of  10,  remove  the  decimal 
point  of  the  multiplicand  one  figure  to  the  right  for  each  zero  con- 
tained in  the  multiplier. 

239.  Exercises  in  the  multiplication  of  decimal  fractions : 

Ist.     3-795 X75-437  ? Ans.  286-283415. 

2d.     39-745  X -067  ? Ans.  2-662915. 

3d,     0-3734x0-7954  ? Ans.  029700236. 

4th.    0-0475 X 1-3756 ? Ans. 0065341. 

5th.    0-57305 xO-00754  ? Ans.  0004320797. 

6th.    0<X)1  X375-  ? Ans.  0-375. 

7th.    20a^x3T^? Ans.  602-301. 

8th.    3-795  X  "7487  ? Ans.  2-8413165. 

9th.    •00475X-13756  ? Ans.  0-00065341. 

10th.  SIt^Xt^Mtt? -47W.  6-7579854. 

11th.  56Ti^X-nAnnr? ^«*-  0-072891. 

12th.  3-05x1-42x7-64  ? Ans.  33-08884. 

13th.  -01819X100? ^iw.  1-819. 

14th.  3-415x1000? ^n*.  3415. 

15th.  -0076X100000? Ans.  760. 

16th.  588-4x10000? Ans.  5884000. 

17th.  4-79x54-6x39-625? Ans.  10363-28475. 

18th.  -1234X-0001  ? Ans.  0-00001234. 

19th.  -1x1  ? Ans.  0-01. 

20th.  -OlX-Ol  ? ^n*.  0-0001. 

21st  -0074x100? Ans.  0-74. 

22d.   -0074x1000000? Ans.  7400. 

23d.   -001  X50  ? Ans.  05. 

24th.  -0001  X 1000? Ans. 0-1. 

25th.  -0001  X -0001  ? Ans.  0-00000001. 

26th  -076x6000? Ans.  456. 

27th.  1-05x12000? Ans.  12600. 

28th.  9X-9X-09? Ans.  0*129. 

Division  of  DECiMix  Fractions. 

240.  If  the  dividend  and  divisor  are  brought  to  the  same  denominator, 
and  then  expressed  as  vulgar  firactions,  the  denoxninators  are  equal ;  the 
quotient  of  tne  decimal  is  also  equal  to  that  of  the  vulgar  fractions. 

Now,  in  division  of  vulgar  firactions,  the  quotient  is  obtained  by  multi- 
plying the  dividend  by  the  reciprocal  of  the  divisor ;  but,  since  the 
numerator  of  the  reciprocal  of  the  divisor  is  equal  to  the  denominator  of 
the  dividend,  these  factors  may  be  cancelled  in  the  numerator  and  deno- 
minator of  tiie  quotiesrt,  which  is  thus  reduced  to  a  fractional  expression, 
having  for  numerator  the  numerator  of  the  dividend,  and  for  denominator 
the  numerator  of  the  divisor. 

These  numbers  are,  respectively,  the  ^ven  dividend  and  divisor,  reduced 
to  the  same  denominator,  and  then  considered  as  whole  numbers. 

Whence,  to  divide  one  decimal  fraction  by  another,  bring  the  decimals 
io  the  same  denominator  (or  make  the  number  of  decimal  figures  in  the 
dividend  and  divisor  equal),  and  divide  as  in  whole  numbers. 

I  4 
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241.  Example.    Divide  3*4703  by  0*027. 

3-4703=-^;    •027=-0270=-j^- 

loooo"^  10000=10000  ^•i70"-"27r?  ^^  "jTo"- ^285^5  (Art.  166.} 
The  fractional  part  of  this  result  being  a  vulgar,  and  not  a  dedmal, 
fraction,  it  becomes  necessary  to  investigate  a  means  of  converdng  the 
former  into  the  latter  form  of  expression. 
Now  ^1}  is  ^^  of  one  simple  unit. 

Since  one  sunple  unit  is  equal  to  10  tenths,  ^$f  of  one  simple  unit= 
yW  tenth8=5,%  tenths,  or  |f  J  of  one  unit=6  tenths-f  ,VW  o^  »  teai^ 
Again,  1  tenth=10  hundredths,  .'.,VV  tenths=:jf4  hundredths,  and  |^ 
hundredths=:2fff  hundredths=:2  hundredths+f^  of  a  hundredth. 
Similarly  ^^  hundredths=9j|f  thousandths.  « 

•  *  •  m  ^^  ^  simple  imit=5^^  tenths. 

=5  tenths+2|fK  hundredths. 
=5  tenthB+2  hundredths+9^  thousandths. 
=5  tenth8+2  hundredths-h9  thousandths +6//;,  ten 
thousandths  +  &c.  &c. 
Whence  i^J=0-5296+*, 
And  ^^a.  =128-5296+. 

From  the  preceding  discussion  it  appears  that  to  convert  a  proper  vulgar 
into  a  decimal  fraction,  it  is  necessary  to  annex  zeros  to  the  numerator,  and 
to  divide  by  the  denominator. 

The  number  of  decimal  figures  in  the  result  is  equal  to  the  number  of 
zeros  annexed  to  the  numerator  of  the  vulgar  frtiction ;  for  the  quotient 
of  the  first  division  is  tenths ;  that  of  the  second,  hundredths,  &c  If  any 
partial  division  give  no  significant  figure  to  the  quotient,  a  zero  must  be 
written  to  occupy  the  place,  in  order  that  their  proper  relative  values  may 
be  preserved  to  the  succeeding  figures. 

The  reduction  of  j^  to  a  decimal  may  be  represented  thus, 

270)143-00000052962+ 
1350 

800 
540 


2600 
2430 

1700 
1620 

800 
540 


260 


The  remainders,  80,  260,  170,  being  reproduced,  it  is  evident  that  the 
process  cannot  terminate  in  a  last  remainder  equal  to  zero.  The  approxi- 
mation to  an  exact  result  may,  however,  be  always  carried  to  any  degree  of 
accuracy  required.  In  the  present  instance  one  unit  of  the  last  quotient 
figure  18  the  |  ^  p^  i,  ^  part  or  1 ;  and  as  the  value  of  all  the  succeeding 
fimires  of  the  quotient,  how  far  soever  carried,  cannot  amount  to  one  umt 
of  this  order,  (for  then  the  last  figure  would  be,  not  2,  but  3,)  it  follows  that 
this  c^uotient  falls  short  of  the  exact  quotient  by  less  than  the  1 00000th  part 
of  unity. 

If  carried  one  place  farther,  the  approximation  would  be  to  within  less 
than  the  millionth  part  of  unity. 

^    *  •¥  written  after  a  decimal  fraction  is  employed  to  indicate  that  the  expressicA 
is  incomplete,  and  greater  than  that  which  is  put  down. 
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The  number  of  zeros  required  ma^r  be  at  once  annexed  to  the  numerator 
of  the  fraction.  Thus,  if  the  approximation  is  reciuired  to  tenths,  1  zero 
most  be  annexed  to  the  numerator ;  if  to  hundredths,  2  zeros ;  if  to  thou* 
sandths,  3  zeros 

Since  the  intend  and  fractional  parts  of  the  quotient  are  both  obtained 
by  the  common  process  of  division,  the  whole  calculation  may  be  made 
continuously,  thus, 

270)34703'00000(128-52962-h 
270 

no 

540 


2303 
2160 

1430 
1350 


800 
540 

2600 
2430 

1700 
1626 

800 
540 


260 


•    •    •    • 


When  the  dividend  is  less  than  the  divisor,  the  quotient  contains  no 
integral  part,  and  the  process  of  division  is  resolved  into  that  of  reducing 
a  vulgar  to  a  decimal  fraction. 

Let  it  be  reciuired  to  divide  *O037  by  *042,  and  to  approximate  to  the  exact 
ouotient  to  within  the  i^^i^^s  V^'^  ^^ imity.  *0037  and  *042,  brought  to 
tne  same  denominator,  are  '0037  and  *0420 ;  and  taken  as  whole  numbers 
they  are  37  and  420. 

binoe  the  approximation  is  to  be  made  to  within  the  1000000th  part  of 
unity,  six  zeros  must  be  annexed  to  the  numerator,  which  becomes  37*000000 ; 
dividing  this  ntunber  by  420,  the  quotient  is  88095 -f. 

Six  zeros  having  been  annexed  to  the  numerator  of  the  fraction  -J^  the 
equivalent  dedmiu  frvu^tion  must  contain  6  decimal  figures ;  one,  namely, 
for  each  zero ;  to  complete  this  number  a  zero  must  to  written  to  the  \m 
of  the  significant  figures  of  the  quotient,  which,  consequently,  is  '088095  4-. 

If  the  reduction  of  Mg  to  a  decimal  b  made  as  in  the  case  of  the  1st 
Example  of  this  Article,  it  is  found  that  the  place  of  tenths  must  be  filled  by 
a  zero,  for 

^ofl  simple  unit=^of  1  tenth  =  0  tenths -h^  of  1  tenth, 
and  1^  of  1  tenth  =^  of  1  hundredth  =  8^  hundredths,  &c.  &c 

242.  If  any  decimal,  expressed  as  a  vulvar  fr*action,  is  to  be  divided  by 
10,  the  division  can  be  ejected  by  multiplying  the  denominator  of  the  divi- 
dend by  10  (Art.  149)  ;  the  denominator  of  the  quotient,  therefore,  contains 
one  zero  more  than  that  of  the  dividend,  and  the  quotient,  expressed 
decimally,  one  decimal  figure  more  than  the  dividend. 

Similiurly,  the  divisor  bsing  100,  the  quotient  contains  two  decimal  figures 
more  than  the  dividend ;  being  1000,  it  contains  three  decimal  figures  more 
than  the  dividend  ...... 
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Whence,  to  divide  a  decimal  by  any  power  of  10,  remove  the  dedaud 

S»int  of  the  dividend  one  figure  to  the  lefl  for  each  zero  contained  in  the 
viflor ;  the  result  is  the  quotient  required. 

Example  1.  Divide  8497*63  by  100. 

The  divisor  containing  two  zeros,  the  Quotient  is  obtained  by  removing 
the  decimal  point  of  the  dividend  two  ngures  to  the  left ;  the  quotimty 
therefore,  b  84*9763. 

Example  2.  Divide  320*49  by  100000. 

The  divisor  contains  five  zeros ;  to  obtain  the  quotient,  the  dedmal  point 
of  the  dividend  must,  therefore,  be  removed  five  places  to  the  left.  As  the 
dividend  has  only  three  figures  on  the  left  of  the  decimal  point,  this  caxmot 
be  accomplished  but  b^  writing  two  zeros  to  the  left  of  the  number ;  the 
quotient  obtained  in  this  manner  is  *0032048. 

Recurring  to  the  principles  on  which  this  rule  depends, 

820*49=^;    100000=^^, 

and  ^-Hi5^=^4jjf=j^^=.0032048,  the  same  result   as  that 
which  has  been  already  obtained. 

243.  Rule  for  the  division  of  decimal  fractions  : 

Reduce  the  dividend  and  divisor  to  the  same  denominator,  and 
divide  as  in  whole  numbers ;  if  the  division  is  exact  the  quotient 
is  a  whole  number ;  if  the  division  is  not  exact,  annex  to  the  remain- 
der (or  to  the  dividend)  one  zero  for  each  decimal  place  required  in 
the  quotient ;  continue  the  division  till  these  zeros  are  exhausted, 
and  point  off  from  the  quotient  one  decimal  figure  for  each  zero 
annexed  to  the  remainder  or  to  the  dividend. 

If  the  number  of  zeros  annexed  to  the  dividend  is  greater  than  the 
number  of  figures  contained  in  the  quotient,  prefix  to  the  significant 
figures  of  the  quotient  zeros  equal  in  number  to  the  difference. 

To  divide  a  decimal  by  any  power  of  10,  remove  the  decimal  point  of 
the  dividend  one  figure  to  the  left  for  each  zero  contained  in  the  divisor. 

244.  Exercises  in  the  division  of  decimal  fractions : 

1st     2-468-^l*647? ^Am.  1-595. 

2d.      19-545-5-219  ? ^im.  8-9246. 

3d.      17*4244-^13*72? Ans.  1-27. 

4th.     7-596-7-5*37? ^iw.  1-41452. 

5th.     2*8354-4-7*95  ? Atu.  0*35665. 

6th.     •28475-7--375  ? Ans.  0-75933. 

7th.     O046-t--000254  ? Ans.  181102. 

8th.     •7854-r-314159  ? ^iw.  0-25. 

9th.     -39371-^-80642  ? Ans.  0-4906996- 

10th.  •0986-7-'00743  ? Ans.  13-2705. 

11th.  •00743-^-0986  ? Ans.  0*075355. 

12th.  965*4-^396? Ans.  2*437. 

13th.  396-f-965*4? Ans.  0*410192. 

14th.  5'^'5? Ans.  10-. 

15th.  41--T-4182*? Ans.  0*009803. 

16th.  683-4-hlOO? Ans.  6-834. 

17th.  7-49-f-lOOOO  ? Ans.  0-000749. 

18th.  100-f-lOOO- ? Ans.  01. 

19th.  143-2-j-lOO? Ans.  1-432. 

20th.  143-2-r-lOOOOOO  ? Ans.  0*0001432. 

2l8t.    143*2-r-*001  ? Ans.  143200-. 

22d.    *01-r-10000? Ans.  0*000001. 
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23d.    lOOO^OOl  ? Ans.  1000000. 

24tlL  37-9525-7.25000? Ans,  0-0015181-. 

25th.  •15-f-468-? Ans.  0-0003205. 

26th.  •015-^75-2? Ans.  00001994. 

27th.  30^-009  ? Ans.  3333-3333. 

28th.  -009-^30? Ans.  0-0003. 

29th.  lOO-r-9-9? Ans.  10101010. 

30th.  l--;-9-? ^4iM.  0-111111. 

3l8t    l--^99-  ? Ans.  0-01010101. 

32d.    I--T-999-  ? Ans.  0-001001001. 

33d.    l•-^9999? Ans.  0-00010001. 

34th.  1666-f--98? Ans.  1700-. 

35th.  16-66-f--98? Ans.  17*. 

36th.  1764^-84  ? Ans.  2100. 

37th.  17-64-T--84  ? Ans.  21% 

38th.    1764-5-84-? Ans.  0-002L 

39th.  5-4682-T-796-85 ? Ans.  00068622. 

40th.  •00296-^•098  ? Ans.  0-03020408. 

4l8t.   •000025-5--7529  ? Ans.  0000033204. 

42d.    5184-h-36? Ans.  14400. 

43d.    986--f-7529-  ? Ans.  013096. 

44th.  7529-5-986-  ? Ans.  7-635. 

45th.  52297-7--00964  ? Ans.  5425000. 

46th.  52297-5-9-64? Ans.  5425. 

47th.  -52297 -r-96-4? Ans.  0-005425. 

48th.  -321067-5-1600? .....Ans.  00002006668. 

49th.  748-2-5-60000? Ans.  0O1247. 

50th.  7-482-f--0006  ? Ans.  12470% 

5l8t.   -001-^-10000? Ans.  0-0000001. 

52d.    -001-^80000? Ans.  0-0000000125. 

53d.    •l-^•l  ? Ans.  1% 

54th.  1--5-1? Ans.  10% 

55th.    l^l- ? Ans.  01. 

56th.  -0008136-5-67-8? Ans.  0-000012. 

57th.  81-37-5-1000? Ans.  0-08137. 

58th.  •006453-5-6453? Ans.  0-000001. 

59th.  128-^37-436  ? Ans.  3-41914. 

60th.  -004-5-400? Ans.  0-00001. 

245.  If,  in  diyision  of  decimals,  the  dividend  and  divisor  are  made  respec- 
tively the  numerator  and  denominator  of  a  vulgar  fraction  (which  may  he 
etth^  proper  or  improper),  and  this  fraction  is  decomposed  into  prime  factors, 
and  reduced  to  the  lowest  terms ; 

Ist  When  the  denominator,  after  reduction,  is  equal  to  1,  the  quotient  is 
a  whole  number. 

2d.  When  the  only  prime  factors  contained  in  the  denominator  are  2  and 
5,  or  either  of  them,  the  quotient  is  composed  of  a  limited  number 
of  decimal  figures. 

The  first  is  manifest ;  with  respect  to  the  second,  if  the  prime  factors  2 
and  6  are  raised  to  the  same  power,  since  2x5=10,  2^x5*=  100=10', 
2^x5'=  1000=  10^,  &c.  &c.,  the  denominator  is  a  power  of  10,  marked  by 
the  exponent  common  to  the  factors  2  and  5.  The  expression  is  consequently 
a  decimal  fraction,  in  which  it  is  only  necessary  to  replace  the  denominator 
by  the  decimal  point* 
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If  2  ifl  the  only  prime  factor  contained  in  the  denominator,  let  the  terms 
of  the  fraction  be  multiplied  by  the  corresponding  power  of  5 ;  if  5  is  the 
only  prime  factor  contamed  in  the  denominator,  let  the  terms  be  multiplied 
by  the  corresponding  power  of  2 ;  and  if  both  2  and  5  are  contained  in  the 
denominator,  but  the  one  is  raised  to  a  higher  power  than  the  other,  let  the 
terms  of  the  fraction  be  multiplied  by  that  power  of  2  or  of  5  (as  the  case 
may  require)  which  makes  the  exponents  of  both  prime  factors  the  same. 

Then,  as  before,  the  denominator  is  a  power  of  10,  and  the  expression  a 
decimal  fraction. 

The  exponent  of  2  or  5,  when  the  denominator  contains  but  one  of  these 
factors,  or  both,  raised  to  the  same  power,  and  the  exponent  of  the  higher, 
when  they  are  nused  to  different  powers,  indicates  the  number  of  decunal 
figures  contained  in  the  exact  quotient. 

3d.  When  the  denominator  contains  other  prime  factors  than  2  and  5,  the 
quotient  is  composed  of  an  unlimited  number  of  decimal  figures. 

For  the  numerator  ana  denominator  being,  by  hypothesis,  prime  to  each 
other,  the  former  can  only  be  rendered  a  multiple  of  tne  latter  by  multiplying 
it  by  a  number  which  inyolves  all  the  prime  factors  contained  in  the  latter 
(Art  111  and  115).  But  the  number  by  which  the  numerator  is  multiplied, 
namely,  10  or  some  power  of  10  (which  multiplication  is  effected  by  annexing 
zeros),  contains  only  the  prime  factors  2  and  6  ;  the  division  of  the  product 
by  the  denominator  must,  consequently,  end  in  a  remainder. 

There  is  no  limit  to  the  number  of  zeros  which  may  be  annexed  to  the 
numerator,  and  therefore  none  to  the  number  of  quotient  figures,  that  is,  of 
decimals. 

246.  When  a  ouotient  is  not  expressible  by  a  limited  number  of  decimal 
figures,  it  is  partly  or  altogether  composed  of  periods  in  which  the  same 
figures  continually  recur  in  the  same  order. 

The  numerator  being  represented  by  n  and  the  denominator  by  d^  all  the 
remainders  which  can  occur  in  divioing  nx  10,  nx  100,  nX  1000 ...  by  d^ 
are  contained  in  the  series  1,  2,  3 . . .  .d— 1.  When,  therefore,  at  the  utmost 
(/—I  partial  diviuons  have  been  nuide,  one  of  the  remainders  which  has  been 
elteBaj  obtained  must  be  a^n  found. 

Annexing  0  to  this  remamder,  the  result  is  a  partial  dividend  equal  to  one 
of  the  preceding  partial  dividends.  The  quotient  and  the  remainder  result- 
ing finom  the  division  of  this  dividend  by  a  are  equal  to  the  quotient,  and 
the  remainder  given  by  the  equal  partial  dividend  at  the  beginning  of  the 
first  period. 

Annexing  0  to  the  remainder,  and  dividinff  by  d^  a  second  figure  of  a 
second  period,  correspondins  to  the  second  figure  of  the  first  period,  is 
found,  and  similarly  a  third,  &c.  ^if  the  period  is  composed  of  several  figures), 
till  all  the  figures  of  the  first  penod  are  reproduced  m  their  proper  oraer. 

This  process  may,  it  is  evident,  be  contmued  indefinitely.  Such  decimal 
fractions  are  termed  periodic. 

a.  When  the  last  figure  of  the  numerator  is  significant,  the  remainders, 
the  partial  dividends,  and  the  partial  quotients,  obtained  before  the  signifi- 
cant figures  are  exhausted,  cannot  be  equal  to  the  corresponding  quantities 
obtained  after  the  exhaustion  of  the  significant  figures.  Consequentiy,  the 
period  cannot  in  such  a  case  b^in  before  the  decimal  point. 

b.  If  the  1,  2,  3 ... .  last  figmres  of  the  numerator  are  zeros,  the  period 
may  commence  1,  2,  3  ... .  figures  before  the  decimal  point. 

c.  If  the  denominator  contains  either  or  both  of  the  factors,  2,  5,  the 
period  cannot  commence  immediately  afler  the  decimal  point 

For  the  partial  dividend,  which  gives  the  first  decimal  figure  of  the 
quotient,  is  a  multiple  of  10,  being  made  so  by  the  zero  annexed  to  the 
preceding  remiunder. 

This  dividend  can,  therefore,  be  divided  bj  2,  5,  2x5 ;  but  such  division 
takes  away  the  zero  at  the  end  of  the  partial  dividend,  and  consequently 
also  the  condition  by  means  of  which  the  quotient  figure  resulting  firom  the 
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diTiflioii  of  the  reduced  partial  dividend  by  the  product  of  the  remaining 
prime  factors  of  the  denominator  can  be  the  first  ^gure  of  a  period. 

For  the  same  reason,  if  the  denominator  contains  the  factors  2'  or  5^  the 
period  cannot  conunence  till  after  the  second  decimal  figure ;  if  2^  or  6\  not 
till  after  the  third  decimal  figure .... 

d.  When  a  period  begins  at  the  decimal  point  the  period  is  termed  simple, 
and  the  quotient  a  simple  periodic  decimal  number ;  when  before  or  auer 
the  decimal  point,  the  period  is  said  to  be  mixed,  and  the  quotient  is  termed 
a  mixed  periodic  decimal  number. 

247.  To  divide  one  decimal  number  by  another,  and  to  reduce  a  vulgar 
fraction  to  a  number  expressed  decimaUj,  being  in  efiect  the  same  opera- 
tion, either  form  of  expression  may  be  emploved  to  describe  it. 

In  the  following  examples,  intended  to  illustrate  the  observations  con- 
tained in  Articles  245  ana  246,  the  second  is  used. 

Ist  Ex.  Let  it  be  required  to  reduce  the  vulgar  fraction  f  to  a  decimal : 
Resolving  the  terms  into  simple  factors,  -1=^  the  fraction  containing 
no  common  factor  is  in  the  lowest  terms,  and  since  the  denominator  is  2 
raised  to  the  3d  power,  the  quotient  contains  3  decimal  fifinires ; 

for  l=l><»i=«!5.=.Q75         ^ 

*OT  ^—  2ix5»      1000       ^'^* 

2d  Ex.  Let  it  be  required  to  reduce  the  vulgar  firaction  ^  to  a  decimal : 
~=p.    Therefore  the  fraction  is  in  the  lowest  terms,  and  the  equivalent 
decimal  contiuns  2  decimal  figures ; 

8d  Ex.  Let  it  be  required  to  reduce  the  vulgar  firaction  JSJL  to  a  decimAl  • 

ft7_,    3x19  _     Ifl    _ri9 .  ^A^V'Uimi  . 

S40     2<x3x5"'2*x6      80  ♦ 

S  or  -^;^  is  the  fraction  expressed  in  the  lowest  terms;  and  since  the 
factors  of  the  denominator,  2,  5,  are  raised  to  different  powers,  and  the 
exponent  of  that  which  is  raised  to  the  higher  power  is  4,  the  decimal  must 
contain  4  decinud  figures; 

fop  _19_=J[9xM_-:«W=:.«i5.— .QQ75 
*"^    a*x6       2*x5x5»       10*       10000  ~ '**''^' 

Sd  Ex.  Let  it  be  required  to  reduce  the  vulgar  fraction  ^  to  a  decimal : 
The  terms  of  the  firaction  are  prime  numbers ;  and  since  the  denominator 
which  is  greater  than  the  numerator,  contains  a  prime  factor  different  from 
2  and  5,  the  result  is  composed  entirely  of  decimal  figures  and  periodic. 

37)13'000000(0-3gl3gl  -|- 
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Ixk  this  example  the  period  which  b^^  immediately  afler  the  decimal 
p<nnt  is  oompoaed  of  three  figures. 


4th  Ex.  Let  it  be  requir^   to  reduce  the  vulgar  fraction  ^  to  a 
decimal: 

iaoo_  18x10* 
ai  ~"  ax7  • 

^  Hie  numerator  and  denominator  containing  no  common  factor,  the  frac- 
tion is  expressed  in  the  lowest  terms,  the  decimal  is  periodic,  and  the  first 
period  may  begin  before  the  decimal  point. 
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This  result  contaias  2  integral  figures,  both  of  which  belong  to  the  first 
period. 

5th  Ex.  Let  it  be  required  to  reduce  the  vulgar  fraction  ^  to  a 
decimal : 

Since  ^=p^^  v  this  fraction  is  in  the  lowest  terms,  the  equivalent  decimal 

is  periodic,  and  the  period  cannot  commence  before  the  3d  decimal  figure. 

For  the  first  and  second  decimal  figures  are  obtained  by  annexing 
two  zeros  to  the  numerator,  or  by  multiplying  it  by  100=10x10,  and 
dividing  by  the  denominator; 

6x10x10  _5x5x5 IM ,_ 

now     sx2x7  -"7—7  —•*/-*-• 

The  first  and  second  decimal  fi^rures,  being  hence  obtained  from  partial 
dividends  whose  last  figures  are  significant,  cannot  belons  to  the  periodic 
part  of  the  quotient ;  but  the  third  and  succeeding  partiu  dividends  being 
formed  by  annexing  zeros  to  the  successive  remainders,  the  quotient  figures; 
beginning  with  the  third,  may  be  periodic 

Keeping  in  mind  that  the  expression  ^^  having  been  multiplied  by  100^ 
must  give  two  decimal  figures  to  the  quotient,  the  reduction  may  be  made 

as  follows : 

7)1-25000000 

0-17857142857142 -h 

The  period  in  this  sample  commences  with  the  dd  decimal  figure,  and 
consists  of  6  figures. 

248.  Every  decimal  fraction  which  is  not  periodic  may  be  reduced  to  an 
equivalent  vulgar  fraction  by  writing  the  denominator  of  the  decimal  (Art. 
220),  and  reducing  the  fractional  expression  to  the  lowest  terms. 

Thus  •875=j5p5=jjj~=^=-g. 

249.  Everv  periodic  decimal  firaction  may  also  be  reduced  to  an  equiva- 
lent vulgar  fraction. 

a.  Let  the  period  be  simple.  Then,  whatever  the  number  of  figures  con- 
tained in  the  period,  it  is  possible  to  find  another  periodic  decimiU  contain- 
ing the  same  number  of  figures  in  its  period,  and  in  which  the  only  significant 
figure  of  each  period,  the  last,  shall  be  1. 

This  periodic  decimal  is  obtuned  by  dividing  1  by  a  divisor  consisting  of 
9  as  often  repeated  as  the  first  period  contains  figures ; 

fbri=-llHl-f 
A=-010101-f 

^4v=*001001-f 
^i^(iF= '00010001  + 
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Then,  since  the  prodncts  of  two  equal  multiplicands  bj  the  same  multi- 
tiplier  are  equal  to  each  other,  if  m::,  and  '00..100..1  +  are  both  multiplied 
hj  a  period  of  the  decimal  which  is  to  be  expressed  as  a  vulvar  fraction, 
the  result  is,  first,  a  yulgar  fraction  whose  numerator  is  the  given  period, 
and  its  denominator  a  number  composed  of  9  once  repeated  for  each  figure 
contained  in  the  period ;  second  (and  equal  to  this  vulgar  fraction),  the 
given  periodic  decunal. 

As  an  application,  let  it  be  required  to  reduce  the  simple  periodic  decimal 
*S51351-h  to  an  equivalent  vulgar  fraelion. 

In  this  example  the  period  contains  3  figures. 

To  obtiun  another  period  consisting  also  of  3  fibres,  but  of  which  the 
last  figure  only  shall  be  significant  and  equal  to  1,  let  1  be  divided  bj  999 ; 

then^J,=-001001-h; 

therefore  vfg  X  351=*001 001  +  X  351, 
ori44=-851351-f 

The  simple  periodic  decimal '351351 -f  is  therefore  equivalent  to  the 
vulgar  fraction  f|^  which,  expressed  in  ilie  lowest  terms,  is  jf. 

2d  Example.  Let  it  be  required  to  reduce  the  simple  periodic  decimal 
number  3*4545+  to  an  equivalent  fractional  expression. 

The  period  of  this  example,  45,  is  equivalent  to  the  vulgar  fraction  |f , 
and  the  given  decimal  number  to  3^  or  to  3^ 

When  the  r^ult,  as  in  this  instance,  is  a  mixed  number,  it  may  become 
necessary  to  reduce  it  to  an  improper  fraction.  This  reduction  can  be  made 
bv  the  rule  of  Article  157 ;  but  since  the  denominator  of  every  vulgar  frac- 
tion, equivalent  to  a  simple  periodic  decimal,  is  composed  wholly  of  nines, 
and  that  to  multiply  one  number  by  another  composea  of  nines  is  die  same 
thing  as  to  multiply  it  by  unity  followed  bv  as  many  zeros  as  there  are 
nines,  and  then  to  subtract  the  number  itself  once  from  this  product,  the 
reduction  may  also  be  made  thus : 

^99  OT  3+99—    99    +99' 
K«*    8  x99_  3(100-1)  _a00-3. 

UUb  gg  gg  gg  ' 

•     n45_>00-»      45      a00-^^45_»46-3 
•    '^99""    99    +99-~        99       ""    99    ' 

The  numerator  of  this  result  consists  of  two  parts ;  namely,  first,  a  num- 
ber (345)  composed  of  the  integral  part  and  the  first  perioa  of  the  given 
periodic  decimal  number ;  second,  the  integnl  part  (3)  of  the  same  num- 
oer,  the  second  being  subtracted  from  the  mrst. 

The  denominator  contains  two  nines,  one  for  each  figure  contained  in  the 
period  of  the  given  number. 

The  reduction  of  every  similar  expression  may  be  made  in  the  same  manner. 
Whence  it  is  to  be  inferred  that  anv  simple  periodic  decimal  number  is 
equivalent  to  a  vulgar  fraction  which  has  for  numerator  a  number  com« 
posed  of  the  integral  part  and  fijrst  pmod  of  the  given  periodic  decimal, 
less  the  integral  part  of  the  siven  periodic  decimal ;  and  for  denominator, 
a  number  composed  of  9  as  men  repeated  as  there  are  figures  in  the  period 
of  the  given  periodic  decimal. 

250.  A  mixed  can  always  be  reduced  to  the  form  of  a  simple  periodic 
decimal  number  bv  transferring  the  decimal  point  from  its  given  position 
to  the  beginning  of  the  first  period.  This  is  accomplished,  when  die  period 
begins  before  the  decimal  point,  by  dividing  the  given  periodic  decimal 
number  by  1,  with  as  many  zeros  annexed  to  it  as  there  are  figures  between 
the  beginning  of  the  period  and  the  decimal  point ;  and  when  the  period 
begins  after  the  decimal  point,  by  multiplying  by  1  with  as  many  zeros 
■nnaed  m Jicre  are  figure,  between  the  decimiJ  point  and  die  beginning 
of  the  ^nod. 

The  simple  periodic  dedmal  number  thus  obtained  is  reduced  to  an  e^iuvalent 
vulgar  fraction  by  Article  249 ;  and  tUs  fraction  being  multiplied  or  divided  by 
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that  power  of  10  by  which  the  ^iven  nuzed  periodic  decimal  number  was 
divided  or  multiplied,  the  result  is  the  firactional  expression  sought. 

Ist  Example.  Given  the  mixed  periodic  decimal  number,  529*6296+9  to 
find  an  equivalent  vulgar  fraction. 

In  this  example  the  period  commences  two  figures  before  the  decimal 
point. 

529-6296 -f=5»:f^  X  100=5-296296+  X 100. 
5-296296+=5^  (Art  249). 
.  • .  5-296296+  X 100=^^  X 100, 

or  529-6296+=55^=5^. 
The  last  figures  of  the  numerator  of  this  result  are  zeros. 

2d  Example.  Given  the  mixed  periodic  decimal  number,  27-685454+  (in 
which  the  period  commences  after  the  decimal  point),  to  find  an  equivalent 
▼ulgar  fraction. 

27-6854+=?^  X 100=^?^. 
2768-54+=5^^:?^. 

.     876854+ _a76854-87e8y   1 
100      ^         99          ^100^ 
_^  ^>r./»ffif^   i  gTfi854— 8766 874086 

or  27-6854+= — ^^      —"9900"- 
The  last  figures  of  the  denominator  of  this  result  are  zeros. 

251.  The  numerator  of  the  vulgar  fraction  which  is  equivalent  to  a  simple 
periodic  decimal  number  cannot  end  in  0 ;  for,  that  the  last  figure  of  the  nume- 
rator may  end  in  0,  the  last  figure  of  the  whole  number  must  be  the  same 
as  the  last  figure  of  the  period  (see  Ex.  2,  Art  249).  But  this  condition 
carries  the  beginning  of  the  period  one  place  to  the  left  of  the  decimal  pointy 
and  renders  mixed  tiie  period  which  by  nvpothesis  is  simple. 

Likewise,  since  the  aenominator  of  tne  vulgar  fraction  which  is  equi- 
valent to  a  simple  periodic  decimal  number  consists  entirely  of  nines,  the 
factors  2  and  5  cannot  enter  into  the  denominator  of  any  such  firaction, 
unless  the  same  factors  enter  also  into  the  numerator. 

Every  simple  periodic  decimal  number  arises,  therefore,  from  a  vulgp* 
fraction  which  does  not  contain  in  its  numerator  the  fiictor  10,  nor  in  its 
denominator  the  factors  2,  5. 

A  vulgar  fraction  which  satisfies  these  conditions  cannot  give  rise  to  a 
mixed  periodic  decimal  number ;  for,  supposing  it  to  give  a  mixed  periodic 
decimaT  number  whose  period  begins  b^re  the  decimal  point,  then,  con- 
versely, the  vulgar  firaction  obtained  as  the  expression  of  this  mixed  periodic 
decimal  contains  in  its  numerator  one  zero  for  each  figure  wnidi  is 
between  l^e  beginning  of  the  period  and  the  decimal  point  The  denomi- 
nator consisting  wholly  of  nines,  the  zeros  of  the  numerator  cannot  be  can* 
odled  by  any  reduction  of  the  expression  to  lower  terms.  The  fractbn 
must,  therefore,  contain  in  its  numerator  the  fiwtor  10,  which  is  contrary  to 
the  conditions. 

Or,  supposing  it  to  give  a  mixed  periodic  decimal  number  whose  period 
commences  after  the  decimal  point,  then  the  vulgar  firaction  obtained  as  the 
expression  of  this  mixed  periodic  decimal  number  contains  in  its  denomi- 
nator one  zero  for  each  figure  between  the  decimal  point  and  the  beginning 
of  the  period.  The  numerator  cannot  end  in  zero,  for  that  is  contrary  to 
the  condition ;  but  it  may  contain  some  power  of  2  or  5,  though  not  of 
both  2  and  5.  But  since  the  denominator  is  a  multiple  of  10  (=2x5), 
the  denominator  must  contain  some  power  of  5  or  2  not  contained  in  the 
numerator ;  which,  also,  is  contrary  to  the  conditions. 

It  is  to  be  concluded,  therefore,  that  ever^  vulgar  fraction,  whose  deno- 
minator contains  one  or  more  prime  factors  difierent  from  2  and  5,  leads  to  a 
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periodic  decimal  quotient ;  that  this  quotient  is  a  simple  periodic  decimal, 
when  the  numerator  does  not  contain  the  factor  10,  or  the  denominator  the 
factor  2  or  5 ;  that  this  quotient  is  a  mixed  periodic  decimal,  the  period 
commencing  before  the  decimal  point,  when  the  numerator  is  a  multiple  of 
10  and  the  denominator  not  a  multiple  of  2  or  5 ;  that  in  this  case  the 
exponent  of  the  power  of  10  contained  in  the  numerator  indicates  the 
number  of  figures  of  the  period  placed  before  the  decimal  point ;  that  the 
Quotient  is  a  mixed  periodic  decimal,  the  period  commencing  after  the, 
decimal  jpoint  and  after  as  nuuiy  figures  as  there  are  units  in  the  exponent 
of  the  higher  of  the  two  factors  2,  5,  of  the  denominator,  when  the  denomi- 
nator involves  either  or  both  of  these  simple  fiictors. 

And,  converselv,  that  every  simple  periodic  decimal  number  is  equal  to  a 
vulgar  firaction  of  which  the  numerator  is  a  whole  number  obtained  by  sub- 
tracting the  figures  of  the  periodic  decimal  number,  which  are  on  tne  left 
of  the  period,  firom  the  figures  between  the  beginning  of  the  periodic  decimal 
number  and  the  end  of  the  first  period,  considered  as  whole  numbers ;  and 
the  denominator  composed  of  as  many  nines  as  there  are  figures  in  the' 
period ;  and  that  every  mixed  periodic  decimal  number  is  equal  to  the  vulgar 
fraction  which  expresses  the  value  of  the  decimal  number  rendered  simply 
periodic  by  the  displacement  of  the  decimal  point ;  the  said  vulgar  fraction 
oeing  subsequently  multiplied  by  the  power  of  10  marked  by  the  number  of 
periodic  figures  before  the  decimal  point  (when  the  first  period  commences 
before  the  decimal  point) ;  but  divided  by  a  power  of  10  marked  by  the 
number  of  figures  between  the  decimal  point  and  the  first  figure  of  the 
period,  when  the  first  period  commences  after  the  decimal  point. 

252.  When  a  fractional  expression  leads  to  an  unlimited  decimal  quotient, 
the  value  of  any  given  number  of  the  figures  of  this  quotient  is  not  exactly 
equivalent  to  that  of  the  fractional  expression.-  But  the  approximation  to 
the  exact  value  can  be  carried  to  any  required  degree  of  nearness  by 
Article  241. 

17  1 

For  example,  the  value  of  the  fraction  ^,  to  within  the  tooooooo  P'^  ^^ 
unity,  is  -4857142. 

In  some  instances,  the  value,  obtained  in  this  manner,  admits  of  closer 
approximation.  Continuing  the  division  by  35,  the  next  figure  of  th^ 
quotient  is  8. 

The  7th  and  8th  figures  of  the  quotient,  considered  with  respect  to  their 
relative  value,  are  expressed  by  the  firaction  iqooooooo* 

^<>^»  loo^oob  ^^®™  ^^  100000000  ^'  looooooo  ^7  looooooob' 

^^  ^^^^  ioo^  ^^  ioowooo  ^y  ^^y  iooMoooo- 
Whence,  the  result  '4857142  differs,  in  defect,  from  the  exact  quotient  by 
more  than  ^  of  one  unit  of  the  last  figure ;  and  the  result  '4857143  diffen), 
in  excess,  by  less  than  -f^  of  one  unit  of  the  last  quotient  fieure,  0*4857143, 
is,  therefore,  a  nearer  approximation  to  the  exact  quotient  than  0*4857142. 

If  the  8th  figure  of  this  Quotient  were  5  or  any  figure  greater  than  5,  the 
change  of  the  2  to  3  would  be  proper ;  as  the  value  of  '48571425-)-  is  nearer 
-4857143  than  -4857142 :  but  if  the  8th  fijrure  were  1,  2,  3,  or  4,  the  2 
ought  to  remain  unchanged,  as  '48571424  is  nearer  in  valfie  to  '4857142 
than  to  -4857143. 

For  these  reasons,  it  is  usual  in  practice  to  find  one  quotient  figure  more 
than  is  required ;  and,  if  this  figure  is  5  or  greater  than  5,  to  increase  the 
last  of  tiie  required  figures  by  unity  of  the  oi^er  of  that  figure. 
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SECTION  vm. 

OF  THE  SQUARE,  SQUARE  ROOT,  CUBE  AND  CUBE 

ROOT  OF  NUMBERS. 

253.  If  a  number  is  multiplied  by  itself  the  product  is  termed  the  second 
power  or  square  of  the  number.  Thus  the  product  7x7  or  49  is  the 
square  of  7. 

The  exponent  2  is  employed  to  indicate  the  multiplicatbn  of  a  number  by 
itself  (Art.  75) ;  thus  7*=7  x  7=49. 

U)  =8^8=8^  r  8^j=64  (^  1^)- 
(•04)«=a4xa4=-0016  (Art 238). 
(a4.6)t=(a-f6)  (a-f 6)=a«-h2ai+fc*  (Art  76). 

254.  The  product  of  two  factors  is  equal  to  the  sum  of  the  partial  products 
of  every  figure  of  the  multiplicand  by  every  figure  of  the  multiplier ;  and 
these  partial  products  may  be  taken  in  any  order  if  attention  is  given  to  the 
relative  values  of  the  partial  factors  (Art  62). 

Now  if  the  figures  expressing  the  units  of  the  multiplicand  and  multiplier 
are  multiplied  together,  their  product  is  the  square  of  the  units  of  the  given 
number ;  and  if  we  figure  expressing  the  units  of  the  multiplier  is  multiplied 
into  the  other  figures  of  Uie  multipLcand^  beginning  with  the  tens,  the  insult 
is  the  product  of  the  units  of  the  multiplier  into  the  number  composed  of 
the  figures  on  the  left  of  the  units  of  the  multiplicand  tak^i  with  regard  to 
their  relative  value ;  likewise  if  the  figure  expressing  the  tinits  of  the  multi- 
plicand is  multiplied  into  the  figures  of  the  multiplier,  beginning  with  the 
tens,  the  result  is  the  product  of  the  units  of  the  multiplicand  into  the  num- 
ber composed  of  the  n^res  on  the  left  of  the  units  of  the  multiplier  taken 
with  regard  to  their  reuitive  value.  The  units  of  the  multiplier  and  multi- 
plicand being  equal,  as  well  as  the  numbers  expressed  by  the  figures  b^in- 
nin^  with  the  tens  of  both,  it  follows  that  these  products  are  eqiml;  therefore 
their  sum  is  equal  to  twice  the  product  of  the  units  of  the  given  number  into 
the  number  composed  of  the  ngures  on  the  left  of  the  units,  regard  being 
given  to  the  relative  value  of  the  second  factor. 

All  the  partial  products,  therefore,  into  which  the  units  of  the  number  can 
enter  are. 

The  square  of  the  figure  which  expresses  the  units, 
And  the  double  product  of  this  figure  into  the  number  expressed  by 
the  figures  on  its  left ;  the  second  factor  being  taken  with  regard  to  its 
relative  value. 
Leaving  out  of  consideration  the  figure  which  expresses  the  units  of  the 
number,  and  reasoning  in  the  same  manner  on  the  figure  which  expresses 
the  tens,  it  is  found  that  all  the  partial  products  into  which  the  tens  of  the 
number  can  enter  are. 

The  square  of  the  figure  expressing  the  tens. 

And  the  double  product  of  this  figi^  into  the  number  which  b  expressed 

by  the  figures  on  its  left ;  the  partial  factors  of  both  results  being  taken 

with  r^ird  to  their  relative  values. 

The  same  process  of  reasoning  can  be  applied  to  every  figure  of  the 

number,  and  the  same  result  deduced :  Whence  the  square  of  a  number 

expressed  by  2,  3,  4,  ...  n  figures  is  equal  to  the  sum  of  the  squares  of  the 

figures  taken  in^vidually  and  with  regard  to  their  relative  values  plus  the 

double  product  of  each  figure  into  the  number  composed  of  the  figures  on  its 

left,  botn  the  figures  and  numbers  being  taken  with  r^;ard  to  their  relative 

values. 

The  left  or  highest  figure  of  the  number  gives  its  square  only  to  the 
gjBneral  result ;  for  there  are  no  figures  on  its  left  by  which  it  can  be  mul- 
tiplied. 
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Formed  in  tliis  muaner,  674^  is  equal  to  600^+2x500x70+70* 
+2x570x4+4'. 

255.  If  the  digits  of  a  number  which  contains  Hiree  figures  are  represented 
by  a,  d,  c,  then  lOOa+lOfr+e  expresses  the  number ;  and  its  square  is, 
(I00a)«+2X  lOOaX  10ft+(10ft)«+2(100a+106)c+c«, 
or  <i^X  10000+2  X  100a  X  lOd+Mx  100+2(100a+106)e+c*. 

This  formula  gives  the  means  of  determining,  within  certain  limits,  those 
figures  of  the  power  which  contain  the  significant  figures  arising  from  the 
•quare  of  each  figure  of  the  number. 

For  the  product  of  one  figure  by  one  figure  being  expressed  by  two  figures 
or  by  one,  the  mmierical  vuue  of  the  square  of  the  imits  of  the  number  is 
contained  in  the  tens  and  units  of  the  power  or  in  the  units  only ;  and  hence 
if  the  two  fifinires  which  express  the  umts  and  tens  of  the  power  are  separated 
from  the  other  figures  by  a  comma,  the  separated  figures  comprehend  the 
numerical  value  of  the  square  of  the  units.  This  may  be  callea  the  Period 
of  the  units  of  the  nimib^. 

Hie  mroduct  of  a  nimiber  by  100  contains  zeros  in  the  places  of  units  and 
tens.  Therefore  the  sauare  of  the  tens,  represented  by  &*x  100,  gives  zeros 
to  the  units  and  tens  or  the  power,  and  significant  figures  to  the  hundreds 
and  thousands  or  to  the  hundreds  onlv.  The  significant  figures  of  the  square 
of  the  tens  cannot,  therefore,  fall  so  low  as  the  second  or  so  high  as  the  fifth 
figure  of  the  power.  They  are  hence  comprehended  in  the  two  figures  on 
M 1^  of  the  period  of  the  units.  Interposing  a  comma  between  the  fourth 
wad  fifth  fiffures  of  the  power,  the  two  figures  intercepted  between  this 
comma  and^the  period  of  the  units  is  me  period  or  the  tens  of  the 
mimber. 

The  produot  of  a  number  by  10000  contains  zeros  in  the  places  of  units, 
tens,  hundreds,  and  thousands ;  therefore  the  square  of  the  hundreds,  repre- 
w&ted  by  a*  X 10000,  gives  zeros  to  the  units,  tens,  hundreds,  and  thousands 
of  the  power,  and  significant  figures  to  the  ten-thousands  and  hundred* 
thousands  or  to  the  ten-thousands  only.  The  significant  figures  of  the 
square  of  the  hundreds  cannot,  therefore,  fsll  so  low  as  the  fourth  or  so  hi^ 
as  the  seventh  figure  of  the  power ;  they  are  consequently  comprehended  m 
the  two  figures  on  the  left  or  the  period  of  the  tens  of  the  number. 

Hence  it  may  be  inferred,  that  whatever  places  the  significant  figures  of 
the  square  of  any  digit  occupy,  the  significant  figures  of  the  square  of  the 
next  higher  digit  occupy  tiie  third  and  fourth  or  third  places  from  the  last 
aignificant  figiue  of  the  square  of  the  lower  digit. 

A  more  general  proof  of  thb  proposition  can  be  given. 

Every  figure  of  a  number  has  to  the  figure  on  its  right  the  relative  value 
oflOtol.  Ifa,^  are  any  two  consecutive  digits  of  a  number  whose  second 
power  is  to  be  foimd,  the  relative  values  to  each  other  of  these  digits,  consi- 
dered as  forming  parts  of  the  number,  are  lOa  and  h ;  and  their  squares  are 
(lOo^  and  ^  or  ti^  X 100  and  Mx  1.  Now  the  numerical  value  of  ft*  is  ex- 
pressed by  not  more  than  two  fijpxres ;  and  the  numerical  value  of  a' X 100 
by  not  more  than  four  figures,  of  which  the  two  last  are  zeros.  In  combin- 
ing these  partial  products  to  fbrm  the  square  of  the  number  of  which  a,  b 
are  two  consecutive  dieits,  the  last  of  the  two  zeros  of  a*  x  100  falls  under 
the  lowest  significant  Sgaxe  of  the  numerical  value  of  d^;  whence  the  lowest 
significant  figure  of  the  numerical  value  of  a'  falls  two  places  to  the  left  of 
the  lowest  significant  figure  of  the  value  of  5^;  that  is,  in  arranging  the  par- 
tial products  for  addition,  the  lowest  significant  figure  of  the  numencal  value 
of  ir  fiillfl  to  Uie  left>of  the  highest  si^ificant  fimire  of  the  numcricai  value 
of  M.  Consequently,  firom  the  units,  mclusive  of  the  square  of  any  digit,  to 
the  units  of  the  square  of  the  next  higher  digit,  there  are  two  figures  of  the 
power ;  and  the  significant  figures  arising  from  the  square  of  the  lower  digit 
are  not  eeiabined  with  the  significaiit  figures  of  tlie  square  of  the  next 
higher  digit. 
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SUf6.  From  ilib  diBCUssion  it  follows,  tbat  the  sqiuire  of  a  nnmber  is  com- 
posed of  the  square  of  the  highest  figure  of  the  number  (or  the  first  figure 
reckomng  from  the  left),  plus  the  double  product  of  the  first  ^gare  mto 
the  second,  plus  the  square  of  the  second,  plus  the  double  product  of  the 
number  expressed  by  the  first  and  second  ^gures  into  the  third,  plus  the 
square  of  tne  third,  plus  the  double  product  of  the  number  expressed  by 
the  first,  second,  and  third  figures  into  the  fourth,  plus  the  square  of  the 

fourth, each  factor  being  taken  with  regara  to  its  relative  value 

as  ten,  hundred,  thousand, according  to  its  place  in  the  given 

numb^: 

That  the  numerical  value  of  the  square  of  the  units  of  the  number  is  com- 
prehended in  the  units  and  tens  (or  in  the  first  and  second  figures  of  the 
power,  the  figures  being  taken  from  right  to  left)  ;  the  numerical  value  of 
the  square  of  the  tens  in  the  third  and  fourth,  that  of  the  hundreds  in  the 
fifUi  and  sixth, 

And  that  if  the  second  power  or  square  of  a  number  is  divided  into 
periods  of  two  figures,  taking  the  figures  from  right  to  left,  the  significant 
figures  arinng  from  the  square  of  tne  units  of  the  nimiber  which  has  been 
multiplied  hj  itself  are  contained  in  the  first  period,  or  the  period  on  the 
right ;  the  significant  figures  from  the  square  of  the  tens  in  the  second ; 
those  from  the  sqiuure  of  the  himdreds  in  the  third^; 

There  are  as  many  periods  in  the  square  as  there  are  figures  in  the  num- 
ber. Each  period,  exoeptins  the  last,  must  contain  two  figures ;  the  last  may 
contain  two  or  one  only.  For  if  the  number  contains  m  figures,  its  square 
contains  2m*  or  2m— 1  (Art.  73) ;  and  it  is  evident,  that  when  the  square  is 
composed  of  2m  figures,  each  of  the  m  periods  contains  two  figures ;  but  that 
when  the  square  is  expressed  by  2m— 1  figures,  the  last  or  highest  period 
contains  1  figure  only. 

Since  I'^sl,  2'=4,  3'=:9^  this  may  occur  when  the  highest  figure  of  the 
number  is  less  than  4. 

257.  The  factor  which  is  multiplied  by  itself  is  termed  the  square  root  of 
the  product  arising  from  such  multiplication.  7  is  the  square  root  of  49 ; 
i  the  square  root  of  f} ;  and  *04  the  square  root  of  *0016. 

To  express  that  the  square  root  of  a  number  is  to  be  extracted,  or  to 

indicate  without  extracting  the  square  root,  the  symbol  \/7  called  the  radical 
sign,  is  written  on  the  left  of  the  number. 

V49,  for  example,  is  an  expression  signifying  the  square  root  of  49.  This 
being  7,  \/49  and  7  are  expressions  of  the  same  value. 

When  the  multiplication  of  a  nimiber  by  itself  is  indicated  by  means  of 
the  exponent  2,  the  square  root  is  obtained  by  removing  the  exponent. 

For  as  7«=49,  Vf^V4B=:7. 

Since  V'49=7,  and  7  x  7=49 ;  V'i?  x  V'S^=49 ;  that  is,  the  product  of  a 
number,  under  the  radical  sign,  by  itself,  is  equal  to  that  number  without  the 
radical  sign. 

In  efiect  these  consequences  follow  firom  the  definitions  of  the  terms 
square  root  and  square. 

Ctowally,  if  a  represent  any  number,  and  \/a,  the  square  root  of  that 

^/ax^/a=^a',  and  ^/eh^a. 
Also  if  a,  6,  represent  different  numbers,  ab  the  product  of  these  numbers, 

^/ab  X  */ci^=-db. 
The  product  of  two  equal  factors,  integral  or  fractional,  is  formed  in  the 
same  manner  as  that  of  two  unequal  factors ;  but  the  reverse  operation,  that 

a  *  **»*^  c"««»f««  even  number  of  figures  in  the  power,  2m— 1,  that  of  an  odd 
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namely  of  retunuiig  fimn  the  product  to  the  ftcton,  is  not  the  same  in  both 


When  the  ftotora  are  unequal,  the  product  and  one  factor  are  giyen  to 
And  the  other  factor.    This  is  the  problem  of  Division. 

When  the  factors  are  equal,  the  product  of  one  factor  by  itself  is  given  to 
l|nd  that  &ctor.    This  is  tne  problem  of  extraction  of  the  square  root. 

If  in  extraction  of  the  square  root,  as  in  division,  the  product  of  two 
fetors  and'  one  of  these  factors  were  given ;  as  the  two  are  equal,  there 
<)ould  be  nothing  to  discover. 

The  squares  of  the  nine  digits  are  1,  4,  9,  16,  25,  36,  49,  64,  81 ; 

and  each  of  the  digits  1,  2,  3,    4,    5,    6,    7,    8,    9,^    ^   ^ 

is  the  square  root  of  that  number  under  which  it  is  placed ;  that  is,  it  is  the 
square  root  of  its  own  square. 

258.  Since  10  is  the  least  number  expressed  by  two  figures,  and  10^=100, 
it  is  evident  that  of  the  consecutive  whole  mmibers  from  1  to  99  inclusive, 
nine  only  have  whole  numbers  for  their  square  roots,  the  others  have  each  a 
whole  number  plus  a  fraction. 

Since  5,  for  example,  fidls  between  4  and  9,  the  square  root  of  5  is  greater 
than  the  square  root  of  4  (=2)  ;  and  less  than  the  square  root  of  9  (=3)  ; 

that  is,  V5>2,  and  a/5<3  ;  therefore  \/5=2+  a  fraction. 

In  like  manner,  since  6  and  7  fall  between  4  and  9,  V^=2+a  fraction, 

\/7=2-)-a  fraction.  The  fraction  which  is  to  be  annexed  to  the  whole  num- 
ber 2  is  different  in  each  of  these  instances.  The  manner  of  deducing  its 
value  shall  be  explained  in  the  proper  place.  At  present  it  may  be  sufficient 
to  show  that  a  whole  number,  wnich  is  not  the  square  of  another  whole 
number,  cannot  have  an  exact  fractional  number  for  its  square  root. 
To  prove  this  generally,  let  a  be  the  numerator  and  b  the  denominator  of 

a 
a  fraction,  expressed  in  the  lowest  terms.    Then  if  r  is  the  square  root  of  a 

whole  number,-  )<_  q^  ~  j^inBt  be  a  whole  number. 

But  this  is  impossible ;  for  a',  &%  contain  no  prime  factors  which  are  not 
also  contained  in  a,  6 ;  and  since  a,  6,  are  prime  to  each  other,  so  are  a',  b^^ 

Therefore  ^  being  an  irreducible  frtustion,  cannot  be  equal  to  a  whole 

number. 

The  square  root  of  a  whole  number  which  is  not  the  square  of  another 
whole  number  is,  consequently,  not  expressible  by  any  exact  number. 

V^V^ ...  are  therefore  not  expressible  by  any  exact  number. 

An  expression  such  as  ^/5  is  termed  an  incommensurable  or  irrational  or 
surd  number,  that  is,  a  number  which  cannot  be  measured  exactly  by  means 
of  unity. 

A  number  which  has  an  exact  square  root  is  termed  a  square  number,  or 
a  perfect  square. 

259.  The  Square  of  1  is  1,  and  the  square  of  2,  4 ;  therefore  the  difference 
between  the  squares  of  the  consecutive  numbers  I,  2  is  4-~  1  or  3 ;  in  like 
manner  the  difference  between  the  squares  of  the  consecutive  numbers 
2  and  3  is  9—4,  or  5  ;  and  between  3'  and  4',  it  is  16—9,  or  7. 

From  these  instances  the  difference  between  two  consecutive  square 
numbers,  and  consequently  the  number  of  not  perfect  squares  falling 
between  thcan,  appears  to  be  greater,  as  the  square  roots  are  greater. 

This  admits  df  general  proof. 

Let  a  and  a+1  denote  any  two  consecutive  numbers  ; 
then  (a-hl)«=(a-|-l)  (a-|-l)=a«+2a+l  (Art.  76),  and  a«=a  X a=a« ; 


.•.(a-hl)«-a«=2a+l. 
Whence  the  difference  between  the  squares  of  two  consecutive  numbers 
is  equal  to  twice  the  less  number  +1 ;  the  greater,  therefore,  the  number  a 
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the  mater  u  the  diiereiioe  between  (a+1)*  end  a^j  and  the  greater  aiao  Ae 
nunu)er  of  imperfect  squares  between  a*  and  (a+1)'* 
The  difference   between  the  aquarai  of  66   and  8d,  for  example,   is 

85  x2+l=170-f  1=171 ;  and,  consequently,  between  the  squans  ^86  and 

86  there  are  170  numbers  which  are  not  squaare  numbers. 

260.  If  a  number  is  given,  and  it  is  required  to  find  a  second  number 
whose  product  by  itself  shall  be  emtal  to  the  given  number,  the  opotition 
bj  which  the  second  number  is  discovered  is  termed  Extraction  of  the 
square  root. 

.  Extraction  of  the  square  root  of  a  number  is  an  operation  fJie  reverse  of 
that  by  which  a  square  is  formed;  the  direct  operation  is  explained. 
Articles  254  and  255,  and  the  process  for  the  reverse  operation  must  be 
derived  from  the  principles  contained  in  these  articles. 

To  apply  tiiese  principles,  let  it  be  required  to  extract  the  square  root  of 
6084. 

The  first  step  of  the  process  is  the  determinatian  of  the  number  of  figures 
contained  in  tne  square  root  of  6084 ;  this  is  effected  by  separating  6084 
into  periods  of  two  figures  (commencing  with  the  units)  and  reckoning  one 
figure  of  tlie  root  for  each  period  of  the  power  (Art.  256) ;  the  number 
6084  contains  two  periods  consisting  of  two  £^gure8  each,  these  are  separated 
by  a  comma,  thus  60,84 ;  and  since  the  power  contains  two  periods  its  square 
root  consists  of  two  figures,  which  express  tens  and  units. 

2d.  To  find  the  figure  which  expresses  the  tens  of  the  root ;  tlie  square 
of  the  tens  is  contained  in  the  period  60  (Art  256)  ;  consulting  the  table  of 
square  numbers  expressed  by  two  figures,  it  is  found  that  60  falls  between 
49=7*  and  64=8*  (Art.  257). 

Since  the  given  number  6084  falls  also  between  4900  or  70^  and  6400  or 

80*,  uid  that  //4900=  \/7^=70,  it  follows  that  7  is  the  number  of  tens 
contained  in  the  required  root ;  subtracting  4900,  the  square  of  the  tens  oi 
the  root,  from  6084,  the  remainder,  1184,  is  composed  of  the  double  product 
of  the  tens  of  the  root  by  the  units  plus  die  square  of  the  units. 

3d.  To  find  the  figure  which  expresses  the  units  of  the  root ;  the  7  tens 
of  the  root  are  equal  to  70  units,  therefore  double  the  tens  of  the  root  are 
equal  to  140  units. 

Dividing  the  first  rem^der,  1184,  by  140,  the  quotient  is  8 ;  awtuming 
that  8  expresses  the  units  of  the  root,  let  the  double  product  of  the  tens  by 
8  be  subtracted  from  1184;  this  double  product  is  140x8=1120,  and 
1184—1120=64.  This  second  remainder,  64,  ought  to  be  not  less  than  8*, 
the  square  of  the  number  which  has  becoi  assumed  to  express  the  units  of 
the  root. 

Now  8*=64,  and  the  second  remainder— 8*=64— 64=0. 

The  last  remainder  beins  zero,  ^/8*=8  expresses  the  units  of  the  root, 
and  78  is  the  square  root  of  6084. 

If  8*  had  been  greater  than  the  second  renuunder  it  would  have  been 
necessary  to  assume  7  as  the  figure  expressing  the  units  of  the  root ;  and  if 
7*  had  also  been  greater  than  the  second  remainder  the  next  lower  figure 
must  have  been  tried,  and  so  on,  till  a  figure  had  been  found  whose  square 
was  not  greater  than  the  second  remainder. 

The  cuculation  may  be  made  as  foUows : 

power. 

60,84(7=t«i8  of  the  root 
(7  ten8)«=(70  umts)«=4900 

7  tens  or  70  units  x  2=140)1 184(8=unit8  of  the  root 

2X70X8=1120 

64 
8«=8X8=     64 

7  tens +8  unitB=78  imit8=square  root  of  6084. 
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S61.  Every  example  of  extraction  of  the  Bcpare  root  of  a  whole  number 
can  be  resofved  in  this  manner ;  certain  details  which  follow  are  rendered 
necessaiy  by  the  abbreviations  of  the  calculation  usual  in  practice ;  these 
do  not,  howcTer,  bear  on  the  principles  of  the  rule. 

The  chief  of  these  abbreviations  are, 

1st.  The  zeros  terminating  the  square  of  the  highest  figure  of  the  root 
are  omitted ;  and  the  significant  figures  of  the  square  being  subtracted  firom 
the  proper  period  of  the  given  number,  the  following  pmod  is  annexed  to 
the  remainaer  in  the  same  manner  as  a  figure  of  the  dividend  is  annexed 
to  a  remainder  in  division. 

2d.  The  double  product  of  the  first  figure  of  the  root  bj  the  second  and 
the  square  of  the  second  are  found  by  one  multiplication ;  and  the  defect  of 
this  product  from  the  sum  of  the  first  remainder  and  second  period  obtained 
bj  one  subtraction. 

Denoting  by  a  the  first,  and  by  b  the  second  figure  of  the  root,  10a -f^  is 
the  number  expressed  by  the  first  and  second  figures ;  (10a)' +2  x  10a  X  6+&S 
the  square  of  tnat  number ;  and  2  X  10a  X  &+&',  the  double  product  of  the 
first  ngure  by  the  second  plus  the  square  of  the  second  figure. 

Now  2xlOax&-f&'  may  be  put  under  the  form  2xlOaX&-f6x&  or 
(2xlOa-fft)x6  (Art.  70). 

A  result  showing  that,  if  to  double  the  number  expressed  by  the  first 
figure  of  the  root  ^considered  as  tens)  the  second  figure  is  added,  and  the 
sum  is  multiplied  oy  the  second  figure,  the  result  is  equal  to  the  double 
product  of  the  first  figure  by  the  second  plus  the  square  of  the  second. 

3d.  The  addition  of  the  second  figure  to  double  the  first  is  made  by 
annexing  the  second  .figure  of  the  root  to  the  double  of  the  first.  Its 
proper  relative  value  as  expressing  units  of  the  order  next  higher  than 
those  of  the  second  figure  is  thus  preserved  to  the  double  of  the  first.  The 
second  figure  of  the  root  also  is  annexed  to  the  first,  and  with  the  same 
result. 

If  the  root  contains  three  figures,  the  number  expressed  by  the  first  and 
second  figures  has  to  l^at  expressed  by  the  third  the  relative  value  of  tens 
to  units. 

Denoting  the  tens  by  a  and  the  units  by  ft,  the  consequences  just  deduced 
may  be  extended  to  a  square  root  expressed  by  three  figures. 

And  in  the  same  manner  it  may  be  extended  to  a  square  root  expressed 
by  any  greater  number  of  figures. 

2d  Example.  Let  it  be  required  to  extract  the  square  root  of  7875986. 
This  numDer  contains  four  periods,  7,  87,  59,  86 ;  therefore  its  square  root 
contains  four  figures. 

To  find  the  first  figure  of  the  root. 
Thefirst  period  7  >4=2«  and  7<9=3*. 

.*.  \/2*  or  2  is  the  first  figure   of  the  root;    and  7—4=3,  is  the  first 
remainder. 

To  find  the  second  figure  of  the  root. 

3,  the  first  remainder,  with  87,  the  second  period,  annexed  to  it,  gives  387, 
as  the  number  which  contains  the  double  product  of  the  first  figure  of  the 
root  by  the  second  plus  the  square  of  the  second ;  or  (2  x  lOa+5)  x  b. 

In  this  example  a=2,  and  twice  a=4.    Therefore  (4  X  10+&)  X  &=387. 

To  find  b,  it  is  necessary  to  divide  either  the  whole  dividend  387  by 
4x10=40,  or  to  divide  the  dividend  with  the  exception  of  its  last  figure 
by  4.    In  practice,  the  second  alternative  is  commonly  taken. 

38  -h4=9.  Assuming  that  9  is  the  second  figure  of  the  root  (2  X  10a +6) 
X  ft=(2  X 10  X  2 -h9)  X  9=49  X  9=441 . 

This  number  being  greater  than  387,  it  follows  that  9  is  greater  than  the 
second  figure  of  the  root. 
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Trying  th6  next  lower  figure  8. 

48  X  8=384  and  387— 884==3. 
.* .  8  is  the  second  figure  of  the  root,  and  3  the  second  remainder. 

To  find  the  third  figure  of  the  root. 

The  number  formed  of  the  second  remainder  and  third  period  is  359. 
Double  the  part  of  the  root  already  obtained  is  28  x  2=56. 
Dividing,  as  before,  the  dividend  with  the  exception  of  its  last  figure  by 
the  double  of  the  root,  35 -1-56— the  quotient  is  zero. 
Whence  the  third  figure  of  the  root  is  0,  and  the  third  remainder  359. 

To  find  the  fourth  figure  of  the  root 

The  number  formed  of  the  third  remainder  and  fourth  period  is  35986. 
Double  the  part  of  the  root,  already  obtained  is  280x2=560. 
Dividing  the  dividend,  with  the  exception  of  its  last  figure  by  560. 

3598-1-560=6 

5606x6=33636 
And  35986—33636=2350. 

The  fourth  figure  of  the  root  is  6;  and  ^/7875 986=2806+  a  fraction. 
Since  the  remainder  2350  is  less  than  2x2806+1  the  required  square 
root  cannot  be  equal  to  2806+1  or  2807. 

Calculation  in  an  abridged  form. 

7,87,59,86(2806 
4_ 

48  \  387 
8/384 


5606X35986 
; 33636 


2350  remainder. 


In  practice  it  is  usual  to  double  the  first  figure  of  the  root ;  then  to  add 
the  second  figure  to  the  first  divisor,  the  third  ngure  to  the  second  divisor,  &c. 
Of  this  method,  the  addition  of  8  the  second  figure  of  the  root  to  48  the 
first  divisor  is  an  instance.  The  sum,  56,  is  equal  to  double  the  number 
expressed  by  the  first  and  second  figures  of  the  root,  or  to  2  X  28. 

The  number  obtained  by  dividuig  the  tens  of  any  partial  dividend  by  the 
double  of  the  root  already  found  may  be  greater  than  the  next  figure  of 
the  root.  This,  as  in  the  last  example,  lea£  to  the  subtraction  of  a  greater 
number  from  a  less.    In  such  cases  a  lower  figure  must  be  taken. 

When  any  remainder  is  equal  to  or  greater  than  twice  the  root  obtiuned 
plus  1,  the  root  is  less  than  it  ought  to  be  by,  at  least,  unity. 

If  the  double  of  the  root,  already  obtiuned,  is  not  contained  in  the  tens 
of  any  partial  dividend,  the  units  of  the  corresponding  order  in  the  root 
are  deficient ;  and  a  zero  must  be  written  to  occupy  their  place  and  pre- 
serve the  proper  relative  values  of  the  preceding  figures  of  the  root. 
;  In  extraction  of  the  square  root,  the  calculation  is  carried  from  the  left 
to  the  right  of  the  power,  for  reasons  similar  to  those  already  given  (Art 
92)  in  the  case  of  division. 

262.  Rule  for  the  extraction  of  the  square  root  of  any  whole 
number. 

Sepai*ate  the  number  into  periods  of  two  figures  each,  beginning 
with  the  simple  units ;  the  number  of  periods  is  equal  to  the  number 
of  figures  of  the  root. 

Find  the  greatest  square  number  contained  in  the  highest  period 
or  period  on  the  left,  and  subtract  the  square  number  from  the  highest 
period.  Take  the  root  of  the  square  number  (which  is  expressed  by 
H  single  figure)  for  the  first  figure  of  the  root,  and  write  it  as  a  quotient 
figure  in  division. 
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To  the  remainder  annex  the  second  period  of  the  number ;  divide 
the  tens  of  the  result  by  double  the  first  figure  of  the  root,  and  annex 
the  quotient  (which  is  the  second  figure  of  the  root)  to  the  first  figure, 
and  also  to  the  divisor.  Multiply  the  new  divisor  thus  formed  by 
the  second  figure  of  the  root,  and  subtract  the  product  from  the 
number  composed  of  the  first  remainder  and  second  period.  To  this, 
the  second  remainder,  annex  the  third  period  of  the  ntmiber ;  divide 
the  tens  of  this  result  by  the  double  of  the  root  now  found ;  annex 
the  quotient  (which  is  llie  third  figure  of  the  root)  to  the  part  of 
the  root  alr^idy  obtained,  and  also  to  the  divisor.  Multiply  the 
divisor,  thus  formed,  by  the  third  figure  of  the  root ;  and  subtract 
the  product  from  the  number  composed  of  the  second  remainder 
and  third  period. 

Proceed  in  this  manner  till  all  the  periods  of  the  given  number  are 
brought  down. 

If  the  last  remainder  is  zero,  the  given  number  is  a  perfect  square ; 
and  the  result  obtained,  its  exact  square  root ;  if  any  number  less 
than  twice  the  root  plus  1,  the  numbed  is  not  a  perfect  square ;  and 
the  result  is  the  integral  part  of  its  square  root. 

If  the  remainder  is  equal  to  or  greater  than  2  a+l  (a  representing 
the  root  found),  the  result  is  inaccurate. 

When  there  is  no  remainder,  a  verification  of  the  process  is 
obtained  by  multiplying  the  square  root  by  itself;  and  when  there 
is  a  remainder,  it  is  obtained  by  multiplying  the  integral  part  of  the 
root  by  itself,  and  adding  the  last  remainder  to  the  product.  The 
result,  in  both  cases,  ought  to  be  equal  to  the  given  power  or  number 
whose  square  root  has  been  extracted. 

262^.  The  square  root  of  a  whole  number  may  also  be  found  in 
the  following  manner. 

Separate  the  number  or  power  into  periods,  and  find  the  first 
figure  of  the  root  and  the  first  remainder  as  in  Art.  262 ;  to  the  first 
remainder  annex  the  first  figure  of  the  second  period  of  the  power ; 
divide  the  dividend  thus  formed  by  twice  the  first  figure  of  the 
root ;  annex  the  quotient  to  the  first  figure  as  the  second  figure  of 
the  root ;  form  the  square  of  the  number  expressed  by  these  two 
figures,  and  subtract  it  from  the  first  and  second  periods  of  the 
power.  But  if  the  square  of  the  first  and  second  figures  is  greater 
than  the  number  expressed  by  the  first  and  second  periods  of  the 
power,  diminish  the  second  figure  of  the  root  by  one  or  more  units, 
till  a  square  which  can  be  subtracted  from  the  first  and  second 
periods  is  obtained. 

Having  subtracted  the  square  of  the  first  and  second  figures  of  the 
root  frt>m  the  number  expressed  by  the  first  and  second  periods  of 
the  power,  annex  to  the  second  remainder  the  first  figure  of  the 
third  period ;  divide  the  number  thus  formed  by  twice  Uie  number 
composed  of  the  first  and  second  figures  of  the  root;  annex  the 
quotient  to  the  root  already  obtained ;  subtract  the  square  of  the 
result  from  the  number  composed  of  the  first,  second,  and  third 
periods  of  the  given  power ;  and  in  this  manner  proceed  till  aU  the 
periods  of  the  given  number  or  power  are  exhausted.  The  result  is 
the  square  root  required. 
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Example  of  extraction  of  the  square  root  of  a  whole  number  by 
the  method  of  Article  262^. 

Extract  the  square  root  of  128904. 
12,39,04(352 
8«=9 

3X2=  6)33(5 

1239 

35«=  1225 

35X2=70)140(2 
123904 
352^=123904 

0 

263.  Exercises  in  extraction  of  the  square  root. 
Extract  the  square  roots  of  the  following  numbers : 

1st    729  ? Ans.  27. 

2d.     2025? ^iw.*45. 

3d.      133225? ^iw.  365. 

4th.    5499025? Ans.  2S45. 

5th.    173056  ? Ans.  416. 

6th.  29506624  ? Ans.  5432. 

7th.  17698849? Ans.4207. 

8th.    698485  ? y4n«.  835 +remainder=  1260. 

9th.    6285049  ? Ans.  2507. 

10th.  144024001? Ans.  12001. 

11th.  210358000? Ans.  14503 +remainder=20991. 

12th.  145037237? Ans.  12043+remainder=3388. 

264.  There  are  several  tests  of  easy  application,  bj  means  of  which  it  is 
possible  to  ascertain  whether  a  number  is  a  perfect  square. 

1st.  Every  even  number  being  expressible  by  2  n,  and  the  square  of  2ii 
being  4  r%  the  square  of  every  even  number  is  divisible  by  4.  Whence 
every  even  number'  which  is  not  divisible  by  4  is  not  a  perfect  square.  In 
like  manner  the  8(}uare  of  any  odd  numb^.  2a-)-l,  being  4R'4-4a-f  1,  a 
number  which,  diminished  by  imity,  is  divisible  by  4,  it  follows  that  every 
odd  number  which,  being  diminished  by  unity,  cannot  be  divided  by  4,  is 
not  a  square  mmiber. 

2d.  Every  number  which  involves  a  prime  factor  a,  and  which  cannot  be 
divided  by  a\  is  not  a  square  number. 

For  if  the  square  root  of  a  number  which  involves  the  prime  factor  a  is  a 
whole  number,  it  must  be  of  the  form  on,  of  which  the  square  n^n^iM 
divisible  by  a*  (Art.  104). 

Hence  a  number  divisible  by  3  or  by  5  must  be  divisible  by  3'^  9,  or  by 
5<:=25,  in  order  that  it  may  be  a  square  number. 

3d.  A  number  whose  last  figure  b  2,  3,  7  or  8,  cannot  be  a  perfect 
square. 

For  the  simple  units  of  the  square  of  a  number  consisting  of  several 
figures  arise  from  the  square  of  the  units  of  the  root  But  the  square  of 
none  of  the  nine  digits  ends  in  2,  3,  7  or  8  (Art  257). 

4th.  Every  number  whose .  last  figure  is  6  cannot  be  a  perfect  square^ 
unless  the  figure  immediately  prece£ng  the  last  is  2. 

For  the  last  figure  of  the  number  can  only  arise  firom  the  square  of  the 
units  of  the  root ;  and  the  only  figure  whose  square  ends  in  5  is  5.  Now 
the  double  product  of  the  tens  of  the  root  oy  5  gives  htmdreds  (fyr 
2 x5x  10=100)  ;  the  significant  figures  of  the  double  product  of  the  pre- 
ceding figure  Dy  5  caxmot  therefore  afiect  the  tens  of  the  last  penod ; 
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eoowqaently,  if  the  tens  tare  expressed  hy  some  other  number  than  2,  the 
but  period  u  not  25=5^  and  the  number  is  not  a  perfect  squaie. 

5th.  Every  number  terminated  bj  an  odd  number  of  zeros  cannot  be  a 
perfect  square. 

For  if  the  square  root  of  such  a  number  is  exact,  it  must  be  a  whole 
number  ending  in  one  or  more  zeros.  The  square  of  this  square  root  must 
contain  twice  as  many  zeros  as  are  contained  m  the  root ;  and  consequently^ 
an  even  niunber,  which  is  contrary  to  the  supposition. 

265.  Manner  of  obtaining,  approximately,  the  square  root  of  a  number 
which  is  not  a  perfect  square. 

It  is  proved  (Art.  258),  that  a  whole  number  which  is  not  the  square  of 
another  whole  number  cannot  have  an  exact  firacticmal  number  for  its- 
square  root. 

The  fraction  which  completes  the  value  of  the  square  root  can,  however, 
be  obtained,  by  approximation,  to  any  required  degree  of  accuracy. 

It  follows  from  the  definitions  (Art.  253),  that  -?  being  a   fraction,  its 

square  is  -p ;  and  conversely  that  the  square  root  of  -r;   is  t. 

The  square  root  of  a  fraction  is  therefore  obtained  by  extracting 
the  square  roots  of  the  terms  of  the  fraction,  and  dividing  the  square 
root  of  the  numerator  by  that  of  the  denominator. 

Suppose  next  that  a  whole  number,  o^  which  is  not  a  perfect  square,  is 

given,  and  that  it  is  required  to  find  its  square  root  to  within  the  -th  part  of 
unity. 


T=tX^=^  (Art.  149). 
1     1     n*      »* 

Let  r  be  the  integral  part  of  the  square  root  of  on^. 

.-.  aii«>r*  and  an«<(r-|-l)«. 

an^     r«       ,«»*     (r-fl)* 


your  —  y*       ** 

-jr,  i.e.  -/«'>4/^»-B 

And  VS<  yfctO  =^. 

r         r-4*l  r 

that  is,  the  square  root  of  a  is  comprehended  between  --  and  ——  ;  or  - 

expresses  the  square  root  of  a  to  within  the  -th  part  of  unity. 

Whence  the  following  method  of  approximation. 

Multiply  the  given  number  (a)  by  we  square  of  the  denominator  (n')  of 
the  fraction  which  indicates  the  degree  of  approximation  required ;  extract 
the  int<^ral  {>art  of  the  sqiuure  root  of  this  product,  and  divide  this  part 
by  the  (^nominator  n. 

Example.  Find  the  square  root  of  223  to  within  the  ^th  part  of  unity. 

223  X  40'_856800 

^^""      40«      ""  1600  * 


^/356800=597-h  Vl600=40. 

597     .  37         _  38 


.-,  ^223=4^=1445  or  U-^. 

eadi  of  which  values  is  correct  to  within  less  than  the  ^th  part  of  unity. 

This  method  of  approximation  consists  in  making  the  given  number  to  fall 
between  the  squares  of  two  fractional  expressions  whose  common  deno- 
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minator  is  that  of  the  fraction  which  determines  the  degree  of  approxiiiuitiaiif 
and  whose  numerators  differ  from  each  other  by  unity. 

266.  When  the  fraction  -  w  Jo»  ioo»  looo'  •  •   •   *^«  approximate 

value  is  expressed  in  decimal.    To  obtain  the  square  root  of  a  whole 

..111 
number  which  b  not  a  perfect  square  to  within  the  j^,  -jj^  Jq^q  part 

of  unity,  it  is  therefore  necessary  to  multiply  the  given  number  by  (10)*, 
(100)*,  (1000)*,  ....  or  to  annex  to  the  number  2,  4,  6,  ...  .  »Bros, 
to  extract  the  square  root  of  the  product  to  the  nearest  unit,  and  to  divide 
this  root  by  10,  100,  1000,  .... 

Whence,  to  obtain  a  determinate  number  of  decimal  figures  in  the 
square  root  of  a  number  which  is  not  a  perfect  square. 

Rule.  Annex  to  the  given  number  two  zeros  for  each  decimal 
figure  required  in  the  root,  extract  the  square  root  of  this  result  to 
the  nearest  unit,  and  point  off  from  the  square  root  the  required 
number  of  decimal  figures. 

Example.  Find  the  square  root  of  15  to  within  the  -nAnrth  part  of  unity. 

,     ^     15000000 
(1000)*=  1000000  and  15=  ^qqoooO  ' 

a/15000000=3872  and  ^1000000=  1000. 
,_     V'15000000    8872     ^  „^^ 

-v/1000000      ^"^ 

267.  Extraction  of  the  square  root  of  a  vulgar  fraction. 

Let  n  denote  the  numerator  and  d  the  denominator  of  a  vulgar  fraction, 

ndther  being  square  numbers ;  then  ^  is  the  expression  of  the  fraction. 

n    nd 
Multiplying  both  terms  by  d^  ^"^^   ^^  ^  he  the  integral  part  of  the  square 

root  of  nd ;  then  nd  is  comprehended  between  r*  and  (r+1)* ;  consequently 
-A  is  comprehended  between  gf  and  ^  ^    y  "id  the  square  root  of  j 

between  j  and  — j— . 

r  n  1 

Whence  ^  expresses  the  square  root  of  ^  to  within  the  j  part  of  unity. 

Wherefore,  to  obtain  the  square  root  of  a  vulgar  fraction, 

Rule.  Bender  the  denominator  a  perfect  square  by  multiplying 
the  terms  of  the  fraction  by  the  denominator,  extract  the  square 
root  of  the  reduced  numerator  to  the  nearest  unit,  and  divide  the 
result  by  the  denominator. 

'  Example.    Extract  the  square  root  of  ^ 

6__6xll        66 
11""11X11"(TI5«' 

Now  >/66=8+a  fractional  part  of  unity ;  and  \/n*==ll ; 

yT_  ^/66_  8 

a  value  correct  to  within  less  than  the  -j^-th  part  of  imity. 
If  a  more  exact  d^ree  of  approximation  is  required,  it  becomes  necessary 

to  recur  to  the  fraction  j-p-,  and  to  find  the  square  root  of  the  numerator 


EXTHACTXOH  OF  THE  SQUABE  ROOT.  141 

more  exactly.    Suppose  that  it  is  required  to  find  the  square  root  of  66  to 
within  the  Togth  part  of  unity.    It  is  found  (Art  266)  that, 


y6  _8*12 
11""  11 


660000_812_ 
100«  ""lOO""®*^^' 
~"    8-12       812 


1100' 
a  Talue  correct  to  within  the  tiVv^^  P^  ^^  unity. 

For  It  18  evident  that  iTB">lTjr  wid  TT«  <Ti«~''  therefore  the  square 

66  8'12  1  1 

root  of  ipf  differs  from  -vj-  by  a  quantity  less  than  the  tt th  part  of  Tqq 

or  less  than  the  Tiogth  part  of  unity. 

268.  If  the  denominator  of  a  fraction  whose  square  root  is  required 
involves  one  perfect  square  factor  it  is  not  necessary  to  multiply  the  terms 
of  the  fraction  by  the  whole  denominator,  but  only  by  the  factor  which  is 
not  a  perfect  square. 

Let  it  be  required  to  find  the  square  root  of  |}.  The  terms  of  this 
fraction  may  be  multiplied  by  48,  by  which  means  Uie  denominator  is  ren- 
dered a  perfect  square.    But  since  48=  16  X  3=4' X  3,  if  the  terms  of  the 

fraction  TsTTo'  are  multiplied  by  3,  the  result  is  ^J^Tpr^T^^  <^^  ^^  ^^' 
nominator  is  rendered  a  perfect  square. 

Hie  square  root  of  69  to  within  the  Tnnn^  P^^^  ^^  unity  is  8*306 ;  there- 
,      8-306  8306  ,     ^  ^"^  .    ^         .  ,^.     ^^        1      , 

fore     12     ^^  22000  ^        square  root  required  to  within  the  loooo     P^^ 

of  unity. 

Therefore,  to  find  the  square  root  of  a  vulgar  fraction  whose  deno- 
minator involves  a  perfect  square  factor, 

Rule.  Multiply  the  terms  of  the  fraction  by  the  factor  which  is 
not  a  perfect  square,  and  extract  the  square  roots  of  the  numerator 
and  denominator  as  in  Art  262. 

269.  Extraction  of  the  square  root  of  a  decimal  fitiction. 

The  shortest  process  for  the  extraction  of  the  square  root  of  a  decimal 
firaction  is  deducible  from  the  last  article. 

Suppose  it  required  to  extract  the  square  root  of  the  decimal  fraction 
S-425. 

342^ 

Kow  the  denominator  of  this  expression  is  not  a  square  number,  but  it  is 

equal  to  100x10  or  to  10^x10.     To  render  the  denominator  a  square 

3425 
number  it  is  sufficient  to  multiply  the  tenos  of  the  fraction  Yqqq  hy  10. 

^  ,    .    34250      34250 

The  result  IS  J5555  or -j^^. 


Kow  ^84250=185  plus  a  fraction  less  than  1,  and  ^/lOO^^lOO ; 

. •  V3-426=  /f^^  100'  ^^'^^ »  *  result  true  to  within  the  yj^th  part  of 

unity. 

If  a  more  exact*  degree  of  approximation  is  reauired,  it  is  necessary  to 
annex  to  34250  one  penod  of  two  zeros  for  each  aaditional  decimal  figure 
required  in  the  remit. 
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270.  To  extract  the  aqnare  root  of  a  decimal  fraction. 

Rule.  First,  render  the  number  of  decimal  figures  even  and 
equal  to  twice  the  number  of  decimal  figures  required  in  the  root, 
(which  is  accomplished  bj  annexing  the  proper  number  of  zeros  to 
the  given  decimal  fraction). 

Second,  make  abstraction  of  the  decimal  point  in  the  new  number, 
and  extract  its  square  root  to  the  nearest  unit. 

Third,  point  off  from  the  right  of  the  root,  the  required  number 
of  decimal  figures. 

This  rule  might  be  inferred  from  the  process  for  the  multiplication 
of  decimal  fractions;  for  the  square  of  a  decimal  fraction,  or  the 
product  of  the  fraction  bj  itself,  must  contain  twice  as  nuuiy  decimal 
figures  as  are  contained  in  the  square  root. 

When  it  is  required  to  express  decimally  the  square  root  of  a 
vulgar  fraction ; 

Rule.  Reduce  the  vulgar  fraction  to  a  decimal  expressed  by  twice 
as  many  figures  as  are  required  in  the  root ;  extract  the  square  root 
of  this  decimal ;  the  result  is  the  square  root  of  the  vulgar  fraction 
expressed  decimally. 

270.  Exercises  in  extraction  of  the  square  root  of  fractional 
expressions,  and  of  numbers  which  are  not  perfect  squares. 

Ist     Square  root  of  8? Ans,  1-732+. 

2d.     Square  root  of  6? Ans,2'44B4S9+. 

3d.      Square  root  of  12  ? ^w.  3-464101 +. 

4th.     Square  root  of -j^? Ans.^, 

5th.     Square  root  of  i^? Ans.  I. 

6th.     Square  root  of  9|^  J  ? An8.3\. 

7th.     Square  root  of  17f  ? ^9U.  4-16833. 

8th.     Sqiuire  root  of  87 J ? Ans.Bi. 

9th.     Square  root  of  25-3009? Ans,  5-03. 

10th.  Square  root  o{^^^? ....^fit.f 

11th.  Square  root  of  5*875? .^^.2*423+. 

12th.  Square  root  of  -001225  ? Atu.  0K)85. 

13th.  Square  root  of  6f? ^iw.  2*529822. 

14th.  Square  root  of  9  ? Ans,  3* 

15th.  Square  root  of -9  ? ^lu.  0-948683 +. 

16th.  Square  root  of -09? Ans.(yS. 

17th.  Square  root  of -64? ^iw.0*8. 

18th.  Square  root  of  6*399? ^i». 252962. 

19th.  Square  root  of -064? Ans.  -2529822. 

20th.  Square  root  of  .000003418801  ? Ans.  -001849. 

Of  the  Cube  and  Cube  Root  of  Nuhbebs. 

271.  If  one  factor  is  made  to  enter  three  times  into  a  product,  the  product 
is  termed  the  third  power  or  cube  of  that  factor,  and  the  fiustor  is  called  the 
cube  root  of  the  product. 

The  cube  of  a  number  is  indicated  thus  5'. 

5'=125  expresses  that  the  cube  of  5,  or  5  x5  X 5,  b  equal  to  125. 

The  cube  root  of  a  number  is  indicated  by  the  symbol  tjf    .    Thusi 

^125=5,  expresses  that  the  cube  root  of  125  is  5. 
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Hie  foimaUon  of  the  cube  of  a  whole  number,  or  a  fractional  expression, 
d^enda  on  the  rules  for  the  multiplication  of  numbers  whole  or  fractional. 
The  cubes  of  the  numbers  from  1  to  10  inclusive  are 

1,  8,  27,  64,  125,  216,  343,  512,  729,  1000;  and 
1,  2,    8,    4,      6,      6,      7,      8,      9,      10, 
are  the  cube  roots  of  the  corresponding  numbers  in  the  upper  line. 

272.  From  a  comparison  of  these  cube  numbers  witii  their  cube  roots,  it 
appears  that  of  numbers  expressed  bj  one,  two,  and  three  figures,  nine 
only  are  p^ect  cubes  or  cube  numbers ;  each  of  the  990  others  having  for 
cube  root  a  whole  number  plus  a  fraction,  which  caimot  be  expressed 
exactly  bjr  means  of  unity. 

For  let  it  be  supposed  that  a  whole  number,  n,  has  for  exact  cube  root 

,     .,  ,-.1  .fl»        a    a    a     €^ 

an  irreducible  fractional  expression,  -r ;  then,  *!  x  r  x  r =m'='>* 

But  Oy  d,  being  prime  to  each  other,  a',  ft',  are  also  prime  to  each  other 

fl*  ,  a  — 

(Art  113).  Whence  -p  cannotbe  equal  to  a  whole  number,  nor-^  to  ^n. 

The  cube  roots  of  whole  numbers  which  are  not  the  exact  cubes  of  other 
whole  numbers  cannot,  therefore,  be  obtained  exactly,  for  which  reason  they 
are  termed  incommensurable,  irrational,  or  surd  numbers. 

If  a  denote  the  tens  of  a  number,  and  b  the  units,  the  number  is  expressed 
by  a-^-h. 
Now  by  Art.  76  (a-^-h)  (a+5)  or  (a+ft)«=a«-h2aft-f  ft2, 
multiplying  by  -  -  -    a  -f-ft 

and  adding  the  partial  products        -j     "*"  ^^^^alt^'^V^ 

it  is  found  that  (a+6)(a+ft)(a+ft)  or  (a+ft)3=a»+3a2JH-3aft«+ft'. 

Whence  the  cube  of  a  number  consisting  of  tens  and  units  is  composed  of 
the  cube  of  the  tens  of  the  number,  plus  three  times  the  square  of  the  tens 
into  the  units,  plus  three  times  the  tens  into  the  square  of  the  units,  plus 
the  cube  of  the  units, 

making     ft=l,  a'-|-3a*ft+3aft*+6'  becomes 

o^+Sa'+Sa    -|-l=(a-|-l)' 
subtracting         €? 
the  remiunder  is        3a*  +3fl    +1 

Whence,  if  a  and  a+1  represent  two  consecutive  whole  numbers,  the 
difference  between  the  cube  of  a-f  1  and  a  is  equal  to  three  times  the  square 
of  the  less  number,  plus  three  times  the  less  number,  plus  one, 

The  difference  between  9P  and  90^  is 

3  X  90« +3  X  90+ 1=24300+270+ 1=24571. 
From  this  example  it  may  be  inferred  that  there  is  a  great  difference 
between  two  consecutive  cube  numbers  when  the  roots  of  these  cubes  ar9 
expressed  by  large  numbers. 

273.  Process  for  the  extraction  of  the  cube  root  of  a  whole  number. 

If  the  number  contains  not  more  than  three  figures  its  cube  root  is  ob- 
tained by  reference  to  Art  271.  Thus,  the  cube  root  of  27  is  3 ;  the  cube 
root  of  235  is  6  plus  a  fraction ;  for  235  falb  between  216=6'  and  343=7'; 
and  the  cube  root  of  950  is  9  plus  a  firaction,  for  950  fidls  between  729=9* 
and  1000=10'. 

Let  the  number  whose  cube  root  b  required  contain  more  than  three  figures, 
as  103823. 

103823  falls  between  1000=103  and  1000000=100^;  its  root  therefore 
contains  two  figures,  tens  and  units.  Since  10^=1000,  the  three  last  figures 
of  the  number  can  contain  no  part  of  the  significant  figures  of  the  cube  of  the 
tens ;  it  is  therefore  in  the  part  103  that  these  significant  figures  are  found. 
Employing  a  ooauna  to  soMirate  the  last  three  figures,  and  referring  to 
Article  271  for  the  root  of  tne  cube  number  equal  to  or  next  less  than  108^ 
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it  18  found  that  103  fafla  between  64=^4'  and  125=5'.  Since  also  103823 
falb  between  64000=40^  and  125000=50",  it  is  evident  that  the  required 
cube  root  ia  compoaed  of  four  tens  and  of  a  certain  number  of  units  leas 
than  ten. 

Subtracting  64,  the  cube  of  the  tens  of  the  root,  from  103,  and  to  the 
remainder  39  Minft-ging  the  second  period  of  the  given  number,  the  result, 
which  b  39823,  contains  3  X  40^  X  &+3  X  40  X  6*+^. 

Next,  to  find  the  numerical  value  of  &  in  this  example.  The  square  of  the 
tens  giving  hundreds,  the  significant  figures  of  the  tnple  square  of  the  tens 
bj  the  units  must  be  found  in  398,  tiie  part  on  the  left  of  the  last 
figures  23. 

Now3x4«=8xl6=48, 
and  398 -1-48=8 -h  a  remainder ; 
or  39823-»-4800=8-h  a  remainder. 

The  quotient  8  is  the  figure  expressing  the  units  (b)  of  the  root,  or  a 
^gare  expressing  a  larger  number. 

39823,  besides  three  times  the  square  of  the  tens  of  the  root  into  the  units, 
contains  also  the  product  of  three  times  the  tens  by  the  square  of  the  units 
together  with  the  cube  of  the  units.  These  partial  products  may  be  formed 
and  subtracted  successively  firom  39823,  ana  the  remainders ;  or  their  sum 
may  be  subtracted  at  once. 

it  is,  however,  a  less  complicated  process  to  form  the  cube  of  48,  and 
subtract  it  from  the  number  103823. 

48'=1 10592,  which  is  greater  than  103823, 
.' .  48  is  greater  than  the  cube  root  of  103823. 

Trying  the  lower  number  47,  47^=103823. 

.-.47= -^103823. 
Form  of  calculation. 

103,823(47  47 

64  47 

8x4«=48)398(7  329 

188 

103823  2209 

47^=103823  47 

"""^  15463 

8836 


103828 

2d.  Example.  Extract  the  cube  root  of  47954. 

The  number  47954  is  comprehended  between  1000  and  1000000,  therefore 
its  cube  root  faUs  between  10  and  100;  that  is,  it  contains  tens  and  units. 

The  cube  of  the  tens  is  contained  in  the  47  thousands ;  and  since  47  fails 
between  27=3'  and  64=4' ;  and  47954  also  fiOls  between  27000  and  64000, 

or  between  305  and  40»,  it  follows  that  ^  or  3  expresses  the  tens  of 
the  root. 

Subtracting  27,  the  cube  of  3,  firom  47,  the  remainder  is  20.  To  this  re- 
mainder annexing  9,  the  first  figure  of  the  second  period,  the  number  209 
hundreds  is  composed  of  the  triple  square  of  the  tens  of  the  root  by  the  units 
plus  the  hundreos  arising  from  the  other  partial  products. 

The  triple  square  of  &e  ten8=3x3*=27;  dividing  209  by  27,  the  quo- 
tient u  7 ;  7  is  the  figure  which  expresses  the  units  of  the  root,  or  it  is  a 
greater  figure. 

Assuming  that  7  expresses  the  units  of  the  root,  37  b  the  root,  and 
37'=50653. 

But  50653  b  greater  than  47954; 
therefore  37  b  greater  than  ^47954. 
Assuming  the  next  lower  number,  36^  and  forming  its  cube,  the  rosult  b 
46656. 
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Subtracting  46650  from  47d54,  the  remainder  is  1298.  Whence  47954  is 
not  a  perfect  cube ;  but  its  cube  root  to  the  nearest  unit  is  36. 

In  effect  the  difference  between  the  given  number  and  36^  is  1298,  and  the 
difference  between  37'  and  36^  is  3  x36'+3x  36+ 1=3888+108+ 1=3997, 
a  difierence  much  greater  than  that  between  36'  and  the  given  number. 
Form  of  calculation : 

47,954(36  36 

3'=:27  36 

3X8*=27)209(6  216 

108 

47954  1296 

36'=46656  36 

1298  7776 

"""~  3888 

46656 

3d  Example.    Extract  the  cube  root  of  43725658. 

How  many  soever  the  number  of  figures  by  which  the  required  root  is 
expressed,  it  may  be  regarded  as  composed  of  units  and  tens  only,  the  tens 
being  expressed  by  more  than  one  figure. 

Kow,  the  cube  of  the  tens  gives  at  least  a  thousand ;  therefore  the  signi- 
ficant figures  of  the  cube  of  the  tens  of  the  root  are  of  necessity  found  in 
that  part  of  the  nmnber  which  is  on  the  left  of  the  last  three  figures,  658. 

Next,  if  the  root  of  the  greatest  cube  contained  in  43725,  considered  as 
expressing  simple  units,  is  extracted,  the  result  is  the  whole  number  of  tens 
contained  in  the  required  root. 

For  let  a  be  the  root  of  the  greatest  cube  contained  in  43725 ;  it  follows 
that  the  root  required  has  at  least  a  number,  a,  of  tens,  since  a'  x  1000  can 
in  this  case  be  subtracted  fitnn  43725000,  and  k  fortiori  from  43725658. 

Besides,  the  root  cannot  contain  a+1  tens,  for  (a+1)'  being  greater  than 
43725,  (a+1)'  X 1000  must  exceed  43725000  by  at  least  1000 ;  consequently 
(a+1)'  X 1000  is  greater  than  43725658.  Therefore,  in  conclusion,  the  cube 
root  required  is  composed  of  a  tens  plus  a  certain  number  of  units  less 
than  10. 

The  question  is  consequently  reduced  to  the  extraction  of  the  cube  root 
of  43725.  This  number  consisting  of  more  than  three  figures,  its  cube  root 
oontuns  more  than  one  figure ;  Umt  is  to  say,  it  contains  tens  and  units. 

To  obtain  the  tens  it  is  necessary  to  point  off  the  three 'figures  725,  and  to 
extract  the  root  of  the  greatest  cube  number  contained  in  43. 

{Note,  It  is  evident  that  if  the  period  on  the  left,  in  this  instance  43, 
contained  more  than  3  figures,  it  would  be  necessary  to  point  off  three 
figures  again  firom  its  ri^t.) 

The  greatest  cube  number  contained  in  43  is  27,  the  cube  root  of  which 
is  3.  ^niis  figure,  then,  expresses  the  tens  of  the  cube  root  of  43725,  or  the 
hundreds  of  the  whole  root. 

Subtracting  the  cube  of  3  from  43,  the  remainder  is  43—27=16.  Annex- 
ingthe  first  ^ure  of  the  2d  period  to  this  remainder,  the  result  is  167. 

Dividing  167  by  three  times  the  square  of  3,  or  27,  the  quotient  is  6.  6, 
therefore,  is  tiie  figure  which  expresses  the  units  of  the  cube  root  of  43725, 
or  a  greater  figure  than  that  of  the  root. 

M^ng  triiu  (by  forming  36')  it  is  found  that  the  figure  6  is  too  great. 
A— liming  the  next  lower  ngure,  5,  and  forming  the  cube  of  35,  which  is 
42875,  it  is  found  that  35  expresses  the  total  number  of  tens  of  the  required 
root,  and  that  the  second  remainder  is  43725—42875=850. 

To  obtain  the  units  of  the  root,  the  first  figure  of  the  3d  period  of  the 
given  number  is  annexed  to  the  second  remainder,  and  the  result,  8506,  is 
divided  by  three  times  the  square  of  the  tens  of  the  root,  that  is,  by 
3x35^2=3675: 

8506  ■4-3675=2 
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/knitATing  2  to  35,  852  is  assumed  to  express  the  cube  root  of  tlie  given 

number. 

Since  S52'=43614208, 
43725658—43614208=111450; 
and  111450<3X352*+3X352+1, or  872769,  it  follows  that  852  is  the  cube 
root  of  43725658  to  the  nearest  unit 


Form  of  calculation : 

43,725,658(352 

8'=  27 

8X8^=27)167(5 


85»= 


43725 
42875 


8  X  85<=8675     8506(2 


85 
B5 

175 
105 

1225 
35 

6125 
8675 

42875 


852 
852 

704 
1760 
1056 

128904 
852 

247808 
619520 
871712 

48614208 


43725658 
352^=43614208 


111450  remainder. 

If  any  divisor  is  not  oontuned  in  the  corresponding  dividend,  zero  is 
written  as  the  proper  figure  of  the  root ;  three  figures  of  the  given  numbCT 
are  brought  down  to  form  a  new  dividend,  and  the  process  of  calculation  is 
continued  in  the  same  manner  as  if  the  zero  had  been  a  significant  figure. 

The  process  cannot  be  commenced  by  finding  the  units  of  the  cube  root 
of  a  given  number ;  for  the  cube  of  the  units  may  give  tens  and  hundreds, 
which  cannot  be  distinguished  firom  tens  and  hun&eds  arising  firom  Stfih 
and  3al^. 

274.  To  extract  the  cube  root  of  a  whole  number : 
Rule.     Separate  the  number   into  periods  of  three  figures  each 
(taking  the  figures  from  right  to  left)  till  a  last  period  of  one,  two,  or 
three  figures  is  obtained.     The  number  of  periods  is  equal  to  the 
number  of  figures  of  the  root. 

Extract  the  cube  root  of  the  greatest  cube  number  contained  in  the 
first  period  of  the  given  number  (the  period,  namely,  on  the  left), 
and  subtract  this  cube  from  the  first  period ;  to  the  remainder  annex 
the  first  figure  of  the  second  period ;  divide  the  number  thus  fonned 
by  three  times  the  square  of  the  figure  of  the  root  already  found ; 
annex  the  quotient  to  this  first  figure  as  the  second  figure  of  the 
root ;  form  the  cube  of  the  number  expressed  by  the  first  and  second 
figures  of  the  root,  and  subtract  it  from  the  first  and  second  periods 
of  the  given  number.  But  if  the  cube  of  the  first  and  second  figures 
is  greater  than  the  number  expressed  by  the  first  and  second  periods 
of  the  given  number,  diminish  the  second  figure  of  the  root  by  one 
or  more  units,  till  a  cube  which  can  be  subtracted  from  the  first  and 
second  periods  of  the  given  number  is  obtained. 

The  subtraction  made,  annex  to  the  2d  remainder  the  Ist  figure 
of  the  3d  period ;  divide  the  number  thus  formed  by  three  times  the 
square  of  the  number  expressed  by  the  1st  and  2d  figures  of  the 
root ;  the  quotient  figure  (which,  if  not  too  great,  is  the  third  figure 
of  the  root)  ought  to  be  such  that,  annexing  it  to  the  number  expr^sed 
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by  the  1st  and  2d  figures  of  the  root,  and  forming  the  cube  of  the 
number  thus  obtained,  this  cube  shall  be  capable  of  subtraction  from 
the  number  composed  of  the  1st,  2d,  and  3d  periods  of  the  given 
number. 

This  series  of  operations  is  continued  till  aU  the  periods  of  the 
given  number  are  brought  down. 

When,  in  the  course  of  the  operation,  it  is  suspected  that  one  of 
the  quotient  figures  is  too  great,  and  it  is  in  consequence  diminished 
by  one  or  more  units,  if,  after  forming  the  cube  of  the  assumed  root 
and  subtracting  it  from  the  corresponding  periods  of  the  given  num- 
ber, the  remainder  is  so  considerable  that  it  appears  doub^ul  whether 
the  last  figure  of  the  root  is  not  too  small,  the  following  test  can  be 
employed :  if  the  remainder  is  equal  to  or  greater  than  three  times 
the  square  of  the  assumed  root  plus  three  times  the  root  plus  unity, 
the  root  is  too  small ;  but  if  less,  the  root  is  accurate  to  within  less 
than  unity  of  the  order  of  its  last  figure. 

Exercises  in  extraction  of  the  cube  root : 

1st.  The  cube  root  of  103823? Ans.47. 

2d.        -  -       21035? An8.27+. 

3d.        -  -       48228544? ^iw.  364. 

4th.      -  ^       12812904? Ans.2S4. 

5th.      .  -       485613? ^w.  78+. 

6th.      .  -       5159780352? Ans.  1728. 

7th.      .  -       343147021001? ^w.  7011. 

8th.      -  -       673373097125? Ans.  8765. 

275.  The  following  are  tests  by  means  of  which  it  may  be  ascertuned 
whether  a  number  is  a  perfect  cube  : 

1st.  Every  even  number  bein^  expressible  by  27i,  and  its  cube  by  8n',  the 
cube  of  every  even  number  is  divisible  by  8.  Every  even  number,  there- 
fore, which  is  not  divisible  by  8  is  not  a  ]>erfect  cube. 

2d.  Every  number  which  mvolves  a  prime  factor,  a,  and  which  cannot  be 
divided  by  a",  is  not  a  perfect  cube ;  for,  if  the  cube  root  of  a  number 
which  involves  the  prime  factor  a  is  a  whole  number,  it  must  be  of  the  form 
an,  of  which  the  cube  a^n?  is  divisible  by  a'.  Hence  a  number  divisible  by 
7  or  by  11  must  be  divisible  also  by  343  or  by  1331,  in  order  that  it  may 
be  a  cube  number. 

3d.  Every  number  terminated  by  a  number  of  zeros  not  expressible  by 
Sn  (n  being  any  number  of  the  series  1,  2,  3  .  .  .)  cannot  be  a  cube  num- 
ber ;  for,  if  the  cube  root  of  such  a  number  is  exact,  it  must  be  a  whole 
number  terminated  by  one  or  more  zeros.  The  cube  of  this  cube  root 
must  cont«n  three  times  as  many  zeros  as  are  contained  in  the  root,  and 
consequently  a  niunber  expressed  by  3it,  which  is  contrary  to  the  supposi-^ 
tion. 

276.  Extraction  of  the  cube  root  by  approximation. 

When  the  given  number  is  not  the  cube  of  another  whole  number,  the 
preceding  operation  ^ves  only  the  integral  part  of  the  root.  As  to  the 
miction  which  ought  to  complete  the  root,  it  has  been  already  proved  (Art. 
272)  that  this  cannot  be  obtained  exactly,  but  another  fraction  may  be 
found  which  shall  differ  firom  it  by  as  small  a  quantity  as  is  desired. 

Let  it  be  required  to  extract  the  cube  root  of  a  (a  representing  any 
whole  number  [which  is  not  a  perfect  cube)  to  within  the  Hh  part  of  tmity. 

The  number  a  may  be  expressed  as     ^    » 
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Then,  if  r  is  the  root  of  the  greatest  cube  number  contained  in  axji' 

on' 

that  is,  the  root  of  an?  to  the  nearest  unit,  the  number  -^  or  a  is  oompre- 

hended  between  -3  and  ^~Zfl    •    Wherefore  also  the  cube  root  of  a  b  com- 

•■ 
prehended  between  the  cube  roots  of  these  two  numbers,  or  between  -  gnd 

r-fl  r 

——.    Consequentlj  -  is  the  expression  of  the  cube  root  of  a  to  within  the 

Hh  part  of  imitj. 

Whence,  to  extract  the  cube  root  of  a  number  to  within  the 
1 
Hh  part  of  unity  (n  denoting  any  whole  number) : 

Bule.  Multiply  the  given  number  by  the  cube  of  the  denominator 
fi,  extract  the  cube  root  of  the  product  to  the  nearest  unit,  and 
divide  the  result  by  n. 

Example.  Extract  the  cube  root  of  15  to  within  the  -fgih  part  of  unity  : 

12'=12X  12X12=1728, 
16  X  12«=15  X  1728=25920, 

^25920=29+a  fraction  less  than  unity. 
Whence  the  required  root  is  f|=2^. 

277.  Approximation  in  decimals  is  a  particular  case  of  the  method  of 
Article  27d. 

Suppose  that  it  is  required  to  extract  the  cube  root  of  25  to  within  a 
smaller  part  of  unity  than  that  which  is  expressed  by  the  decimal  *001,  thai 
is,  to  within  the  t^^^  P^'^  ^^  unity ;  in  this  instance  it  is  necessary  to 
multiply  25  by  lOOO'  (or  to  annex  nine  zeros  to  25),  to  extract  the  cube 
root  of  the  product,  and  to  divide  the  result  by  1000. 

Now  ^25000000000=2924 +a  fraction  less  than  1. 
Whence  fggj,  or  2*924,  is  the  root  required. 

To  obtain  the  approximate  value  in  decimals  of  a  whole  number 
which  is  not  a  perfect  cube : 

Rule.  Annex  to  the  given  number  three  times  as  many  zeros  as 
the  root  is  required  to  contain  decimal  figures ;  extract  the  cube  root 
of  this  number  to  the  nearest  unit,  and  point  off  the  required  number 
of  decimal  figures  from  the  result. 

278.  Extraction  of  the  cube  root  at  a  vulgar  fraction : 
n 

If  2  represents  a  fractional  expression  whose  cube  root  is  required,  multi- 
ply the  terms  of  the  fraction  by  the  square  of  the  denominator ;  then 

Bepresenting  by  r  the  integral  part  of  the  cube  root  of  fid\  it  follows, 
from  a  process  of  reasoning  analogous  to  that  of  Article  276,  that  ^  is  the 

a  1 

cube  of  2  to  within  less  than  the  -^  part  of  1. 

If  a  more  exact  degree  of  i^proximation  is  required,  it  becomes  necessary 
to  approximate  more  nearly  to  the  value  of  ^nd\  and  to  divide  the  result 

When  the  denominator,  without  being  already  a  perfect  cube,  contains 
factors  of  which  some  are  perfect  cubes  and  others  perfect  squares,  the 
reduction  to  be  made  upon  tne  fraction  is  more  simple. 


EXTRACTION  OF  THE  CUBE  BOOT.         149 

Let  it  be  required,  as  an  illusiratioii,  to  extract  the  cube  root  of  4^. 

The  denominator  360  can  be  decomposed  into  the  prime  factors  2\  8% 
and  5 ;  whence,  if  the  terms  of  the  given  fraction  are  multiplied  by 
„     ^     ^^  .    ^  113x75       8475 

3x5^=75,  It  becomes  23x8'x5^^^^' 

Since  ^8475=20-ha  fraction  less  than  I,  and  ^303=80| 

8/113       3/8475     20    2    ^ 
• '  •  V  360=  V  "30^=30=3'  ^^  "^*  reqmred. 
If  the  denominator  is  a  perfect  cube,  but  the  numerator  not,  the 
cube  root  of  the  number,  approximated  to  any  required  degree  of 
accuracy,  is  divided  by  the  cube  root  of  the  denominator  for  the  cube 
root  of  a  given  fractional  expression. 

279.  Extraction  of  the  cube  root  of  a  decimal  fraction : 
Let  it  be  required  to  find  the  cube  root  of  3*1415. 

The  denominator  of  3*1415,  which  is  10000,  is  not  a  perfect  cube,  being 
equal  to  1000x10,  or  10^x10;  it  is  rendered  a  perfect  ciibe  by  the  multi^ 
cation  of  the  terms  of  the  fraction  by  10*  or  100 ;  this  is  accomplished  by 
annexing  two  zeros  to  the  terms  of  the  fraction,  which  thus  becomes 
3141500        3141500 

1000000  ^^      100^    •  

Now  ^3141500r=:l46+a  fraction  less  than  1,  and  ^l0^=100, 

145  ,    .  1 

.•.  i^ys*  1415=™=  1*46,  a  value  true  to  within  the  jQQth  part  of  unity. 

If  a  more  exact  decree  of  approximation  is  required,  it  is  necessarv  to 
annex  to  the  number  wee  zeros  for  each  additional  decimal  figure  requu^ 
in  the  root. 

To  extract  the  cube  root  of  a  decimal  fraction : 

Rule.  Bender  the  number  of  decimal  figures  a  multiple  of  3,  and 
equal  to  three  times  the  number  of  decimal  figures  required  in  the 
root;  make  abstraction  of  the  decimal  point  in  this  number,  and 
extract  its  cube  root  to  the  nearest  unit ;  lastly,  point  off  from  the 
right  of  the  root  the  required  number  of  decimal  figures. 

To  obtain  in  decimals  the  cube  root  of  a  vul^r  frtustion,  reduce 
the  vulgar  fraction  to  a  decimal,  and  extract  the  cube  root  of  the 
latter. 

280.  Exercises  in  extraction  of  the  cube  root  of  fractional  expres- 
sions, and  of  numbers  which  are  not  perfect  cubes : 

1st.     The  cube  root  of  2  ? Afu.  1*25992+. 

2d.  -  -  42*875? Ans.  3*5. 

3d.  -  -  28|? Ans.3'06. 

4th.  -  -  15|? Atu.2i. 

5th.  -  -  Hi? An8.\. 

6th.  -  -  ^?.. Ans.  -829. 

7th.  -  -  12||? Ans.2i. 

8th.  -  -  31^? ^«*.  3+. 

9th.  -  -  9i? ^iM.  2-092. 

10th.  -  -  405^«? Afu.7l. 

11th.  -  -  8f? ^iw.  2*057+. 

12th.  -  -  127-263527? Ans.  S-OS. 

13th.  -  -  80-? Ans.  4308+. 

14th.  -  -  800? ^iM.  9-283+. 

L  3 


150  ELEMENTS  OF  ARITHMETIC. 

15th.  The  cube  root  of '8  ? Ans.  -9283+. 

16th.  -  -        -08? Ans.'4dOS+. 

17th.  .  -        7i? Ans.  1-93+. 

18th.  -  -        a-CXHlS? ^»w.  I-4429+. 

19th.  ,  .        iJ? Afu.^S24+. 

20th.  -  .        -0034567? ^iw. -1512+. 


SECTION  IX. 

OF  DIFFERENT  SYSTEMS  OF  NUMERATION. 

281.  It  has  been  explained  in  the  Section  on  Numeration  that  it  is  pos- 
sible to  express  any  finite  number  by  means  of  ten  characters  or  figures,  and 
of  the  conventional  principle  that  any  figure  placed  to  the  left  of  another 
shall  express  imits  ten  times  greater  than  the  units  expressed  by  that  other 
figure. 

From  the  number  of  distinct  characters  employed,  and  the  principle  which 
fixes  the  relative  values  of  these  characters,  this  system  of  numeration  haa 
obtained  the  name  of  the  decimal  or  denary  system. 

The  decimal  is  the  system  used  by  all  civilized  nations.  The  names  of 
numbers,  the  figures  employed  to  express  them,  and  aU  the  details  of  arith- 
metic are  so  identified  with  this  system,  that  it  may  seem  difiicult  to  contem- 
plate number  otherwise  than  tlirough  its  means.  Yet  innumerable  other 
systems  are  equaUy  capable  of  servins  the  same  purposes.  The  determining 
cause  of  the  first  preference  given  to  the  decimal  was  probably  the  ready  and 
constant  facility  afibrded  by  the  fingers  of  both  hands  to  the  breaking  down 
of  numbers  into  equal  parcels,  and  the  consec^uent  more  easy  comparison  of 
larce  numbers  with  unity  or  with  each  other. 

Some  articles  are  enumerated  by  twos  or  purs,  others  by  threes  or  leashes, 
twelves'  or  dozens,  twentys  or  scores,  &c.,  but  in  these  instances  the  number 
of  pairs,  leashes,  dozens,  scores,  &c.  is  always  expressed  by  the  ordinary 
names  and  characters  of  numbers. 

It  is,  however,  possible  to  express  all  numbers  by  means  of  fewer  or  of 
more  than  ten  figures,  but  there  ought  to  be  not  fewer  than  twO)  and  of  the 
number,  whatever  it  is,  zero  should  be  one. 

282.  The  number  of  figures  employed  is  called  the  base  of  a  system  of 
numeration. 

The  system  in  which  two  figures  are  employed,  or  in  which  the  number 

two       IS  base,  is  named  binary, 
three         -  -         ternary, 

four  -  -         quaternary, 

five  -  -         quinary, 

ten  -  -         denary, 

.  ■  .  . 

twelve       -  -         duodenary. 

.  .  ■  . 

In  every  system  of  numeration  like  the  denary  the  convention  must  be 
made  that  any  ^^paxe  placed  on  the  left  of  another  wall  express  units  as  many 
times  greater,  with  regard  to  the  units  of  that  other,  figure,  as  there  are  units 
in  the  base,  or  as  there  are  figures  in  the  system. 

Thus,  in  the  binary  system  each  figure  obtains  a  value  firom  two  to  two 
times  greater,  as  it  is  moved  one,  two,  three  .  .  .  places  towards  the  left ;  in 
the  ternary  system  the  value  of  a  figure  is  from  three  to  three  times  greats; 
in  the  quinary,  from  five  to  five  ^es;  in  the  duodenary,  frx>m  twelve  to 
twelve  times  greater;  and,  in  general,  in  a  system  of  which  the  base  is  ft,  each 
figure  acquires  a  value  finom  6  to  6  times  greater. 
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When  a  number  is  written  in  the  system  of  which  the  base  is  by  the 
extreme  figure  on  the  ri^t  expresses  the  imits  of  the  first  order,  the  figure 
immediately  to  the  left  the  imits  of  the  second  order,  the  figure  to  the  left  of 
these  two  uie  units  of  the  third  order,  &c. ;  and  it  requires  b  units  of  the  first 
order  to  form  one  unit  of  the  second  order,  b  units  of  the  second  order  to 
fonn  one  nnit  of  the  third  order,  &c.  &c. 

2S3.  With  the  help  of  these  conventional  principles  it  is  possible  to 
express  any  whole  number  in  figures,  whatever  be  the  system  adopted. 

A  base  supplied  by  the  fingers  of  one  hand  is  five.  Considering  the 
system  with  tms  base,  or  the  quiaary  system,  the  figures  required  are  1,  2, 
S,  4,  0,  of  which  1,  2,  3,  4,  express  simple  units,  or  units  of  the  first  order. 
Adding  unity  to  four,  the  result  is  the  ntunber  five,  or  one  imit  of  the  second 
order.  Five,  in  accordance  with  the  preceding  principles  (Art.  282),  is 
written  10,  the  zero  beins  annexed  to  give  1  its  proper  relative  value, 
namely,  that  of  one  unit  ofthe  second  order. 

The  numbers  six,  seven,  eight,  nine,  are  written 
11,      12,       13,      14. 

The  number  ten,  which  b  equal  to  two  units  of  the  second  order,  is 
written  20;  eleven,  21 ;  twelve,  22;  thirteen,  23;  fourteen,  24. 

By  writing  successively  the  figures  1,  2,  3,  4,  in  the  first  and  in  the  second 
place,  all  the  numbers  from  10,  =  five,  to  44,  =  twenty-four,  are  expressed. 

If  to  44  one  imit  is  added,  the  result  is  4  units  of  the  second  order  +  6 
units  of  the  first  order ;  that  is,  five  units  of  the  second  order,  or  one  unit  of 
the  third  order,  which  is  written  100. 

By  writing  again  in  the  first,  in  the  second,  and  in  the  third  place  the 
difiTerent  figures  of  the  system,  all  the  numbers  between  100,  =  twenty-five, 
and  444,  =  one  hundred  and  twenty-four,  inclusive,  are  providea  with 
expressions. 

In  like  manner  may  the  numbers  between  444+1  or  1000,  =  one  hundred 
and  twenty-five,  and  4444 -hi  or  10000,  =  six  hundred  and  twenty-five,  the 
nimibers  between  10000  and  44444+1  or  100000,  =  three  thousand  one 
hundred  and  twenty-five,  &c.  &c.  &c.  be  written. 

This  seems  sufficient  to  show  that  any  whole  number  can  be  expressed  in 
this  system,  that  is,  in  a  system  whose  base  is  less  than  ten. 

284.  It  is  equally  possible  to  express  any  number  by  means  of  a  system 
whose  base  is  greater  than  ten. 

Since  to  express  numbers  in  the  denary  system  nine  significant  characters 
and  one  zero  are  required,  to  express  numbers  similarly  m  a  system  whose 
bMe  »  gr^iter  than  ten  a  greater  number  of  significant  characters  than  nine 
IS  requu^ed. 

Suppose  the  base  twelve,  characters  must  be  selected  to  express  the 
numbers  ten  and  eleven.  Taking  t  and  e,  the  initial  letters  of  the  names  of 
these  numbers,  the  figures  of  the  duodenary  system  are, 

1,        2,        8,        4,        6,        6,        7,        8,        9,        <,        e. 
one,    two,  three,  four,   five,     six,   seven,  eight,  nine,   ten,  eleven. 

Twelve  =  e+ 1=10. 

By  writing  all  the  figures  1,  2,  3, e'm  the  first  and  in  the  second 

place,  all  ihe  numb^  between  10  and  ee-^l  or  100,  that  is,  between 
twelve  and  one  hundred  and  forty-four,  are  supplied  with  expressions ;  and 
rimilarly  between  100  and  eee-^l  or  1000,  that  is,  between  oi^e  hundred  and 
forty-four  and  one  thousand  seven  hundred  and  twenty-eight,  &c.  &c.  &c. 

What  has  been  said  of  the  quinary  and  duodenary  systems  may  suffice  to 
Acrw  that  any  whole  number  can  be  expressed  by  means  of  figures  in  sys- 
tems whose  bases  are  either  less  or  greater  than  ten,  the  base  of  the  decimal 
system. 

Whatever  the  systemadopted,  the  units  of  different  orders  are  represented 
respectively  by 

1,  10,  100,  1000 as  in  the  decimal  system. 

L  4 
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28d.  The  manner  of  expresBing  numbers  otherwiae  than  hr  the  decimal 
system  being  expbiined,  it  becomes  a  subject  of  inquiry  by  wnat  process  a 
number  enuncii&ed  in  ordinary  language  or  written  in  the  decimal  system 
can  be  changed  into  an  eqiUYalent  expression  in  the  system  whose  base  is 
fiye,  for  instance,  or  twelve,  or  b. 

Since  b  units  of  the  first  order  form  one  unit  of  the  second  order,  the 
given  number  must  contain  one  imit  of  the  second  order  of  the  system  b  for 
every  time  it  contains  b.    If,  therefore,  the  number  is  divided  by  5,  the 

auotient  expresses  the  nimiber  of  units  of  the  second,  and  the  renuunder 
le  units  of  the  first  order,  written  in  the  system  of  which  b  b  the  base. 

In  like  manner,  nnce  b  units  of  the  second  order  in  system  b  form  one 
unit  of  the  third  order  in  the  same  system,  if  the  quotient  expressing  the 
number  of  units  of  the  second  order  is  divided  by  ft,  the  new  quotient 
expresses  units  of  the  third  order,  and  the  remainder  (which  must  be  less 
than  b)  the  imits  of  the  second  order  in  system  b. 

The  manner  of  deducing  the  units  of  the  third,  the  fourth  ......  the 

nth  order  is  manifestly  the  same.    Whence,  to  express  in  system  b  any 
number  expressed  in  common  language. 

Divide  tne  given  number  by  the  base  ft,  written  in  the  decimal  system ; 
the  quotient  is  composed  of  units  of  the  2d  order,  and  the  remainder  of 
units  of  the  Ist  order  in  system  ft.  Reserve  the  remainder,  and  divide  the 
Quotient  by  ft :  the  2d  quotient  is  composed  of  units  of  the  3d  order,  and 
tne  remainder  of  units  of  the  2d  order  in  s^^stem  ft.  Write  the  second  re- 
mainder on  the  left  of  the  first,  as  expressing  units  of  the  2d  order,  and 
divide  the  second  quotient  by  ft.  The  third  quotient  is  composed  of  units 
of  the  4th  order,  and  the  remainder  of  units  of^the  3d  order.  This  remainder 
IS  written  on  the  left  of  the  second  remainder,  as  expressii^  units  of  the 
3d  order,  and  the  3d  (j^uotient  is  divided  by  ft.  This  scries  of  operations  is 
continued  till  a  quotient  less  than  ft  is  obtained.  This  quotient,  whidi 
expresses  the  units  of  the  highest  order,  is  written  to  the  left  of  all  the 
remainders  which  have  been  successively  obtained.  The  result  is  the  given 
number  expressed  in  system  ft. 

Example.  Let  it  be  required  to  express  the  number  1654  in  the  quinary 
and  also  in  the  duodenary  system. 
The  base  of  the  quinary,  expressed  in  the  denary  system,  is  5. 

g)  1654 

5)330+4,  1st  remainder. 
5)  66-hO,  2d 
5)  13-f  1,  3d 
2+3,  4th 
Whence  1654,  expressed  in  the  quinary  system,  is  23104. 
The  base  of  the  duodenary,  expressed  in  the  denary  system,  b  12. 

12)  1654 

12)  137+10=/;  duodenary  system. 

11+5 

The  first  remainder  is  10,  which,  expressed  in  the  duodenary  system,  is 
t;  tibe  second  remainder,  5,  is  written  on  the  lefl  of  t;  and  lastly  the 
quotient  11,  which  in  the  duodenary  system  is  represented  by  e. 

Therefore  1654,  exprrased  in  the  duodenary  system,  is  e5t 

286.  The  manner  of  translating  numbers  from  the  denary  into  any  other 
system,  ft,  having  been  expliuned,  let  it  be  required,  convmely,  to  reduce 
numbers  from  system  ft  to  the  denary  system. 

To  render  the  investigation  general,  let  hfifdc  represent  a  number  in 
system  ft ;  c  expressing  the  units  of  the  first  order,  d  the  units  of  the  second 
order, /the  umts  of  the  third  order,  &c.  &c. 
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Since  d  ezpreraes  units  of  the  2d  order,  it  contains  b  times  as  many  simple 
miits  as  d^  a  unit  of  the  Ist  order. 

Whence  d^  a  unit  of  the  2d  order,  contains  dy.h  units  of  the  1st  order. 
Again,  f  units  of  the  3d  order  contain  /x  b  units  of  the  2d  order,  and 
/x  b  X  b^fx  l^  units  of  the  Ist  order. 

In  like  manner  ff*  units  of  the  4th  order  contain  gxb  units  of  the  third 
order,  or  gxl^  umts  of  the  2d  order,  or  gxb^  units  of  the  1st  order ; 
And  A  units  of  the  5  th  order  contain  hxb^  units  ot  the  1st  order. 

Whence  e  contains  c  units  of  the  1st  order. 
d       '       db 

.    f     .     m 

-         g         '         g^ 

-      h      '      hb^ 
And  the  number  expressed  in  simple  units  is  equal  to  c+d6-f/^+£r^+ 

Assigning  to  the  base  b  and  to  the  figures  c,  d,/^  g^  A,  &c.  particular 
yalues,  and  making  in  the  denary  system  the  calculations  just  indicated,  a 
number  expressed  m  any  system  may  be  changed  into  an  equivalent  number 
expressed  m  the  denary  system. 

A  practical  rule  deduced  from  the  expression  c-|-d&4-/^4-^ft^+AA* 
is: 

Form  the  different  powers  of  the  base  &,  expressed  in  the  decimal  system. 

Express  the  figures  c,  d,/^  gy  k,  &c.  also  in  the  decimal  system. 

Multiply  these  figures,  so  expressed,  respectively  by  1,  A,  A*,  ft'.  A*,  ... . 

Add  the  partial  products  into  one  sum ;  the  residt  is  the  niunber  expressed 
in  the  demury  system. 

Example.  Let  it  be  required  to  reduce  the  quinary  number  23104,  and* 
the  duodenary,  e5t,  to  the  equivalent  number  in  the  denary  system. 

In  the  quinary  system  A=5,  c=4,  d=0,/=l,  ^=3,  A=2. 

AJso  A,  A',    A',     A^,  are  equal  to 
5,  25,  125,  625. 

Whence  cxl=  4 

c;xA=Ox  5=  0 
/xA«=lx  25=  25 
^xA3=3xl25=  375 
AxA*=2x625=1250 

The  sum  of  these  partial  products    -        -  =1654 

The  number  23104  in  the  quinary  system  is  consequently  equivalent  to 
1654  in  the  denary  system. 

In  the  duodenary  system, 

6=12,  c=10,  rf=5,y^ll,  A«=144. 
cxl=10x     1=     10 
dxA=  5x   12=     60 
/xy=llX  144=1584 

The  sum  of  these  partial  products  is  -    -  =1654. 

The  number  eSt  in  the  duodenary  system  is  consequently  equivalent  to 
1654  in  the  denary  system. 

287.  The  preceding  propositions,  viz.,  to  reduce  a  number  from  the  denary 
to  another  system,  and  to  reduce  a  number  from  another  system  to  the 
denary,  lead  to  this  more  general  proposition,  to  change  a  number  from  any 
system.  A,  to  any  other  system,  c. 

To  accomplish  this  chanjge,  reduce  the  given  number  from  the  system  A  to 
the  denary  system  by  Article  286  ;  then  from  the  denary  system  to  system  c 
by  Article  285.    Thus  is  obtained  the  result  sought. 
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Example.  Let  it  be  required  to  chflnge  the  number  65746  fitnn  the 
nonary  to  the  duodenary  system. 

Ist.  Reduction  of  85746  firom  the  nonary  to  the  denary  system : 
c=6,    rf=4^  /=7,         fi'=5,      A  =8 

6=9,   6«=81,      i?=729,  ^=6561 

c=6xl       =        6 

(26=4x9      =      36 

/68=7x81     =    567 

4^63=5x729  =  8645 

A6*=8  X  6561=52488 

The  sum  of  these  partial  products        =56742 

The  number  85746  in  the  nonary  is,  consequently,  equivalent  to  the 
nimiber  56742  in  the  denary  system. 

2d.  Reduction  of  56742  from  the  denary  to  the  duodenary  system : 
12)56742 

12)4728+6,    1st  remainder. 

12)394 -fO,    2d  remainder. 

12)32+10,  3d  remiunder,=  t  in  duodenary  system. 

2+8,    4th  remainder. 

Writing  the  remainders  and  last  quotient  in  their  proper  order,  28106 
in  the  duodenary  system  is  equivalent  to  85746  in  the  nonary  system. 

288.  An  obstacle  to  the  easy  comprehension  of  different  s^rstems  of 
numeration  is^  caused  hj  the  want  of  corresponding  systems  of  names  of 
numbers,  for  it  is  obvious  that  the  nomenclature  of  the  denary  system 
(and  no  other  exists),  if  employed  to  name  numbers  of  another  system,  can 
only  tend  to  confuse  the  notions  formed  of  these  numbers  by  its  constant 
reference  to  the  base  teii,  and  not  to  the  base  of  that  other  system.  To  be 
intelligible  every  system  ought  to  have  its  own  nomenclature. 

289.  Mankind  spoke  before  they  wrote ;  and  the  faculty  of  expressing 
numbers  in  words  must  have  preceded  that  of  denoting  them  hj  characters. 
But  a  notation  which  is  regular  and  admits  of  generalisation  being  formed, 
the  order  of  procedure  may  be  reversed,  and  a  general  nomenclature  formed 
from  a  general  system  of  notation. 

Let  b  represent  the  base  of  a  system. 

Then  the  simple  units  of  the  system  ore  1,  2,  3 (b — 1),  of  which 

each  must  be  provided  with  a  name,  and  denoted  by  a  single  character. 

The  base  h  (from  the  name  of  the  number  expressed  by  which,  the 
system  obtains  its  designation,)  b  always  written  10 ;  it  is  the  least  number 
of  the  second  order  of  units. 

The  units  of  the  second  order  are  1x6,  2x6,  3x6, (6^1)x6. 

Each  unit  of  the  second  order  is  denoted  by  the  same  character  as  the 
corresponding  unit  of  the  first  order ;  and  the  6  is  not  written,  being 
indicated  by  the  place  which  the  character  occupies  on  the  left  of  that 
which  expresses  the  simple  units  of  the  number. 

The  names  furnished  dv  the  preceding  notation  for  the  units  of  the  second 
order  are  one  6,  two  6*s,  three  6*s,  four  6*s 

Since  1x6  times  one  unit  of  the  first  order  make  one  unit  of  the  second 
order,  and  1x6  times  one  unit  of  the  second  order  make  one  unit  of  the 
third  order,  it  follows  that  6  times  1x6  units  of  the  first  order,  that  is, 
1 X  ^  units  of  the  first  order,  make  one  unit  of  the  third  order. 

The  least  number  of  the  third  order  of  units  is,  therefore,  6',  or  1 X  6^ ; 

And  the  other  units  of  this  order  are,  2x6%  3x6* (6— 1)  x6^  ^ 

Each  of  these  units  is  denoted  (as  in  the  2d  order)  by  the  corresponding 
unit  of  the  first  order ;  the  6*  being  indicated  hj  the  place  of  the  charactor, 
as  second  on  the  1^  from  the  character  denotmg  the  sunple  units  of  the 
number. 
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The  names  giTen  by  the  notation  for  the  units  of  the  third  order  are, 

One  by  second  power ;  two  6*8,  second  power ;  three  b%  second  power  . . . ; 
or,  omitting  the  word  power  for  the  sake  of  brevity,  one  h  second ;  two  Vs 
second ;  three  V%  second ; 

In  like  manner  the  units  of  the  4th  order  are,  I  x^*,  2x6^,  3x6^ 

(h — 1)  X 6^;  and  the  names  are,  one  h  third,  two  6*8  third,  three  6*s  third  .... 

The  units  of  the  5th  order  are,  ;iX  6^,  2x6%  3x6*, (6— l)x6*; 

and  the  names  are,  one  6  fourth,  two  6*s  fourth,  three  6*s  fourth  .... 

Generally,  in  the  system  6,  if  cde pqr  represent  the  digits  of  a 

number,  the  successiye  orders  of  units  are,  6X6",  ax6*~S  0X6""^, 

/>X6',  9x6,  r;  and  the  spoken  name  of  the  number  deriyed  fix>m  the 
notation  is,  c6*s  nth  power,  <26*8  (n — l)th  power,  . .  ^ . .  .^96*8  second  power, 
^*s,  r. 

If  32421  is  the  expression  of  a  number  written  in  the  quinaij  system,  the 
^)oken  name  of  the  number  is,  three  fives  fourth,  two  fives  thurd,  four  fives 
second,  two  fives,  one. 

^  9765863  of  the  denary  system  expressed  in  this  manner  is,  nine  tens 
sixth,  seven  tens  fifth,  six  tens  fourtn,  five  tens  third,  eight  tens  second, 
six  tens,  three. 

3  «  8  ^  9  of  the  duodenary  system  is,  in  words,  three  twelves  fourth,  eleven 
twelves  third,  eight  twelves  second,  ten  twelves,  nine. 

290.  The  first  characters  employed  to  express  numbers  were  probably 
composed  of  combinations  ctf"  perpendicular  and  horizontal  lines  or  strokes, 
such  as  could  be  easily^  cut  in  wood  or  stone.  From  this  circumstance  they 
have  been  termed  lapidary  characters.  After  the  invention  of  letters  these 
characters  were,  in  some  countries,  replaced  by  those  letters  of  the  alphabet 
to  which  they  had  the  closest  resemblance. 

Such  ii^pears  to  have  been  the  order  of  progress  in  Italy.  The  Greeks 
were  in  possession  of  the  lapidary  characters  at  an  early  period  of  their 
history.  Grecian  colonists  probably  communicated  these  characters  to  the 
Italian  tribes,  and  the  Romans  replaced  them  by  letters  of  the  Latin 
alphabet  about  the  time  of  their  conquest  of  Italy. 

The  Bomans  communicated  their  numerals  to  the  nations  whom  they 
subdued.  Through  this  means,  and,  afler  the  fall  of  the  empire  of  the 
west,  by  the  employment  of  Latin  as  the  common  language  of  the  learned 
and  of  tbe  church  of  Rome,  their  system  srew  into  general  use  throughout 
Europe,  and  continued  to  be  employed  till  the  close  of  the  14th  century, 
when  it  was  supplanted  by  one  more  simple  and  comprehensive,  the  Arabian. 

As  the  Roman  notation  was  extensively  used  for  so  long  a  time,  and  is 
still  sometimes  employed,  especially  on  monuments,  a  concise  account  of  it 
cannot  be  altogether  without  utility. 

291.  The  characters  employed  by  the  Romans  to  represent  numbers 
were  certain  letters  of  the  alphabet,  namely,  the  capitals  C,  I,  L,  Y,  X,  which 
were  termed  Numerical  Letters. 

The  numbers  expressed  by  single  letters  were,  one  by  I,  five  by  V,  ten  by 
X,  fifty  by  L,  a  hundred  by  C.  All  other  numbers  were  expressed  by  com- 
binations of  these  letters. 

In  tiiese  combinations, 

Ist.  By  the  repetition  of  a  letter  its  value  was  repeated;  thus,  1=1, 
n=2,  in=3,  X=10,  XX=20,  XXX=30,  C=100,  CC=200,  CCC=300. 

y  and  L  were  not  repeated,  VV  being  expressed  by  X,  and  LL  by  C. 

2d«  Accordii^  as  letters  denoting  a  lower  number  were  placed  on  the 
left  or  on  the  nght  of  a  letter  denoting  a  higher  number,  the  diflference  or 
the  sum  of  the  numbers  expressed  by  wese  letters,  was  indicated  thus, 

V=    5    IV  =  4    VI  =    6. 

X=  10    IX  =  9    XI  =  11. 

L  =  50    XL=40    LX=  60. 

0=100    XC=90     CX=110. 
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600  waa  denoted  by  the  characters  10,  and  1000  by  CIO,  afterwards  con- 
tracted, respectively,  into  D  and  M.  ,       -r/x        ^      j  -x       i  «  «^ 

The  character  0  (a  reversed  C)  annexed  to  10  rendered  its  value  ten 
times,  and  two  reversed  C's  rendered  it  100  times,  greater, 

thus,  10=500, 100=5000, 1000=50000.      ^        ,        ^   , 

A  C  being  prefixed  and  a  reversed  C  annexed  to  CIO,  the  value  of  the 
expression  was  rendered  ten  times  greater ;  and  two  C's  being  prefixed  and 
two  O's  annexed,  its  value  was  rendered  100  times  greater : 

CK)=1000,  CCIOO=10000,  CCCIOOO=  100000. 

Numbers  birger  than  100000  were  expressed  by  repetition,  as  CCCIOOO 
CCCIOOO  for  200000. 

Thousands  were  also  sometimes  exprwsed  by  a  horizontal  line  drawn  over 
the  numerical  letters,  thus  111=8000,  X=10000. 

292.  Besides  the  kpidary  characters,  the  Greeks  had  other  systems  of 

They  used  the  first  letter  of  the  name  of  a  number  as  an  abbreviated 

symbol  denoting  that  number.  ,^    v    ,      .  j  *    ^    *t    r— * 

For  example,  n,  the  first  letter  of  Hivrf  (five),  denoted  5 ;  X,  ttie  firrt 
letter  of  XiXii  (a  thousand),  denoted  1000 ;  M  or  /«,  the  first  letter  of  the  word 
Mvpia  (a  myriad  or  ten  thousand),  denoted  10000. 
They  employed  also  the  24  letters  of  their  alphabet  m  two  modes : 
1st.  To  denote  numbers  not  greater  than  24,  they  employed  the  letters  in 
their  regular  order.  In  this  manner  the  books  of  Homer  s  Diad  are  num- 
bered, the  first  being  A,  the  second  B,  &c. 

2d,  To  denote  large  numbers,  they  divided  the  24  letters  into  three  classes 
corresponding  to  umts,  tens,  and  hundreds.  As  a  class  contained  only  8 
letters,  a  new  symbol  was  introduced  into  each,  to  make  up  the  number  of 

nine  digits.  ^       .       ,   «  «  n 

With  distinct  characters  for  1,  2,  3,  .....  9  umts,  1,  2,  3, .  .  .  .  . » 

tens,  1,  2,  8, 9  hundreds,  they  possessed  the  means  of  expressmg 

all  numbers  from  1  to  999  inclusive. 

To  express  larger  numbers  by  means  of  the  same  characters  various  ex- 
pedients were  employed.  ,  ■•      ^t  j 
By  the  subscribed  iota  the  value  of  a  character  was  mcreased  a  thousand 
fold ;  p  being  the  symbol  for  2,  /3  denoted  2000. 

The  value  of  a  character  endosed  within  a  capital  11  was  increased  5000 
fold ;  i|  being  the  symbol  for  8,  |i}|  denoted  8  X5000,  or  40000. 

The  value  of  a  character  under  which  was  written  fi  (the  expresdon  for 
10000  in  the  abbreviated  system)  was  increased  10000  fold ;  thus  /3  denoted 
2x10000,  or  20000.  '^ 

The  same  efiect  was  produced  by  writing  two  points  over  the  character^ 
so  that  the  symbols  /3  and  p  denoted  the  same  number,  namely,  20000. 

By  suitable  combinations  of  these  characters  large  numbers  could  be 
expressed  with  considerable  brevity. 

From  the  name  of  sr,  the  symbol  for  six  (kmonv^^  /3av),  and  otiier 
reasons,  the  Greeks  are  believed  to  have  borrowed  the  last-described  system 
of  notation  from  the  Fhenicians. 

293.  For  expressing  names  of  number  in  an  abridged  form,  both  the  Gredc 
and  Roman  systems  of  notation  were  sufficient,  although  in  tliis  respect  both, 
and  more  especially  the  Roman,  were  much  inferior  to  the  decimal  system  of 
modem  times. 

As  instruments  of  calculation,  the  ancient  systems  were  very  defective. 
Numbers  expressed  by  them  were  assemblages  or  unconnected  symbols ;  each 
character,  whether  alone,  or  on  the  left  or  the  right  of  other  characters, 
having  the  same  unchangeable  value. 
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Consequently  the  processes  of  addition  and  subtraction  could  only  be 
performed  by  methods  similar  to  those  followed  in  Articles  20  (Example  2) 
and  30,  that  of  multiplication  as  in  Articles  50, 51,  or  62 ;  the  collection  of  the 
partial  products  bein^,  moreover,  beset  with  the  difficulties  of  addition. 

The  process  of  division  was  still  more  laborious. 

In  all  calculations  performed  by  means  of  the  Greek  or  Roman  numerals 
each  step  must  have  appeared  separatelv,  and  there  could  be  none  of  that 
fiunlity  which  is  gained  in  the  decimal  system  by  the  distribution  of  the 
individuals  composing  a  large  number  into  different  orders  of  units,  each 
expressed  by  a  nj;ure  not  exceeding  nine ;  or  of  that  concentration  which  is 
attained  by  carrrmg  forward  the  multiples  of  ten,  and  combining  iJiem  with 
the  higher  numbers,  so  as  to  obtain  at  once  a  result  in  whidh  there  is  no 
oocasiSn  for  further  reductions. 

If  the  processes  of  Articles  13  and  23,  Articles  27  and  39,  Articles  50,  51, 
and  64,  Articles  78  and  93  are  compared,  some  notion  may  be  formed  of  the 
superiority  of  the  decimal  over  ihe  ancient  systems,  even  in  the  most  simple 
and  elementary  operations.  This  superiority  of  the  decimal  system  is  derived 
from  the  conventions, 

That  ten  units  of  any  order  make  one  unit  of  the  next  higher  order ; 
And  that  the  different  orders  of  imits  ascend  r^^ularly  from  right  to 
left. 

294.  The  knowledge  of  ^the  ten  numeral  characters,  and  of  the  system  of 
arithmetic  connected  with  them,  was  communicated  to  the  christian  nations 
of  Europe  by  the  Moorish  conquerors  of  Spain.  The  exact  time  is  uncertain ; 
but  dates  expressed  in  figures,  instead  orRoman  numerals,  are  found  occa- 
siimally  between  the  middle  and  the  close  of  the  fourteenth  century. 

Neither  the  Moors  nor  their  countrymen  the  Arabians  were  the  inventors 
of  decimal  arithmetic ;  the  latter  having  acquired  their  knowledge  from  the 
Hindoos  during  their  conquest  and  occupation  of  India. 

There  is  reason  to  believe  that  the  Hindoos  were  acquainted  with  it  long 
before  the  invasion  of  their  country  by  the  Arabs ;  but  whether  they  were 
the  inventors  has  not  been  ascertained. 


SECTION  X. 

TABLES  OF  BRITISH  WEIGHTS  AND  MEASURES.  RE- 
DUCTION, ADDITION,  SUBTRACTION,  MULTIPLICA- 
TION,  AND  DIVISION  OF  COMPOUND  NUMBERS. 
RULE  OF  ALIQUOT  PARTS. 

295.  Number,  considered  without  reference  to  the  species  of  its  imit,  is 
termed  abstract ;  but  when  to  the  name  expressing  the  number  of  units  is 
annexed  a  description  of  the  species  of  the  magnitude,  the  number  is 
concrete. 

The  preceding  sections  contain  the  elementary  principles  of  arithmetic 
i^miied  to  abstract  numbers. 

if  concrete,  like  abstract,  numbers  were  always  expressed  as  multiples  or 
parts  of  t]ie  same  unit,  the  arithmetical  processes  for  both  would  be  precisely 
the  same.  But  when  a  magnitude  is  such  that  it  may  be  requisite  to  express 
numerically  very  large  as  well  as  very  small  portions  of  it,  the  practice  is  to 
assume  some  definite  part  of  the  magnitude  as  a  principal  unit,  to  divide  this 
into  a  certain  numb^  of  equal  parts,  to  consider  each  of  tiiese  as  a  new 
unit,  and  to  repeat  this  process  through  more  or  fewer  subdivisions.  ^ 

The  advantages  of  introducing  simple  units  of  different  values  into  the 
niimerical  expression  of  the  same  magnitude  are, 
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Ist  A  mare  precise  idea  is  obtained  of  tmall  poi^ofl  of  the  magnitude 
hj  referring  them  to  a  subordinate  unit,  than  can  be  got  by  expressing 
them  as  fractional  parts  of  the  principal  unit ;  and, 

2d.  Large  quantities,  being  referred  to  the  principal  unit,  are  expressed 
bj  smaller  numbers  thim  if  measured  bj  the  subordinate  unit. 

The  disadvantages  are :  the  uniform  relation  of  the  difierent  orders  of 
units,  as  tens  or  tenths  of  each  other,  according  as  they  are  taken  consecu- 
tively from  right  to  left  or  from  left  to  right,  is  broken,  and  troublesome 
reductions  of  units  of  one  order  into  units  of  another  order  are  rendered 
necessary. 

To  illustrate  the  subject  by  a  familiar  case,  that  of  money :  the  principal 
unit,  a  pound  sterling  or  sovereign,  is  divided  into  20  equal  parts,  of  which' 
parts  one,  under  the  name  of  shilling,  is  taken  as  a  second  unit.  Hie 
shilling,  again,  is  divided  into  12  e<|ual  parts,  each  of  which,  a  penny,  is  a 
third  unit.  The  penny,  lastly,  is  divided  into  4  equal  parts,  of  which  each 
Is  a  farthing. 

The  pound  sterling  is  therefore  equal  to  20  shillings, 

or  to  20  X  12=240  pence,] 
or  to  20  X 12  X  4=960  farthings. 

The  unit  of  each  order  beins  represented  by  a  particular  coin,  its  indi- 
viduality is  well  marked.  It  is,  in  consequence,  much  easier  to  form  a 
precise  notion  of  the  value  of  a  small  sum  of  money,  for  example,  of  five- 
pence,  by  describing  it  as  a  multiple  of  the  subordinate  unit,  one  penny,  than 
as  a  fractional  part  of  the  principal  unit,  namely,  -^  of  a  pound. 

Numbers  expressed  in  this  manner  are  called  UompomuL  The  principal 
and  subordinate  units  contained  in  a  compound  number  are  also  termed  the 
different  denominations  of  the  number. 

a.  If,  b^[inning  with  the  principal  unit,  the  subdivisions  were  made  fit>m 
ten  to  ten  times  smaller ;  for  example,  if  the  pound  were  divided  into  ten 
shilling  the  shilling  into  ten  pence,  &c. ;  it  is  evident  that  the  successive 
denommations,  beins  tenths,  hundredths,  &c.  of  the  principal  unit,  could  be 
expressed  as  decimfll  fractions. 

b.  Or,  if  the  subdivisions  were  made  from  btoh  times,  or  fit>m  20  to  20 
times  smaller ;  if  the  pound,  for  example,  were  divided  into  b  shillings  or 
into  20  shillings,  the  shilling  into  b  pence  or  20  pence,  &c.,  the  compound 
number  miehtbe  regarded  as  belot^mj^  to  a  system  whose  base  is  6  or  20, 
with  this  irregularity,  that  the  pnncipal  unit  is  referred  to  the  decimal 
system,  and  the  subordinate  units  are  expressed  by  the  figures  adapted  to 
base  10,  and  not  to  base  b  or  base  20. 

c.  If  the  principal  unit  is  divided  into  b  equal  parts,  one  of  these  into  e 
equal  parts,  &c.  (as  the  pound,  which  is  divided  into  20  shillings,  and  the 
shilling  into  12  pence,  &c.\  the  compound  number  may  be  regarded  as  an 
irregu&r  numb^,  in  whicn  the  subordinate  units  are  referred  each  to  a  dif- 
ferent base,  and  the  principal  unit  to  the  base  10;  the  numbers  contained  in 
the  inferior  denominations  being,  moreover,  expressed  by  the  figures  of  the 
decimal  system. 

296.  The  quantity  of  certain  sorts  of  magnitude  is  expressed  by  compound 
numbers,  not  because  it  is  impossible  to  ex^nress  their  quantity  in  terms  of  a 
sinjB^e  measuring  unit,  but  for  convenience  alone. 

The  nature  of  the  principal  and  subordinate  units  employed  to  express  the 
quantity  of  any  thing  wnich  is  to  be  measured  or  weighed  necessarilT 
depends  on  that  property,  the  quantity  of  which  is  to  be  expressed  numen- 
caUv.  The  properties  of  bod^  which  may  be  so  expressed^  are  length, 
surface,  volume  or  capacity,  weight. 

In  all  compound  numbers  the  principal  units  and  successive  subdivisiona 
are  arbitrary. 

But  when  a  unit  or  measure  of  any  kind  has  been  chosen  it  becomes 
necessary  to  connect  it  with  some  invariable  standard,  in  order  that  tltf 
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or  recoYered  if  lost. 

In  British  measures  the  standard  of  comparison  is  derived  fix>m  the  measure 
of  time. 

The  mean  interral  between  mid-daj  and  mid-day  is  divided  into  24  hours ; 
each  hour,  again,  is  subdivided  into  60  minutes,  and  each  minute  into  60 
seconds. 

The  number  of  seconds  in  a  day  is,  therefore,  24  x  60  x  60=86400. 

Now,  it  has  been  found  possible  to  determine  the  length  of  a  pendulum 
which  beats  86400  times  in  a  day. 

The  number  of  seconds  in  a  day,  and  the  length  of  the  pendulum  which 
at  the  same  place  makes  86400  beats  during  that  time,  are  presumed  to  be 
invariable ;  so  lon^,  therefore,  as  the  duration  of  a  day  and  the  length  of 
the  pendulum  which  beats  86400  times  during  the  day  can  be  measured,  so 
long  the  exact  length  of  the  standard  of  comparison  can  be  found. 

'The  length  of  the  seconds  pendulum  in  London  has  been  determined 
with  great  accuracv,  and  it  would  have  been  desirable  to  take  this  as  the 
umt  of  measures  of  length.  But  a  previous  measure  existed,  and  to  change 
this  would  have  produced  much  inconvenience.  The  length  of  that  measure 
(which  is  called  a  vard)  was  therefore  compared  with  the  seconds  pendulum, 
and  it  was  found  that,  of  such  equal  parts  as  the  yard  contains  36,  tlie  pen« 
dulnm  contains  39*13929.  This  relation  of  the  two  lengths  supplies  the  means 
of  restoring  the  standard  yard  measure,  supposing  it  at  any  future  time  to 
be  lost. 

The  36th  part  of  the  yard  is  named  inch.  The  ancient  standard  for 
determining  the  length  of  the  inch  is  said  to  have  been  obtained  by  means 
of  three  grains  of  barley  taken  from  the  middle  of  the  ear,  and  arranged 
lengthways  in  a  straight  line. 

A  measure  equal  to  one  third  of  the  inch  is  still  retained  among  linear 
measures,  under  the  denomination  of  barleycorn. 

The  measures  of  surface  are  square  inches,  square  feet,  &c.  These  are 
derived  from  the  corresponding  Enear  measures ;  a  square  inch  being  a 
square  whose  side  is  one  mch,  &c. 

Measures  of  volume  or  capacity  are  of  two  sorts.  In  the  first,  called  cubic 
or  solid  measure,  the  thing  measured  is  considered  as  having  length,  breadth, 
and  thickness,  and  the  measures  are  cubic  inches,  cubic  feet,  &c. ;  the  cubic 
inch  being  of  the  form  of  a  die,  and  having  each  of  its  edges  one  inch  in  length. 

In  determining  the  quantity  of  a  length,  a  surface,  or  a  volume,  the 
measurement  is  made  by  the  application  of  a  rod,  cord,  chain,  or  other  con- 
venient medium  to  the  substance  measured. 

The  measurement  of  any  substance  by  a  measure  of  capacity  is  made  in  a 
different  manner.  The  measure  beinff  constructed  in  the  form  of  a  hollow 
vessel,  the  substance  is  measured  by  puicing  it  in  this  vessel. 

The  standard  measure  of  capacity  is  the  gallon ;  the  gallon  is  derived  from 
a  measure  of  extension,  the  inch,  in  the  manner  following : 

If  a  vessel,  whose  interior  is  a  cubic  inch,  is  filled  with  distilled  water*,  its 
wei^t  receives  a  certain  increase.  The  increment  of  weight  is  divided 
into  252*458  equal  parts,  of  which  one  is  called  a  grain. 

Seven  thousand  such  fi;nuns  are  a  pound  avoirdupois  weight,  and  ten 
pounds  avoirdupois  weight  of  water  are  exactly  contained  in  tlie  gallon 
measure. 

Since  the  eallon  contains  7000  X  10=70000  grains  weight  of  water,  and 
the  cubic  incn  contains  252*458  trains,  the  capacity  of  uie  gallon  in  cubic 
indies,  or  the  number  of  cubic  indies  which  it  holds,  is, 
70000      70000000 
252^458=  252458  ^^'^'^'^^^^^  <^  277*274  nearly. 

*  The  water  is  distilled  so  as  to  be  free  from  impurities,  whidi  might  afibct  the 
weight :  barometer  30  inches,  thennometer  62'  Fahr. 
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The  standards  of  weight  are  two,  the  pound  troy  and  the  pound  ayoir- 
dupois. 

Both  are  derived  from  the  same  part  of  the  cubic  inch  of  water  as  the 
gaUon  18,  namely,  the  grain. 

57«)  grains  make  a  pound  troy  weighty  and  7000  grains  makeapound 
avoirdupois  weight. 

The  standards  of  measures  and  weights,  as  well  as  their  parts  and  multi- 
ples, were  described  and  their  use  rendered  compulsory  bv  an  act  of  par- 
liament passed  in  1835,  and  which  came  into  operation  <m  the  Ist  of  January 
1836. 

297.  The  following  tables  contain  the  measures  and  weichts  now  used 
throughout  the  Britisn  empire.  The  quantities  in  the  same  horizontal  line 
of  the  same  table  are  equal  to  each  other. 

Mecuures  of  length. 


Indies, 
(to.) 

Uiik«.(U.) 

Feet,  (ft.) 

Yards,  ryd.) 

Pole  or 
Perch,  (po.) 

(A.) 

Furhmgi. 

(tor.) 

Mae. 

(ML) 

7-92 

1 

... 

••• 

••• 

••• 

••• 

••• 

12 

1-516 

1 

••• 

••• 

••• 

••• 

••• 

86 

4-545 

3 

1 

••• 

••• 

^* 

••• 

198 

25 

16-5 

5-5 

1 

••• 

••• 

••• 

792 

100 

66 

22 

4 

1 

••• 

••• 

7920 

1000 

660 

220 

40 

10 

1 

••• 

63360 

8000 

5280 

1760 

320 

80 

8 

1 

Also  12  lines=l  inch,  3  barley coms=l  inch,  3  inches=l  palm,  4  inches 
tsl  hand,  5  feet=l  pace,  6  feet=l  fathom,  3  mile8=l  league,  69^  miles 
(nearly)=sl  d^;ree,  60  geographical  miles=l  degree. 


Cloth  measure. 

Inehet.  (to.) 

Nails,  (nl.) 

Quarters,  (qr.) 

Yards,  (yd.) 

2-25 

1 

••• 

... 

9 

4 

1 

•  .. 

86 

16 

4 

1 

Measures  of  surface  or  superficies. 


Square  Inches, 
(sq.  to.) 

Square  Ltoks. 
(■q.  U.) 

Square  Feet, 
(sq.ft.) 

Square 

Yards. 

(sq.  yd.) 

Square 
Polos. 

(■q.po.) 

Square 
Chatatt. 
(■q.  ch.) 

Square 
Koods. 

(■q.ro.) 

Acre, 
(■c) 

62-726 

1 

•  s« 

... 

••• 

••• 

144 

2-295 

1 

... 

•■• 

••• 

1296 

20^1 

9 

1 

••• 

••• 

39204 

625 

272-25 

30-25 

1 

••• 

627264 

10000 

4356 

484 

16 

1 

1568160 

25000 

10890 

1210 

40 

2*5 

1 

6272640 

100000 

43560 

4840 

160 

10 

4 

1 

In  artificers  work,  144  square  line8=l  square  inch,  144  square  inches^ 
1  sqtiare  foot;  also,  100  square  feet  of  floonng=l  square,  86  square  yards 
of  stone,  slate,  or  brick- work=l  rood. 
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Measures  of  volume  or  soUdity. 


Cubic  lodMi.  (c  In.) 

Cubic  Feet.  (c.  ft.) 

CubkYnrd.  (c.yd.) 

1728 

46656 

1 

27 

1 

40  cubic  feet  of  roufffa  or  50  of  hewn  timber=l  load  or  ton.    A  oabic 
jard  of  earth  is  called  a  load. 

Measures  of  capaeiJty, 


Fomidi 
of  Water. 

Cubie  Inches. 

OiUs.  (gl.) 

Finti. 

(pt) 

Quart!. 

(qt) 

F«ttlec. 
(pot) 

Gallon. 
(«|J.) 

1-25 
2-5 
5 
10 

34-659 

69-318 

138-637 

277-274 

4 

8 

16 

32 

1 

2 

4 
8 

•  •• 
1 
2 

4 

••• 

••• 

1 

2 

•  •• 

••• 
••• 
1 

To  gallons,  inclusive,  the  measures  for  dry  and  for  liquid  substances  are 
the  same. 

In  dry  measure  the  multiples  of  the  gallon  are, 
2  gallons=:l  peck  (pk.), 

8  ga]lons=4  pecks=l  bushel  (bush.), 

64  gallons=32  pecks=8  bu8hels=l  quarter  (qr.) ; 

.  And  in  liquid  measure, 

9  (pEdlons=l  firkin  (fir.)  beer  measure, 
36  gallons=4  firkins=l  barrel  (bar.), 

54  gallons=6  firkins=l-J  barrels=l  hogshead  (hhd.), 

63  gaUons=l  hogshead,  wine  measure, 
126  gallon8=:2  hogsheads=l  pipe, 
252  gallons=4  hog8head8=2  pipe8=l  tun. 

Weights. 
Trey  weight. 


Grain*,  (gr.) 

FennjweighU. 
(dwtj 

Ounoet.  (OS.) 

Found,  (lb.) 

24 

480 
5760 

1 

20 

240 

••• 

1 

12 

••• 

••« 

1 

Gold,  silver,  platina,  pearls,  and  precious  stones  are  weighed  by  troy 
weight.  Diamonds  are  weighed  with  a  weight  termed  a  carat,  which  is  the 
f^^  part  of  the  ounce  troy. 

llie  term  carat,  when  applied  to  gold,  denotes  its  degree  of  fineness.  Any 
quantity  of  pure  gold,  or  of  gold  alloyed  with  some  other  metal,  bein^  sup- 
posed to  be  divided  into  24  equal  parts ;  if  the  gold  is  pure  it  is  said  to  be 
34  carats  fine ;  if  23  parts  of  the  whole  are  pure  gold  and  1  part  is  copper 
(or  some  other  alloy),  the  gold  is  said  to  be  23  carats  fine ;  if  22  parts  of  the 
compound  are  pure  gold  and  2  alloy,  it  is  22  carats  fine,  and  so  on. 

M 
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Apothecaries  weight 


Troy  OraiM. 

Scruplw.  (3.) 

DrMU.  (3.) 

OunoM.  (3.) 

Poimd.  (fb.) 

20 
60 
480 
6760  . 

1 

3 

24 

288 

••• 
1 
8 

96 

••• 

••• 

1 

12 

••■ 

••• 

••• 

1 

Apothecaries  weight  is  used  for  medical  prescriptioiis,  but  the  trader 
weighs  drugs  with  the  commercial  or  avoirdupois  weight. 

Avoirdupois  weight. 


TrojOnliift. 

Dranu. 

(dr.) 

Ounces. 

(OS.; 

Pounds, 
(lb.) 

stones. 

(it) 

Quarten. 

.  (qr.) 

Hundred- 
weights. 

(cwt.) 

Too. 

487-6 

16 

1 

••• 

•«■ 

•  •• 

••• 

7000 

266 

16 

1 

••• 

■  •• 

•  •« 

98000 

3684 

224 

14 

1 

••• 

••• 

196000 

7168 

448 

28 

2 

1 

•  •■ 

784000 

28672 

1792 

112 

8 

4 

1 

16680000 

673440 

86840 

2240 

160 

80 

20 

1 

The  troj  pound  is  less  than  the  ayoirdupob  pound  in  the  proportion  of  144 
to  176  ;  and  the  avoix^upois  oujice  less  than  tne  troj  ounce  in  the  propor- 
tion of  176  to  192. 

Measure  of  time. 


Seconds. 

Minutes. 

Hours. 

Days. 

Wedts. 

Year. 

(s.  or  ".) 

(m.  or '.) 

(b.) 

(d.) 

(wk.) 

(yr.) 

60 

1 

■•• 

••• 

••• 

••• 

360 

60 

1 

••• 

■•• 

•  •• 

8640 

1440 

24 

1 

••• 

••• 

604800 

10080 

168 

7 

1 

•  •• 

31656929*636 

626948-8266 

8766-81376 

366-24224 

6217746 

1 

Tears  expressed  by  numbers  which  are  not  midtiples  of  4  are  made  to 
consist  of  366  days ;  and  those  expressed  by  numbers  which  are  multiples 
of  4,  of  366  days.  Three  years,  therefore,  contidn  always  366  days  each, 
and  the  fourth  366.    The  year  of  366  days  is  called  leap-year. 

The  average  length  of  the  year  is  thus  assumed  to  be  866^  or  366^26 
days,  which  exceeds  the  true  duration  by  -00776  of  a  day. 

In  129  years  this  amounts  to  a  day,  or,  in  round  numbers,  it  makes  3  days 
in  4  centuries.  The  error  is  corrected  by  making  three  of  the  years  which 
dose  the  centuries  common  years,  and  the  fourth  only  leap-year.  Thus 
1700,  1800,  1900  are  common  years,  and  2000  a  leap-year. 

Money. 


Farthings,    (qrs.) 

Fence,  (d.) 

Shillings,    (sh.) 

Pound.  C£.) 

4 

48 
960 

1 

12 

240 

•  a. 
1 

20 

••• 
••• 
1 
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In  the  gold  coinage  of  Great  Britun,  tweire  onnces  of  the  metal  of  which 
atandard  gold  c<HnB  are  made  cont^n  1 1  oz.  of  pure  gold  and  1  oz.  of  olloj 
(the  illoj  used  u  copper). 

The  pound  troy  is  coined  into  46^',^  sOTCreigns ;  the  weight  of  ft  Borereign 
is,  therefore.  5760+46/A=123JJ^fn*=123'25  gre.  ncarTjj  of  whiclillS 
gnins  are  pure  gold,  and  10-2S  gn.  alloj. 

In  tbe'Silrer  coinage,  12  oz.  of  the  metal  of  which  standard  silver  coins 
are  made  contain  11  oz.Sdwt  of  pnre  lUyer,  and  18  dwt  of  alloj. 

The  pound  trov  of  this  metal  is  coined  into  66  shillings ;  whence  tha 

weight  of   1  shillm-  -  '■"""  ■  '"»—'"  ■   — = ""■•' '-    -'  -'-'-'- 

60-7  gn.  are  pure  si 

In  the  present  coinage 

the  actual  value  of  the  sovereign  is  20  gh., 
that  of  the  shilling  is  11-27  d., 
and  the  relative  values  of  equal  we^hts  of  gold  and  silver  are  nearlj  u 
14-3  to  1. 


The  penny  contains  IQf  drams  avoird.  of  copper.  The  penny,  bulling,  an 
torerdgn  are,  respectively,  the  standard  coins  of  copper,  silver,  and  gold. 

Maltiplieatum  TMe,  amiainittg  the  ProduetM  of  Numbert  from  1  to  25. 
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298.  From  the  formatioii  of  compound  numben,  it  iB  evident  that  {he 
same  absolute  quantity  can  be  expressed  by  numbers  which  oontun  fewer 
or  more  units,  according  as  the  measiure  employed  is  a  principal  or  a  subor- 
dinate unit.  One  pound  troy  weight,  for  example,  can  oe  expressed  as  1  lb., 
or  12  02.,  or  240  dwt.,  or  6760  grs. 

In  performing  the  elementary  operations  of  Arithmetic  with  compound 
numbers,  it  may  become  necessary  to  reduce  niunbers  expressed  in  terms  of 
any  unit  of  a  weight  or  measure  to  equiyalent  numbers  expressed  in  terma 
of  any  other  unit  of  that  weieht  or  measure. 

Such  reduction  must  be  either  from  a  higher  denomination  to  a  lower,  or 
from  a  lower  denomination  to  a  higher. 

Since  the  principal  unit  of  any  weight  or  measure  is  a  certain  multiple  of 
the  first  subordinate  unit,  this  a  certain  multiple  of  the  second,  &c^  it 
follows  that  the  number  of  units  of  a  lower  denomination  equivalent  to- 
any  eiven  number  of  units  of  a  higher  denomination  must  he  the  same 
multiple  of  the  siven  number  that  the  higher  unit' is  of  the  lower; 

And,  oonversdy,  that  the  number  of  imits  of  a  higher  denomination  equi- 
yalent to  a  given  number  of  units  of  a  lower  denomination  must  be  tlie 
same  part  of  the  given  number  that  the  lower  unit  is  of  the  higher. 

The  general  inference  therefore  is,  that  to  reduce  a  number  expressed  in 
terms  of  any  umt  of  a  weight  or  measure  to  an  equivalent  number  expressed 
in  terms  of  an  inferior  umt  of  the  same  weifi:ht  or  measure,  it  is  necessary 
to  multiply  the  given  number  by  a  midtipuer  expressing  the  number  of 
units  of  the  lower  denomination  which  make  1  unit  of  the  higher  denomi- 
nation; 

And  that  to  reduce  from  any  unit  to  a  higher  it  is  necessary  to  divide  the 
given  number  by  a  divisor  expressing  the  number  of  units  of  the  given 
which  are  equivalent  to  one  of  tne  required  denomination. 

299.  Examples  of  reduction  from  imits  of  a  given  denomination  to  units 
of  the  next  lower  denomination. 

Ist.  Reduce  5  poles,  long  measure,  to  yards : 

1  po.=55  yds.=-2-  yds., 

...5po.=  (5x^)yds.  =  ^=27|yds. 
2d.  Reduce  f  £.  to  shillings  : 

ll£.=208h..-.?£.  =  (?XY)8h.=y8h.=8^8b. 

3d.  Reduce  '34  quarters  to  pounds  avoirdupob : 

1  qr.=28  lb. .%  34  qr8.= (-34x28)  lbs.=9-52  lbs. 

4th.  Reduce  5sh.  4d.  to  pence : 

since  lBh.=12d.,  58h.=  (5xl2)d.=60d.; 
and  60d.+4d.=64d. 
.•.5sh.  4d.=64d. 
The  last  example  differs  fh)m  the  others  in  this  respect,  that  the  given 
number  is  compoimd. 

When  the  Ssh.  have  been  reduced  to  an  equivalent  number  of  pence,  in 
order  to  obtain  the  value  of  the  compound  expression,  it  is  necessary  to  add 
the  pence  to  this  number ;  the  sum  of  both  is  the  result  required. 

300.  The  reduction  of  any  number,  from  units  of  a  given  denomination  to 
imits  of  any  other  denomination  lower  than  the  next,  is  made  by  successive 
reductions  from  one  unit  to  the  inferior,  then  from  this  to  the  next  inferior, 
by  a  repetition  of  the  same  process,  unt^  the  units  of  the  required  denomi- 
nation have  been  attained. 

a.  If  the  number  is  compound,  it  is  indispensable  that  the  reduction  be 
made  thus  by  successive  steps,  in  order  that  the  units  of  the  denominations 
successively  attained  may  be  combined  with  the  sum  of  the  higher  imits 
which  have  been  reduced  to  their  measure. 
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b.  But  when  the  given  number  is  a  multiple  or  port  of  one  nnit  dtdj  of  a 

SVen  weight  or  measure,  it  may  be  reduced  to  any  lower  denomination  of 
e  same  weight  or  measure  by  multiplying  at  once  by  that  number  of  the 
required  which  makes  one  of  the  given  denomination ;  for  it  is  equivalent  to 
muitiply  any  number  by  the  factors  of  a  product,  or  at  once  by  that  product 
(Art.  71). 

5th.  Beduce  3£.U}  farthings  : 

1  £.=20  sh. ,  • .  3  £.=(3  X  20)  8h.=60  sh. 
lsh.=12d..\  60sh.=(60xl2)d.=720d. 
1  d.=4  qrs. .  • .  720  d.= (720  X  4)  qr8.=2880  qrs. 
whence  3  £.=2S80  qrs. 

Otherwise,  since  1  £.=960  qrs., 

3  £.= (3  X  960)  qrs.=2880  qrs. 

6th.  Beduce  f  cwt  to  lbs. : 

3  /8_4^  12 

1  cwt.as4qrs.  .'.  y  cwt.  =  f  sX^j  qr.=-=-qrs. 

4 

12  /12    -fi^x     48 

lqr.«28lb.'.*.yqr.=8f:^XyJaiY  or  48 lbs. 

1 
.'•  =  cwt.sa48  lbs. 

The  preceding  calculation  may  be  condensed  thus : 

4 


3  y3    4    flfli 

^  cwt.  =  f  ^  X  J  Xjy  jlbs.=«48  lbs. 


1 

Otherwise  16 

3  /3     |12\ 

1  cwt.sll2 lbs.  .• .  y  cwt.  =  \e2<  -y- )  lbs.«:48  lbs. 

1 

c.  When  the  number  to  be  reduced  is  expressed  by  a  vulgar  fraction  the 
manner  (followed  in  the  2d  solution  of  the  last  example)  of  indicating  the 
successive  steps,  striking  out  factors  conmion  to  the  numerator  and  deno- 
minator, and  then  penorming  the  multiplication  (as  in  multiplication  of 
vulgar  fi*actions),  seems  preferable  to  the  last  method,  inasmuch  as  the  com- 
mon  fibctors  are  detected  in  small  more  readily  than  in  large  numbers. 

7th.  Beduce  *82  poles  to  inches,  long  measure: 
Calculation  by  successive  reductions : 

'82  poles. 
Multiply  by        5*5  k  no.  of  yards  in  1  pole. 

410 
410 


4*510  yards. 
Midtiply  by  3  ss  no.  of  feet  in  1  yard. 

13*53  feet. 
Multiply  by  12  &=  no.  of  inches  in  1  foot. 

162-36  inches. 


Otherwise,  multiply  *82  poles  by  198,  which  is  the  number  of  inches 
contained  in  1  pole : 

-82  X  198a  162*36  inches,  the  same  result  as  before. 

M  3 
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8th.  Reduce  4  lb.  8  oz.  10  dwt.  15  gn.  troy  -weight  to  grains : 
llb.Bl2oz.  .'.4lb6.s(4xl2)oz.e:48oK. 
and  4  lbs.  8  oz.b48  oz.+8  oz.k56  oz. 
loz.B20dwt..*.56oz.B(56x20)dwt.»1120dwt. 
.-.56oz.  10dwt.sll20dwt.+10dwt.a«lld0dwt. 
and  4  lbs.  8  oz.  10dwt.=sll80  dwt. 
1  dwt.=i24gr8. .-.  1130dwt.=(1130x24)gr8.=27120gr8- 
.'.  1180  dwt.  15gr8.«27120gr8.+15gr8.=27135gr8. 
and  4  lbs.  8  oz.  10  dwt.  15  gr8.=27135  cts. 
The  reduction  may  be  more  concisely  ms^e  by  multiplying  the  lb«.  by  12, 
and  simidtaneously  combining  the  oz.  with  the  product ;  multiplying  this 
result  by  20,  and  combining  &  dwts.  with  the  product,  thus, 

Ibt.  OS.  dwti.  gn. 
4     8     10     15 
12 

56  oz.  =4  lbs.  8  oz. 
20 

1130  dwt6.=4lbs.  8oz.  10  dwts. 
24 

4525 
2261 

27185  gr8.=4lbs.  8oz.  10  dwts.  I5gr8. 

301.  Whence,  to  reduce  a  compound  number  to  a  lower  denomina- 
tion, 

Rule.  Multiply  the  number  which  expresses  the  highest  denomi- 
nation of  the  given  compound  quantity  by  a  multiplier  which 
expresses  the  number  of  parts  into  which  one  unit  of  the  highest 
denomination  is  divided  to  form  one  unit  of  the  second ;  to  this 
product  add  the  units  of  the  second  denomination.  Multiply  the 
sum  by  the  number  expressing  the  parts  into  which  one  unit  of  the 
second  denomination  is  divided  to  form  one  imit  of  the  third ;  to 
the  product  add  the  units  of  the  third  denomination,  and  proceed  in 
this  manner  to  multiply  and  add  until  the  given  compound  number  is 
reduced  to  units  of  the  denomination  required. 

The  reduction  of  a  multiple  or  part  of  any  unit  of  a  weight  or 
measure  may,  in  like  manner,  be  carried  by  repeated  reduction 
through  the  units  intermediate  between  the  given  and  the  required 
denominations ;  or  it  may  be  made  at  once,  by  multiplying  the  given 
number  by  as  many  of  the  required  denomination  as  make  one  of  the 
given  denomination. 

302.  Exercises  in  the  reduction  of  compoimd  numbers  from  higher 
denominations  to  lower : 

Ist.  Reduce  23 £.  to  pence? Am.  5520  pence. 

2d.        -        351  £.  13 sh.  0|d.  to  farthings? 

Am.  337587  farthings. 
3d.        -         17  lbs.  apoth.  wt.  to  scruples  ?...  Ans.  4896  scruples. 

4th.       -         72  leagues  to  yards? Ans.  380160  yards. 

5th.       -        2  m.  1  fur.  8  po.  3yd.  2  in.  to  inches? . . .  Ans.  1 36334  in. 
6th.       -        271b.  7oz.  2 dr.  Isc.  2gr.  apoth.  weight  to  grains? 

Am,  159022  grains. 

7th.      -        27  cwt.  to  lbs.  ? Am.  3024  lbs. 

8th.       -        4  tons  3  cwt.  2qrs.  1  lb.  to  drams  ?..^im.  2394368  dr. 
9th.      -        5738  lbs.  troy  to  grains  ? Ans.  33050880  grains. 
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20th.  Reduce  69 lbs.  lloac  12grs.  troy  to  grains? 

Ans.  402732  grains. 

1  Ith.  -  697i  acres  to  square  yards  ? . ,.Ans.  3375900  sq.  yds. 

12th.  -  3acr.  2ro.  12po.  lOjds.  to  square  yards  ? 

Ans,  17313  square  yards. 

13th.  -  519  barrels  beer  meas.  to  pints  ?...Ans,  149472  pts. 

14th.  -  17  hhd.  3  gal  2  qts.  1  pt  wine  measure  to  pints  ? 

Ans.  8853  pints. 

15th.  -        275  yards  to  nails ?•••••••••••.•••• ^iw.  4400  nails. 

16th.  -        ^£.  to  farthings  ? Atu,  ^^  farthings. 

17th.  -        ^  cwt.  to  oz.  ? Ans.  784  oz. 

18th.  -        44^^^  ^^^7  ^  grains  ?.... Ans,  4992 grains. 

19th.  -        A- acre  to  square  feet? Ans,  18150  square  feet. 

^OHk,  -  ^  square  poles  to  square  links  ?  Ans,  <8jjff  sq.  links. 

21st.  -        31-  furlongs  to  inches  ? • Ans.  25740  inches. 

22d.  -  f  quarter  to  cubic  inches  ?...^nj.  11 830*024  cub.  in. 

23d.  -  '25  chains  long  meas.  to  inches  ?»»,Ans.  198  inches. 

24th.  -  2*3  yards,  cloth  measure,  to  nails ?...^nj. 36*8  nails. 

25th.  -  1*28  sq.  chains  to  square  feet?...^n«.  5575*68  sq.  ft. 

26th.  -  2*6  cubic  feet  to  cubic  inches  ?...Ans.  4492*8  cubic  in. 

27th.  -         *7  gallons  to  gills?. ^«j. 22*4 gills. 

28th.  -        -328  weeks  to  seconds  ? Ans,  198374*4  seconds. 

29th.  -         '625  shillings  to  farthings  ?. Ans,  30  farthings. 

30th.  -         *00945  hogsheads  to  pints  ? Ans.  4*7628  pints. 

31st  -         -0125  lbs.  troy  to  grains  ?• ^tm.  72  grains. 

32d.  -         -199325  miles  to  links? Ans.  1594*6  Unks. 

33d.  -  5 1 3*6  poles  in  length  to  yards  ?. .  .Ans.  2824*8  yards. 

34th.  -         *625cwt  to  lbs.? Ans,  70 lbs. 

35th.  -         *009943  miles  to  inches  ? Ans.  629*98848  inches. 

36th.  -  *3375  acres  to  square  yards  ?  Ans.  1633*5  square  yds. 

37th.  -  -/«  of  5  cwt.  3  qrs.  10  oz.  to  drams  ?..,Ans.  72198  dr. 

38th.  -  I  of  3  hhd.  12  gaL  1  pt  to  pints  ? . ..Ans.  893|  pints. 

d9th.  -  I  of  2  £.  1 2  sh.  4  d.  to  farthings  ?  Ans.  558|  farthings. 

40th.  -  i^  of  4  acr.  2  ro.  19  po.  to  square  yards  ? 

Ans.  15779J4  square  yards. 

303.  A  fractional  expression  of  any  unit  of  a  weight  or  measure  being 
given,  it  may  be  required  to  reduce  the  given  fraction  to  a  compound 
number  expressed  in  terms  of  the  lower  denominations  of  that  weight  or 
meastu*e. 

The  compound  number  obtained  as  a  result  is  called  the  value  of  the 
fraction. 

What  is  the  value  of  ^  dS.  ? 

Since  this  value  is  to  be  expressed  in  terms  of  the  lower  denominations, 

the  reduction  of  f  £.  to  shillings  must  form  the  first  step  of  the  calculation : 

._      3.      /3    20\   ,      60  ,        4  , 
Now  7*'==(7X-j-)  8h.=y  sh.=8y  sh. 

For  the  same  reason  the  reduction  of  $  sh.  to  pence  must  be  the  second 
step: 


4^      /4    12\-      48,       6^ 
=8h.=  ( ^  X  y  j  d.  =  y  d.=:6yd., 


And  that  of  fd.  to  farthings,  the  third : 

6^      /6    4\  24  3 

=  d.  =  (  yX|j  qrs.=yqr8.=3yqrs. 

M  4 
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FartlungB  bdog  tiie  lowest  denomiiiatioii  of  money,  the  redvotioii  cannot 
be  carried  lower, 
Whence  the  yalue  of  f  £.  is  8  ah.  6  d.  3(  qrs. 
The  process  maj  be  represented  more  compactly  thus, 

c  de.=  U  X  yI  sh.=y  sh.=8y  sh. 

I  sh.=  {|xy)  d.=y  d.=6|  d.        Vsih.  6d.  S^qm. 

6^      /6    4\  24  3 

^  d.=  U  X  J )  qr8.=y  qr8.=3^  qrs. 

2d  Ex.  What  is  the  yalue  of  -384  cwt.  ? 

•384  cwt.=(-384x4)  qr8.= 1*536  qrs. 
Reserving  the  1  qr.,  and  reducing  *536  qrs.  to  Ids. 
•536  qr.=(-536  X28)  lb.= 15-008  lb. 
Reaenring  15  lb.,  and  reducing  *008  lb.  to  oz. 

-008  lb.=(-008  X 16)  oz.=:0-128  oz. 
The  yalue  oontuns  Ooz. ;  reducing  -128  oz.  to  drams, 

•128  oz.=(128  X 16)  dr.=2-048  drams. 
With  drams  the  reduction  terminates,  and  it  is  found  that 

-384  cwt.=l  qr.  15  lb.  0  oz.  2^048  drams. 

Without  detail  the  calculation  may  appear  thus, 

•384  cwt. 
4 

1*536  qrs. 

28 

4288 
1072 


15-008  lb. 
16 

-128  oz. 
16 


2048 
And  the  result,  as  before,  is  1  qr.  15  lb.  0  oz.  2*048  dr. 

304.  Whence,  to  find  the  value  of  a  fractional  part  of  any  unit  of 
a  given  weight  or  measure  as  a  compound  number  expressed  in 
terms  of  the  inferior  denominations  of  that  weight  or  measure. 

Rule.  Reduce  the  given  fraction  to  an  equivalent  fraction  ex- 
pressed in  terms  of  the  next  lower  denomination  ;  bring  this  fraction 
to  a  mixed  number ;  reserve  the  integral  part  of  the  mixed  number 
for  the  highest  denomination  of  the  value ;  reduce  the  fimctional  part 
to  an  equivalent  fraction  expressed  in  terms  of  the  next  lower 
denomination ;  bring  this  fraction  to  a  mixed  number,  reserve  the 
integral  part,  and  reduce  the  fractional  part,  as  before ;  and  ^thus 
proceed  till  there  is  no  remainder,  or  till  the  lowest  denomination  of 
the  given  weight  or  measure  is  attained.  The  compound  number 
formed  of  the  integral  parts  reserved  from  the  successive  reductions, 
and  of  the  result  of  the  last  reduction,  is  the  value  sought. 

305.  Exercises  on  the  preceding  rule : 

1st.  Find  the  value  of  f  £.  ? Ans.  15sh. 

2d.  -  -        V  o^  *  crown  (the  crown=:5  sh.)  ? 

Ans.  3sh.  lOd.  2f  qrs. 

3d.  -  -        1^ lb.  troy? .........^n^.  6oz.  15dwt^ 
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4th.  Find  the  value  of  4^cwt  ?...^ns.  Sqr.  171b.  13oz.  l^dr. 

5th.  -  ~        ff  ™^^  ^ '^^^-  *^  ^-  1  po«  1  jd.  6  in. 

6th.  -  -        ^  barrel? Ans.  19 gal.  3qt8. 

7th.  -  -  M  A<^ ?•  •'^»'-  3r*  22po-  leyds.  4ft.  72 in. 

8th.  -  -        ^bushel? ^n^.  1  qt.  0^ pt 

9th.  -  -        f)^ fathom?..., ^nj.  Ijd.  Ifl.  l|in. 

10th.  -  -        H^^^'^ ^iw.  27  gal  1  qt.  1^  pt 

11th.  -  .        iVVyd-? An8.^m. 

12th.  -  -        if  year  ? Ans.  195  d.  12  h.  51'.  25"  f 

13th.  -  -         -625  fathom  ? Ans,  1  yd.  9  in. 

14th.  -  -         -08  mile  ? Ans.  25  po.  3  yds.  10-8  in. 

15th.  -  -        •142857hhd.? ^n*.  9gaL 

16th.  -  -         -8665  £.  ? Ans.  17  sh.  3  d.  3-84  qrs. 

17th.  -  -         -425  half-crown? Ans.  1  sh.  Of  d. 

18th.        -  -         *249825  pole,  in  length  ? 

Ans.  1  yd.  1  ft  1 '4653  in. 

19th.        -  -         -024  day  ? Ans.  34  min.  33*6  sec. 

20th.        -  -         -4694  lb.  troy  ?.Ans.  5  oz.  12  dwt  15744  gr. 

2l8t.        -  -         -076  cub.  yds.  ? ^?m.  2  ft.  89-856  in. 

22d.         -  -        2-354  acres? 

Ans.  2ac.  1  ro.  16  p.  19  yds.  3-24  ft 
23d.  -  -  4-4226  £.  ?...Ans.  4  £.  8  sh.  5  d.  1-696 qr. 
24th.        -  -        -065  acre? -4«*.  lOpo.  12-lyd8. 

306.  A  number  which  expresses  miits  of  a  given  denomination  of  any 
weight  or  measure  is  reduced  to  a  number  expressing  the  equivalent  units 
of  any  other  denomination  of  that  weight  or  measure,  if  the  given  number 
b  divided  by  a  divisor  expressing  the  number  of  imits  of  the  given  denomi- 
nation, which  make  one  unit  of  the  required  denomination  (Art.  298). 

To  i^ply  this  principle,  let  it  be  required  to  reduce  135  sh.  to  pounds 

sterling: 

135 
Since  20sh.=l£.,  it  follows  that  oa  ^*  ^  ^^  imreduced  expression  of  the 

reauired  result 

when  the  nxunerator  in  such  a  case  is  a  multiple  of  the  denominator, 
the  same  result,  and  in  the  same  form  (namely,  a  whole  number),  is  obtained, 
in  whatever  manner  the  reduction  of  ^e  fraction  is  made. 

But  135  is  not  a  multiple  of  20. 

Now,  it  may  be  required  to  reduce  135  sh.  to  a  fractional  expression, 
vulgar  or  decimal,  or  a  pound,  or  to  a  compound  nimiber  consisting  of 
pounds  and  shillings. 

a.  K  to  a  vulgar  fraction,  the  calculation  is 

27 

135  sh.=(135H-20)f  .=  (^X^)  £.=^£.=e\£. 

4 

b.  If  to  a  decimal  fraction,  it  is 

20)135  sh. 

6-75  £. 

c.  If  to  a  compound  nimiber  consisting  of  pounds  and  shillings ;  dividing 
135  by  20,  the  quotient  is  pounds,  and  the  remainder  (which  is  composed  of 
units  of  the  same  value  as  the  dividend)  is  shillings ;  now,  the  quotient 
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furising  from  the  diykioii  of  IS5  by  20  is  6,  and  the  remainder  15 ;  therefore 
6  £.  15  sh.  is  the  result  required. 

The  fractioiial  result  is        -        -    6f  £. 

The  decimal         ...    ^'75  £. 

The  compound  number      -         -    6  iS.  15  sh. 

307.  In  this  example  the  reduction  is  from  one  denomination  to  that 
which  is  next  higher.  If  several  denominations  are  interposed  between 
that  of  the  given  number  and  the  higher  denomination  to  which  it  must  be 
reduced ;  then,  if  it  is  required  to  exnress  the  result  in  terms  of  the  hi^est 
denomination  only,  the  reduction  may  oe  made,  either  by  suocesahre  steps, 
each  like  the  last  example,  through  all  the  intermediate  denominations ;  or 
by  dividing  at  once  by  the  number  of  units  of  the  ^ven  denomination 
which  make  one  unit  of  the  required  denomination.  But  if  the  result  is  to  be 
expressed  as  a  compound  number,  the  r^uction  must  be  made  step  by^  step. 

In  this,  as  in  the  similar  cases  of  Articles  285,  286,  287,  the  remainders, 
taken  in  order,  and  the  last  quotient  form  the  ascending  orders  of  units  of 
the  compound  number. 

2d  Example.  Let  it  be  required  to  reduce  4665  qrs.  to  the  vulgar  and 
to  the  decimal  fraction  of  a  pound  sterling ;  also  to  a  compound  number 
expressed  in  ^unds,  shillings,  &c. 

The  denommations  intermediate  between  ars.  and  pounds  are  pence  and 
shillings.  The  reduction  of  4665  qrs.  to  pounos  may,  tnerefore,  be  made  thus : 


/4665     Iv^      4665, 
4665  qrs.  =  (-Y~><4)^*==~4~ 


1555 
4665 


^      f46%&     1  \    ^        1555    , 
d.=  ^-^X^;sh.  =  -jg-8h. 


311 
1555   .         /\€^& 

16 
And  more  concisely  thus  (A), 

311 


6    *^'—  ^  16   ^fie;*^""64  *-""*64*^* 


20 


4665  q«.  =  (-i-^4^»^2e)^-  =  64^-  =  *64^- 

4      4 
or  (since  960  farthings=l:fi.),  thus, 
^^^e  4665-      311^  55  „ 

4665  qrs.=^g^£.  =  gj  ^-  =  *  gi^- 

The  reduction  of  4665  qrs.  to  the  decimal  of  a  pound  is  made  as  foUows : 

4)4665  qrs. 

12)1166-25  d. 

r  10)971875  sh. 

I  2)9-71875 

4-859375  £, 

And  the  reduction  to  a  compound  number  thus, 

4)4665  qrs. 

12)1166  d.+l  qr.    (   ,  4,  ,^  ^  «  ^ 
<wvx^>,   ^\^.       >  4  3§.  17  sh.  2Jd. 
20)97  sh.-h2  d.      ^  ^ 

4£.-fl7  8h. 

The  fractional  result  Lb       -        •    Ht^- 
The  decimal         ...    4-859375^^. 
The  compound        »  -         «    4£.  17  sh.  2^d. 
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d08.  Whence,  to  reduce  a  number  expressing  units  of  a  given 
denomination  of  any  weight  or  measure  to  a  number  which  shall 
express  the  same  value  in  terms  of  units  of  a  higher  denomination 
of  that  weight  or  measure, 

Rule.  Divide  the  number  bj  a  divisor  expressing  the  number  of 
units  of  the  given  denomination  which  are  equivalent  to  one  unit  of 
the  required  denomination ;  or  divide  the  number  by  a  divisor  ex- 
pressing the  number  of  units  of  the  given  denomination  which  are 
equivalent  to  one  unit  of  the  next  higher  denomination ;  the  quotient 
expresses  units  of  the  next  higher  denomination.  Divide  the 
quotient  by  a  divisor  expressing  the  number  of  its  units  which  are 
equivalent  to  one  unit  of  the  higher  denomination,  and  continue 
this  series  of  divisions  till  the  required  denomination  has  been 
attained. 

The  result  in  either  case  is  that  which  is  sought. 

When  the  result  is  to  be  expressed  in  terms  of  one  denomination 
only,  and  the  reduction  is  made  by  steps,  the  remainder  from  the 
first  division  must  be  divided  by  the  divisor,  and  the  result,  whether 
a  vulgar  or  a  decimal  fraction,  annexed  to  the  integral  part  of  the 
quotient. 

This  mixed  number  must  be  divided  by  the  next  divisor,  &c. 
Employing  decimals,  the  calculation  of  the  integral  and  fractional 
parts  of  the  result  is  imiform,  but  by  vulgar  fractions  the  reductions 
are  troublesome ;  and  the  method  (A)  of  the  last  example  seems 
preferable  to  this  process. 

When  the  result  is  to  be  expressed  as  a  compound  number,  the 
reduction  is  made  step  by  step;  and  the  remainder  from  each 
partial  division  is  composed  of  units  of  the  same  order  as  the 
dividend. 

309.  Exercises  in  the  reduction  of  numbers  from  lower  denomina- 
tions to  higher : 

1st  Reduce  172800 farthings  to  pounds? Ans.  180 £. 

2d.        -        33050880  grs.  troy  to  lbs.  ? Ans.  5738  lbs. 

3d.        -        3057120  feet  to  miles  ? Ans.  579  miles. 

4th.      -        4400  nails  to  yds.  ? Ans.  275  yds, 

5th.       -         1192  pecks  to  bush.  ? ^n«.  298  bush. 

6th.      -        12500  links  to  poles  in  length  ? Ans.  500  poles. 

7th.       -        260480  feet  to  miles  ? Ans.  49|  miles. 

8th.       -        3375900  sq.  yds.  to  acres  ? Ans.  697^  acres. 

9th.       -        592216  drs.  to  cwt,  &c.  ? 

Ans.  20 cwt.  2qr8.  17  lb.  5  oz.  8  dr. 

10th.     -        347592^  grs.  troy  to  oz.,  &c.  ? 

Ans.  724  oz.  3  dwt  OJ  gr, 

1  Ith.     -         1497600  sq.  yds.  to  acres,  &c.  ? 

Ans.  309  ac.  1  r.  27  p.  18^^  yd. 
12th.     -        87915423  pints  to  hhds,  &c.  ? 

Ans.  174435  hhds.  22  g.  3q.  1  pt. 

13th.     -         16573  qrs.  to  pounds,  &c.  ? Ans.  17  £.  3  sh.  5^d. 

14th.     -         159022  grs.  apoth.  wt  to  lbs.,  kc.  ? 

Ans.27l\).  7oz.  2dr.  Isc.  2gr. 
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16tlL  Rediice6d359  gn.  apoth.  wt.  to  lbs.,  he  ? 

Ans.  101b.  11  QE.  7dr.  28C  19 gr. 

16th.    -        22253  gn.  troy  to  lbs.,  8cc.  ? 

Ans.  3  lb.  10  oz.  7  dwt.  5  gr. 

17th.    -        72015  hours  to  weeks,  &c.  ? 

Ans.  4228  weeks  4  days  16  hrs. 

18th.     -        7834561  sq.  ft.  to  acres,  &c.  ? 

Ans.  17  ae.  3  ro.  37  po.  21  yds.  4J  ft, 

19th.  -  }d.  to  the  fraction  of  a  £.?•••• Ans.  ^^ 

20th.  -  ^scruple     -  -         lb.  apoth.? ,^4iw.^^^lb. 

21st.  -  4f7^*          *  *        mile? Ans.  -^^if^  m. 

22d.  •  26}  sq.  yds.  -        acre  ? Ans.-gij^sc 

23d.  -  7}  sq.  chain  -        acre  ? Ans.  f|  ac. 

24th.  -  llf  pints     -  -        hhd  ? ^iw.^hhd. 

25th.  -  250 sq.  yds.  -        chain? Ans.H^ch. 

26th.  -  4|  pence     -  -        £.? Ans.  ^  £. 

27th.  -  16^gr8.    -  -        lb.  troy? Ans.  ^^Ih. 

28th.  -  134  poles     -  -        acre? Ans.ilBC 

29th.  -  ST^ryds.  sq.  -        pole? Ans.^^jpo. 

30th.  -  150dwts.     -  -         lb.  troy? ^i».  fib. 

31st.  -  -126d.  tothedecimalof  a£.? Ans.  -000525  £. 

32d.  -  30sq.  yds.     -  -        pole? -4iw.  "99173+ po, 

33d.  -  126-5  links  L m.  -        yd.? ^iw.  2761  yd- 

34th.  -  864  sq.ft.    -  -         acre? ^w. -0198347  ac 

35th.  -  10^  inches    -  -  fathom?  ^9». -14583+ fath. 

36th.  -  9d.     -        -  -        £.? ^fw.  •0375£. 

37th.  -  1  dwt        -  -  lb.  troy  ?...^»w.  004166+ lb. 

38th.  -  7  drams      -  -  lb.  av.  ?....^fw.  •027343751b. 

39th,  -  24yds.        -  -        mile? ^n*.  •013636+m. 

40th.  -  -056 po.       -  -        acre? ^tm. -00035 ac. 

41st.  -  1-2  pints     -  -         hhd.? ^n*. -00238  hhd. 

42d.  -  14min.       -  -  day  ?....-4«*. -009722 +;day. 

43d.  -  1594-6  links  -        mile? ^fw.  •199325m. 

44th.  -  J  of  4  d.       -  -        sixp.  ? Ans.  3703+6  d. 

310.  It  may  be  required  to  reduce  a  compound  number  to  a  fraction  ex- 
pressed in  terms  of  the  highest  denomination  contained  in  that  compound 
number,  or  in  the  weight  or  measure  to  which  it  belongs ;  as,  for  example, 
to  reduce  9sh.  8f  d.  to  tiie  decimal  of  a  poimd. 

The  reduction  of  a  number  expressed  in  terms  of  the  units  of  any  deno- 
minalion  to  an  equivalent  numb^  expressed  in  terms  of  the  imits  of  toe  next 
higher  denomination  b  made  by  dividing  the  given  number  by  a  divisor 
which  is  the  same  multiple  of  unity  as  one  unit  of  the  denomination  required 
is  of  that  which  is  given. 

Whence  3qrB.=(3-i-4)d.=*75d., 

and  9sh.  8f  d.=98h.  8*75  d. 

In  like  manner  8-75  d.= (8-75 -f-12)sh.=-7291668h. 

.•.9sh.  8-76d.=9-7291668h. 
And  9-729166 8h.=(9-729166 -4- 20)d6.=:-48646833£. 
. '  .98h.  8fd.=-48646833  £, 
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The  calculation  maj  be  made  thus, 

4)3  qrs. 

12)8-75  d. 

f  10)9  729166  4- sh. 


{ 


2)'9729166 
•48645833+3^. 


If  It  18  required  to  reduce  the  same  compound  number  to  the  vulgar  frac- 
tion of  a  £y  the  reduction  maj  be  made  in  the  same  manner,  thus, 

3 

3  qrs.^^d. 


3        35  _      /35^1\,       35^ 
®4*^^T        V  4"  ^  12  j  ™'=48«»- 

9^g8ii.—  ^  sn—  y  ^g  ^20  j^-"966^- 


8        467 

Or,  by  reducing  the  given  compound  number  to  the  lowest  denomination 
contained  in  it  by  Article  301,  and  reducing  this  result  to  the  fractional  ex- 
piession  of  the  required  denomination  bj^Axticle  308,  as  follows : 

9sh.8Td. 
12 

116d. 

4 

467  qrs. 

40/qr8.— ^  1    ^4     12     20/*^"'960'^* 

311.  Whence,  to  reduce  a  compound  number  to  an  equivalent 
fraction  expressed  in  terms  of  the  highest  denomination  contained  in 
that  compound  number,  or  in  the  weight  or  measure  to  which  it 
belongs ; 

Rule.  Reduce  the  lowest  denomination  of  the  given  number  to  a 
fraction  of  the  next  higher  denomination,  prefix  the  units  of  this 
next  higher  denomination,  reduce  the  resulting  mixed  number  to  the 
next  higher  denomination,  prefix  the  units  of  this  denomination, 
and  in  this  manner  proceed  to  the  denomination  required. 

Or,  reduce  the  given  compound  number  to  units  of  the  lowest 
denomination  contained  in  it,  and  reduce  this  number  to  the  deno- 
mination required. 

312.  Exercises  on  this  Rule. 

1st.  Reduce  3  sh.  4d.  to  the  fraction  of  a  £.  ? Ans.  ^£. 

2d.  -  12sh.  6d.       -         -  -     £.? Ans.^£, 

3d.  -  3  qrs.  19J  lb.       -  -     cwt  ? Ans.  f|  cwt. 

4th.  -  3 yds.  2 ft.  6 in.     -  -     mile? -^«*.  Ti^nr™* 

5th.  -  100yds.  6i ft.      -  -    acre? Ans.-J^^^nc. 

6th.  .  12 cwt.  2 qrs.  14 oz.  -     ton? Ans.iiHt. 

7th.  -  25po.  4fyd8.      -  -     mile? Ans.  j^^^m. 

8th.  -  3sh.7id.  -  -    crown? Ans.  l^cr. 

9th.  -  3  ro.  12^  yds.     -  acre? Ans.\^^B,c. 
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10th.  Reduce  56gaL  li^qte.  to  the  fraction  of  a  hhcL?...^iM.  {I  hhd. 

11th.        -       38h.615d.  .  .     £.? Ans..f^£. 

12th.        .       If.  16po.  3y.2ft.      -  -    mile  ?..^im.  ^i^m. 

13th.        -       1  lil lines  long  mea.  -    foot  ?....^jM.^^f. 

14th.        -      Tin.  5JLLm.  -  -    ft? ^w.f|ff. 

15th.        -      27isq.in.  -  -     eq.  £L?...Aiu.  .^f. 

16th.        -      5dwt.9gr8.  -  -    lb.? ^JM.T4f^Ib. 

17th.        -      4  bush.    1  pk.  1  gal  2|  qts.  to  the  fraction  of  a 

quarter?... Am.iqr. 

18th.        -      7  hours  12  min.  to  the  fraction  of  a  day  ?.Ans.  ^  day. 
19th.        -      5£.  17sh.4i^d.  tothedecimalofa£? 

Ans.  5-8677083+£. 
20tL        -       10  oz.  6  gr.  to  the  decimal  of  a  lb.  troy  ? 

Ans.  -8343  lb. 
2l8t.        -      20  cwt.  2  qr.  14  lb.  10  dr.  to  the  decimal  of  a  ton  ? 

Atu.  10312674+t. 
22d.         -      6  fur.  80  po.  2^  yds.  to  the  decimal  of  a  mile  ? 

Ans.  -84517  m, 
23d.         .      2r.  15  p.  21  y.  7f  ft,  to  the  decimal  of  an  acre? 

Ans.  -598258  ac. 
24th.        -      3  bush.  3  pks.  1  pt  to  the  decimal  of  a  quarter  ? 

Ans.  -470703  qr. 
25th.        -      25  po.  2  yds.  2  ft.  9  in.  to  the  decimal  of  a  furlong  ? 

Ans.  -63825 +fur. 
26th.  -  15  sh.  9f  d.  to  the  decimal  of  a  £.  ?..Ans.  -790625  £. 
27th.        -       19  £.  17  sh.  3J  d.  to  the  decimal  of  a  £.  ? 

^n«.  19-8635416  £. 
28th.        -      7  oz.  3  dwt.  12  gr.  to  the  decimal  of  a  lb.  ? 

Ans.  -597916  lb. 
29th.        -      3  qrs.  19|  lb.  to  the  decimal  of  a  cwt.  ? 

Ans.  -92639  cwt 
30th.  -  3  ro.  14  po.  to  the  decimal  of  an  acre  ?.Ans.  -8375  ac 
3l8t        -      46  gal.  2  pts.  to  the  decimal  of  a  hhd.  ? 

Ans.  -73412  hhd. 
32d.         -      5  h.  48  m.  48  sc.  to  the  decimal  of  a  day  ? 

Ans.  -2422+d« 
33d.         -      4  po.  5  yd.  4i  ft.  to  the  decimal  of  an  acre  ? 

^fM. -026136  ac. 
34th.        -      I  of  2  cwt  17  lb.  10  oz.  to  the  decimal  of  a  cwt  ? 

^iM. -2696707  cwt 
35th.        -      I  of  5  oz.  3  dwt  10  gr.  to  the  dccunal  of  a  lb.  troy  ? 

Ans.  -095756  lb. 

313.  Lastly,  it  may  be  required  to  reduce  a  number  expressed  in  terms  of 
one  denommation,  or  of  the  successive  denominationa  of  one  weight  or  mea- 
sure, to  an  equivalent  number  expressed  in  terms  of  some  othw  weiirht  or 
measure,  with  which  the  former  has  a  fixed  relation. 

For  instance,  it  may  be  required  to  reduce  any  given  weight  from  troy  or 
from  apothecaries  weight  to  avoirdupois  weight,  and  conversely ;  or  to  reduce 
cubic  measure  to  the  measure  of  capacity,  and  conversely. 
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I  Let  it  be  required  to  reduce  6  lbs.  9  02.  15  dwtfl.  troy  we^ht  to  lbs.  oz., 

&c.  ayoirdupois. 

Among  the  dtSerent  relations  between  troy  and  avoirdupois  weight,  given 
in  Article  297,  it  is  stated  that  7000  grains  troy=llb.  avoirdupois. 

Iff  therefore,  the  given  weight  61b.  9oz.  15  dwts.  is  reduced  to  grain's,  and 
the  number  of  grains  b  divid^  by  7000,  the  result  is  pounds  avoirdupois. 

6  lbs.  9oz.  15dwts.=d9240grs.  . 

-.«     ^       ,^^  39240„ 

.  • ,  olbs.  9oz.  15  dwts.  troy=-=QQQ  lbs.  av. 

39240 
And  7QQ0  lb.  av.=5-605714lbs.=5lb.  9oz.  Il-0628dr8. 

.'.61b8.  9oz.  15dwts.  troy=51b8.  9oz.  Il*0628dr8.  av. 

314.  Whence  the  rule  for  such  redactions  is, 

Reduce  the  given  quantity  to  that  denomination  which  is  at  once 
oommon  to  the  weight  or  measure  by  which  the  quantity  is  expressed 
and  to  the  weight  or  measure  to  which  its  expression  is  to  be  changed ; 
then  reduce  from  this  common  denomination  to  the  required  denomi- 
nation in  the  changed  weight  or  measure. 

315.  Exercises  in  the  reduction  of  compound  numbers  expressed 
in  terms  of  one  weight  or  measure  to  equivalent  numbers  expressed 
in  tenns  of  some  other  weight  or  measure. 

Ist.  Reduce  12  lbs.  lOoz.  troy  to  lbs.  avoir.  ?,.,Am.  10^  lbs,  avoir. 

2d.         -        10^  (»•  avoir,  to  grs.  troy  ? Ans.  4520f  grs.  troy. 

3d.         -        1000  lbs.  troy  to  lbs.  avoir.  ? Ans.  822f  lbs.  avoir. 

4th.       -        lOOOlbs.  avoir,  to  lbs.  troy  ?...-4n*.  1215 lb.  3oz.  6d.  16gr. 

5th«       -       i  lb.  troy  to  the  fraction  of  1  lb.  avoir.  ? 

Ans.  \i  lbs.  avoir. 

6th.       -       1^  lb.  avoir,  to  the  fraction  of  1  lb.  troy  ? 

Ans.  tfgg  lb.  troy. 

7th.       -       '4785  lb.  troy  to  the  decimal  of  1  lb.  avoir.  ? 

Ans.  -393737  lb.  avoir. 

8th.       -       -006432  lb.  avoir,  to  the  decimal  of  1  lb.  troy  ? 

^«j.  <X)78161b.troy. 

9th.       -        1  cubic  foot  to  gallons  ? Ans.  6*232106  gallons. 

10th.     -        1  gallon  to  cubic  feet  ? Ans.  0*160459  cubic  feet. 

11th.  The  solid  measure  or  volume  of  a  cistern  being  6|  cubic 
feety  it  is  required  to  find  how  many  gallons  of  water  it  is  capable 
of  containing  ? ^i».  42*066715  gidlons. 

12th.  How  much  heavier  is  the  cistern  when  filled  with  water  than 
it  is  when  empty ;  the  weight  of  1  gallon  being  10  lbs.  avoir.  ? 

Ans.  420-66715  lbs.=:3  cwt.  3  qrs.  0*66715  lbs. 

316.  Compound  numbers  expressed  in  terms  of  the  weights  and  measures 
used  in  any  country  may  be  reduced  to  equivalent  expressions  in  terms  of  the 
weiffhts  and  measures  used  in  any  other  coimtry  by  tne  rule  of  Article  314. 

^  render  such  reductions  possible,  fixed  relations  must  be  given  between 
the  weights  and  measures  of  the  countries  from  which  and  into  which  the 
reductions  are  to  be  made. 

For  tables  of  foreign  weights  and  measures,  and  of  the  relations  between 
these  and  the  British,  reference  may  be  made  to  Buchanan  on  Weights  and 
Measures,  the  Encyclopedia  Britanmca,  article  Weights  and  Measures,  Kelly *s 
Metrology  and  Univenal  Cambist,  MK!!ulloch*s  Commercial  Dictionary,  &c. 


loih.: 

Reduce  «g>ll 

nth. 

-      S.h 

12th. 

13th. 

14tb. 

15th. 

16th. 

17th. 

18th. 

19th. 
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o/'ire^ta  and  mearar««, 

y 

ar3-a808992  feet,  or  1-093633 

b='0Q47114  acres. 

da. 

iohe8=-22009687  galloni. 

oj. 

lbs.  tro7  or  2-2048S7  Iba. 
nches,  or  6'39459-25  feet,  or 


20tJ  es- 

/'*'  I  Taril=ntl4;jsiK>u  metres. 

„.  J  square  yard=0083I  ares. 

I  acre=40-467I3  area. 
J  cubic  foot=-02S315301  store. 
I  cubic  7ard=-764S1313J$  stent 
1  gallon=4-5434S4  litres. 
I  eraiu  tni7=-0  6479202  gnmmes. 
]  lb.  troT=373 -202035  2  grammes. 
t  lb-  avDinlupoia^4S3'54414  gramtoes. 
I  lb.  Rvoirdupoifl=:'433>S4414  Icilogramiiie. 
1  penii7=' 103 1991 744  franc. 
1  BhiUiiig=  1-238390093  franc. 
1  £.=24-767801 86  franca, 
j^,  the  application  of  these  relative  numbers,  let  it  be  required, 
J^  ivifind  in  Bntish  mooej  the  value  of  1000000  francs. 
"^  ^   IO000O0f.=(lO0O00OX9-69)d.=9$9000Od.=:4O375£. 


^  11)  reduce  1  cwt.  to  kilogrammes. 

*^  c«l.=  112  lb.=(liax-45354414)  kilogr.=J 

^  To  eipreaa  1  mile,  in  metres. 


=£0-79694368  kilogr. 


^  To  eipreaa  1 

rjnae=1760  ydB.={1760x  -91438353)  me(rea=1609-31S0128  a.— 

»h.  Reduce  1000  ores  to  acres,  &c.  F jlM.24ac  2r.  83p.  34;.  8'334fi 

J|r        .       7a£.  lOBh.  4d.  toftancs? An.  1870-381838  francs- 

Ith.        -       1  hhd.  21  galL  to  litres  1" Am.  287-752087  Utres. 

7ti,        -       1  mile  to  loisesF Am.  825-6977  tmses. 

gill.         -       20  francs  to  Bhillii^B,  &c,  F ^n*.  ISsh.  ld.31qn. 

317.  By  the  rules  of  reduction  a  compound  number  can  be  eipresacd  in 
terms  of  any  single  denomiiiatioii  contained  in  the  weight  or  meiuure  to 
which  that  compound  number  belongs. 

Therefore  compound  numbers,  upon  which  any  of  tlie  elementary  (Wera- 
tioos  of  arithmetic  are  to  be  performed,  may  be  reduced  to  tbe  same  deno- 
mination ;  and  the  calculation  bcins  made  by  llie  rules  for  whole  or  fractional 
numbers,  the  form  of  expression  of  the  result,  as  a  oomponnd  number,  may 
be  restored. 

But  these  reductions  are  tedious,  especially  when  the  nnmbers  are  large. 
Besides,  any  calculation  can,  in  general,  be  more  easily  made  with  the  un- 
lednced  compound  numbers. 

Every  denomination  of  a  comtxnmd  quantity,  individnally  conRdered,  V 
referred  to  the  decimal  system ;  hence  any  calculation,  made  with  numbers 
of  one  denomination,  is  made  as  with  whcJe  nnmbers. 

The  several  denominations  also  are  so  arranged,  that  the  lotrest  beios 
-written  first,  the  others  are  made  to  occnpr  successive  places  on  the  left  <" 
the  lowest  and  of  each  other,  according  to  tAeir  relative  v^ne».  The  retatiw 
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of  these  Talnes  being  fixed  by  an  arbitrary  weight  or  meaBure,  which  involves 
the  principle  (common  to  it  with  other  noml^rs)  that  a  certain  nnmber  of 
units  of  the  lowest  denomination  make  one  unit  of  the  second,  which  denomi- 
nation is  written  immediately  on  the  left  of  the  lowest ;  a  certain  number  of 
units  of  the  second  make  one  unit  of  the  third,  which  is  written  on  the  left 
of  the  second,  &c.  &c. 

Whence,  if  each  denomination  is  considered  as  forming  a  distinct  order 
of  units,  it  is  evident  that  the  only  difference  between  an  arithmetical  opera- 
tion  performed  upon  whole  and  upon  compound  numbers  lies  in  the  difllerent 
manner  of  passing  from  one  order  of  units  to  another.  In  whole  numbers 
the  transitions  are  by  tens  and  tenths ;  in  compound  numbers  by  mtdtiples 
and  parts,  which  vary  from  one  denomination  to  another,  and  which  are 
fixed  for  each  denommation  bv  the  table  of  the  weight  or  measure  to  which 
a  gijen  compound  niunber  belong. 

The  elementary  operations  of  arithmetic,  with  whole  numbers  and  fractions, 
are  Addition,  Subtraction,  Multiplication,  and  Division.  The  same  may  be 
perfonned  with  compound  numbers. 

Addition  of  Compound  Numbers. 

818.  Since  any  arithmetical  operation  with  numbers  composed  of  difierent 
denominations  diffei^  from'  the  same  operation  with  numbers  composed  of 
difierent  orders  of  units  in  respect  only  that  1  is  carried  to  a  higher  deno- 
mination, not  for  10  of  the  next  lower,  but  for  some  other  number  fixed  by 
the  table  of  an  arbitrary  weight  or  measure,  it  follows  that,  in  all  other 
respects,  the  addition  of  compound  is  made  like  that  of  whole  numbers. 

Examj^es  of  the  addition  of  compound  numbers. 

Ist.  What  is  the  sum  of  3cwt.  3qrs.  12 lbs. ;  5  cwt  Iqr.  24 lbs; 
2  cwt.  3  qrs.  18  lbs. ;  and  6  cwt.  2  qrs.  19  lbs.  ? 

In  forming  the  sum  of  compound  numbers  it  is  convenient,  as  in  the 
case  of  wh(Me  numbers,  to  b^in  witii  the  lowest  denomination;  in  this 
instance  lbs.  avoirdupois. 

(19+18+24+12)  lbs.=73  lbs. 

As  28  lbs.=l  qr.  27  is  the  greatest  number  which  can  be  properly  written 
in  the  place  of  lbs.,  the  sum  of  the  lbs.,  73,  must  therefore  be  reduced  to 
ors.  and  lbs.  Dividing  by  28  (the  number  of  lbs.  which  make  1  qr.),  it  is 
round  that  73  lbs.  are  equal  to  2  qrs.  and  17  lbs.  The  17  lbs.  are  reserved, 
as  expressing  the  lbs.  of  tiie  result,  and  the  qrs.  are  carried  to  the  denomina- 
tion of  qrs. 

Next,  2  qrs.  carried+(2+3+l+3)  qr8.=ll  qrs. 
4  qrs.=I  cwt.*.  11  (m.=2  cwt.  3  qrs. 

The  3  qrs.  are  reserved  for  the  qrs.  of  the  sum,  and  the  2  cwts.  are  carried 
to  the  denomination  of  cwts. 

Lastly  2  cwt.  carried  +(6+2+5+3)  cwt.=18  cwt 

With  cwts.  the  copulation  ends ;  and  the  sum  of  the  ^ven  compound 
numbers  is  18  cwt.  3  qrs.  17  lbs. 

The  process  of  addition  being  explained,  it  remains  to  be  noticed,  that  if 
the  difierent  denominations  of  any  given  compound  numbers  are  regarded  as 
different  orders  of  units,  the  arrangement  of  these  niunbers  for  addition 
may  be  made  by  the  rule  of  Article  23. 

The  arrangement  and  sum  of  the  preceding  compound  numbers  are  as 
follow;  cwtt. qn.   ItM. 


3 

3 

12 

5 

1 

24 

2 

3 

18 

6 

2 

19 

18 

3 

17. 

± 

J. 

2d.  What  is  the  sum  of  5  lb.  3  oz.  18  dwt ;  16  lb.  1 1  oz. ;  283  lb.  15\lwt. 
9  gr. ;  9  oz.  16  dwt  5J  gr. ;  and  2  lb.  8  oz.  17f  gr. 
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The  most  direct  coarse  is,  first,  to  arrange  the  ^yen  numberB  as  in  tlie 
last  example,  and  second,  to  find  their  sum.  It  is  often  convenient  and 
sometimes  necessary  to  make  certun  changes  or  reductions  of  the  given 
numbers  to  render  them  capable  of  a  proper  arrangement  for  addition.  Of 
the  first  description  is  the  writing  of  zeros  to  occupj^  the  places  of  grains  in 
the  first  and  ot  dwts.  and  grs.  in  the  second  of  the  given  numbers. 

Of  the  second,  are  the  writing  of  zeros  to  occupy  the  places  of  the 
deficient  ounces  in  the  third  and  the  deficient  dwts.  in  the  last  of  the  given 
numbers,  and  the  reduction  to  the  same  denominator  of  the  fractions  ■)■  gr. 
and  j.  gr.  in  the  fourth  and  fifth  of  the  given  numbers. 

The  more  disUncUy  to  exhibit  these  reductions,  and  the  use  or  cause  of 
makinff  them,  the  given  and  the  reduced  numbers  are  subjoined  in  horizontal 
lines,  Uke  sum  being  found  by  addition  of  the  latter. 

lb.   01.  dwt  gr. 
5  lb.  3  oz.  18  dwt.  -        ^     3  18     0 

161b.  11  oz.  -  -       16  11     0    0 

283  lb.  15  dwt.  9  gr.       -     283     0  15     9 
9  oz.  16  dwts.  5^  gr.       -        0    9  16    5f 
21b.  Soz.  17f  gr.  -        2    8    0  17# 

808     9  10    84 


Detail  of  the  addition. 

^  is  written  under  the  fractions,  and  1  carried  to  the  grains. 
(1  +  174-5+9)  gr.=32  gr.=  l  dwt.  8  gr. ; 

8  is  written  under  the  grains,  and  1  carried  to  the  dwts. 
(1  +  16+15+18)  dwt.=50  dwt.=2  oz.  10  dwt.; 

10  is  written  xmder  the  dwts.,  and  2  carried  to  the  ounces. 
(2+8+9+11+3)  oz.=33  oz.=2  lb.  9  oz.; 

9  is  written  under  the  ounces,  and  2  carried  to  the  pounds. 
(2+2+283+16+5)  lb.=308  lb. ; 

the  number  308  is  written  under  the  pounds ;  and  with  the  addition 
of  this,  the  last  denomination,  the  process  is  ended. 

Sd.  What  is  the  sum  of  34  :£.  6sh.  8^d. ;  8  £.  15jsh. ;  59  £.  17sh.  6|d.; 
128  £,  5*324  d. ;  and  538  £,  19  sh.  7^  d.  ? 

Reduction  and  arrangement  of  the  given  numbers. 

£     thm    d.    qn. 

34£.  6  6h.  8fd.  -  34  6  8  3 

8  £,  \5i  sh.  -  -  8  15  9  2*4 

59£.  17  8h.  64d.  -  59  17  6  2*5 

128  £.  5-324  d.  -  128  0  5  1*296 

538  £.  19  sh.  7i  d.  -  538  19  7  2 

770  0  1  3-196 

Bemarks  on  this  example. 

The  farthings  in  this  example  are  written  as  a  distinct  denomination. 
Thej  are  so  written  because  fractional  parts  of  a  farthing  occur  in  some  of 
the  addenda.  When  this  does  not  happen,  farthings  are  expressed  as  frac* 
tional  parts  of  a  penny. 

In  the  second  of  the  given  compound  numbers  $  sh.  is  reduced  to  its 
value  in  pence  and  farthings.  This  is  a  necessary  reduction ;  for  fractional 
parts  of  a  shilling  cannot  be  left  unreduced  in  any  compound  number  which 
contains  pence  as  well  as  shillings. 

J  I  of  a  farthii^  are  found  to  £rm  part  of  the  value  of  ^  sh.  This  }  qr.  is 
uced  to  a  decimal  fraction,  because  the  fourth  of  the  given  numbers  contains 
a  decimal  fraction,  and  it  is  re<]^uir#d  toifind  the  sum  of  the  fractional  parts 
as  well  as  of  the  several  denommations  of  the  given  numbers. 

In  the  third  of  the  given  compound  numbers  f  d.  is  reduced  to  farthings 
and  decimal  parts  of  a  farthing. 
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In  the  fourth,  zero  is  written  to  fill  the  place  of  the  deficient  denominAtion, 
Bhillings ;  and  *324  d.  is  redaced  to  farthings  and  decimal  parts  of  a  farthing. 

In  the  last,  ^  d.  is  written  as  2  qrs. 

When  these  reductions  have  been  made,  the  compound  numbers  arranged 
As  in  the  preceding  examples,  and  the  decimal  fractions  as  directed  Art.  226, 
the  addition  is  conunenced  with  the  decimals. 

The  stun  of  the  decimal  fractions  is  1*196  qrs. ;  of  this  *196  is  written 
under  the  decimal  figures  of  the  addenda,  and  1  qr.  carried  to  the  farthings. 

The  sum  of  the  column  of  farthings  is  10,  which,  with  1  qr.  carried,= 
11  qrB.=2  d.  3  qrs.  3  is  written  under  the  column  of  qrs.  and  2  carried  to 
the  column  of  pence. 

The  sum  of  the  column  of  pence  is  35,  which,  with  2  d.  carried,=37  d.= 
dsh.  Id.  Id.  is  written  imuer  the  column  of  pence,' and  3  8h.  carried 
to  the  column  of  shillings. 

The  sum  of  the  column  of  shillings  is  57,  which,  with  3  sh.  carried,=60  sh. 
=3  £.  0  sh.  0  is  written  under  the  column  of  shillings,  and  3  £.  carried  to 
the  column  of  pounds. 

The  sum  of  the  column  of  pounds  is  767  £.,  and  767  £,-\-S£.  carried= 
770  £.,  which  sum  is  written  under  the  colimm  of  pounds. 

Therefore  the  sum  of  the  given  compound  niunbers  is  770  £.  0  sh.  1  d. 
S'196  qrs. 

Rule  for  the  addition  of  compound  numbers. 

Replace  fractional  parts  of  any  denomination  higher  than  the  lowest 
which  is  contained  in  the  given  numbers  by  the  values  of  such  frac- 
tional parts  expressed  in  terms  of  these  lower  denominations,  and 
fractions  whose  denominators  are  different  bj  equivalent  fractions 
reduced  to  the  same  denominator,  and  render  the  lowest  denomina* 
tion  of  all  the  compound  numbers  the  same  by  writing  zeros  in  the 
places  of  such  denominations  as  are  wanting. 

Then  arrange  the  addenda  in  such  a  manner  that  the  numbers  of 
the  lowest  denomination  may  fall  in  the  same  vertical  colunm ;  the 
numbers  of  the  denomination  inmiediately  superior  to  the  lowest  in 
a  second  vertical  column  on  the  left  of  the  former ;  and  so  on,  to  the 
highest  denomination,  which  will  be  on  the  left  of  all  the  others. 

Find  the  sum  of  the  numbers,  whole  or  mixed,  in  the  right  column ; 
reduce  this  sum  to  a  compound  number  expressed  in  terms  of  the 
last  and  the  next  higher  denominations ;  write  the  whole  or  mixed 
number  which  expresses  the  units  of  the  last  denomination  directly 
under  the  column  to  which  it  belongs,  and  carry  the  units  of  the 
next  higher  denomination  to  the  second  vertical  colunm.  Find  the 
sum  of  the  numbers  contained ,  in  the  second  column  plus  the  units 
carried  from  the  first ;  reduce  this  sum  to  a  compound  number  ex- 
pressed in  terms  of  the  second  and  the  next  higher  denominations ; 
write  the  units  of  the  second  denomination  in  their  proper  place ;  and 
carry  the  units  of  the  third  denomination  to  the  third  vertical 
column.  And  in  this  manner  proceed  till  the  simi  of  all  the  columns 
has  been  found. 

The  result  is  the  sum  of  the  given  compound  numbers. 

Exercises  in  addition  of  compound  numbers. 

Ist.  Required  the  sum  of  74£.   18  s.  ll|d. ;   96£.  9  s.  10|  d. ; 
58  £.  17  s,  8i  d. ;  and  63  £.  11  e.  9J  d.  ? 

Ans.  293  £.  18  s.  4d. 

2d.  Required  the  sum  of  84  £.  18  s.  ll^d.;  63  £.  16  a.  lO^d.  ; 

95  £.  4  s. ;  and  78  £.  10  s.  9|  d  ?....Ans.  322  £.  10  s.  7^  d. 

N  2 
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3d.  Required  the  sum  of  74  tons  19  cwt  3  qrs.  271b.  15  os.; 
86  tons  17  cwt.  2  qrs.  24  lbs.  14  oz. ;  68  tons  13  cwt.  1  qr. 
20  lb.  12  oz. ;  52  tons  18  cwt  3  qrs.  191b.  8  oz. ;  50  tons 
10  cwt.  2  qrs.  18  lb.  6  oz. ;  48  tons  9  cwt  3  qrs.  16  lb. 
10  oz. ;  and  97  tons  5  cwt  1  qr.  3  lb.  15  oz.  ? 

Ans.  478  tons  15  cwt.  3  qrs.  20  lbs. 

4  th.  Required  the  sum  of  48  lbs.  11  oz.  18  dwts.  21  gra.; 
42  lbs.  10  oz.  14  dwts.  18  grs. ;  40  lbs.  9oz.  16  dwts. 
20  grs. ;  36  lbs.  8  oz.  15  dwts.  22  grs. ;  38  lbs.  10  oz. 
10 dwts.  14 grs.;  53 lbs.  6oz.  17 dwts.  13 grs.? 

Ans.  261  lbs.  10  oz.  14  dwts.  12  grs. 

5th.  Required  the  sum  of  26  ac  3  ro.  23  po.  20^  yds. ;  40  ac. 
1  ro.  39  po.  29  yds. ;  15  ac  2  ro.  17  po.  3()i^yd8. ;  10  ac 
1  ro.  30 po.  lO^yds.  ?...^9W.  93  ac.  1  ro.  31  pa  29|7d8. 

6th.  Required  the  sum  of  28  mi.  7  fur.  23  po.  3f  yds. ;  117  mL 
5  fur.  5:i^yds. ;  29  mi.  3f  yds. ;  and  5016^  yds.  ? 

Ans.  178  mi.  3  fur.  17  po.  l^yds. 

7th.  Required  the  sum  of  24^  ac.  5067^  sq.  yds.  and 
50000  sq.  links  ? Ans.  25  ac  3  ro.  20  po.  25f  yds. 

8  th.     Required  the  sum  of  25^^  hhds. ;  1159^  gal. ;  13^  pipes ; 

and  4728  qts.  ? Ans.  88  hhds.  53gals.  2qts.  Ifpts. 

9th.     Required  the  sum  of  25  cwt.  2  qrs.  17  lbs. ;  6  cwt.  86  lbs. ; 

and  15  cwt.  3 qrs.  12*7 lbs.  ?...AnSn  48  cwt  1  qr.  3*7 lbs. 

10th.  Required  the  sum  of  126-75  £.;  13025  sh.;  16£.  17*75  sh.; 

andll-98d.?   Ans.  144£.  6sh.  2'32  d. 

1 1th.  Required  the  sum  of  215  £. ;  31*017  £. ;  and  19  sh.  1 1|  d.  ? 

Ans.  34  £.  3  sh.  3*33  d. 

12th.  Required  the  sum  of  -^  £.  and  f  crown  (1  crown=5  sh.)  ? 

Ans.  12 sh.  Id. 
13th.  Required  the  sum  of  Jib.  troy  and  Joz.  troy? 

Ans.  9  oz.  3  dwts.  8  grs. 
14th.  Required  in  troy  weight  the  sum  of  06781b.  troy  and 

•9  lbs.  avoir.  ? Ans.  1  lb.  1  oz.  18  dwts.  18-528  grs. 

15th.  Required  the  sum  of  1  £.  16sh.  9d. ;  8f  £. ;  and  10.58 £.? 

Ans.  21  £.  5  6h.  O^^d. 

16th.  Required  the  sum  of  16mi.  30}-po. ;  107-}- fathoms;  and 

509iyds.  ? Ans.  16 mi.  4ftir.  2po.  O^^yds. 

17th.  Required  the  sum  of  4£.  13^  sh. ;  2£.  3^sh. ;  and  |^  of 
3£.  12sh.  6d.? ^lu.  9£.  1  sh.  6|d.. 

18th.  Required  the  sum  in  avoirdupois  weight  of  3f  lbs.  troy  and 
16^ lbs.  avoirdupois? 

Ans.  18  lbs.  15  oz.  12^^  dr.  avoir. 

Subtraction  of  Compound  Nuhbsbs. 

319.  The  difference  of  two  whole  numbers  is  obtained  by  taking  the  units 
of  each  order  in  the  subtrahend,  beginning  with  the  lowest,  from  toe  units  of 
the  corresponding  order  in  the  minuend,  borrowing,  when  the  partial  sub- 
trahend exceeds  the  minuend,  from  the  next  higher  order  of  units  of  the 
minuend,  to  render  the  subtraction  possible  (Art.  39). 

The  difference  of  two  compound  numbers  is  obtained  in  the  same  manner 
(Art.  817). 
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Examples  of  the  subtraction  of  compound  numbers. 

Ist.  From  35  lbs.  8f  ozs.  troy  weight,  take  19  lbs.  lOozs.  13  dwts.  8j  srs. 

The  reduction  of  fractional  expressions  to  compound  numbers  and  to 
common  denominators,  with  other  preparations  requisite  for  the  addition  of 
compound  numbers,  are  also  requiiW  for  the  subtraction  of  one  compound 
number  from  another. 

In  the  present  example  it  is  necessary  to  find  the  value  of  |  oz.  which  bj 
Article  304=2  dwts.  20^  grs. 

It  is  also  necessary  to  reduce  ^gr.  and  j  gr.  to  the  same  denominator. 
The  fractions  thus  reduced  are  Hgr,  and  -^^gr. 

lbs.     OMM.    dwts.    gn. 

.*.  35 lbs.  8^ OZS 35       8      2    20jf 

19  lbs.  10  ozs.  13  dwts.  8igrs.    -        -     19     10     13      8^ 

15      9      9     12\ 
Detail  of  the  process. 

The  subtraction  is  commenced  with  the  lowest  denomination,  grains. 

1st.  (204|— 8^j)  grs.=12^  grs.  (Art.  184). 

The  remamder,  12^  is  written  imder  the  column  of  ers. 

2d.  (2—13)  dwts.,  without  borrovring  the  subtraction  is  not  possible ;  1  of 
the  next  higher  denomination  (ounces)  is  borrowed : 

1  oz.=20dwts.  (20+2)  dwts.=22  dwts.  and  (22— 13)dwt8.=9dwts. 

The  remainder,  9,  is  written  under  the  column  of  dwts.,  and  1,  for  that 
borrowed,  is  carried  to  the  ounces  of  the  subtrahend. 

3d.  IO0ZS.+I0Z.  borrowed=:llozs. 

(8—11)  ozs.,  without  borrowing  the  subtraction  is  not  possible;  1  of  the 
next  higher  denomination  (Ibs.^  is  borrowed : 

lTb.=12oz8.  and  (12+8)  ozs.=20ozs.  and  (20—11^  oz.=9ozs. 

9  is  written  under  the  column  of  ozs.  and  1  carried  to  the  simple  units  of 
the  lbs.  for  the  pound  borrowed. 

4th.  (1+19)  lbs.=20  lbs.  and  (35— 20)  lbs.=15  lbs. 

15  is  written  under  the  column  of  lbs. ;  and  the  difference  of  the  given 
compound  numbers  is  found  to  be  equal  to  15  lbs.  9  ozs.  9  dwts.  12^  grs. 

In  subtraction  of  whole  numbers,  when  the  partial  subtrahend  exce^  the 
minuend,  1  of  the  next  higher  order  of  units  (and  equal  to  10  units  of  the 
partial  subtrahend  or  mmuend)  is  borrowed,  and  added  to  the  partial 
minuend,  to  render  the  subtraction  possible. 

In  subtraction  of  compound  numbers,  when  the  partial  subtrahend  is 
greater  than  the  minuend,  1  is  borrowed  from  the  next  higher  denomination, 
reduced  to  the  denomination  of  the  partial  minuend,  and  added  to  it.  The 
number  so  added  is  not  10  or  any  constant  number,,  but  depending  on  the 
number  of  units  of  the  partial  minuend  which  make  1  unit  of  the  next  h^her 
denomination  of  that  weight  or  measure  by  which  the  given  compound 
numbers  have  been  valued. 

In  this  consists  the  difference  between  subtraction  of  whole  and  sub- 
traction  of  compound  numbers. 

2d  Example.   From  579  £.  12  sh.  subtract  289  £.  17sh.  6d.  2|qrs. 

Writing  zeros  to  fill  the  places  of  the  deficient  pence  and  farthings  of  the 
minuend,  £      sb.    d.    qn. 

679  £.  12sh.     -        -  579     12    0    0 
From  which  subtract  289    17    6    2^ 

The  remainder  is     -  289    14    5     1^ 

Detiul  of  the  process. 
Ist.  Subtraction  of  the  farthings : 
Oqrs. — 2| qrs.,  the  subtraction  is  not  possible;  one  of  the  next  higher 
denomination  (pence)  is  borrowed : 

1  d.=4  qrs.  and  4  qrs.— 2J  qrs.=l|  qrs. 
1^  is  written  under  the  column  of  farthings,  and  1  is  carried  to  the  pence 
of  the  subtrahend  for  the  penny  borrowed. 
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2d.  Subtraction  of  the  pence : 
1  d.  -f  6  d.=^7  d.,  partial  subtrahend. 

Od.— 7d.,  to  render  the  subtraction  possible,  l8h.=12d.  is  borrowed 
from  the  next  higher  denomination. 

12d.— 7d.»5d. 

5  is  written  under  the  column  of  pence,  and  1  for  that  borrowed  is  carried 
to  the  shillings  of  the  subtrahend. 

dd.  Subtraction  of  the  shillings  : 
1  8h.+17  8h.=18  sh.,  partial  subtrahend. 

12  8h.~18  sh. ;  to  render  the  subtraction  possible,  1  £.=20  sh.  is  borrowed 
from  the  next  higher  denomination. 

208h.+12  8h.=d2  8h.  and  82sh.— 18  8h.=14sh. 
14  is  written  under  the  column  of  shillings,  and  1,  for  1  £,  borrowed,  is 
carried  to  the  pounds  of  the  subtrahend. 

4th.  Subtraction  of  the  pounds : 
l£.-f289j^.=290je.,  and  579  £.—290  £.=289  d^. 

289  is  written  imder  the  column  of  pounds,  and  the  result  is  found  to  be 
289 £.  14  sh.  5d.  If  qrs. 

These  examples  and  remarks  seem  sufficient  to  direct  the  process  of  sub- 
tracting one  compound  number  fh)m  another. 

The  rule  for  such  subtraction  is, 

Prepare  the  quantities  in  the  same  manner  as  for  addition  of 
compound  numbers. 

Write  the  minuend  in  a  horizontal  line,  and  under  its  several 
denominations  the  corresponding  denominations  of  the  subtrahend. 

Subtract  the  number  in  the  lowest  denomination  of  the  subtrahend 
from  the  number  in  the  lowest  denomination  of  the  minuend,  if  the 
subtraction  can  be  effected ;  but  if  it  cannot,  borrow  one  of  the  next 
higher  denomination,  reduce  this  to  units  of  the  lowest  denomination, 
and  add  the  result  to  the  number  in  the  lowest  denomination  of  the 
minuend.  Subtract  the  number  in  the  subtrahend  from  the  sum ; 
carry  one  for  that  borrowed  to  the  next  denomination  of  the  sub- 
trahend ;  subtract  the  number  thus  augmented  from  the  correspond- 
ing denomination  of  the  minuend,  if  the  subtraction  is  possible ;  if 
not,  augment  the  number  in  tha  minuend  by  as  many  units  of  the 
denomination  to  which  it  belongs  as  make  one  unit  of  the  next  higher 
denomination;  subtract  the  number  in  the  subtrahend  from  the 
sum. 

And  proceed  in  this  manner  till  the  calculation  is  completed. 

Exercises  in  subtraction  of  compound  numbers. 

1st.  From  73  £.  16  sh.  10|  d.  subtract  48  £.  12  sh.  6|d.  ? 

Ans.  25  £.  3  sh.  4  d. 

2d.  From  708  £.  14  sh.  6J  d.  subtract  278  £.  17  sh.  lOf  d.  ? 

Ans.429£.  16  sh.  74d. 

3d.  From  96  £.  8  sh.  7  d.  subtract  68  £.  13  sh.  6^  d.  ? 

Ans.  26  £.  15  sh.  0^ 

4th.  From  17 cwts.  1  qr.  21  lbs.  subtract  13 cwt.  2qr6.  24 lbs? 

Ans,  3  cwt.  2  qrs.  26  lbs. 

5th.  From  131b.  5oz.  13dwt.  I7gr.  subtract  91b.  7oz.  14dwt 
21gr8.  ? Ans.3lb6.9oz.  18dwt.20gr. 

6th.  From  18  tuns  2  hhds.  48  gals,  subtract  13  tuns  2  hhds.  54  gals. 
2qt8  ? Ans.  4  tuns  13  hhds.  56gals.2qts. 
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7th.  Required  the  difference  between  17*92  £.  and  26  £.  12  sh.  ? 

Ans.S£.  13  8h.7id. 

8th.  Required  the  difference  between  If  acres  and  3769J  sq.  yds.  ? 

Ans.  2  ro.  1  po.  2^  yds. 

9th.  Reqidred  the  difference  between  20  mi.  3  fur.  26  po.  2^  yds. 
and  13  mi.  7  fur.  37  po.  3^  yds.  ?  . 

Ans.  6  mi.  3  fur.  27  po.  3f|  yds. 

lOth.  Required  the  difference  between  \  of  65*2  £.  and  456*625 
crowns? Ans,  104  £.  16sh.  lO^d. 

nth.  From  2f  miles  take  1275^  yds.  ? 

Ans.  1  mi.  6  fur.  25  po.  4^  yds. 

12th.  Required  the  difference  between  46  ac.  3  ro.  17  po.  17|-  yds. 

and  230f  square^chains  ?....Ans,  23  ac.  3  ro.  6  po.  4ff  yds. 

13th.  Required  the  difference  between  10075^  links  long 
measure  and  20f  miles  ? Ans.  19  mi.  8^^po. 

14th.  From  f  £.  subtractf  sh.  ? Ans.  14sh.  3  d. 

15th.  Find,  in  troy  weight,  the  difference  between  f  lb.  troy 
and  f  lb.  avoirdupois  ? Ans.  19  dwts.  9  gr.  troy. 

i6th.  Required  the  difference  between  26*5 po.   and,70|yds. 

sq.  measure? ^n«. 24 po. 5^ yds. 

17th.  Required  the  difference  between  2^  £.  and  3*125  £.  ? 

Ans.  4  sh.  9  d. 

18th.  Two  pieces  whose  lengths  are  25  feet  7^  inches  and 
19  feet  lOf^  inches  are  cut  from  a  plank  whose  length  is 
17  yds.  2*7  feet.     How  much  is  left  ? 

Ans.  2  yds.  2  feet  2*3  in. 

Multiplication  of  Compound  Numbers. 

320.  In  multiplication  of  whole  numbers,  if  the  multiplicandls  repeated  as 
often  as  the  multiplier  contains  unity,  the  simi  of  these  repetitions  is  the 
product  of  the  numbers. 

The  repetitions  of  the  multiplicand  are  made  by  repeating  the  units  of 
each  order  contained  in  the  multiplicand. 

Consequently,  if  each  of  the  denominations  of  a  compound  number  is 
repeated  as  often  as  a  multiplier  contains  unity,  the  result  is  the  product  of 
the  compound  number  by  that  multiplier. 

Examples  of  the  multiplication  of  compound  numbers. 
Ist.  Multiply  3  miles  6  fur.  32  po.  by  9. 

The  multiphcand  and  multiplier  may  be  arranged  as  in  whole  numbers, 
thus, 

m.  fiir.  po. 

3     6    32  multiplicand. 
9  multipher. 

34    5       8  product. 

The  product  is  equal  to  32  po.  X  9-h6  fur.  X  9-f  3  mi.  X 9. 
82  po.  X  9=288  po.=7  fur.  8  po. 

8  is  written  under  the  poles  of  the  multiplicand,  and  7  reserved  for  addi- 
tion to  the  product  of  the  furlongs  by  9. 

6  fur.  X  9=54  for.  and  54 -+-7  carried=61  iur.=7  miles  5  fur. 
5  is  written  under  the  furlongs  of  the  multiplicand,  and  7  carried  to  the 
product  of  the  miles  by  9. 

3  mL  X  9=27  mi.  and  27-1-7  carried=34  miles. 
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84  18  written  under  the  mOes  of  the  multiplicand ;  and  the  required  pro- 
duct is  34  miles  5  fur.  8  po. 

The  partial  products  of  the  several  denominations  of  the  multiplicand  by 
the  multiplier  may  be  formed  separately,  and  afterwards  combined  into  one 
sum  by  the  rules  for  the  reduction  and  aiddition  of  compound  numbers. 

But  the  method  taken  in  the  jxreceding  example,  namely,  that  of  making 
the  reduction  and  the  combination  of  the  partial  products  to  proceed  simul- 
taneously, is  less  laborious  and  more  concise. 

a.  This  method  is,  however,  advantageous  so  long  only  as  the  multiplier 
is  a  number  so  small  that  the  multiplications  and  reductions  can  be  made 
mentally. 

To  extend  the  limits  of  mental  calculation,  a  multiplication  table  to 
12  X 12  is  generally  employed  in  the  multiplication  of  compound  numbers. 

In  this  treatise  a  table  of  products  from  1x1  to25x25is  eiven.  The 
labour  of  committing  to  memory  the  whole  of  this  table  would  be  consider- 
able ;  but  the  part  of  it  to  12  X 12  may  be  easily  learnt. 

2d  Example.  Multiply  8  £.  15  sh.  9|  d.  by  132. 

The  product  required  is  equal  to 

4  d.  X  132+9  d.  X 132+15  sh.  X 182+8  £.  x  132. 

But  the  multiplications  and  reductions  of  these  partial  products  cannot 
be  made  mentally ;  therefore,  unless  some  other  process  is  devised,  the  par- 
tial products  must  be  formed  separatelv,  and  the  complete  product  composed 
by  aiddition  of  these  partial  products  mto  one  compound  number. 

What  is  required  is  to  find  a  compound  number  equal  to  132  repetitions 
of  8  £,  15  sh.  9^  d ;  and  this  without  the  necessity  of  multiplying  by  a  num- 
ber too  great  to  allow  the  partial  multiplications  and  reductions  to  be  made 
mentally. 

Now,  it  is  proved  in  Articles  69  and  71  that,  whether  a  number  is  mul- 
tiplied by  any  multiplier,  or  by  the  factors  of  that  multiplier  taken  in  any 
order,  the  product  is  the  same, 

As  often,  therefore,  as  a  multiplier  can  be  resolved  into  &ctors,  each  not 
greater  than  the  greatest  factor  contained  in  the  multiplication  table  which 
IS  used  (generally  12),  the  product  of  a  multiplicand  which  is  a  compound 
number  oy  that  multiplier  can  be  obtained  by  repetitions  of  the  method 
followed  in  Example  1. 

132,  the  multiplier  of  Example  2,  is  composed  of  the  prime  factors  2',  3, 
and  1 1 ;  but  as  any  factor  not  greater  than  12  can  be  used,  it  will  be  suffi- 
cient to  decompose  132  into  the  factors  11  and  12,  and  to  multiply  the 
multiplicand  by  II,  and  this  product  by  12. 

The  calculation  is  subjoined.  A  lengthened  detail,  after  the  explanation 
of  the  first  example,  seems  unnecessary. 

£      lb.    d.  c^ 

8  15     9^ 

n^ 

96  13    5|= 11  repetitions  of  multiplicand. 
12 


1160    1     9=11  X 12  or  132  repetitions  of  the  multiplicand. 

The  product  required  is  1160£.  1  sh.  9  d.  It  could  have  been  obtained 
by  multiplying  8  £.  15  sh.  9^  d.  by  2,  Sua  product  by  2,  this  by  3,  and  this 
again  by  11 ;  2,  2,  8,  11,  beinff  the  prime  factors  of  132.  But  it  is  more 
concise  to  multiply  at  once  by  12  than  successively  by  2,  2,  3,  the  prime 
factors  of  12. 

b.  Any  multiplier  which  contains  among  its  simple  factors  a  prime  num- 
ber greater  than  12  cannot  be  decomposed  into  factors  of  whicn  none  shall 
«xceed  12,  and  whose  continual  product  shall  be  equal  to  the  given  mul- 
tiplier. 

The  method  of  Article  132  consequently  fails  for  such  examples. 
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Bat  althougli  the  product  cannot,  in  these  cases,  be  obtained  by  continnal 
mulUplication  of  the  multiplicana  hj  the  factors  of  the  multiplier,  it  can  be 
form^  by  breaking  down  the  multiplier  into  parts  which  are  either  com- 
posed of  factors  not  greater  than  12,  or  are  themselves  not  greater  than  12, 
forming  the  separate  products  of  the  multiplicand  by  these  parts  of  the 
multiplier,  and  taking  the  sum  of  the  partial  products  (Art.  70). 

To  illustrate  these  remarks,  let  it  be  required. 

3d  Example.  To  multiply  12  lb.  3  oz.  16  dwt.  troy  by  59,  the  multiplier 
is  a  prime  number  (Art.  103) ;  it  cannot  therefore  be  decomposed  into 
any  factors  whose  product  shall  be  59 ;  but  it  can  be  broken  into  the  parts  3 
and  56,  of  which  3  is  less  than  12,  and  56  is  the  product  of  the  factors  7  and 
3,  both  of  which  are  also  less  than  12.  And  (denoting  the  multiplicand  by 
m  for  the  sake  of  brevity) 

Jiix7x8-|-iiix3  or  mx(56+3)=mx59  (Art.  70). 

That  is,  if  to  the  continual  product  of  the  mtdtiplicand  by  the  factors 
7  and  8,  the  product  of  the  multiplicand  by  3  is  added,  the  result  is  equal 
to  59  repetitions  of  the  multiplicand,  which  is  the  number  required. 

Calculation. 

lb.     OS.  dwt. 
12    3  16x3 
7 

86    2  12=7  repetitions  of  the  multiplicand. 
8 


689    8  16=7  X  8  or  56  repetitions  of  multiplicand. 
36  1 1     8=3  repetitions  of  multiplicand. 

726    8    4=56-f3  or  59  repetitions  of  multiplicand. 

Since  59=60—1=6  X 10—1, 
mX59        =mx6XlO— m, 
tiiat  is,  if  nt  is  multiplied  by  6,  this  product  by  10  and  once  m  is  subtracted 
firom  the  result,  the  remainder  oontams  60 — 1  or  59  repetitions  of  m. 

Whence,  in  seneral,  if  a  product  is  found  in  excess,  and  the  number  ot 
repetitions  of  the  multiplicand  in  excess  are  subtracted,  the  remainder  con- 
tams  the  number  of  repetitions  required. 

The  product  of  12  lb.  3  oz.  16  dwt.  by  59  is  found  by  this  method  as 
follows, 

lb.     ox.  dwt. 

12    3  16 
6 

73  10  16=f»x6; 
10 


739    0    0=mx6xlO=mx60; 
12    3  16=iitx  1,  which  subtract ; 

726    8    4=m  X  (60— l)=m  X  59. 

c.  Any  whole  number  can  be  decomposed  into  as  many  parts  as  it  contains 
different  orders  of  units.  Of  these  parts  (regard  being  had  to  the  relative 
values  of  the  different  units),  the  first  is  less  than  10,  the  second  is  a  multiple 
of  10,  the  third  a  multiple  of  lO',  the  fourth  a  multiple  of  10^,  &c. 

Decomposing;  a  multiplier  in  this  manner,  the  sum  of  the  partial  products 
of  the  multiphcand  by  the  several  orders  of  units  of  the  multiplier  is  equal 
to  the  complete  product  of  the  multiplicand  and  multiplier. 

The  number  which  expresses  the  relative  value  of  the  units  of  any  order, 
II,  higher  than  the  first,  being  one  of  the  series, 

IXlO";  2xlCr;  3X10*; 9x10"; 

it  is  evident  that  the  partial  products  can  be  formed  without  the  necessity  of 
mnltipljring  by  any  factor  greater  than  10;  and  these  products  are,  in 
practice,  easily  denved  from  each  other. 
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To  indicate  the  manner,  let  m  be  put  for  any  compound  mul tohcand ;  Mid 
since  this  method  is  most  advantageous  when   the  multoplier  is  a  large 

number,  let  it  be  required  to  multiply  w  by  57684. 

67684«50000-h7000-h600+80+4. 
.  • .  m  X  57684=m  X  50000-hm  X  7000+m  X  600+m  X  80+m  X  4. 

Form  of  calculation. 

m        X4 
10 

mXlO    X8 
10 


mx  10000 

mX50000 
mx  7000 
mx     6 
mx       80 
mx         4 

m  X  57684 


mXlOO    X6^ 
10_  \ 

mXlOOO    X7^  ^ 
10 


Giving  to  m  the  particular  value  5  £.  9^Bh.  7|  d.,  and  retaining  the  same 
multiplier,  57684,  tne  preceding  calculation  is  replaced  by  the  foUowing. 


£     nh.    d. 

5    9     7^X4 
10 

54  16    54X8^ 
10         \ 


548    4    7   X6^ 
10         \ 


5482    5  10   X7v 
10 


54822  18 


4 
5 


224114  11     8  = 
88376     0  10  = 
3289    7     6=. 
438  11     8  = 
21   18     7  = 

266240  10     3  =: 


repetitions    of   the 
multiplicand. 


In  this  calculation  50000  repetitions  of  the  multiplicand  are  obtained  by 
multiplying  consecutively  by  10,  10,  10,  10,  5. 

7000  repetitions  are  obtained  by  multiplying  the  partial  product  1000m 
by  7. 

600  repetitions  are  obtained  by  multiplying  the  parUal  product  100m 
by  6. 

80  repetitions,  by  multiplying  the  partial  product  10m  by  8. 

And  4  repetitions  by  multiplying  tne  multiplicand  itself  by  4. 

The  sum  of  these  partial  products  is  the  complete  product  required. 

d.  When  the  multiplicand  is  a  compound  number,  and  the  multiplier  a 
fraction,  if  the  multiplicand  is  reduced  to  units  of  the  lowest  denomination 
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contained  in  it,  then  multiplied  by  the  fractional  multiplier,  and  the  product 
reduced  to  a  compound  number,  the  result  is  the  product  of  the  given  com* 
pound  mtdtiplicand  and  fractional  multiplier. 

Otherwise,  since  the  product  of  the  multiplicand  by  a  fraction  must  con- 
tain some  part  or  parts  of  the  multiplicand  as  often  as  the  multiplier  contains 
Uie  same  part  or  parts  of  unity,  the  product  may  be  found  by  resolving  the 
multiplicimd  into  as  many  equal  parts  as  the  denominator  of  the  multiplier 
contams  simple  units,  and  taldng  of  these  equal  parts  the  number  expressed 
by  the  numerator. 

To  obtain  the  product  of  a  compound  number  by  a  fraction,  without 
reduction  of  the  former  to  a  single  denomination,  it  is  therefore  necessary  to 
divide  a  compound  nimiber  by  a  whole  number. 

e.  In  like  manner  it  follows  from  Article  205,  that  to  divide  a  compound 
number  by  a  fraction,  it  is  necessary  to  multiply  the  dividend  by  the 
denominator,  and  to  divide  the  product  by  the  numerator  of  the  fractional 
divisor. 

Consequently,  to  complete  the  principles  for  either  multiplication  or 
division  of  compound  numbers,  the  principles  of  both  must  be  developed* 

Division  of  Compound  Numbers. 

321 .  The  process  of  dividing  a  compound  quantity  into  any  number  of  equal 
parts,  for  the  purpose  of  obtaining  one  of  these  parts,  difiers  from  that  of 
dividing  one  whole  number  by  another  in  respect  only  of  the  multipliers 
employed  to  reduce  the  successive  remainders  from  any  denomination  to  the 
denomination  which  is  next  lower. 

In  whole  numbers,  1  of  any  order  of  units  is  equal  to  10  of  the  next 
lower,  and  by  annexing  a  figure  of  the  dividend  to  a  remainder  for  the 
purpose  of  forminff  a  new  partial  dividend,  the  multiplication  of  the  remainder 
Dy  10  and  the  addition  of  the  units  of  the  next  lower  denomination  are  both 
accomplished. 

In  compound  numbers,  the  multiplication  of  the  remainder,  and  addition 
of  the  units  of  the  next  lower  denomination  to  the  product,  cannot  be 
effected  by  mere  annexation  of  these  units.  But  the  pnnciple  of  reduction 
is  the  same ;  the  reminder  is  multiplied  by  a  factor  which  expresses  that 
number  of  units  of  the  next  lower  denomination  which  make  one  unit  of  the 
remainder,  and  the  units  of  that  lower  denomination  are  added  to  the 
product. 

Examples  of  division  of  compound  numbers. 

1st.  Divide  27£.  14sh.  8)d.  by  6. 

(The  quotient  is  obtained  by  dividing  the  number  in  the  highest  denomi- 
nation by  6,  reducing  the  compoimd  number  composed  of  the  remainder 
and  the  number  in  the  second  denomination  to  units  of  the  second  deno- 
mination, dividing  this  result  by  6,  &c.) 

1st.  To  find  the  pounds  of  the  quotient. 
27 £.'*'6=^4£,  quotient+3£.  remainder. 

2d.  To  find  the  shillings  of  the  quotient. 

3  £.  remainder  -j- 1 4  sh.  dividend=74  sh. 

74  sh.  H-  6=  1 2  sh.  quotient  -j-  2  sh.  remainder. 

3d.  To  find  the  pence  of  the  Quotient. 

28h.  remainder + 8  d.  dividend=32d. 

32  d. -1-6=5  d.  quotient-{-2  d.  remainder. 

4th.  To  find  the  farthings  of  the  quotient. 
2d.  remainder-!-^.  dividend=llqrs. 
Ilqr8.-i-6=lf  qrs.  quotient. 
Whence  the  complete  quotient  is  4£,  12  sh.  5  d.  1  Jqrs- 
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The  caloulation  may  be  represented  as  in  Article  86  thus, 

£    >h.     d.    qn. 

6)27  14    8    8 

4  12     5     U 

The  manner  of  passing  from  any  denomination  to  the  denomination  next 
lower  is  the  same  for  divisors  either  not  greater  than  12  or  greater  than  12 ; 
but  in  the  latter  case  the  calculation  must  be  made  as  m  Article  88  or 
Article  91. 

2d  Example.  Divide  576  miles  4  furlongs  24  poles  4  yards  by  168. 

m.    ha.  po.  yd.  Ml.  ftir.    po.    yd.    ft. 
168)576    4    24    4  (3    3     18     1     1 
504 

72 

8 


168)580(3  furlongs. 
504 

76 
40 


168)3064(18  poles. 
168 

1384 
1344 


40 


20 
204 


168)224(1  yard. 
168 

56 
3 


168)168(1  foot. 
168 

Performing  the  multiplications  and  subtractions  mentally,  and  reoordini^ 
the  remainders  only,  as  in  Article  91,  the  preceding  calculation  is  rednced 
to  this: 

Bfi.     ftir.  po.  yd.  Ifi.  tar.    po.    yd.    ft. 
168)576    4    24    4  (3     3     18     1     1 

72 

8^ 

168)580(3  fiirlongs. 

76 
40 

168)3064(18  poles. 

1384 

40 

H 


168)224(1  yard. 

56 
8 

161)168(1  foot. 

0 
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Since  168=4x6x7,  the  quotient  maybe  obtained  by  dividing  succcs- 
sively  by  these  factors  of  168  (Art.  95). 

Mk.    ftir.    po.    yd.    ft. 
f  4)576    4    24    4    0 

168 


6)144 

1 

6 

1 

0 

7)24 

0 

7 

3 

24 

3 

3 

18 

1 

1 

Nothins  in  the  diyision  by  4  or  in  that  b^  6  seems  to  require  explanation. 
But  the  mvision  by  7  presents  a  partial  dividend  which,  although  not  the 
last,  contains  a  fraction. 

The  process  of  the  division  by  7  seems  therefore  to  require  development. 

Detail  of  the  division  of  24  miles  0  furlongs  7  poles  3  yards  2|  feet  by  7. 

24  miles-i-7=:3  miles  quotient+S  miles  remainder. 

3  miles  remainder -|-0  furlongs  dividend=24  furlonss. 

24  furlong8-4-7=3  furlongs  quotient+3  furlongs  remainder. 

8  furlongs  remainder-}- 7  poles  dividend=127  poles. 

127  poles-4-7=18  poles  quotient -fl  pole  remainder. 

1  pole  remainder +3  yards  dividend=8^yards. 

8  J  yards -1-7=1  yard  quotient-)- 17  yard  remainder. 

H  yard  remamder-f  2^feet  diviaend=7  feet. 

7  feet -1-7=1  foot  quotient. 

The  complete  quotient  (as  before)  b  3  miles  3  furlongs  18  poles  1  yard 
Ifoot. 

322.  It  has  been  already  exj^lained  (Art.  320  d),  that  to  multiply  a  com- 
pound number  by  a  fraction,  it  is  necessary  to  multiply  the  compound  num- 
ber by  the  numerator  of  the  multiplier,  and  to  divide  the  product  by  its 
denominator. 

This  is  the  process  to  be  followed  in  the  case  of  a  decimal  as  well  as  in 
that  of  a  vulgar  fraction. 

In  most  instances  of  multiplication  by  the  former  some  advantage  may  be 
pained  by  writing  the  decimal  as  a  vulgar  fraction  and  reducing  it  to  the 
u>we8t  terms. 

When  the  multiplier  is  a  mixed  number,  the  products  of  the  multiplicand 
by  the  int^ral  and  firactional  parts  of  the  multiplier  may  be  formed  sepa- 
rately, and  the  results  added  together. 

323.  Division  b^  a  fraction  being  reduced  to  multiplication  by  the  reci- 
procal of  the  fraction,  these  principles  for  the  multiplication  serve  also  for 
the  division  of  a  compound  number  by  a  fraction. 

When  the  divisor  is  a  mixed  number  it  must  be  reduced  to  an  improper 
fraction.    The  reciprocal  is,  of  course,  a  proper  fraction. 

Examples  of  the  multiplication  and  division  of  compound  numbers  by 
fractions  expressions. 

1st.  Multiply  104  jS.  7  sh.  64  d.  by  |. 

To  obtain  the  required  product  it  is  necessary  to  multiply  104  £.  7sh.  6|d. 
by  5,  and  to  divide  the  result  by  8. 

£,        th.       d. 

Calcuktion.  104      7      6^ 

5 

8)521     17      6^ 
65      4      8H 

Wherefore  (104^^.  78h.6jd.)x|=65de.4sh.  Sf^d.  or65£.48h.8d.  l^q"- 

2d  Example.  Multiply  227 jS.  9sh.  ll^d.  by  25*6. 

25-6=25-^^254.  What  is  required,  therefore,  is  to  find  the  partial  pro- 
duct of  the  multipbcand,  first  by  25,  and  second  by  $;  and  to  take  the  sum  of 
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or 

*ae  |>artial  products  for  the 
25-6. 

£.     lb.    d.     qn. 

227    9  11     1 
5 

complete  product 

of 

thesi 

£. 
227 

ndt 

ih. 

9 

iplit 

d. 
11 

and  bj3H 

qn, 

1 

3 

1137     9    8     1  •  ^)^^^     ^    ^    ^ 
5_  136    9  11     21 

5687    8    5     Isproduct  of  multiplicand  by  25. 
136    9  11     2j^        -  -  -        oyf- 

5823  18     4    3^=product  of  multiplicand  by  25-6. 

3d  Example.  Divide  24 j^.  ISsh.  8^d.  by  J* 

To  obtun  the  required  quotient  it  is  necessary  to  multiply  24  £.  15  sh,  Sf(a. 
by  the  reciprocal  of  J,  that  is,  by  |. 

£.      sh.         d. 
24     15       8|f 
4 

3)99      2     IH 
33      0     1 1  f = quotient  required- 

4th  Example.  Divide  12  miles  4  furlongs  37  poles  3^  yards  by  4-05. 

4-05=4^=4,V=S*. 
The  reciprocal  of  j^  is  ff.    It  is  therefore  necessary  to  multiply  the 
dividend  by  20,  and  to  divide  the  result  by  81. 

Mi.      Air.    po.       yda. 
12       4     37       3^ 

4 


50      3    30       Iff 

5 


,  9)252      2    31       4Tiy=product  of  dividend  by  20. 

ol 


9)28       0     12      2» 

8      0    36      5f=quotient  required. 
.  - .  12  mi.  4  fur.  37  po.  3^  yds.  h- 4*05=3  mi.  36  po.  5f  yds. 

324.  Rules  for  the  maltiplication  and  division  of  compound 
numbers* 

a.  To  multiply  a  compound  number  by  a  whole  number. 

Ist.  When  the  multiplier  does  not  exceed  the  greatest  factor 
contained  in  the  multiplication  tabic. 

Multiply  the  number  in  the  lowest  denomination  of  the  multiplicand 
by  the  multiplier.  Reduce  the  product  to  a  compound  number  ex- 
pressed in  terms  of  the  denomination  multiplied  and  of  that  which  is 
next  higher  (the  2d).  Write  the  units  of  tiie  lowest  denomination  in 
their  proper  place,  and  reserve  the  units  of  the  next  higher  denomi- 
nation. Multiply  the  number  in  the  next  higher  denomination  by  the 
multiplier ;  to  the  product  add  the  units  of  this  denomination  reserved 
from  the  product  of  the  lowest  denomination ;  reduce  the  sum  to  a 
compound  number  expressed  in  terms  of  this  and  the  next  higher 
denomination ;  write  the  units  of  this  (the  2d)  denomination  in  their 
proper  place,  and  reserve  the  units  of  the  next  higher  denomination. 

Proceed  in  this  manner  to  multiply,  reduce,  and  carry  from  one  de- 
nomination to  the  next  higher,  until  all  the  denominations  of  the  com- 
pound number  are  multiplied  by  the  multiplier.  ITie  result  is  tlie 
product  required. 
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2d.  When  the  multiplier  exceeds  the  greatest  factor  contained  in 
the  multiplication  table. 

If  the  multiplier  can  be  resolved  into  factors  each  not  exceeding 
the  greatest  factor  contained  in  the  multiplication  table,  multiply  the 
given  compound  number  by  one  of  these  factors,  this  product  by  a 
second,  this  by  a  third,  &c.  The  continual  product  of  the  multi- 
plicand by  the  factors  of  the  multiplier  is  the  product  of  the  given 
compound  number  by  the  tmdivided  multiplier. 

3d.  When  the  multiplier  cannot  be  resolved  into  suitable  factors. 

Assume  the  nearest  number  (which  may  be  either  less  or  greater 
than  the  multiplier)  which  can  be  resolved  into  such  factors.  Mul- 
tiply by  the  factors  of  this  niunber,  as  in  the  2d  case,  and  add  to  or 
subtract  from  the  result  as  many  repetitions  of  the  multiplicand  as 
the  assumed  number  is  less  or  greater  than  the  multiplier.  The  sum 
or  difference  of  these  products  is  the  product  of  the  given  compound 
number  by  the  unbroken  multiplier. 

b.  To  divide  a  compound  number  by  a  whole  nmnber. 

Divide  the  number  in  the  highest  denomination  of  the  dividend 
by  the  divisor,  the  quotient  (if  not  =0)  expresses  units  of  the  order 
of  the  partial  dividend ;  reduce  the  compound  number  composed  of 
the  remainder  and  the  second  denomination  of  the  dividend  to  imits  of 
the  second  denomination,  and  divide  the  result  by  the  divisor ;  the 
quotient  expresses  units  of  the  second  denomination  of  the  dividend. 
Reduce  the  second  remainder  and  third  denomination  to  units  of  the 
third  denomination,  divide  the  result  by  the  divisor,  and  continue  this 
process  of  partial  reduction  and  division  to  the  inclusion  of  all  the 
terms  of  the  dividend.  The  compound  number  composed  of  the  suc- 
cessive quotients  is  the  result  required. 

c.  To  multiply  a  compound  number  by  a  fractional  expression, 
vulgar  or  decimal. 

Multiply  the  compound  number  by  the  numerator  of  the  multiplier, 
and  divide  the  product  by  its  denominator. 

d.  To  multiply  a  compound  number  by  a  mixed  number. 

Find  separately  the  partial  products  of  the  multiplicand  by  the 
integral  and  fractional  parts  of  the  multiplier ;  and  take  the  sum  of 
these  partial  products  for  the  complete  product  required. 

e.  To  divide  a  compound  number  by  a  fractional  expression. 
Having  reduced  the  divisor,  if  a  decimal  or  a  mixed  number,  to  the 

form  of  a  vulgar  fraction,  multiply  the  dividend  by  the  reciprocal  of 
the  divisor. 

325.  Exercises  in  the  multiplication  and  division  of  compound 
numbers. 

Ist  Multiply    3£.  8sh.  4d.by6? ^«*.  20£.  10 sh. 

2d.        -        -  64£.  8sh.  lOid.  by  7? Ans.45l£.  2sh.  l^d. 

3d.        -         -  2£.  14sh.  9|d.  by  8? Ans.  21£.  18  sh.  6d. 

4th.       -         -  2  cwt.  3  qr.  141b.  by  9 ?...Ans,  25cwt.  3  qrs.  141b. 
5th.       -        -  3 yds.  1  ft.  7*9 in. by  12 ?  Ans.  42yds.  1  ft.  108 in. 

6th.      -        -  1  £.  13sh.  4d.  by  20? Ans.  33£.  6sh.  8d. 

7th.   -    -  198h.  6|d.  by  100? Ans.  97 £.  14  sh.  2d. 

8th.   -    -  18  £.  16  sh.  8^  d.  by  64  ?...Ans.  1205  £.  9  sh.  4  d. 
9th.   -    -  37  cwt  3  qrs.  18  lb.  by  28  ?...Ans.  1061  cwt.  2  qrs. 
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lOth.  Multiply  38h.  OJ  d.  bj  26  ? Ans.  3£.  19 ah.  T^d. 

lltk     -        -  2£.  5  sh.  3^d.  by  29  ? Ant.  65£.  12 sh.  lO^ d. 

12th.     -         -  9 mi.  4 fur.  39po.  2 ft.  Sin.  by  39 ? 

Ans,  375  mi.  2  fur.  7  po.  2  yds.  1  ft.  2  in. 
13th.     -        -  1  ac.  1  po.  by  51  ? Ans.  51  ac  2ro.  3  po. 

14th.  .        -  38h.4d.by274? ^im.45£.  13  8h.  4d. 

15th.  -        -  9  sh.  6}d.  by  365  ? Ans.  174£.  2sh.  B^d. 

16th.  -        -  19 sh.  6^d.  by  8604  ? Ans. 8406£.  16 sh.  6  d. 

17th.  .        -  18  sh.  7i  d.  by  9760  ? Ans.  9078£.  168h.  8  d. 

18th.  Divide  430£.  11  sh.  6d.  by  3  ?.....Ans.  143£.  lOsh.  6 d. 

19th.  -        -  3£.  18  sh.  2d.  by  4  ? Ans.  19 sh.  6^d. 

20th.  -  -  43  cwt.  2  qr.  8  lb.  by  5  ?....Ans.  8  cwt.  2qr.  24 lb. 

2l8t  -  -  526£.  12sh.5d.by6?.^^9».87£.  158h.4d.3iqrB. 

22d.      -        -  24 lb.  3 oz.  Hdwt.  5gr.  by  7  ? 

Ans.  3 lb.  5oz.  13dwt.  11  gr. 
23d.      -        -  109  qrs.  5  bush,  by  8  ? 

Jins.  13  qrs.  5  bush.  2pk8.  1  gaL 
24th.     '        -  49  mi.  20  po.  5  yds.  by  9  ? 

Ans.  5  mi.  3  fur.  24  po.  3  yds. 
25th.     -         -  72hhd.  12  gaL  3qt.  by  10  ? 

Ans.  7hhd.  13gaL  3qt.  1  pt. 

26th.     -        •  91ac3ro.  36po.  2|ydfl.by  11  ? 

Ans.  8ac  Iro.  17pa  25  yds. 
27th.    •        .  41  ft.  7  in.  6  lines  by  12  ?...Ans.  3  ft  5  in.  7^  lines. 

28th.     -        -  30£.  18  sh.  8  d.  by  16  ? Ans.  1  £.  18  sh.  8  d. 

29th.     -         -  1061  cwt.  2  qrs.  by  28  ?...-4iM.  37  cwt.  3  qrs.  18  lb. 

30th.     -        -  571  yds.  2  qrs.  1  nail  by  47  ? 

Ans.  12  yds.  0  qr.  2  nails. 
31st.     -        -  3648£.  15  sh.  4id.  by  73  ? 

Ans.  49£.  19sh.  7d.  3f|qr8. 

32d.      -        -  36£.  18  sh.  3  d.  by  84  ? Ans.  8  sh.  8^  d. 

33d.  Multiply  25 £.  Ssh.  5 d.  2| qrs.  by  ^  ? 

Ans.  3£.  2sh.  lid.  Of^qr. 
34th.  -  -  15£.  13  sh.  1 1^ d.  by  i ?  Ans.  12 £.  48h.  2 d.  O^qr. 
35th.     -         -  100  tons  17  cwt.  3  qr.  6  lb.  by  |  ? 

Ans.  75  tons  13  cwt  1  qr.  ll^lb. 

36th.     -        -  13£.  9sh.  S^d.  by  |  ? Ans.  9£.  12  sh.  6^^ 

37th.     -        -  7  fur.  29  po.  ^JdB.  by  lOf  ? 

Ans.  10  mi.  2  fur.  1  po.  3^-^  yds. 
38th.     .        .  227  £.  9  sh.  1 1^  by  25-6  ? 

Ans.  5823£.  18  sh.  4d.  3^qr. 
39th.     -        -  5  mL  3  fur.  37  po.  4i^yds.  by  46^  ? 

Ans.  256  mi.  4  fur.  32  po.  3^  yds. 
40th.     -        -  6  ac.  2  ro.  17  po.  25J  yds.  by  57J  ? 

Ans.  380  ac.  3  ro.  11  po.  131  yds. 
4l8t     -         -  20£.  17  sh.  5-23  by  203  J  ? 

Ans.  4254£.  7sh.  4d.  O^qni. 
42d.      -        -  3  mi.  36  po.  5|yd8.  by  4-05  ? 

Ans,  12  mi.  4  fur.  37  po.  d^yds. 
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43d.    Divide    107  £.  11  sh.  8|  d.  by  Ijf  ? 

Ana.  56  £.  7  sh.  1  d.  OJf  qrs. 
44th.    -        .  497  £.  17  sh.  7i  d.  by  -9  ? 

Ans.  553  £.  4  sh.  Od.  24qrs. 
45th.     -        .  176  ac.  19Jyd8.  by  15^  ? 

Ans.  11  ac.  2  ro.  16  po.  22ff  yds. 
46th.  -  .  17hhd.  37gaL  1  pt.  by20f  ?^iw.  53gaL  2^qte. 
47th.     -        .  793  ac.  2  ro.  33  po.  28  -j^  yds.  by  29|  ? 

Ans.  27  ac.  37  po.  19^  yds. 
48th,     -        -  9753  £.  14  sh.  8^  d.  by  234-5  ? 

Ans.   41£.  11  sh.  lO^d. 
49th.  -    -  79  ac.  1  ra.  26  po.  17^  yds.  by  81^  ? 

Ans.  3  ro.  35  po.  27^  yds. 
50th.  -    .  598  cwt.  3  qrs.  17  lb.  by  13J  ? 

Ans.  44  cwt.  3  qrs.  18|^lb. 
Slst  -    -  3741  ac.  1  ro.  19 po.  85 yds.  by  79*75  ? 

Ans.  46  ac.  3  ro.  26  po.  5|f|  yds. 
52d.   -    -  182 £.  10 sh.  Of  d.  by  36525  ? 

Ans.  9 sh.  lid.  Bf^^i  qrs. 

53d.      -        -  61  £.  4  sh.  7^  d.  by  2671875  ? Ans.  4  sh.  7  d. 

54th.  Multiply  3  ac.  1  ro.  17|  yds.  by  137*2  ? 

Ans.  446  ac.  1  ro.  22  po.  18Myds. 
55th.  Divide  146  £.  13  sh.  7|d.  by  117i? 

Ans.  1£.  5sh.  Od.  l^iqrs. 
56th.  Multiply  3  mji.  5  fur.  a|  yds.  by  2^  ? 

Ans.  85  mi.  3  fur.  17  po.  4^  yds. 
57th.  Divide  289  ac.  25  po.  28  yds.  by  123-24  ? 

Ans.  2ac.  1  ro.  15po.  12^  yds. 

58th.  Multiply  15  sh.  7-56d.  by  309|  ?...Ans.  242£.  0  sh.  1-08  d. 

59th.  Divide  6£.  6  sh.  3  d.  3^  by  i  ? Ans.  50 £.  10  sh.  7  d. 

60th.  If  9  cwt.  cost  10£.  12  sh.  6  d.,  what  is  the  price  of  a  ton  ? 

Ans.23£.  12sh.  2|d. 

6l8t.  If  27  gaUons  of  wine  cost  35  £.  13  sh.  4  d.,  what  is  the  price 
of  a  hhd  ? Ans.  83£,  4sh.  S^d. 

62d.  If  the  whole  pay  of  729  men  for  718  days  be  25364  £.  17  sh. 

7  d.  3*768  qrs.y  what  is  the  daily  pay  of  each  man  ? 

Ans.  lid.  2*521 +qrs. 
63d.  1£  2500  men  have  each  50  rounds  of  ball  cartridge,  what  is 

the  whole  weight  of  lead,  each  ball  weighing  *99  oz.  av.  ? 

Ans.  69  cwt.  6  lb.  6  oz. 
64th.  A  common  pasture  containing  54  ac.  3  ro.  35*5  po.,  another 

containing  54^  ac.,  and  another  containing  39  ac.  13^  po.,  are 

to  be  divided  into  60  equal  shares,  after  deducting  1 1  ac.  2^ro. 

for  tithes  ;  what  is  one  share  ?  Ans.  2  ac.  1  ro.  5  po.  7^^  yds. 

826.  In  the  preceding  rales  for  the  multiplication  and  division  of  quan- 
tities expressed  bv  compound  numbers,  and  also  in  the  examples  of 
multiplication  ana  division,  the  multipliers  and  divisors  are  abstract 
numbers. 

It  remains  to  consider  the  cases  in  which  it  is  possible  to  multiply  or 
divide  one  compound  number  by  another. 
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The  quantides  proposed  for  multiplication  or  division  may  be  of  tlie  same 
kind  or  of  different  kmds. 

a.  The  multiplication  of  a  compound  number  bj  a  compound  number 
of  the  same  kind  can  be  effected  when  the  numbers  express  measures  of 
length ;  and  that  of  a  compound  number  by  a  compound  number  of  another 
kind,  when  one  factor  is  the  expression  of  a  surface  and  the  other  that  of 
aline. 

In  the  first  case  the  product  expresses  the  quantity  of  a  surface  whose 
length  and  l»readth  are  the  given  factors ;  and  in  the  second  it  expresses 
the  volume  or  solid  content  of  a  body,  the  surface  of  whose  base  is  expressed 
by  one  of  the  given  factors,  and  its  height  bv  the  other. 

The  rules  for  the  formation  of  these  products  belong  to  another  part  of 
this  course,  the  mensuration  of  surfaces  and  solids. 

As  far  as  the  arithmetical  process  is  concerned,  the  product  of  two  com- 

Sound  numbers,  which  express  quantities  either  of  the  same  kind  or  of 
ifferent  kinds,  can  be  formed ;  but  the  results,  with  the  exceptions  already 
mentioned,  have  no  intelligible  meaning. 

For,  if  a  quantity  expressed  numerically  by,  for  example,  lbs.  oz.  and  drs. 
is  multiplied  fav  another  quantity  expressed  also  bv  lbs.  oz.  dr.,  the  product 
is  composed  of  numbers  which  cannot  be  referrea  to  a  weight,  or  to  any 
sort  of  measuring  unit,  and  which  is  unintelligible. 

^  And  if  a  Quantity  expressed  numerically  by  yds.  ft.  and  in.  is  mul- 
tiplied by  another  expressed  by  quarters,  bushels,  and  pecks,  the  result  is 
also  unintelligible. 

b.  The  division  of  one  compound  number  by  another  oompound  number 
of  the  same  kind  is  an  operation  which  it  is  often  necessary  to  perform. 

Two  sums  of  money,  or  two  quantities  measured  by  the  same  weight  or 
the  same  measure,  and  expressed  by  compound  numbers,  may  be  given ; 
and  it  may  be  required  to  determine  how  often  the  one,  or  some  part  of  the 
one,  is  contained  m  the  other. 

The  process  supposes  the  division  of  the  one  compound  quantity  into 
parts  each  equal  to  the  whole  or  to  some  part  of  tne  other  oompound 
quantity ;  ana  the  result  is  composed  of  unity,  or  a  part  of  imity,  as  often 
repeated  as  the  dividend  contains  the  divisor  or  some  part  of  the 
divisor. 

The  result  is,  consequently,  an  abstract  number. 

A  compound  number  expressed  by  several  denominations  can  be 
divided  by  a  smaller  compound  number,  also  expressed  by  several 
denominations,  without  preparatory  reduction  of  the  dividend  or  the 
divisor.  But  as  the  inferior  denominations  of  the  divisor  must  be 
multiplied  by  the  successive  quotient  figures,  considered  witit  respect 
to  their  relative  as  well  as  absolute  values,  it  is  necessary  to  deter- 
mine both  for  every  quotient  figure  before  forming  the  partial 
product  of  the  divisor  by  it. 

As  an  instance,  let  it  be  required  to  divide  68  £,  13  ah.  4  d.  by  3  £. 
6  sh.  8  d. 

Having  arranged  the  divisor  and  dividend  in  the  usual  manner,  the 
first  step  of  the  process  is  the  division  of  50  by  3, 

The  partial  quotient  (without  regarding  the  units  in  it)  is  10;  the  product 
of  the  divisor  by  10  is  33  £.  6  sh.  8  d. ;  and  the  difference  between  58  £, 
13  sh.  4  d.  and  33  £,  6  sh.  8  d.  is  25  :£.  6  sh.  8  d. 

The  second  step  is  the  divbion  of  25  by  3.  The  partial  quotient  obtained, 
without  considering  the  inferior  denominations  of  the  divisor,  is  8.  But,  on 
trial,  8  is  found  too  ^pre&t  Taking  the  next  lower  number,  7,  the  product 
of  the  divisor  by  7  is  23  j£.  6  sh.  8  d.,  and  the  remainder  left  by  the  suIh 
traction  of  tiiis  number  from  25'£.  6  sh.  8  d.  is  2  £. 

The  integral  part  of  the  quotient  is  therefore  10+ 7a  17. 
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The  fractional  part  is  to  be  obtained  from  the  division  of  2  £.  by  3  £. 
6sL8d. 

This  diyision  is  effected  by  redacing  both  diyisor  and  dividend  to  the 
lowest  denomination  contained  in  either  of  them,  writing  the  dividend  as 
the  numerator  and  the  divisor.as  the  denominator  of  a  vu^ar  fraction,  and 
reducing  this  fraction  to  the  lowest  terms. 

In  this  instance  2  ^.>s480  d. 
S£.6sh.  8d.s800d. 

_       .  2£.  480    3 

Therefore    oreffiTsd.'^SOO^a ^ 
and  the  complete  quotient  is  17|. 
The  calculation  may  be  made  as  follows  : 

j6>    lb.   d.        jS.  tfa.    d. 
3    6     8  )  58  13    4  (  10+7+f=17f 
83    6     8 

25     6     8 
23    6     8 

2     0    0    480    3 


3     6     8     800    5' 


Although  it  is  possible  in  this  manner  to  divide  the  greater  of 
two  compound  numbers  of  the  same  kind  by  the  less,  the  quotient 
is  found  more  readily  by  reducing  both  dividend  and  divisor  to  the 
same  denomination  (which  must  be  the  lowest  contained  in  either  of 
them),  and  dividing  the  former  by  the  latter,  by  th^  rules  for  the 
division  of  whole  or  of  fractional  quantities,  according  as  the  reduced 
numbers  have  the  integral  or  fractional  form. 

Employing  this  method  to  discover  how  oflen  S£.6  sh.  8  d.  is  contuned  in 
58  £.  13  sh.  4  d. 

5S£.  138h.  4d.=14080d. 
3  £.    6  sh.  8  d.=     800  d. 
^  58  £.  18  sh.  4  d._14080_     3 

•*'  B£.   6  8h.  8d.""  800       ^^5* 

The  second  method  is  applicable  to  the  division  of  any  concrete  number  by 
a  concrete  number  of  the  same  kind,  either  being  expressed  in  terms  of  any 
single  denomination  or  of  several  denominations  of  tne  weight  or  measure 
appropriated  to  the  kind  of  quantity  which  is  considered  in  the  Question. 

When  the  divisor  is  expressed  by  one  denomination  only,  if  the  dividend 
is  reduced  to  this  denommation  and  divided  by  the  divisor,  the  result  is  the 
quotient  required. 

Example.    Into  how  many  parts,  each  weighing  2  qrs.,  can  12  cwt.  3  qrs. 

18  lb.  be  divided  ? 

9 
12  cwt  3  qrs.  18  lb.=51  qrs.  18  lb.=5lT2  qrs. 

9  23 

• '  •  ^^  14  ■**  2=25^0= the  number  of  parts  required. 

If  the  divisor  is  1,  the  division  may  be  omitted ;  but  it  must  be  kept  in 
mind  that  the  result  (in  this  case  the  reduced  dividend)  expresses  the 
number  of  units  of  a  particular  denomination  contained  in  the  dividend, 
and  that  it  is  consequently  an  abstract  number. 

Example.  How  many  musket  balls,  weighing  one  ounce  each,  can  be  cast 
from  10  cwt.  2  qrs.  14  lb.  of  lead  ? 

10  cwt.  2  qrs.  I4lb.=42qr8.  141b.=1190lb.=19040ox. 

Whence,  since  the  ^ven  quantity  of  lead  contains  19O40oz.,  it  follows  that 
19040  ounce  balls  is  tne  number  wnich  can  be  made  from  it. 

O  2 
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c.  Th^  division  of  a  concrete  quantity  of  one  kind  bj  a  concrete  quantity 
of  another  kind,  whether  expressed  by  one  or  by  seyeral  denominations, 
cannot  be  made ;  for  a  quantity  consistinff,  for  instance,  of  yards,  feet,  and 
inches,  cannot  be  divided  into  parts  esch  equal  to  another  quanti^  com- 
posed of  lbs.,  oz.,  and  dwts.,  or  to  any  fractional  part  of  such  a  quantitj. 

327.  Most  of  the  commodities  which  arc  bought  and  sold  are  weighed  or 
measured,  and  the  quantity  of  their  weight  or  ciHMcity  or  extennon  is 
expressed  in  terms  or  one  or  more  denommations  of  an  appropriate  weight 
or  measure. 

Besides  these  measures  of  the  quantity  of  articles  of  commerce,  t^ere  is 
a  general  measure  of  their  value — money.  One  unit  of  the  principal  denomi- 
nation, or  of  any  other  denomination  of  the  compound  number,  which  ex- 
presses the  quantity  of  a  commodity,  being  valued  at  a  certain  sum  of  money, 
2,  3, ....  n  times  this  unit  are  valued  at  2,  3, n  times  the  value  of 

the  umt,  and  5,  o, -  part  at  qv  o* ~  part  of  tne  value  of  the 

unit ;  so  that  whatever  multiple,  part  or  narts  of  the  given  unit,  are  expressed 
by  a  compound  number,  the  same  multiple,  part  or  parts  of  the  value  of 
one  unit,  are  taken  for  the  value  of  the  quantity  expressed  by  this  compound 
number ;  the  money  value  or  price  of  a  conunodity  has,  theraore,  a  constant 
relation  to  the  quantity  of  that  commodit^r. 

This  constant  relation  between  quantity  and  price  in  the  same  object 
supplies  the  means  of  resolving  many  questions  of  commercial  arithmetic. 

These  questions  are,  chiefly,  reduciole  to  two  classes ;  one  in  which  two 
Quantities,  and  the  money  value  of  one  of  these  quantities,  are  given,  and 
tne  money  value  of  the  other  quantity  is  to  be  found ;  the  other,  in  which 
the  money  values  of  two  quantities  and  one  of  these  quantities  are  given, 
and  the  other  quantity  is  to  be  found. 

Examples. 

Ist  The  value  of  silver  being  5  sh.  4d.  per  ounce,  what  is  the  worth  of 

9  lb.  8  oz.  ? 

^«    «  ,,«  9lb.8oz.     116     ,,^  ..      ««^vx 

91b.  8oz.=116oz. .'.  — j^j^ — «-y-esll6  (Art  826b). 

9  lb.  8  oz.  being  equal  to  116  times  1  oz.,  the  price  of  9  lb.  8  oz.  is  equal 
toll6  times  the  price  of  1  ounce ;  that  b  to  (5  sh.  4d.)  x  116=30 £.  18  sh.  8d. 

2d  Ex.  The  price  of  64  yds.  3  qrs.  2  nls.  of  cloth  being  60  j£.  0  sh.  2^  d., 
what  is  the  price  of  1  yard  ? 

The  price  of  1  yard  must  be  the  same  part  of  60  j£.  0  sh.  2j  d.  that  1  yard 
of  64  yos.  3  qrs.  2  nls. 

To  find  what  part  1  yard  is  of  64  yds.  3  qrs.  2  nls.  it  is  necessary  to  divide 
the  former  quantity  by  the  latter : 

Now  1  yd.ssl6  nls.  and  64 yds.  3 qrs.  2  nls.»1038  nls. 

1  yd-  16        8      ^      .  ,  .  ,         8    .      ^ 

•'•  6T3^ir3 qrs.  2 nb. '=1038=519'  ^^  ^  ^^^  yard  is  equal  to  ^-^tiis  of 
the  whole  quantity ;  therefore  the  price  of  1  jd.  is  equal  to 

8    ,      ^«^  «       .    «    ,      (60 £.  0 sh.  24 d.) X 8  ,    ^, 

^Ygths  of  60  £.  0  sh.  2^ d.^^^ ^^^    ' —  «18  sh.  6  d. 

3d  Ex.  8  qrs.  5  bush.  2  pks.  of  wheat  cost  22  £.  16  sh.  6^  d. ;  what  must 
be  given  for  186  qrs.  6  bush.  1  pk.  at  the  same  rate  P 

The  price  of  186  qrs.  6  bush.  Ipk.  must  contain  some  part  or  parts  of 
22  dS.  16  sh.  6J  d.,  as  often  as  186  qrs.  6  bush.  1  pk.  contain  the  same  part  or 
parts  of  8  qrs.  5  bush.  2  pks. 

XT       1.     A_^.  1    ««/.!,  186  qrs.  6  bush.  1  pk.    43 
Now,  by  Article  326b,  q— ^-^c  -inr-ir-= tt  ; 
^    ^  '8  qrs.  5  bush.  2  pks.       2  ' 

"V\Tience  the  price  required  is 

43 

22  jC.  16  sh.  6 J  d.  X  2-=22  £.  16  sh,  6jd.  x2L»=490  £.  15  sh.  7|d, 
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From  the  preceding  discussion  and  examples  it  is  evident  that  two 
quantities^  expressed  hj  compound  numbers,  and  the  money  value 
of  one  of  these  quantities  being  given,  the  rule  for  finding  the  money 
value  of  the  other  quantity  is, 

Find  what  multiple  part  or  parts  the  quantity  whose  money  value 
is  required  is  of  that  whose  money  value  is  given,  and  take  the  same 
multiple  part  or  parts  of  the  given  money  value  for  the  result  which 
is  required. 

Example  of  the  second  class  of  questions : 
If  the  price  of  1  cwt  2  qrs.  10  lb.  of  gunpowder  is  11  £.  17  sh.  4  d^  what 
quantity  can  be  bought  for  180  £.  lOsh.  4 d.  at  the  same  rate? 

The  quantity  bought  for  180  £.  19  sh.  4  d«  must  be  the  same  multiple 
part  of  1  cwt  2qrs.  lOlb.  that  180 £.  19sh.  4d.  is  of  the  price  of  1  cwt. 
2  qrs.  10  lb.,  namely,  11  £.  17  sh.  4  d. 

.-       180 £.  19 sh.  4d.     ,,     , ,      ^^^ ^^ 
^^  ll:g.l7sh.4d.=^^»  (Art 826b). 

Therefore  the  required  quantity  is  equal  to  15-^  times  1  cwt.  2  qrs.  10  lb., 
and  Icwt.  2 qrs.  10lb.Xl5J  =  24cwt.  26  lb.  Soz.,  which  is  the  quantity 
required. 

Hence,  when  the  money  values  of  two  quantities  expressed  by 
compound  numbers  and  one  of  these  quantities  are  given,  and  it  is 
required  to  find  the  other  quantity. 

Rule.  Find  what  multiple  part  or  parts  the  money  value  of  the 
required  quantity  is  of  the  money  value  of  the  given  quantity,  and 
take  the  same  multiple  part  or  parts  of  the  given  quantity  for  that 
which  is  to  be  foimd. 

Examples. 

1st.  How  many  packages  of  1  cwt.  3  qrs.  12  lb.  each  will  load 
a  vessel  of  1000  tons  burthen  ? Ana.  10769^. 

2d.  What  cost  438  yds.  3  qrs.  2nls.  of  linen,  at  the  rate  of 
2  £.  15  sh.  Od.  l^qrs.  for  12yds,  ? 

Ans.  100 £.  12sh.  7d.  3ff  qrs. 

3d.  How  many  gallons  of  wine  can  be  bought  with  25  £.  4  sh.  6f  d. 
at  the  rate  of  17sh.  6Jd.  for  1  gallon  ?.,.An3,  28  gals.  3qts. 

4th.  The  charge  for  the  carriage  of  5  cwt.  14  lb.  of  goods  being 
1 1  sh.  4^  d.,  what  must  be  paid  for  the  carriage  of  1^  tons 
at  the  same  rate  ? ^n^.  3  £.  6sh.  7^d. 

oth.  What  is  the  rent  of  269  ac  2  ro.  32  po.  of  land  at  the  rate 
of  2  £.  12  sh.  6  d.  for  2  acres? Ans.  353 £.  19 sh.  7 d. 

6th.  The  price  of  wine  being  65  £.  10  sh.  6  d.  per  hhd.,  what 
quantity  can  be  bought  with  1715  £.  17  sh.  5d.  0^? 

Ans,  26  hhds.  1 1  gals.  3  qts. 

328.  When  the  price  of  one  unit  of  any  denomination  of  a  quantity, 
expressed  by  a  compound  number,  is  given  to  find  the  price  of  the  quantity 
expressed  by  the  compound  number,  a  method  difierent  in  form  m>m  the 
preceding,  and  known  as  the  rule  of  Aliquot  Parts  or  Practice,  is  often 
eoi^oyed. 

The  process  by  aliquot  parts  may  involve  both  multiplication  and  division 
of  compound  numbers,  or  division  only. 

^  If  the  compound  number  contains  a  denomination  the  mone^^  value  of  one 
ttmple  unit  of  which  is  the  given  price,  it  is  necessary  to  multiply  this  price 
by  the  number  of  units  of  this  denomination. 

O  3 
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Then,  if  the  number  which  expresses  the  imits  of  the  next  lower  denomi- 
nation of  the  compound  number  or  multiplier  is  ^  or  ^  or  ^ or  y^th 

part  of  that  number  of  units  of  this  (the  2d^  denomination,  which  make  one 
unit  of  the  first  denomination,  a  correspondmg  part  of  the  price  (or  multi- 
plicand) is  taken  for  the  product  of  the  multiplicand  by  the  units  of  the 
second  denomination  of  the  multiplier. 

But  if  the  nimiber  in  the  second  denomination  of  the  multiplier  is  not 
reducible  to  such  a  part  of  one  unit  of  the  first  denomination  as  can  be 

expressed  hy  some  fraction  in  the  series  ^,  i^  ^ ^  it  b  broken  into 

parts,  of  which  at  least  one  is  so  expressed ;  the  other  parts  bdng  similarly 
expressed  either  in  terms  of  one  unit  of  the  first  ^denomination,  or  of  that 
and  the  first  part  of  the  second  denomination,  or  of  the  first  part  of  the 
second  denomination  only,  or  of  either  or  both,  and  of  each  other  in 
succession. 

The  relation  of  the  parts  of  the  second  denomination  of  the  multiplier 
being  arranged,  corresponding  parts  of  the  whole  multiplicand  (or  price  of 
one  unit  of  the  multiplier)  and  of  the  parts  which  have  to  it  and  to  each 
other  that  relation  which  the  parts  of  the  number  in  the  second  denomination 
of  the  multiplier  have  to  one  unit  of  the  first  denomination,  and  to  each 
other,  are  taken  as  the.respective  products  of  the  multiplicand  by  those  parts 
of  the  multiplier. 

The  units  of  the  third  denomination  of  the  multiplier  are  expressed  in 
terms  of  the  units  of  the  second  denomination,  or  of  any  of  the  parts  into 
which  the  number  expressing  the  units  of  the  2d  denomination  is  divided, 
in  the  same  manner  as  the  units  of  the  second  denomination  are  expressed 
in  terms  of  one  unit  of  the  first. 

And  the  corresponding  parts  of  the  product  are  formed  from  the  preceding 
parts  and  from  each  other  in  the  same  manner  as  before. 

This  process  is  repeated  for  the  4th  and  every  lower  denomination  of 
the  compound  multiplier;  and  the  sum  of  all  the  partial  results  is  the 
product  required. 

When  a  compound  multiplier  contuns  only  denominations  inferior  to  that 
which  is  pointed  out  by  the  conditions  of  a  question  as  expressing  the  prin- 
cipal units  of  the  multiplier,  the  result  is  found  by  diyision,  and  the  first 
step  of  the  process  in  this  case  coincides  with  the  second  in  the  preceding 
discussion  ;  tnat,  namely,  for  obtaining  the  product  of  the  multiplicand  by 
the  2d  denomination  of  the  multiplier. 

For  decomposing  the  Inferior  denominations  of  a  compound  multiplier 
into  convenient  parts  of  the  highest  denomination  and  of  each  other  no 
general  rule  can  be  given. 

The  condition  of  subdivision,  namely,  that  each  part  shall  be  j^  or  4  or 

^ or  3^  of  some  preceding  part  is  imposed  m  order  that,  in  finding 

the  correspondmg  parts  of  the  multiplican<^  it  may  not  be  requisite  to 
multiply,  but  only  to  divide,  and  that  by  a  number  not  greater  than  12. 

Examples  of  questions  resolved  by  the  method  of  aliquot  parts. 
1st  What  is  the  price  of  6  cwt.  3  qrs.  18  lb.  of  sugar  at  the  rate  of 
S£.  17  sh.  8d.  per  cwt.  P 

First,  to  find  the  price  of  5  cwt, ; 

Icwt.  costs S:£.  178h.  8d..*.5  cwt.  cost  3  £.  17sh.  8d.x5s:19£.  SsL  4d. 

Second,  to  find  the  price  of  3  qrs. ; 

3,qrs.,  being  f  of  1  cwt.,  must  cost  ^  of  tiie  price  of  1  cwt. 

But,  to  avoid  multiplying  by  3,  the  numerator  of  this  firaction,ihe  3  qis.  are 
separated  into  parts  of  2  qrs.  and  1  c^t. 

Then,  since  2  qrs.33^  cwt.,  the  price  of  2  qrs.  is  equal  to  half  the  price  of 
1  cwt.=iof  3£.  17 sh.  8d.=l£.  18 sh.  10 d.; 

And  since  1  qr.a  j.  of  2  qrs.,  the  price  of  1  qr.  is  equal  to  half  the  price 
of  2  qrs.= J  of  1  £.  18  sh.  10  d.«19  sh.  6  d. 
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Third,  to  find  the  price  of  18  lb. ; 

18lb.=|fqr.=^;y  qr.  This  expression  beins  unsuitable,  the  181b.  are 
broken  into  the  parts  14  lb.  and  4  lb.,  of  which  14lb.=^  qr.=Jqr.  and 
4  lb.= ^  <jr.= I  qr . 

Then,  since  1  qr.  costs  19  sh.  5  d.,  14  lb.,  being  the  half  of  1  qr.,  must  cost 
i  of  19  sh.  5  d.=9  sh.  8}  d. ; 

And  4  lb.  or  f  of  1  qr.  must  cost  |  of  19  sh.  5  d.=:2  sh.  9  d.  U  qrs. 

Collecting  the  partial  results, 

cwti.  qrs.  lb. 
5      0     0 


-  at3£.  irsh.  8d. 


0 
0 
0 
0 


2  0 
1  0 
0  14 
0    4 


£     ah,    d.    qra. 
=19     8     4     0 

-  1   18  10     0 

-  0  19    5     0 
-0982 

-  0    2    9    rj. 


5    8  18    -  at  S£.  17  sh.  8  d.  per  cwt.=jg.22  19    0    3» 


Tlie  calculation  of  a  product  by  aliquot  parts  is  generally  made  as  follows : 

£       sh.       d.       qra. 


2qr8.= 


1    -    = 

14  lb.  = 
7  -  = 


} 


3 

17 

8 

0 
5 

19 

8 

4 

0 

1 

18 

10 

0 

0 

19 

5 

0 

0 

9 

8 

2 

0 

2 

9 

H 

22 

19 

0 

JL 

2d  Ex.  What  is  the  price  of  2  lb.  4  oz.  18  grs.  of  silver  plate  at  10  sh.  6  d. 
per  ounce  ? 

The  denomination  indicated  by  the  question  as  that  of  the  principal  imits 
is  ounces. 

Now  2  lb.  4  oz.=28  oz. ;  whence  the  multiplier  is  28  oz.  18  grs. 

The  price  of  28  oz.  is  10  sh.  6  d.  X 4 X 7=14£.  14  sh. 

To  find  the  price  of  18  grs.  at  10  sh.  6  d.  per  ounce ; 

18  gr8.=^  dwts.=^^  oz.=^  oz.,  an  unsuitable  expression ; 

Since  12  gr8.=^  dwt.,  and  6  grs*=^  of  12  grs.,  it  is  evident  that  if  the  price 
of  1  dwt.  is  found,  that  of  18  grs.  can  be  obtained  from  it. 

But  as  1  dwt.=j2V  o{  an  oz.,  to  avoid  the  necessity  of  dividing  by  20,  it  is 
preferable  to  find  the  price  of  2  dwts.=-j^  oz.,  and  from  this  the  price  of 
12gr8.=iof2dwt8. 

1  oz.  cost  10  sh.  6  d.  .  * .  2  dwts.  cost  -^  of  10  di.  6  d.=l  sh.  0  d.  2|  qrs. 

12  grs.  cost  i  part  of  the  price  of  2  dwts.,'_or  ^  of  1  sh.  0  d.  2}  qr8.=3 
8  d.  0 1  qrs. 

6  grs.  cost  half  as  much  as  12  grs.,  or  ^  of  8  d.  0}  qr8.=l  d.  2^  qrs. 

The  partial  results  are. 


lb. 

OS.  gn. 

2 

4     0 

0 

0  12 

0 

0    6 

2 

4  18 

£  ih.  d. 

-  at  10  sh.  6  d.  per  oz.=:14  14  0 

.      0  0  3 

-      0  0  1 


qrt. 
0 


-     14  14    4     2A 


The  price  of  2  dwts.  (which  is  found  as  affording  the  simplest  means  of 
obtaining  that  of  18  grs.)  is  not  added  into  the  general  result. 

The  price  of  a  quantity  not  contained  in  the  compound  multiplier,  but 
introduced  to  facilitate  the  calculation,  is  termed  a  subsidiary  product,  or 
fidseproduct. 

When  the  calculation  is  written  in  the  second  form,  the  subsidiary  pro- 
duct is  recorded  among  the  other  partial  results,  but  a  line  is  drawn  through 
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it  to  give  warning  that  it  forms  no  part  of  the  complete  product  or  answer 
to  the  question.    . 


dwU. 

2  = 


gn. 

12  = 
6  = 


i 


0 

•b. 
10 

d 
6 

qrt. 

0 

4 

2 

2 

0 

0 
7 

14 

14 

0 

0 

— a^ 

3 
1 

2A 

14 

14 

4 

2A 

The  method  of  aliquot  parts  is  frequently  employed  in  questions  in  which 
the  quantity  whose  money  value  is  to  be  found  is  not  a  compound  number. 

For  example,  the  product  of  1  £»  16  sh.  10^  d.  by  365^  may  be  found  by 
aliquot  parts  in  the  following  manner : 

K 1  £.  is  taken  365^  times,  the  result  is  365^/ .=365^^.  5  sh. 

lOsh.  being  the  half  of  l£.,  lOsh.  taken  365^  times  is  the  half  of 
365  £.  6  8h.= 182  £.  12  sh.  6  d. 

5  8h.=^  of  10  sh.    .:,.  5sh.  taken  365^  timeB=:^  of  182  :£.  12  sh.  6d.=: 
91  £.  6Bh.  3d. 

/,  Ish.  taken  365}  times  =  i  of  9l£.  6  8h.  3d.=: 


1  sh.  =  ^  of  5  sh. 
18£.  5sh.  3d. 

6  d.  =  4  of  1  sh. 
d£.  2sh.  7^d. 

3d.  =  ^  of  6d. 
4£.  11  sh.  3fd. 

lid.=:^  of  3d. 
2£.  5sh.  7d.  3|qr8. 


',  6d.  taken  365^  times  =  ^  of  ISiS.  58h.  3d.= 

.  3d.  taken  365^  times=:|   of  d£.  28h.  7|d.= 

,  1^  d.  taken  365}  times  =  ^  of  4£.  11  sh.  3fd.s 

Collecting  the  partial  products, 


qrt, 


£.    lb.  d. 

365}  at  1  0  0 

365}  at  0  10  0  0  = 

365}  at  0  5  0  0  = 

365^  at  0  1  0  0  = 

365}  at  0  0  6  0  = 

365^  at  0  0  3  0  = 

365:}  at  0  0  1  2  = 


£. 


lb.    d« 

0  =  365    5    0 

182  12    6 

91     6    3 

18 

9 

4 

2 


5 

2 

11 

5 


3 
7 
3 
7 


qrs. 
0 
0 
0 
0 
2 
3 

3* 


365}  at  1  16  10    2  =  673    8    7    0^ 


Form  of  calculation  by  aliquot  parts : 


•b. 
10 


5  = 
1  = 
6d.  = 
3d.  = 
l}d.= 


£. 


i 
i 

i 

1 

J 


£.  lb. 

4. 

qn. 

365  5 

0 

0 

1 

365  5 

0 

0 

182  12 

6 

0 

91  6 

3 

0 

18  5 

3 

0 

9  2 

7 

2 

4  11 

3 

3 

2  5 

7 
7 

J4^ 

673  8 
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^    Exercises.   Find  answers  to  the  following  questions  by  the  method 
of  aliquot  parts. 

1st      1 12  lb.  of  gunpowder  at  1  sh.  8  d.  per  lb.  ? 

Ans.  9£.  66h.  8d. 
2d.      365  dajs  wages  at  2  sh.  4  d.  per  day  ? 

Ans.42£.  5sh.  lOd. 

3d.      56  lb.  of  tea  at  5  sh.  10  d.  per  lb.  ? Ans.  16  £.  6  sh.  8  d. 

4th.     479  oz.  of  silver  plate  at  7  sh.  9  d.  per  oz.  ? 

Ans.  185 £.  12 sh.  3d. 
5th.     1 17i  yds.  of  cloth  at  12  sh.  6  d.  per  yd.  ? 

Ans.  73  £.  5sh.  7Jd. 
6th«     725 1^  at  14  sh.  8^  d.  each  ? 

Ans.  5325  £.  2sh.  8d.  3^qrs. 

7th.    373f  at2£.  13sh.  4d.  each? Ans.  996£.  13 sh.  4d< 

8th.     520^  at  13 sh.  8^d.  each? ...Ans.  356£.  15  ski  2^d. 

9th.     617f  at  1  £.  17  sh.  9  d.  2§  qrs.  each  ? 

Ans.  1167  £.  Osh.  2d.  If  qrs. 
10th.  36  ac.  2  ro.  25  po.  at  3  £.  13  sh.  6  d.  per  acre  ? 

Ans.  134 £.  14 sh.  2d.  3|^qrs. 
1 1th.  19  cwt.  2  qrs.  16^  lb.  at  10  £.  17  sh.  8^  d.  per  cwt  ? 

Ans.  21S£.  16  sh.  10  d.  3^qrs« 
12th.  7hhd8.  13}  gals,  at  50  £.  13  sh.  9|d.  per  hhd.  ? 

^n*.  365£.  13  sh.  lliid. 
13th.  100  ac.  2  ro.  25  po.  at  1  £.  15  sh.  per  acre  ? 

Ans.  176  £.  2  8h.  llf  d: 
14th.  8  cwt.  2  qrs.  12  lb.  at  4  £:  5  sh.  6  d.  per  cwt.  ? 

Ans.  36  £.  15  sh.  10  d. 
15th.  171b.  3oz.  13}dwts.  at  3sh.  l^d.  per  oz.  ? 

Ans.  40  £.  17  sh,  7d.  3-74  qrs. 
16tfa.  7  hhds.  10}  gals,  at  97  £.  15  sh.  7*25  d.  per  hhd.  ? 

Ans.  700  £.  15  sh.  1*9583  d. 
17th.  7ac  3ro.  13} po.  at5£.  13sh.  6d.  per  acre? 

Ans.  44 £.  9sh.  Id. 
18th.  What  is  |  of  21  mi.  7 fur.  39  po.  4yd8  ? 

Ans.  16  mi.  3  fur.  39  po.  4f  yds. 
19th.  What  is  f  of  7  hhds.  49  gals.  3  qts.  ? 

Ans.  4  hhds.  20  gals.  2|  qts. 
20th.  Multiply  1  £.  11  sh.  7}d.  by  6-125  ? 

Ans.  9£.  13  sh.  8d.  If  qrs. 


SECTION  XL 
PROPORTION,  INTEREST,  DISCOUNT,  PARTNERSHIP. 

329.  The  result  of  the  compazison  of  a  magnitude  with  its  measuring 
unit  IS  expressed  by  a  number.  The  number  is  integral  or  fractions 
(including  under  the  latter  description  the  subordinate  denominations  of 
compound  numbers^,  according  as  the  measure  is  or  is  not  contained  a 
certain  number  of  times  exactly  in  the  magnitude  which  is  measured. 

Numbers  which  are  derived  from  the  comparison  of  magnitudes  of  the 
same  kind  with  the  same  imit  can  be  compared  with  each  other  in  respect  of 
their  quantity. 
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And  sinoe  a  number  contains  the  unit  oC  nmnber,  or  some  part  of  it,  as 
oflen  as  the  maffnitude  which  it  represents  contains  the  unit  at  a  corre- 
sponding part  of  the  unit  or  measure  of  magnitude,  it  follows  that  the 
relations  of  magnitudes  in  respect  of  their  quantities  are  the  same  with  Uie 
relations  of  the  numbers  by  which  their  quantities  are  expressed. 

The  comparison  of  two  numbers,  for  the  purpose  of'^determining  their 
mutual  relation  in  respect  of  quantity,  is  made  dj  decomposing  the  compared 
number  into  pu-ts  each  eaufu  to  the  whole  or  to  some  part  of  the  number 
with  which  it  is  oompareo,  reckoning  one  for  eadi  whole  of  the  second 
number  contsdned  in  the  first  and  the  proper  fractional  expression  for  each 
part  of  the  second  number  contained  m  the  first,  and  combining  these  ones 
and  fractions  into  a  single  result.  The  relation  of  the  compared  numbers,  in 
respect  of  quantit^r,  is  expressed  by  this  result. 

The  decomposition  is  made  by  diyision,  either  actually  performed,  or, 
more  commonly,  indicated  by  writing  the  compared  number  as  the  nume- 
rator, and  that  with  which  it  is  compared  as  the  denominator,  of  a  vulgar 
fraction. 

The  quotient,  or  the  fractional  indication  of  the  quotient,  expresses  what 
is  termed  the  ratio  of  the  two  numbers.** 

^   The  number  (integral  or  fractional)  by  which  the  ratio  of  two  quantities 
18  expressed  is,  bke  the  quotient  of  every  division,  an  abstract  numb«*. 

The  same  value  is  expressed  by  all  fractions  whose  terms  are  equimultiples 
of  the  terms  of  the  same  fraction.  Likewise  the  ratio  obtained  by  the  oom- 
parison  of  two  quantities  of  the  same  kind,  being  an  abstract  number,  and 
the  ratio  obtained  by  the  comparison  of  two  like  quantities  of  another  kind, 
being  also  an  abstract  number,  if  these  abstract  numbers  are  equal  the  ratios 
are  equal.  Whence  it  follows  that  one  ratio  may  be  exactly  equal  to  another 
ratio. 

330.  When  two  ratios  are  equal,  the  four  niunbers  which  compose  these 
ratios  form  a  proportion. 

-Assuming  tne  numbers  12,  4,  30,  10,  the  ratio  of  12  to  4  or  the  quotient 
of  12  by  4  being  3,  and  the  ratio  of  30  to  10  or  the  quotient  of  SO  by  10 
being  also  3,  the  numbers  12,  4,  30,  10  form  a  proportion. 

Since  y=3  and  44^3, 

A  proportion  is  sometimes  written  thus,  but  more  frequenUy  in  the 
manner  Allowing, 

12:4::30:10; 

that  is,  by  placing  two  points  between  the  first  number  and  the  second,  four 
between  the  second  ana  third,  and  two  betweai  the  third  and  fourth. 

The  expression  in  words  of  the  preceding  numbers  and  symbols  is. 
As  twelve  are  to  four,  so  are  thirty  to  ten. 

A  proportion  is  sometimes  also  written  thus, 

{12  :  4=30  :  10 ; 
expressed  in  words,  the  ratio  of  twelve  to  fotir  is  equal  to  the  ratio  of  thirty 
to  ten. 

The  four  numbers  composing  a  proportion  are  called  the  terms  of  the 
proportion. 

The  first  and  third  terms  of  a  pn^rtion  are  named  antecedents;  and  tiie 
second  and  fourth  terms,  consequents. 

The  first  and  fourth  terms  are  also  called  extremes,  and  the  second  and 
third  terms,  means. 

331.  In  a  proportion,  the  constant  ratio  existing  between  each  antecedent 
and  its  consequent  may  be  expressed  by  either  a  whole  or  a  fractional 
number. 

*  Any  number  may  be  considered  as  the  expression  of  the  ratio  of  the  quantity 
of  that  number  to  umty. 


FBOPOBTIOK.  203 

For  example,  in  the  following  prbportionB, 

9  :8::12:4 

24  :  18::36:27 

6  :  12::  16  :  36, 

9 
the  ratio  of  9  to  3=^3, 

12  to  4=^^3, 

that  is,  in  the  first  proportion  the  constant  ratio  is  3,  a  whole  number. 

24    4  36     4  4 

In  the  second  proportion  To=qi  and  27^^3*  ^^  ^^  constant  ratio  is  a,  a 

firactional  expression, 
▼ii-t  .55, 15     5  ,  ,,5 

In  the  third  proportion  12"  12  *^    86~12*  ^^       constant  ratio  ^  Tot^ 

proper  fraction. 

332.  Let  a^byC^d  represent  four  numbers  which  are  proportional,  so  that 
a:  b::e :  4 

a c 

A      C 

then,  if  the  equal  fractions  5'  ^  &>%  hoth  multiplied  by  bd^  the  products  are 

equal. 

But  7  y.bd^'Y^ody 

,  c    .  ,     bed    - 
and  ^  X  6a = ~T=^bc, 

Whence  ad=-be, 

A  conclusion  which,  expressed  in  words,  is,  if  four  numbers  are  propor- 
tional, the  product  of  the  extremes  b  equal  to  the  product  of  the  means. 

Next,  let  the  product  of  two  factors,  a,  e2,  be  equal  to  the  product  of  two 
factors,  6,  c;  then,  if  the  equal  products,  ady  be,  are  both  divided  by  bd,  the 
quotients  are  equal. 

—      ad    a 

be c 

■"^62- a- 

Whence,  if  ad^^bc^  6~3'  or  a:  b::c  :  d. 

In  words, — ^if  the  product  of  two  factors  is  eqtud  to  the  product  of  two 
other  factors,  the  factors  of  these  equal  products  rorm  a  proportion  of  which 
the  factors  of  the  one  product  are  uie  extreme,  and  the  factors  of  the  other 
product  the  mean  terms. 

333.  If  &»c,  the  proportion  a  :  b::c  :  d  becomes 

a  :  b::b  :  d, 
and .  * .  ad=^bK 

In  this  case  the  numbers  Ojb^d  are  said  to  be  continual  proportionals,  or 
to  be  in  continual  proportion ;  (/  is  a  third  proportional  to  a,  6,  and  6  is  a 
mean  proportional  between  a,  iL 

334.  Lfet  ad=bcy  and  therefore  ad=^b<r=cb^=sda  (Art.  56). 

Then  since  ad^==bc,  a:  b::c  :  d,    -        -     1. 

bc=ad,  b  :  a::d:  c,    -        -    2. 

cb^doy  c  :  d::a  :  b.    -        -    3. 

da=cby  d:c::b:a.    '       -    4. 

Four  numbers  which  are  proportional  can  hence  be  formed  into  four 

different  arrangements,  in  each  of  which  they  compose  a  proportion. 
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In  each  of  these  proportions  the  number  a  oocuides  a  different  place ;  so 
that  among  the  four  it  b  the  Ist,  the  2d,  the  3d,  and  the  4th  term.  The 
numbers  by  c,  d,  are  in  like  manner  made  to  occupy  the  place  of  every  term 
of  the  proportion.  The  arrangement  of  the  numbers  which  compose  a  pro- 
portion can  consequently  be  ordered  in  such  a  manner  that  a  given  number 
shall  occupy  any  piace  which  may  be  required. 

Although  the  proportionality  of  four  numbers  which  are  proportional  is 
not  destroyed  by  these  changes  of  arrangement,  the  value  of  the  constant 
ratio  is  altered  by  them. 

The  ratio  r,  which  stands  first  in  proportion  1,  is  placed  last  in  propor- 

tion  3,   and  conversely.     The  same  transposition   of  ratios  is    made  in 
proportions  2  and  4. 

The  constant  ratio  r  is  therefore  the  same  in  proportions  1  and  3 ;  the 

b 
constant  ratio  --  is  also  the  same  in  proportions  2  and  4,  but  in  2  and  4  it 

differs  from  the  constant  ratio  of  proportions  1  and  3,  unless  a,  b  are  equal ; 

for  that  T  may  be  equal  to  -,  it  is  necessary  that  a=ft,  in  which  case  also 

c  must  be  equal  to  d.    Unless,  therefore,  a=&  and  c=6t,  the  constant  ratio 
of  proportions  1  and  3  is  different  from  that  of  proportions  2  and  4. 

335.  Again,  let  ad=^bcy  and  therefore  a  X  £?=&  X  c=c  X  b^d  X  a. 

Then,  since  the  quotients  obtained  by  dividing  equal  dividends  by  the  same 
divisor  are  equal, 

axd     bxc  bxc  c     , 

"d-^^d"'  or  fl=~j-,  or  a=^x6, 

bxc    axd       ^     axd       ,     d 
__=_-,  or  b^-y-,  or  *=-Xa, 

cxb    dxa  dxa  a     . 

-y-=-^-,  or  c=-5-,  or  c=.jxrf, 

dxa     cxb        ,    cxb        .    b 
—--=--—,  or  rf=— — ,  or  d=--xc, 
a         a   ^  a  a 

But  since  ad^^bc,  a  :  b::c  :  d. 

It  follows  from  the  preceding  formula  that  the  numerical  value  of  each  of 
the  four  terms  of  a  proportion  is  expressible  by  a  suitable  combination  of  the 
other  three  terms,  and  that,  consequentiy,  if  any  three  terms  of  a  proportion 
aregiven  the  fourth  term  can  be  found. 

l%e  process  indicated  by  these  formuhe  for  deducing  a  fourth  term  from 
the  other  three  is,  to  divide  the  product  of  the  mean  terms  by  the  given 
extreme,  or  the  product  of  the  extreme  terms  by  the  given  mean,  according 
as  the  term  sought  is  an  extreme  or  a  mean.    Otherwise, 

If  the  term  sought  is  an  antecedent,  multiply  its  consequent  by  the  ratio  of 
the  other  antecedent  to  its  consequent ;  and  if  the  term  sought  is  a  conse- 
quent, multiply  its  antecedent  by  the  ratio  of  the  other  consequent  to  its 
antecedent ;  the  result  is  the  antecedent  or  consequent  required. 

336.  The  formulae  of  the  two  preceding  articles  show  that  when,  of  the 

four  numbers  composing  a  proportion,  three  are  given  and  one  is  unknown, 

this,  which  may  be  represented  by  the  symbol  a?,  can  be  deduced  fitmi  the 

others,  and  that  the  three  given  terms  can  be  always  so  arranged  that  x  shall 

fall  in  the  fourth  place ;  or,  a  :  b::c  :  x. 

be    b 
Whence,  by  Article  335,  x=~=-  x  c?. 

That  is,  the  unknown  quantity  is  equal  to  the  product  of  the  second  and 
third  terms  divided  by  the  first ;  or  it  is  equal  to  the  third  term  multiplied 
by  the  ri^tio  which  the  second  term  of  the  proportion  has  to  the  first  term. 
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In  the  case  of  continual  proportionals,  let 

a  :  b::b  :  e; 

&«  68 

Then  a=~-,  l^=ae  and  6=  Vac,  c= — . 

tz      c 
337.  Let  a  :  b::e  :  dy  or,  which  is  the  same  thing,  ir^-^ 

,__        a a  X  m q-*-w c 

6     6xwi     ft-*-m     rf* 
.•.aXm:&xm::c:d!,  and  a-*-m  :  6-i-m::c  ;  rf. 
Similarlj,         a  :b::cxn  :  dxn,  and  a  :  b::c'*^n  :  d-^n. 

.' ,  axm  I  bxm::cxn  :  dxn,  anda-«-m  :  b-t-my.c-i-n  :  d-*-n. 
In  these  proportions  m,  n  denote  any  numbers.    If  ntsn, 

Tiia  :  in6::fiic  :  md, 
a-*-ifi :  6-»-jii::c-4-m  :  d-t-m. 
Whence,  in  any  proportion. 

If  the  first  and  second  terms  are  multiplied  or  divided  by  the  same 
number,  the  third  and  fourth  terms  remaining  unchanged ; 

Or,  if  the  third  and  fourth  terms  are  mmtiplied  or  divided  by  the  same 
number,  the  first  and  second  terms  remaining  unchanged ; 

Or,  if  the  first  and  second  terms  are  both  multiphed  or  both  divided  by 
one  number,  and  the  third  and  fourth  terms  are  either  both  multiplied 
or  both  divided  by  that  or  by  some  other  number ; 
In  each  of  these  cases  the  results  arc  proportional. 

Again,  let  ^=j 

_,        a  c  aXm    cxtn 

Then  TX»t=^Xfn,  or  ""jr"^"~rf~* 

Also,  TH-m— ;^-^m,  or  c-— -=- 


b  d       ^       bXtn    dxm 

Therefore,  if  a  :  6 : :  c  :  e2, 

aXm  :  b::cxm  :  d^ 
a:bxm::c:dxfn. 
Similarly,    a-»-«i :  6::c-»-i»  :  d, 
a  :  b'*-m\:c  :  d-i-m. 
Whence,  if  the  first  and  third  terms  of  a  proportion  are  both  multiplied  or 
both  divided  by  the  same  number,  the  multiple  or  part  of  the  first  term  is 
to  the  second  term  as  the  multiple  or  part  of  the  third  term  is  to  the  fourth 
term. 

And  if  the  second  and  fourth  terms  are  both  multiplied  or  both  divided 
by  the  same  number,  the  first  term  is  to  the  multiple  or  part  of  the  second 
term  as  the  third  term  is  to  the  multiple  or  part  of  the  fourth  term. 

338.  It  is  proved  (Art.  335)  that  if  any  three  terms  of  a  proportion  are 
given,  the  fourth  term  can  be  found.  Whenever,  therefore,  the  conditions 
of  a  question  are  such  that  the  data  can  be  converted  into  three  of  the 
terms  of  a  proportion,  of  which  proportion  the  unknown  quantity  is  the 
remaning  term,  it  is  evident  that  the  question  can  be  resolved  by  propor- 
tion. 

The  terms  of  any  proportion,  derived  from  a  practical  question  whose 
solution  involves  the  fiuoing  of  a  fourth  proportional  to  three  given  num- 
bers, are  usually  arranged  in  such  a  manner  mat  the  unknown  term  (x)  fiills 
in  the  fourth  ptace.    ay  this  arrangement  x  is  given  by  the  formula 

tnird  term  X  second  term        .       second  term 

'=  first  term       —  =th^tcrmx   fo.st  term  ' 

When  a  question  in  proportion  involves  only  four  terms,  three  given  ancl 
one  unknown,  it  seems  the  more  direct  course  to  give  ar,  tie  representative 
of  the  unknown  quantity,  its  proper  place,  whether  of  antecedent  or  conse- 
quent, and  to  deduce  its  value  by  the  formulie  of  Article  335. 
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Bat  (as  will  hereafter  appear)  in  questions  inTolmg  more  than  four  pro- 
portional numbers,  it  is  of  advantage  to  have  the  unknown  term  in  the  last 
place ;  the  practice  of  carryinff  the  unknown  tenn,  whether  of  four  or  a 
ereater  numDer  of  proportions  quantities,  to  the  last  place  is  therefore 
K>llowedf  for  the  sake  of  uniformitj,  in  all  cases. 

339.  The  manner  of  deducing  the  terms  from  the  conditions  of  a  question 
and  of  arranging  tiiem  in  proper  order  remains  to  be  considered.  This 
can  be  best  done  bj  taking  examples. 

Let  it  be  required  therefore  (as  a  first  exanmle)  to  find  the  value  of  384 
yards  of  doth,  at  the  rate  of  32  £.  10  sh.  for  25  yards. 

In  this  question  the  data  are 

1st.  Two  quantities  of  one  kind,  25 yds.  and  384  yds.; 

2d.  One  quantity  of  anotiier  kind,  32  £.  108h.=6508h.*; 

3d.  A  relation  between  one  of  the  quantities  of  tiie  first  kind  and  the 
single  quantity  of  the  second  kind ;  namely,  Uiat  tiie  monej  value  of  25  yds. 
is  32  £,  10  sL 

And  the  problem  is,  to  find  the  money  value  of  384  yds.,  the  other  given 
quantity  of  the  first  kind. 

Let  we  price  of  384  yds.  be  represented  by  x. 

Then,  since  the  money  values  of  different  quantities  of  the  same  commo- 
dity have  a  constant  relation  to  the  quantities  (Art.  327),  it  is  evident  that 
384  yds.  must  contain  the  whole  or  some  part  of  25  yds.  as  often  as  x  sh., 
the  price  of  384  yds.,  contains  the  whole  or  the  same  part  of  650  sh.,  which 
is  the  price  of  25  yds. 

Or  tiiat  384  yards  must  be  the  same  multiple  pari  of  25  yds.  that  x  ah.  is 
of  650  sh. 

Now  the  fitustion  -^  expresses  the  repetitions  of  25  yds.  or  of  some  part 

384 
of  25  yds.,  which  are  oontiuned  in  384  yds.,  that  is,  -^  expresses  the  ratio 

of  384  yds.  to  25  yds. 

X 

AndgTg  expresses,  in  like  manner,  the  repetitions  of  650  sh.,  or  of  some 

part  of  650  sh.,  contiuned  in  x  sh.,  or  the  ratio  of  x  sh.  to  650  sh. 

These  fractional  expressions  or  ratios  being  equal, 

384__  X 

25  ""650 
yds.     yds.    sh.      sh. 
or  384  :  25::x  :  650; 

884     2^ 
Whence  (Art  335)  XB^x«5^sh.=99848h.p498jS.  4  8h. 

1 
The  price  of  384  yds.  at  the  given  rate  is  therefore  498  £.  4  sh. 
Li  the  proportion  deduced  from  the  conditions  of  the  preceding  question, 
the  unknown  term  is  not  in  the  fourtii  place.    Taking  the  reciprocals  of  the 

25         650 

ratios,  which  are  —  and  — ,  the  proportion  25  :  384 : :  650  :  ar>  obtained, 

in  which  x  is  the  last  term. 

This  position  of  x  has  been  obtained  by  changing  the  arrangement  of  the 
terms  of  a  proportion  already  formed  out  of  the  same  quantities.  The 
forming  of  a  proportion  in  order  that  another,  with  x  in  the  last  place,  may 
be  deduced  from  it  is,  however,  not  necessary. 

340.  In  every  proportion  deduced  from  a  practical  question  and  connst- 
W  of  four  terms,  two  of  the  terms  are  (|uantities  of  one  kind,  and  the 
other  two,  either  quantities  of  a  different  kind,  or,  if  of  the  same  kind,  dis- 
tinguished frx>m  tiie  first  and  second  terms  by  the  meaning  of  the  question. 


PKOPOETION.  207 

Three  of  Uiese  terms,  moreoTer,  »«  given,  and  the  remaining  term,  Xy  is  to 
be  found. 

Now,  if  a;  18  in  the  fourth  place,  the  term  which  is  of  the  same  kind  with 
X  must  be  in  the  third,  otherwise  it  will  be  required  to  find  the  ratio  of 
two  unlike  quantities.  The  term  which  is  of  the  same  kind  as  the  unknown 
quantity  must  therefore  be  written  in  the  third  place. 

The  two  remaining  terms  of  the  same  kind  must  consequently  fall,  one 
in  the  first,  the  other  in  the  second  place. 

To  determine  the  absolute  place  of  each  in  a  given  case,  it  is  necessary 

to  resort  to  the  meaning  of  the  question  by  which  the  terms  are  given,  and  to 

the  formula, 

, .  ,  second  term 

z=third  term  X 


first  term 

The  terms  whose  places  are  to  be  fixed  are  unequal  in  respect  of  quan- 
tity.   If  in  this  formula^r«/  is  greater  than  second^  the  value  of  the  ratio 

second  term .  _  ,  -       .  ,.,,,,. 

first  term^  ^  expressed  by  a  proper  fraction,  and  x  is  less  than  the  third 

second  tfii*m 
term ;  and  if  i^Q  first  is  less  than  the  second,  the  ratio  ""g^f  ^^.^    is  expressed 

by  an  improper  fraction,  and  x  is  greater  than  the  third  term. 

Now,  m  every  question  which  can  be  resolved  by  proportion,  the  condi- 
tions must  indicate  whether  the  fourth  term  or  unknown  quantity,  x,  ought 
to  be  less  or  greater  than  the  single  term  which  is  of  the  same  kind  as  x,  and 
which  IS  made  the  third  term  of  the  proportion. 

If  X  ou^ht  to  be  less  than  the  thira  term,  the  greater  of  the  two  remain- 
ing terms  is  written  in  the  first  place  of  the  proportion,  and  the  less  in  the 
second ;  but  if  x  ought  to  be  greater  than  the  third  term,  the  less  of  the  two 
remaining  terms  is  written  in  the  first  place  and  the  greater  in  the  second. 

__      -,        ,  _ .  _  second  term    ,  .         ,         ,         ^   _ 

The  formula  ar= third  tc^^iX  fi«g;~fr,;^»  then  gives  the  value  of  the 

unknown  quantity. 

Applying  these  principles  to  the  preceding  question :  the  quantity  which 
is  to  be  found  (x)  is  a  sum  of  money ;  therefore  650  sh.,  the  quantity  of  the 
same  kind,  is  the  third  term  of  the  proportion. 
Again,  by  the  question,  25  yds.  cost  650  sh. 

Therefore  884  yds.  must  cost  more  than  650  sh. 
Therefore  x  is  greater  than  the  third  term. 
Whence  25  yds.  is  the  first  and  884  yds.  the  second  term  of  the  i»opor- 
tion,  which,  as  already  found,  is 

yds.    yds.        ih.     sh. 
25  :  384::650:2r. 

2d  Example.  The  price  of  17cwt.  Sqrs.  191b.  of  coflfee  being 
169  £.  6  sh.  ^  d.,  what  quantity  can  be  bought  with  31  £,  14  sh.  6  d.  at  the 
same  rate? 

The  unknown  quantity  being  that  weight  of  coffee  whose  money  value  is 
81  jS.  14  sh.  6  d.,  l£at  given  quantity  which  is  of  the  same  kind,  viz.  17  cwt. 
3  ars.  19  lb.,  is  the  third  term  of  the  proportion. 

Next,  169  £,  6  sh.  94  d.  is  the  Inoney  value  of  17  cwt.  3  qrs.  19  lb.,  and 
81  £,  14  sh.  6  d.  that  of  x  cwt. 

The  money  vidue  of  x  cwt.  being  less  than  that  of  17  cwt.  3  qrs.  19  lb., 
and  commodities  of  the  same  kind  havinff  to  each  other  the  same  relation 
in  respect  of  quantity  as  their  money  viuues,  it  follows  that  x  cwt.  is  less 
than  17  cwt.  3  qrs.  19  lb. ;  and  therefore  TArt.  340)  that  119  j^.  6  sh.  9|  d« 
is  the  first  term  of  Uie  proportion,  and  31  £*  14  sh.  6  d.  the  second : 

£.    tb.    d.        £,   ih.    d«       cwt.     qrs.    lb.      cwt. 

Or  that,  169  6    9}  :  31  14    6  ::  17      3    19  :  x. 

81£.  14sh.  6d. 
.•.xcwt.=17cwt.3qr8.  19lb.Xjjg^    ^^^  ^jj 
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The  quotient  of  31  £.  14  sh.  6d.  by  119  £.  68h.  9|d.  being  obtained  hj 
the  method  of  Article  326,  and  the  ffiven  weight  17  cwt.  3  qrs.  19  lb.  multi- 
plied bjT  this  quotient,  the  result  is  the  value  of  x. 

Now  31  £,  14  sh.  6  d.=30456  qrs.,  and  169  £.  6  sh.  9^d.=162567  qrs. 
31  £.  14  sh.  6  d.  _  30456  _3^  X  876 376_ 

• '  •  169  iJ.    6  sh.  9 J  d.""  1 62567""3*  X  2007""2007' 

The  compound  quantity  17  cwt.  3  qrs.  19  lb.  may  be  multiplied  by  the 
numerator  and  divided  by  the  denominator  of  this  fraction ;  in  which  case 
the  value  of  x  will  be  found  in  terms  of  cwts.  qrs.  and  lb.,  or  of  a  compound 
number  expressed  in  terms  of  one  or  more  of  these  denominations,  out  in 
this  instance  the  process  by  reduction  of  the  compound  multiplicand  to  lb., 

376 
and  the  multiplication  of  the  number  of  lb.  by  aqq^  is  shorter. 

17  cwt.  3  qrs.  19  lb.=2007  lb. 

376 
.  • .  z  =  2007  lb.  X  2007"^^^ 

or,  since  376  lb.=3  cwt.  1  qr.  12  lb. 
a:=3cwt.  1  qr.  12  lb. 

In  practice,  the  calculation  is  made  by  reducing  the  first  and  second 
terms,  if  compound  numbers,  to  the  lowest  denomination  contained  in 
either  of  them ;  and  the  third  term,  if  also  a  compound  number,  to  the 
lowest  denomination  which  is  contained  in  it ;  multiplying  the  third  term 
by  the  second,  and  dividing  the  product  by  the  first ;  the  result  is  expressed 
in  units  of  that  denomination  to  which  the  third  term  was  reduced. 

And  since  this  process  is  equivalent  to  the  multiplication  of  the  third 
term  by  a  fractional  expression,  whose  numerator  is  the  second  and  its 
denominator  the  first  term  of  the  proportion  (Art.  188),  the  result  which 
it  affords  is  evidently  the  fourth  term  of  the  proportion  or  quantity 
required. 

QQ4. 

The  expressions  x  =  32  £.  10  sh.  x  ^, 

,Aiu        31  £.  14  sh.  6  d. 
x=17  cwt.  3  qrs.  19 lb.  X 119^.    6sh.94d.' 

which  involve  the  answers  to  questions  1  and  2,  are  identical  with  the  results 
given  in  the  same  examples  by  the  method  of  Article  327. 

3d  Example :  If  136  men  excavate  a  canal  in  20  days,  how  long  will  it 
take  300  men  to  accomplish  the  same  work,  supposing  that  the  p«rt  done 
daUy  by  each  man  of  the  300  and  of  the  135  is  the  same. 

^e  unknown  quantity,  or  answer  to  the  question,  b  dajrs ;  20  days  is 
therefore  the  third  term  of  the  proportion. 

135  men  taking  20  days  to  produce  a  certain  effect,  the  problem  is  to 
find  the  number  of  days  m  which  300  men  can  produce  the  same  effect. 

Now,  if  135  men  produce  a  ffiven  effect  in  20  days,  twice  135  or  270  men 
produce  twice  that  ^ect  in  20  days,  or  once  that  effect  in  10  days ;  three 
times  135  or  405  men  produce  three  times  that  effect  in  20  days,  or  once 
that  effect  in  6}  days. 

Whence,  since  twice  the  number  of  men  take  half  the  time,  and  three 
times  the  number  of  men  take  one  third  of  the  time,  which  once  the 
number  take,  to  produce  a  given  effect;  it  follows  that  the  greater  the 
number  of  men  employed,  the  less  is  the  time  taken  to  execute  the  same 
amount  of  wqrk.  Therefore  300  men  excavate  the  canal  in  less  than  20 
days. 

The  fourth  term  is  therefore  less  than  the  third ;  300  is  therefore  the  first 
and  135  the  second  term  of  the  proportion ;  that  is, 

300  men  :  135  men : :20  days  :  x  days, 

«^     1^    o^    27    540    ^  , 
and  X  =  20X  300=20 X^;^=g^^=  9  days. 
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4tli  Example.  If  when  the  price  of  wheat  is  5  sh.  per  bushd,  the  weight 
of  one  pennyworth  of  bread  is  16  oz. ;  what  ought  the  penny  loaf  to  w^gh 
when  the  bushel  of  wheat  of  the  same  quality  costs  8  sh.  ? 

The  third  term  of  the  proportion  is  16  oz.  and  x  oz.  the  fourth. 

To  determine  the  first  and  second  terms ;  when  wheat  is  at  5  sh.  or  60  d. 
per  bushel,  16  oz.  is  the  60th  part  of  the  whole  weight  of  bread  made  from 
the  bushel ;  when  at  8  sh.  or  96  d.  per  bushel,  x  oz.  is  the  96th  of  the  whole 
weight  made  from  the  bushel.  The  whole  weights  being  by  hypothesis 
equal,  and  the  96th  part,  therefore,  less  than  the  60th,  it  follows  that  x  is  less 
than  16  oz. 

The  third  term  being  greater  than  the  fourth,  the  first  must  be  greater 
than  the  second. 

.  • .  8  sh. :  5  sh. : :  16  oz. :  x  oz. 

2 

And«=:16x  Q=""3: — =10  oz. 

1 

341.  Proportions  inyolvin^  the  solutions  of  the  preceding  questions  have 
been  deduced  from  the  conditions  of  the  several  questions  by  the  method 
of  Article  340.  But  dthough  obtained  by  the  application  of  the  same 
general  method,  the  proportions  deduced  from  Examples  1  and  2  differ  fr^m 
those  deduced  from  Examples  3  and  4. 

Four  numbers  or  terms  are  involved  in  each  of  these  questions.  Of 
these  four  terms  two  are  of  one  kind ;  the  other  two  (one  of  which  is  x) 
of  a  different  kind.  Each  term  also  of  the  second  kind  is  connected  by  the 
conditions  of  the  question  with  one  of  the  terms  of  the  first  kind.  Thus, 
in  the  first  Example,  two  of  the  four  numbers  express  lengths ;  and  two  the 
respective  money  values  of  these  lengths.  The  money  value  of  the  first 
length  is  connected  by  the  question  with  the  first  length,  and  iJie  money 
value  of  the  second  length  with  the  second  length.  One  length  and  its 
money  value  are  the  antecedents  of  the  proportion ;  the  other  length  and  its 
money  value  the  consequents. 

The  second  Example  is  like  the  first;  for  two  of  the  terms  express 
weights,  and  the  other  two  the  prices  of  these  weights  respectively.  One 
weight  and  its  price  form  the  antecedents,  the  other  weight  and  its  price 
the  consequents  of  the  proportion. 

If  in  a  proportion  the  numbers  or  quantities  which  have  to  each  other  a 
relation  similar  to  that  between  quantity  and  price  are  named  related  terms, 
the  antecedents  of  the  proportions  deduced  from  Examples  1  and  2  arc 
related  terms,  and  the  consequents  are  related  terms.  Likewise,  the  first 
number  of  the  first  kind  and  its  related  term  form  an  extreme  and  a  mean ; 
the  second  number  of  the  first  kind  and  its  related  term  a  mean  and  an 
extreme. 

In  the  third  Example  two  of  the  four  terms  express  the  numbers  of  men^ 
in  two  different  parties,  employed  to  execute  the  same  quantity  of  work ; 
and  the  two  other  terms  the  times  or  numbers  of  days  taken  by  these  parties 
respectively  to  execute  that  work. 

The  first  term  of  the  first  kind,  expressing  the  number  of  men  in  the  first 
party,  is  connected  by  the  question  with  the  second  term  of  the  second 
kind,  that,  namely,  expressing  the  time  taken  by  the  first  party  to  execute 
the  work ;  and  the  second  term  of  the  first  kind,  which  expresses  the 
number  of  men  in  the  second  party,  is  connected  with  the  first  term  of  the 
second  kind,  which  expresses  the  time  taken  by  the  second  party  to  execute 
the  same  work.  One  number  of  men  and  the  related  time  form  an  antece- 
dent and  a  consequent  of  the  proportion,  the  other  number  of  men  and 
time  a  consequent  and  an  antecedent. 

The  fourth  Example  is  like  the  third.  Two  of  the  terms  are  sums  of 
money,  the  prices,  at  different  times,  of  the  same  quantity  of  a  commodity 
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whose  money  yalue  b  subject  to  considerable  vBriation ;  tlie  two  others  the 
weights  of  the  different  portions  of  that  commodity  which  correspond  to  the 
same  unit  of  value  at  these  different  prices. 

One  sum  of  money  and  the  related  weight  form  an  antecedent  and  con- 
sequent of  the  proportion,  the  other  sum  of  money  and  its  related  weight 
a  consequent  and  an  antecedent. 

Otherwise,  in  Examples  3  and  4,  one  term  of  the  first  kind  and  its  related 
term  form  the  extremes  of  the  proportion,  the  other  term  of  the  first  kind 
and  its  related  term  the  means. 

When  two  related  terms  form  the  antecedents  and  the  other  two  the 
consequents  of  a  proportion,  or  when  two  related  terms  form  an  extreme 
and  a  mean,  and  the  other  two  a  mean  and  extreme,  the  relation  of  the 
numbers  is  termed  direct,  and  the  two  numbers  of  the  first  kind  are  siud 
to  be  directly  proportional  to  the  related  nimibers  of  the  second  kind. 

And  when  two  related  terms  form  an  antecedent  and  a  consequent,  and 
the  other  two  a  consequent  and  an  antecedent,  or  when  two  related  terms 
form  the  extremes  and  the  other  two  the  means  of  a  proportion,  the  rela- 
tion of  the  numbers  is  termed  indirect,  and  the  two  numoers  of  the  first 
kind  are  said  to  be  inversely  or  reciprocally  proportumal  to  the  related 
numbers  of  the  second  kind. 

In  No.  1  and  2  of  the  preceding  Examples  the  {iroportion  of  the  four 
quantities  to  each  other  is  direct,  and  in  No.  3  and  4  it  is  inverse. 

In  direct  proportion  each  term  of  the  first  kind  is  said  to  be  in  the  direct 
ratio  of  the  related  term  of  the  second  kind,  and  in  inverse  proportion 
each  term  of  the  first  kind  is  said  to  be  in  the  inverse  ratio  of  we  related 
term  of  the  second  kind. 

Thus,  the  price  of  a  quantity  of  cloth,  for  example,  is  in  the  direct  ratio 
of  the  number  of  yards  of  the  quantity,  for  the  greater  the  number  of  yards 
the  greater  the  sum  of  money  which  must  be  paid  for  them. 

But  the  time  required  by  a  party  of  men  for  the  execution  of  a  given 
work  is  in  the  inverse  ratio  of  the  number  of  men  forming  the  party,  for  the 
greater  the  number  of  men  employed  the  less  is  the  time  required  to  com* 
plete  the  same  amount  of  work. 

342.  This  distinction  of  proportion  into  direct  and  inverse  is  not  made 
because  of  any  difference  in  the  manner  of  deducing  either  firam  the  con- 
ditions  of  a  question,  but  because  the  terms  direct  ratio  and  inoerse  ratio  are 
of  frequent  occurrence  in  mathematical  treatises. 

Two  fractions,  for  instance,  which  have  the  same  denominator  are  said  to 
be  in  the  direct  ratio  of  their  numerators,  and  two  firactions  which  have  the 
same  numerator  are  said  to  be  in  the  inverse  ratio  of  their  denominators. 

To  explain  these  expressions,  assume  two  firactions,  -^  and  ^,  which  have 
the  same  denominator,  multiplying  each  of  these  fractions  by  14, 
5      9      5  9  5      9 

i4-i4--14^^^*  14^^^  (Art,  337);  that  is,  j;j  :  j^ : : 5  :  9. 

Now  the  firaction  ^  and  5  the  numerator  of  this  fraction,  are  the  two 
antecedents  of  the  proportion. 

And  the  fraction  -ff,  and  9  the  numerator  of  this  firaction,  are  the  two 
consequents. 

Therefore  the  two  fractions  are  directly  proportional  to  their  numerators, 
or  are  in  the  direct  ratio  of  their  numerators. 

Assume  next  the  fractions  ^  and  -j^,  which  have  the  same  numerator. 

1]  X  IS 

Multiplying  each  of  these  fractions  by  the  expression  — = — ; 

1  .  7  ..  7  ..11X13,  7     11x13 

11 'IS**  11         7       '18^      7       (Art  337); 

7      7 
or  Yl  '  i3-'13  :  11. 
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In  tluB  proportion  tbe  first  friiction,  ^  and  its  denominator,  11-,  are  the 
extreme  terms,  the  other  fraction,  -^  and  its  denominator,  13,  the  means ; 
therefore  two  fractions  which  have  the  same  numerator  are  reciprocally 
proportional  to  their  denominators,  or  are  to  each  other  in  the  inverse  ratio 
of  tneir  denominators. 

343,  The  relation  between  the  unknown  quantity  or  bust  term  of  a  pro- 
portion, and  the  given  term  of  the  same  kind,  may  depend  on  many  con- 
ditions which  it  may  be  necessary  to  combine  in  order  to  determine  tbe 
unknown  quantity. 

If  it  be  supposed,  for  instance,  that  20  workmen  in  18  days  execute  500 
yards  of  a  certain  work,  and  from  this  it  be  required  to  determine  the 
number  of  days  in  which  76  workmen  can  execute  1265  yards  of  the  same 
work,   the  number  of  days  must  evidently  depend  upon  the  number  of 
workmen  employed  and  the  number  of  yards  to  be  executed. 
The  data  in  this  question  (Ex.  5)  are. 
The  number  or  workmen  in  each  of  two  parties,  20  and  76 : 
Two  quantities  of  work,  500  yards  and  1265  yards : 
The  tmie  in  which  the  first  party  of  20  workmen  can  execute  500  yards 

of  the  work ;  viz.  18  days : 
And  the  problem  is,  to  find  the  time  taken  by  76  men,  working  at  the 
same  rate,  to  execute  1265  ^ards  of  the  same  work. 
The  answer  to  the  question  bemg  Hme  the  term  18  days  is  the  third  in 
the  proportion. 

It  the  time  taken  by  76  men  to  execute  500  yards  of  the  work  were 
known,  the  time  requii«d  for  the  execution  of  1265  yards  at  the  same  rate 
could  be  found ;  let  the  first  be  represented  by  ar,  the  second  by  ar'. 

The  first  step,  therefore,  is  to  find  x^  the  time  taken  by  76  men  to  execute 
that  amount  or  work  (500  yards)  which  is  done  by  20  men  in  18  days. 

Now,  if  20  men  execute  a  work  in  18  days,  76  men  execute  it  in  less  than 
18  days. 

20 
Therefore  76  men  :  20  men::  18  days  :  x  days=18Xy^  days. 

The  second  step  is  to  find  a/,  the  time  taken  by  76  men  to  execute  1265 
yards  of  work  at  the  rate  of  500  yards  in  x  days  (=18  xf^  days). 

500  yards,  the  term  related  to  the  time  x  days,  being  less  than  1265  yards, 

the  term  related  to  ai^  days,  the  third  term  is  less  than  the  fourth,  which  U 

therefore  given  by  the  proportion. 

1265 
500  yds.  :  1265  yds. :  :x  days  :  x  days=x  X  Tqq- 

Restoring  the  value  of  x  from  the  first  proportion, 

,     ,       20     1265         187  , 
a:=18x-7gXyQQ=njy^d.iys. 

This  result  is  composed  of  the  continual  product  of  tliree  factors ;  of 
these  the  first  is  that  quantity  which  is  of  the  same  kind  as  the  answer  to 
the  question. 

The  second  is  a  fraction  having  for  denominator  the  antecedent  and  for 
numerator  the  consequent  of  the  first  ratio  of  a  proportion  of  which  the 
first  pair  of  quantities  of  the  same  kind  and  that  quantity  which  is  of  the 
same  kind  as  the  answer  form  three  terms. 

The  third  is  a  fraction  havin«T  for  denominator  the  antecedent  and  for 
nnmerator  the  consequent  of  the  firet  ratio  of  a  second  proportion  of  which 
the  second  pair  of  quantities  of  the  same  kind  and  the  foui*th  term  of  the 
first  proportion  form  three  terms. 

The  numerical  value  of  the  result  is  obtained  by  multiplying  the  third 
term  of  the  first  proportion  by  the  product  of  the  numerators  of  these 
fractional  factors,  and  dividing  the  result  by  the  product  of  their  denomi- 
nators (Art.  194),  that  is,  by  multiplying  the  number  which  is  of  the  same 
kind  as  the  answer  by  the  proiluct  of  the  consequents  of  the  first  ratios  of 
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dt  the  proportions^  and  diyiding  the  result  by  the  product  of  the  antecedents 
of  the  nrst  ratios  of  the  same  proportions. 

344.  The  antecedent  and  consequent  of  each  pair  of  terms  of  the  same 
kind  in  these  proportions  can  be  determined  without  forming  the  fourth 
terms. 
Let  a  be  the  antecedent,  e  the  consequent  of  the  first  pair  of  terms  of  the 

same  kind, 
a'        -  -        c'  -  -  second    -    do. 

tf''        -  -        <<'  -  -  third       -    do. 

f  the  third  term  of  the  first  proportion. 
Then  a:e::t:  f  x-=4th  term  of  1st  proportion. 

c  c     (f 

tf':<?'::*X-:fX-X  -7=4th  term  of  2d  proportion. 

But/x^:  fX^x^::f:fx-^  (Art.887). 

Whence  the  arrangement  of  the  termsV,  (fy  detemuned  by  comparison  with 
t,  the  third  term  of  the  Ist  proportion,  must  agree  with  the  arrangement  of 

c 
(/y  (fy  determined  bj  comparison  with  ^X^,  the  4th  term  of  the  Ist  pro- 
portion. 

c     e'        c     e'     if' 
Again,  tf^'ic"::  <x-X^:*X-x^X^=4th  term  of  3d  proportion. 


Butrx-x--? :  *x-x-7X-7>::  t\tx-7>. 

a     a  a     a      a  a 

a 

Whence  the  arrangement  of  the  terms  c^%  c'\  determined  by  comparison 

with  ty  must  also  agree  with  the  arrangement  of  a'^  c'\  determined  bj 

c     c' 
comparison  with  ^X  ~  X  -^,  the  4th  term  of  the  second  proportion 

The  calculadon  of  the  fourth  terms  of  these  proportions  is,  therefore, 
unnecessary. 

All  that  is  requisite  is,  to  determine  the  antecedent  and  consequent  of 
each  pair  of  terms  of  the  same  kind  by  comparison  with  the  number  which 
is  of  the  same  kind  as  the  answer  to  the  question,  to  multiply  this  number  by 
the  product  of  all  the  consequents,  and  to  diyide  the  result  by  the  product 
of  ail  the  antecedents. 

6th  Example.  If  15  men  working  10  hours  a  day  take  18  days  to  execute 
450  yds.  of  a  certain  work,  how  many  men  of  eaual  strength,  who  work  12 
hours  a  day,  are  required  to  complete  480  yds.  of  the  same  work  in  8  days  ? 

The  answer  to  the  question  being  the  number  (x)  of  a  party  of  men  able 
to  execute  a  ^ven  work  under  the  conditions  of  tne  question,  15  (men)  is 
the  third  term  of  the  proportion. 

The  pairs  of  numbers  of  the  same  kind,  from  the  comparison  of  which 
with  15  the  antecedent  and  consequent  of  each  pair  are  to  be  determined, 
are, 

10  hours  term  related  to  15  men ;  12  hours  term  related  to  x  men. 
18  days        -        -        -    do.        8  days        -         -        -    do. 
450  yds.  -  -    do.         480  yds.  -  -     do. 

Let/',/'^/''^  respectively  denote  the  fourth  terms  of  the  three  propor- 
tions which  must  be  employed  to  determine  which  of  these  quantities  are 
antecedei^  and  which  consequents ;  then, 
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I  St  In  10  kours  a  certain  work  is  executed  by  15  men ; 

in  12  hours  the  same  work  is  done  bj  fewer  than  15  men ; 
.M2  hrs:  10hr8::15  men  :/'men,  or  6  ;  5::15  :/'  (Art. 337). 

2d  To  execute  this  work  in  18  days  15  men  are  required ; ' 
to  execute  it  in  8  days  more  than  15  men  are  required ; 
.• .  8  days  :  18  days : :  15  men  :  f*  men,  or  4  :  9 : :  15  '  f*\ 

3d.  To  execute  450  yds.,  under  given  conditions,  15  men  are  required ; 
to  execute  480  yds.,  under  the  same  conditions,  more  than  15  are 
required ; 
.•.450  yds.  :  480yds.::15  men  :/'"men,  or  15  :  16::15  \f"\ 

Collecting  and  arranging  the  first  ratios  of  these  proportions,  multiplying 
the  general  third  term  by  the  product  of  all  the  consequents  of  these  ratios, 
and  diyiding  the  result  by  the  product  of  all  the  antecedents,  as  under : 

2 
12  hrs.    :  10  hrs.    =6:5 

8  days     :  18  days  =4:9 

450  yds.  :  480yds.=15  :  16 


1  8      4 


^  : :  15  men  :  a:  men—  ^^^^  ^ — =y=30 ; 

%    1     *1 
1 
X,  the  number  of  men  required,  is  therefore  30. 

The  reduction  in  the  ratios  of  the  quantities  of  the  same  kind  is  made  by 
Article  337 ;  and  the  omission  of  factors  common  to  the  numerator  and 
denominator  of  the  value  of  ar  by  Article  192. 

When  three  terms  of  a  proportion  are  given  to  find  the  fourth  the  pro- 
portion is  simple. 

But  when  nve  terms  are  siven  to  find  the  sixth,  seven  to  find  the  eighth, 
&c.,  the  proportion  is  said  to  oe  compound. 

Examples  5  and  6  are  instances  or  compound  proportion. 

7th  Example.  Find  a  third  proportional  to  the  numbers  4,  6 ;  and  a  mean 
proportional  between  the  numbers  3,  27. 

Let  ;r  be  a  third  proportional  to  the  numbers  4,  6 ; 
And  if  a  mean  proportional  between  the  numbers  3,  27 ; 

Then,  by  Article  336, 

4  :  6::6  :  ar.-,x=-^=-^=9; 

and  3  :  7f\\  sf  :  27  .•.ar'«=3x 27=81  and  a?'=V'8i=9. 

Hence,  a  third  proportional  to  two  given  numbers  is  obtained  by  dividing 
the  square  of  the  mean  term  by  tiie  siven  extreme,  and  a  mean  proportions 
between  two  ?iven  extremes  is  obtamed  by  extracting  the  square  root  of 
the  product  of  the  given  extremes. 

345.  Greneral  rule  for  proportion. 

When  three  terms  of  a  proportion  are  given  to  find  the  fourth, 
write  as  the  third  term  that  number  which  is  of  the  same  kind  as 
the  answer  to  the  question ;  then,  if  it  appears  from  the  meaning  of 
the  question  that  the  answer  ought  to  be  less  than  this  third  term, 
make  the  greats  of  the  two  remaining  numbers  the  antecedent  and 
the  less  the  consequent  of  the  first  ratio ;  but  if  it  appears  that  the 
answer  ought  to  be  greater  than  this  third  term,  make  the  less  of  the 
two  remaining  numbers  the  antecedent  and  the  greater  the  consequent 
of  the  first  ratio. 

When  five,  seven,  nine, ....  terms  of  a  proportion  are  given  to  find 
a  sixth,  an  eighth,  a  tenth, . . .  term,  distinguish  the  number  which 
is  of  the  same  kind  as  the  answer,  and  separate  the  other  given 
numbers  into  two,  three,  four,  .  .  .  pairs  of  quantities,  each  pair 
eonsisting  of  like  numbers. 
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Compare  the  first  pair  of  numbers  with  the  number  like  the  answer, 
and  determine  the  antecedent  and  consequent  of  a  proportion  of 
which  the  two  numbers  of  the  first  pair  are  the  first  and  second  terms 
and  the  number  like  the  answer  the  third  term. 

Determine,  in  the  same  manner,  the  antecedent  and  consequent  of 
each  pair  of  terms  of  the  same  kind. 

Arrange  these  ratios  under  each  other  in  two  vertical  columns,  the 
first  containing  all  the  antecedents,  the  second  all  the  consequents, 
and  write  the  number,  which  is  like  the  answer,  as  their  general  third 
term. 

Reduce  the  single  antecedent  and  consequent  in  simple  proportion, 
and  the  antecedent  and  consequent  of  each  pair  of  terms  of  the  same 
kind  in  compound  proportion,  to  the  same  denomination;  reduce 
also  the  third  term  to  the  lowest  denomination  contained  in  it. 

Then  multiply  the  third  term  by  the  consequent  or  product  of  the 
consequents,,  and  divide  the  re9TlIt  by  the  antecedent  or  product  of 
the  antecedents^;,  the  number  thus  obtained  is  the  fourth  term  of  the 
proportion  or  unknown  quantity. 

a.  To  find  a  third  proportional  to  two  given  numbers,  divide  the 
square  of  the  second  ntmiber  by  the  first  number,  the  quotient  is  the 
third  proportional  required. 

And  to  find  a  mean  proportional  between  two  given  nimibers, 
multiply  one  given  number  by  the  other,  and  extract  the  square  root 
of  the  product ;  this  square  root  is  the  mean  proportional  required. 

346.  Exerciser  in  the  rules  of  proportion. 

1st.     Find  a  third  proportional  to  the  numbers  24  and  60  ? 

Ans.  150. 

2d.      -  -  -  -  -  -    I  and  A? 

Ans.  ff . 

3d.      -  -  -  -  -  -     -06  and -099? 

Ans.  -16335. 

4th.     -  -  -  -  -  -     -3  and  -027  ? 

Ans.  -00243. 

5th.     -  -  -  -  -  -    f  and  20? 

Ans.  1000. 

6th.     Find  a  fourth  proportional  to  the  numbers  12,  28,  and  42  ? 

Ans.  98. 

7th.     -  -  -  -  -  -    I,  |,a»d^? 

Ans.  If. 
8th.     -  -  .  .  .  •  -05, -8,  and -79  ? 

Ans.  12*64. 
9th.     -  .  -  .  -  .    -01,7,  and  8J? 

Ans.  5776. 

10th.  Find  a  mean  proportional  between  9  and  225? Ans.  45. 

11th.     -----      landfl? Ans.  f. 

12th.     -----  -015  and  -375  ?  Ans.  -075. 

13th.  What  is  the  price  of  96  yds.  of  cloth  at  the  rate  of  8  yds. 
for  1£.  48h.  ? Ans.  14£.  Ssh. 

14th.  A  person's  annual  income  being  146£.,  how  much  is  that 
per  day? « Ans,  8sh. 
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15th.  If  the  rent  of  9  acres  of  land  is  5£.  12  sh.,  what  is  the 
rent  of  72  acres  at  the  same  rate  ? Ans.  44£.  16  sh. 

16th.  If  7cwt.  1  qr.  of  sugar  cost  26  £.  10  sh.  6d.y  what  is  the 
price  of  43cwt.  2qrs.  ? Ans,  159  £.  2  8h. 

17th.  How  many  workmen  are  required  to  execute  in  15  days  as 
much  work  as  is  done  by  5  men  of  equal  strength  in 
24  days  ? Ans.  8  men. 

18th.  If  3  paces  make  2  yds,  how  many  yards  do  160  paces 
make  ? Ans,  106f  yards. 

19th.  What  is  the  price  of  6  bushels  of  oats  at  the  rate  of 
1  £.  14  sh.  6  d.  per  chaldron  of  36  bushels  ?  Ans.  5  sh.  9  d. 

20th.  What  is  the  value  of  a  bar  of  pure  silver  weighing  73  lb. 
5  oz.  15  dwty  at  the  rate  of  5  sh.  9  d.  per  ounce  ? 

^9».253£.  10sh.0|d« 

21st.  A  garrison  of  536  men  have  provisions  for  a  year 
(365  days) ;  how  long  will  these  provisions  last,  at  the 
same  rate  for  each  man,  if  the  garrison  is  increased  to 
U24  men? Ans.  174^  days. 

22d.  What  is  the  amount  of  tax  upon  763  £.  15  sh.  at  the  rate 
of  3  sh.  6  d.  per  pound  sterling  ?  Ans.  133£.  13  sh.  1^  d« 

23d.  What  quantity  of  com  can  be  bought  for  42  £.  at  the  rate 
of  6sh.  per  bushel  ? ^;t«.  39qrs.  Shush. 

24th.  A  party  of  labourers  working  4  hours  daily  complete  a 
certain  work  in  12  days,  what  time  ought  the  same  party 
to  take  if  they  work  6  hours  a  day  ? Ans.  8  days. 

25th.  What  cost  20  pieces  of  lead,  each  weighing  1  cwt.  12  lb.,  at 
the  rate  of  16  sh.  4d.  per  cwt.? Ans.  18 £.  1  sh.  8  d. 

26th.  A  plain  of  a  certain  extent  supplied  3000  horses  with 
forage  for  20  days ;  for  how  many  days  ought  the  same 
plain  to  have  supplied  2000  horses  ? Ans,  27  days. 

27th.  The  debts  of  a  bankrupt  amount  to  977  £.,  and  his  property 
to  420  £.  6  sh.  3^  d. ;  how  much  per  pound  can  he  pay  to 
his  creditors? Ans.  8  sh.  T^d, 

28th.  Suppose  that  a  gentleman's  income  is  525  £.  a  year,  and 
that  his  average  daily  expenditure  is  19sh.  7d. ;  how 
much  does  he  save  yearly  ? Ans.  167  £.  12  sh.  1  d. 

29th.  The  governor  of  a  besieged  fortress  has  bread  for  54  days, 
at  the  rate  of  1^  lbs.  per  day  for  each  soldier ;  at  what 
rate  must  he  fix  the  daily  allowance  if  he  intends  to  hold 
out  81  days? Ans.  lib. 

30th.  If  the  penny  loaf  weighs  9  ounces  when  the  bushel 
of  wheat  costs  6  sh.  3  d.,  what  ought  it  to  weigh  when 
the  price  of  wheat  is  8sh.  2^  d.  per  bushel  ? 

Ans.  6oz.  13fjf  dr. 

31st.   At  l£.  7sh.  8d.  the  acre;  what' is  the  rent  of  173 ac. 
.  2ro.  14  poles  of  land?. Ans.  240£.  2sh.  7^d. 

32d.  •  If  5  yds.  of  cloth  cost  14  sh.  2  d.,  what  must  be  given  for  9 
pieces,  each  measuring  21  yds.  1  qr.?Ans.  27  £.  Ish.  lO^d. 

33d.  If  a  gentleman's  estate  is  worth  2107  £.  12  sh.  a  year, 
what  may  he  spend  per  day  in  order  to  save  500  £.  of 

his  yearly  income? Ans.4£.  8sh.  l^^gd. 

p  4 
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34th.  K  for  th^  carriage  of  5  ewU  14  Iba.  a  dislance  of  96  miles 
the  charge  is  1  £.  12  sh.  6  d.,  how  far  ought  3  cwt.  I  qr. 
to  be  carried  for  the  same  money  ? 

An$,  151  mi.  3  fur.  3^  po. 

36th.  What  is  the  expense  of  keeping  1 1  horses  for  a  year,  at 
the  rate  of  1 1^  d.  per  day  for  each  horse  ? 

Ans,  192£.7sh.  S^d. 

36thi  What  cost  43  qrs.  5  bosh,  of  com  at  1  £.  8  sh.  6  d.  per 
quarter? Ans.  62 £.  3  6h.3f  d. 

37th.  If  3  cwt  of  tea  cost  40  £.  12  sh.,  at  how  much  per  lb. 
must  it  be  retailed  in  order  that  10  £.  may  be  gained  by 
the  sale  of  the  whole  quantity? AfUnS^eh. 

38th.  How  many  men  are  required  to  cut  a  trench  of  135  yds. 

in  length  in  8  days,  when  16  men  complete   54yds. 

of  the  same  trench  in  6  days? Ans,  30  men. 

39th.  A  family  of  9  persons  expends  120£.  in  8  months;  what 

sum  ought  to  serve  a  family  of  24  persons  during  16 

months,  at  the  same  rate  of  expenditure  ?.„Ans,  640  £. 
40th.  27  shillings  being  the  wages  of  4  men  for  7  days;  required 

the  wages  of  14  men  for  10  days  at  the  same  rate  ? 

Ans.  6  £.  15  sh. 
41st.   A  courier  travels  130  miles  in  3  days  of  12  hours  each; 

in  how  many  days  of  10  hours  each  can  he  travel  360 

miles  at  the  same  hourly  rate? Ans.G^^  days. 

42d.    If  120  bush,  of  com  serve  14  horses  56  days,  how  many 

days  wUl  94  bush,  serve  6  horses? Ans.  102^  days. 

43d.    If  f  yds.  cost  f  £.,  what  ought  -^yds.  to  cost  ?..Ans.  10  sL 

44th.  If  ^^  of  a  lottery  ticket  is  worth  273  £.  2  sh.  6  d.,  what 
is  ^  of  the  same  ticket  worth ?..,Ans.  227  £.  12  sh.  1  d. 

45th.  If  ^  of  a  ship  is  worth  73  £.  1  sh.  3  d.,  what  part  of  her 
is  worth  250 £.  lOsh.? Ans.^. 

46th.  If  the  penny  loaf  weigh  7oz.  when  wheat  is  at  5s1l  6d. 
the  bushel,  what  is  the  bushel  worth  when  the  penny 
loaf  weighs  2|^oz.  ? Ans.  15  sh.  4f  d. 

47th.  If  2|^  lbs.  of  bread  are  bought  for  2^  d.  when  the  price  of 
wheat  is  4  sh.  per  bushel,  what  ought  the  20-penny  loaf 
to  weigh  when  wheat  is  6  sh.  per  bush.  ? Ans.  12  lbs. 

48th.  Tlie  expense  of  building  a  wall  6  feet  thick,  9  feet  high, 
and  432  feet  long,  being  720  £.,  what  must  be  the  cost 
of  building  another  wall  12  feet  thick,  18  feet  high,  and 
576  feet  long,  at  the  same  rate? Ans.  3840  £. 

49t}i.  If  240  men  in  5  days  of  11  hours  each  dig  a  trench 
230  yds.  long,  3  yds.  wide,  and  2  yds.  deep,  in  how 
many  days  of  9  hours  long  can  24  men  dig  a  trench 
420  yds.  long,  5  yds.  wide,  and  3  yds.  deep  ? 

Ans.  278||  days. 

50th.  If  24  pioneers  in  2^  days  of  12^  hours  long  can  make  a 
trench  144*75  yds.  long,  4J^  yds.  wide,  and  2^^  yds.  deep, 
what  length  of  trench  can  90  pioneers  make  in  4J-  days 
of  9§  hours  long,  the  trench  being  4iyds.  wide  and 
3J  yds.  deep? Ans. 50S^^  yds. 
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Intebest. 

347.  K  the  sum  o£5£.  is  paid  for  the  use  of  100  £.  during  1  jear,  how 
much  must  be  pud  for  the  use  of  1486  jf.  during  3  years,  at  the  same  rate. 
In  this  example  of  compound  proportion, 

5  £.,  the  quantity  of  the  same  kind  as  the  answer,  is  the  third  term. 
100;^.  and  1486  j^.  are  the  terms  of  the  first  ratio. 
1  year  and  3  years  are  the  terms  of  the  second  ratio. 
100 £.  produce  5 £.,  1486 a^.  must  produce  a  greater  sum;  and  1  year 
giving  5  i'.y  3  years  must  give  a  greater  sum. 

Whence, 

1  year :  3  years  J  100 

Questions,  in  which  the  compensation  made  for  the  loan  of  \Q0£,  for  1 

J  rear  is  given  to  find  what  must  be  paid  for  the  use  of  any  sum  greater  or 
ess  than  100£.  during  any  given  period  of  time,  depend  u>r  their  solutions 
on  the  rules  of  proportion. 

Some  particular  names  are  employed  to  describe  the  data  in  such  ques- 
tions, and  the  rule  expressed  in  terms  of  these  names  is  called  the  rule  of 
Interest 

The  compensation  paid  yearly  by  the  borrower  to  the  lender  for  the  use 
of  100£.  is  the  interett  of  100  £.  for  1  year.  This  (which  in  the  preceding 
example  is  5  £.)  is  described  as  the  rate  per  cent,  per  annum.* 
.  The  rate  per  cent,  per  annum  is  a  matter  of  agreement  between  borrower 
and  lender.  See  the  acts  of  parliament  7  Will.  4.  &  1  Vict.  cap.  80., 
2  &  3  Vict  cap.  37.,  3  &  4  Vict.  cap.  83.,  and  4  &  5  Vict.  cap.  54. 

The  money  lent  is  named  the  principal. 

The  compensation  for  the  loan  is  the  interest. 

The  sum  of  the  principal  and  interest  is  the  amount. 

TechmcaUy  expressed,  the  preceding  question  runs  thus:  What  is  the 
interest  of  1486  £.  for  3  years  at  6  per  cent,  per  annum  ? 

r«.            ,     ,      J    ..      J  .          5x3x1486    ^^^«,,, 
The  result  already  found  is  x^- v^x =222  £.  14  sh. 

If  p  is  put  for  the  principal  or  sum  lent,  r  for  the  rate  per  cent,  per  annum, 
and  /  for  the  time,  it  is  found,  as  above,  that 

100:p"l  .  _£i:^ 

1  :^J  ••'^•'""lOO* 

In  words ;  to  find  the  interest  of  any  sum  of  money  for  any  given  rate  and 
time,  multiply  the  principal  by  the  rate  per  cent,  per  annum,  this  product  by 
the  time  durms  wmch  the  money  is  lent,  and  divide  the  result  by  100. 

If  the  time  is  any  number  of  years,  /  is  a  whole  number ;  if  months,  or 
months  and  days  (it  being  the  custom  in  these  calculations  to  reckon  12 
months  to  the  year,  and  30  days  to  the  month)  the  numerical  value  of  /  is 
fractional ;  if  days  only,  the  number  of  days  may  be  made  the  numerator 
and  365  the  denominator  of  the  numerical  value  of  /. 

The  interest  of  100£.  for  1  year  being  denoted  by  r,  the  interest  of  p£. 
for  1  year  at  rate  r  by  t,  and  any  period  of  time  less  or  greater  than  a  year 
by/; 

100  :p:'.r  :  i  (Art.  347)  .*.  i^=~  (Art!  330). 

^      i     tx/        p      it 
^^^  r^ry.t'     KXTrV 


or 


lQO\p\:rt\it  (=^). 


*  Cent  an  abbreviation  of  centum,  the  Latin  word  for  a  hundred ;  per  annum, 
or  per  an.,  also  Latin  for  every  year,  yearly.  • 
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a.  The  value  of  each  of  the  quantities  t,  p,  r,  can  be  expressed  in  terms  of 
the  other  quantities  inyolyed  in  the  proportion 

100  :p::rt:  it 

For,  by  Article  835,  ite^;  i=^    -      (A), 

r<=— ^;r=-^      -      (B), 
lOOXit  lOOXi 

Whence, 

348.  Case  A.  The  principal^  rate  per  cent,  and  time  being  given, 
to  find  the  interest* 

Form  the  continual  product  of  the  numbers  expressing  the  princi- 
pal, rate  per  cent.,  and  time,  and  divide  this  product  hj  100 ;  the 
result  is  the  interest  required. 

Example.  What  is  the  interest  of  170  £.  for  1|  years  at  6  per  cent  per 
annum? 

;>=170£.,  r=5,  /=lJ=l-5. 

Substituting  these  values  of  p,  r,  /  in  formula  A, 

.^170x5x1-5     1275     ,„^^^     ,«^  ,,  . 
t/= j^g =-j^=12-75je.=rl2£.  15  sh. 

349.  Case  B.  The  principal  and  its  interest  for  anj  specified  num- 
ber of  years  being  given,  to  find  the  rate  per  cent,  per  annum, 

Multiply  100 X.  by  the  interest  for  the  given  time;  divide  the 
product  by  the  principal,  and  tliis  quotient  by  the  number  of  years ; 
or  multiply  100  £.  by  the  interest  for  1  year,  and  divide  the  product 
by  the  principal ;  the  result  in  either  case  is  the  rate  per  cent  per 
annum. 

Example.  The  interest  of  25  £,  for  3}  years,  being  8  jS.  18  sh.  9  d. ;  what  is 

the  rate  per  cent  per  annum  ? 

^=25,  /=3i=3-5,  t/=3£.  18  sh.  9d.=3-9375£. 

.    it    3-9375 
«=i=-3^=1125. 

Substituting  these  values  of />,  t,  and  U  in  formula  B, 

^    100x3-9375     ,^^, 
r<= 25 =1^-75, 

15-75 
and  r=  -g;^=4-5=rate  per  cent  per  annum, 

100  X 1-125     _ 
orr= 25 =^'^' 

350.  Case  C.  The  rate  per  cent,  time,  and  interest  for  that  time 
being  given,  to  find  the  principal 

Multiply  100£.  by  the  interest  for  the  given  time,  and  divide  the 
result  by  the  product  of  the  rate  per  cent  and  time ;  or  multiply 
100  £.  by  the  interest  for  1  year,  and  divide  the  result  by  the  rate 
per  cent ;  the  quotient  is  the  principal. 

Example.  What  principal,  being  put  to  interest  at  5  per  cent  per  «"""">, 
will  m  7  years  produce  86  £.  16  sh.  of  interest  f 

t(=86£.  16sh.=86-8,  r=5,<=7. 
Substituting  these  values  of  i^  r,  and  t  in  formula  C, 

_100X  86-8     8680 
P—     5x7     •-  35  — 248£. 
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351.  The  principal  rate  per  cent,  per  annum  and  interest  for  an  unknown 
time  may  be  given  to  find  the  time. 

In  this  case  let  the  interest  of  p  for  the  unknown  time  be  denoted 
byi'. 

Then  100  :p::rt:if 
^lOOx^     .^lOOxi'  ,^. 

Whence, 

Case  D.  The  principal  and  its  interest  for  an  unknown  tim^  at  a 
given  rate  per  cent.,  being  given  to  find  the  time ; 

Form  first  the  product  of  100£.  by  the  given  interest ;  second,  the 
product  of  the  principal  by  the  rate  per  cent,  per  annum ;  divide 
the  first  by  the  second  product ;  the  result  is  the  time  required. 

Example.  In  what  time  will  the  interest  of  547  £.  15  sh.  amount  to 
82  £.  3  sh.  3  d.  at  5  per  cent,  per  annum  ? 

p=547£.  15  8h.=547-75  £.,  r=5,  t'=82£.  3  sh.  3  d.=821625£. 

Substituting  these  values  ofp,  r,  i'  in  formula  D, 

100X821625     8216-25 

*^    547-75x5    ~2738-75*"^  ^®*"' 
Since  100  :p::rt:  it  (Art.  347), 
therefore  100  :  rt::p  :  it  (Art.  332), 

or  - — =-. 
100    p 

Now,  if  e(|ual  nmnbers  are  added  to  the  same  number,  the  sums  m-e 
eijual;  therefore, 

*"^100'"*"^^'  ^'  100"^100">  >' 

or  100  :  lOO-^-rtiip  : p+it. 

In  this  proportion  rt  being  the  interest  of  100£.  for  t  years  at  r  per  cent, 
per  annum,  100+r/  is  the  amount  of  100£.  for  t  years  at  rate  r  (Art.  347) ; 
and  t^  being  the  interest  ofp£,  for  /  years  at  rate  r,  p-^it  is  the  amoimt  of 
p£,  for  time  t  at  rate  r. 

Denoting  />+f/  by  a  (the  first  letter  of  the  word  Amount), 

^hoo+j)xp  (^  33^j  .    -(E); 

Whence, 

362.  Case  E.  The  principal,  rate  per  cent.,  and  time  being  given, 
to  find  the  amount, 

Multiply  the  amount  of  100  £.  for  the  given  rate  and  time  by  the 
principal,  and  divide  this  product  by  100 ;  the  result  is  the  amount 
requii^. 

Example.  Find  the  amount  of  450^^.  in  2|  years,  at  four  per  cent,  per 
annum? 

r=4,  /=:2J=2-5,  r/=4x2-5=:10,  100+rtellO,  p=450. 
Substituting  these  values  of  rt  andp  in  formula  £, 

_110X450_49500 

^—     100^^  100  ~*^^  ^• 
The  same  result  may  be  obtained  by  computing  the  interest  of  450  jS.  for 
24  years  at  four  per  cent,  per  annum,  and  addmg  that  interest  to  450  j^. 
(Art.  347). 

353.  Numbers  expressing  three  of  the  four  quantities  a,  /),  r,  <,  being 
given,  the  fourth  can  be  found  as  in  Article  347  a.    It  seems  unnecessary  to 
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repeat  the  detail  of  that  article.    Therefore  let  it  fiirther  be  onl j  required  to 
find  /?,  having  given  r,  /,  a. 

To  determine  p,  the  proportion 

100  :  100+rt::/) :  a 

Therefore, 

Case  F.  Having  given  the  rate  per  cent,  time,  and  amount,  to 
find  the  principal. 

Multiply  the  given  amount  by  100,  and  divide  the  product  by  the 
amount  of  100 £.  for  the  given  rate  and  time;  the  result  is  the 
principal  required. 

Example.  The  amount  of  an  unknown  principal  in  3^  years  at  4}  per 
cent,  per  annum  is  289  j^.  7  sh.  6  d.    Required  the  principal  ? 

a=289£.  78h.  6 d.  =  289-375 £. ;  r=4J=4-5;  <=3J=3-5;  rt=4'Sx 
3-5=15-75;  100+rf=  100+ 1575=  115-75. 

Substituting  these  values  of  a,  r^,  in  formula  F, 

289375  X  10028937-5 

P"       115-75       —  115-75""^^^- 

354.  If  a  sum  of  money,  a,  due  by  one  person  to  another,  is  not  payable 

until  after  the  expiration  of  a  certain  time,  /,  the  expression  TqqXw  &^^ 

that  other  sum  of  money,  p,  which,  placed  at  interest  for  the  time  I,  and  at  a 
certain  rate  of  interest,  r,  will  produce  the  sum  a. 

When  the  rate  per  cent,  per  annum,  time  to  come,  and  amount  at  the 
expiration  of  the  given  future  time  of  an  unknown  principal  are  given  to 
find  that  principal,  the  sum  of  money,  a,  is  described  as  a  £.  due  i  years 
hence ;  p  is  termed  the  present  worth,  r  the  rate  per  cent,  of  discount ;  and 
the  rule  of  interest,  with  these  changes  of  terms  and  object,  is  caUed 

Thb  Bulb  of  Diaoouirr. 

The  last  example,  expressed  as  a  question  of  discount,  is,  What  is  the 
present  worth  of  289  £.  7  sh.  6  d.  due  3^  years  hence,  discount  being  allowed 
at  the  rate  of  4}  per  cent,  per  annum  ? 

As  already  found,  the  present  worth  is, 

_289-375  X 100    28937-5_^ 
P'^       11575       —  115-75  — 250£. 

The  difference  between  a  and  o,  which  is  -evidently  the  interest  of^  for 
the  ^ven  time  and  rate,  is  termea  in  this  rule  the  discount. 

Discount,  then,  is  the  difference  between  a  sum  of  money  payable  at  a 
future  time  and  the  value  of  that  sum  in  ready  money. 

Thus,  in  the  last  example, 

289  £.  7  sh.  6  d.  due  3^  years  hence  at  4^  per  cent,  discount  is  worth 
250  £.  payable  now. 

And  289  jg.  7  sh.  6  d.— 250£.=39£.  7  sh.  6  d.  is  the  discount  or  com- 
pensation allowed  for  immediate  payment 

355.  The  discount  can  be  obtained  otherwise  than  by  subtraction  of 
p  from  a. 

Since  the  interest  of  different  principal  sums  at  the  same  rate  and  for  the 

Bame  time  are  proportional  to  the  principals,  it  follows  that 

100     p 
100  :  rty.p  :  ity  or -^^f^' 

,     100    ,    p 


r 
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^       rt     "    it    ~5f 
.'.  lOQ-fr^;  r*:;a:  it, 

AndiYorfcj—^^    -      -    (G); 

Whence, 

Case  6.  A  sum  of  money  payable  at  a  given  future  time  being 
given,  to  find  the  discount  which  must  be  allowed,  at  a  given  rate  per 
cent,  per  annum,  for  prompt  pajrment. 

Multiply  the  given  sum  by  the  product  of  the  given  rate  per  cent, 
and  time,  and  divide  the  result  by  the  amount  of  100  £.  for  the  given 
rate  and  time  ;  the  quotient  is  the  discount  required. 

Example.   What  discount  must  be  allowed  for  prompt  payment  of  1000  jf. 

payable  m  two  years,  allowing  discount  at  the  rate  of  five  per  cent,  per  annum  ? 

0=1000,  r=z5,  <=2,  r<=5x2=10;  and  100+r/=  100+ 10=110. 

Substituting  these  values  of  a,  rt,  and  100-f  r^,  in  formula  G, 

1000x10     1000 
d= — j^^=i^=9ajo£-9o£.  18  ah.  2JLd. 

As  the  discount  can  be  found  by  subtraction  of  the  present  worth  from 
the  amount  or  sum  of  money  due  at  time  t,  so  the  present  worth  can  be 
found  by  subtraction  of  the  discount  from  the  sum  due. 

356.  This  b  the  discount  of  treatises  of  commercial  arithmetic,  but  it  is 
not  that  of  dealers  in  money.  The  discount  of  the  latter  is  the  interest  of 
the  sum  at  a  certain  rate  per  cent,  for  a  time  equal  to  the  intervid  between 
the  day  of  prompt  payment  and  the  day  when  the  money  falls  due. 

The  discount  of  1000  j^.  pa;^able  in  two  years  at  five  per  cent,  per  annum, 
by  this  mode  of  computation,  is  the  interest  of  1000  £.  for  two  years  at  five 
per  cent,  per  annum ; 

^  1000x10    ,      ;  •  ' 

Or— j5^=100£. 

This  manner  of  computing  discount  is  less  favourable  than  the  other  to 
the  person  receiving,  and  consequently  more  favourable  than  the  other  to  the 
person  giving,  prompt  instead  of  future  payment. 

By  the  fir^  method  the  discount  firom  1000  dS.  is  90  £.  18  sh.  2^  d.. 
And  the  owner  of  the  1000  j£.  receives  909  £.  1  sh.  9^d. 

By  the  second  the  discount  is  100:£., 
And  the  owner  receives  900  £, 

The  difference,  or  9£.  Ish.  9^d.,  is  the  immediate  loss  to  the  owner  of 
the  1000  £,  firom  the  calculation  or  the  discount  by  the  second  method. 

If  909-^  £.  are  placed  at  interest  for  2  years,  at  5  per  cent,  per  annum, 

.    909JirXllO     100000     ,_,^  .  ,       ^ 

the  amount  IS Vj^ =— y^x— =1000  3B.  ;    consequently,    by    placmg 

909-^  £,  at  interest  for  2  years  at  5  per  cent,  per  annum,  the  owner  receives 

the  full  amount  of  his  bilL 

But  if  900j£.  are  placed  at  interest  for  2  years  at  5  per  cent,  per  annum, 

X.       ,    900X110    99000    ^^^_ 
the  amount  is  only  — ™j — =  .^^  =990  g. 

Whence,  placing  the  money  received,  in  the  second  instance,  at  interest 
for  2  years  at  6  per  cent.,  the  owner  receives  10  £.  less  than  the  full  amount 
of  his  bill ;  that  is,  by  getting  his  bill  discounted  in  this  way  the  owner  is  a 
loser,  when  the  bill  becomes  due,  to  the  extent  of  lOj^. 

The  difference  between  what  was  termed  the  immediate  loss,  namely, 
9^.  1  sh.  9^d.,  and  the  loss  when  the  money  falls  due,  is  equal  to  the  interest 
of  9ii|-:S.  during  the  interval. 

P,,.  ?2;E2<i?-9TV_100_10 

^^^     ioo~~To~rio-n^--^®^''-^^' 

and  9£.  Ish.  9^d.-hl88h.  2^d.=10£. 
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3il{7.  If  a  given  eum  of  money  is  placed  at  interest  for  a  certain  Ume  at  a 
fixed  rate  of  interest,  and  the  amount  of  this  sum,  at  the  expiration  of  the 
first  ^ear  or  of  the  time  fixed  for  the  first  payment  of  interest,  is  made  the 
principal  for  the  second  year  or  term  fixed  for  the  second  payment  of  interest ; 
the  amount  at  the  expiration  of  the  second  year  or  term  is  made  the 
principal  for  the  third  year,  &c. ;  in  this  case  tne  result,  at  the  expiration 
of  the  2d,  Sd,  4th ...  2  year  or  fixed  period  of  time,  is  the  amount,  at 
compound  interest,  of  the  eiyen  principal  for  that  time ;  and  the  difierence 
between  this  amoimt  and  die  onginal  principal  is  the  compound  interest  of 
that  principal  for  the  same  time. 

Let  the  principal,  /»,  be  placed  at  interest  for  2,  8, ...  /  years  at  the  rate 
r  for  the  time  of  each  payment 

100 -fr 
Then  100  :  I00+r::p  :  />x-^QQ-=amount  of  p  for  the  time  of  the  first 

payment  at  rate  r, 

^     .       ^,        ,.    100-hr    ,^  r 
Or,  smce  the  ratio     ^qq  =1  +  ™, 

^  ^ "  100  ^^P (  ^  "^  joq)  =ainount  ofp  for  the  first  payment  of  Interest. 
Similarly, 

100  :  100+r  :/.(!+ j^)  ::i>(l+i^)   (l+j^)=p(n-i5o)*=amount 
ofp  at  the  time  of  the  second  payment  of  interest, 

100  :  100+r  ■■P{l+^y-p(i+^y  (»+I^)=K^+i^)  =*** 
amount  ofp  at  the  time  of  the  third  i>ayment  of  interest. 

^  .    100-l-r      ,  .    r    ,       _ .  , 

The  constant  ratio     ^qq    or  1  -|-  t^,  by  which  p  and  the  successiye  amounts 

are  multiplied,  exnresses  the  amoimt  of  1  £,  for  the  first  year,  or  for  the 
time  fixed  for  the  nrst  payment  of  interest,  at  the  given  rate  r. 

1004.r  r 

For  100  :  100-hr::l£. :  -^qq-=  1  +  jqq= amount  of  1  £.  at  rate  r. 

The  formula  />(l+foQ)  » <>'  ^(^  +  100)  ' ^(^"^loo)    ^^**   ^*" 

presses  the  amoimt,  at  compound  interest,  of  p£.  for  2  or  3  or  ...  < 
times  of  payment,  at  the  rate  r,  indicates  that  the  amount  of  a  sum  of 
money  placed  at  compound  interest  for  a  given  time  and  rate  is  equal  to  the 
product  of  two  factors,  of  which  the  one  is  the  given  principal,  and  the  other 
the  amount  of  l£.,  calculated  at  the  given  rate  for  the  time  of  the  first 
payment,  and  raised  to  a  power  the  exponent  of  which  expresses  the  number 
of  payments. 

1st  Ex.  Required  the  amount  and  interest  of  500  £.  in  3  years  at  4  per 
cent,  per  annum,  compound  interest  ? 

r  T 

In  this  example |>=500,  r=»4,  iqq=*04,  14-iqq=1'04,  /ss3, 

and  500  X  1*04'= the  amount  required. 

Now  1-043»=1-04X104X104=1124864, 

and50Qxl'124864=562*432£.»562£.  Ssh.  7|d. 

Whence  the  amount  of  500  £.  in  3  years  at  4  per  cent,  per  annum,  com- 
poimd  interest,  is  562  £.  8sh.  7^d., 

And  the  intere8t=562 £.  8sh.  7^d.— 500£.=:62£.  Ssh.  7^d. 
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2d  Ex.  Required  the  compound  interest  of  66  £.  for  2^  years  at  4  per 
cent,  per  annum,  the  interest  being  payable  half-yearly  ? 

px(l  -f  i^)=56  X  1-025=56  X  ll(H08=61-82848  £. 

.-.61-82848:^.— 56£.=5-82848£.=5£.  IGsh.  6d.  3'3408d.=the compound 
interest  required. 

Whence,  to  find  the  amount,  at  compound  interest,  of  a  given 
principal  for  a  given  time  and  rate. 

Rule.  Find  the  amount  of  1  £.  for  the  time  of  the  first  payment 
of  interest,  raise  this  amount  to  a  power  whose  exponent  is  equal  to 
the  number  of  payments  of  interest,  and  multiply  the  result  by  the 
given  principal ;  the  product  is  the  amount  required. 

To  find  the  compound  interest ;  calculate  the  amount  and  subtract 
the  principal  from  it;  the  remainder  is  the  compound  interest 
required. 

fi58.  The  allowance  given  by  a  merchant  to  an  agent  who  buys  or  sells 
eoods  for  him  is  named  commission ;  it  is  allowed  at  so  much  per  cent,  on 
the  value  of  the  goods,  the  rate  being  fixed  by  usage,  or  by  agreement 
between  the  parties  concerned ;  commission  is  computed  like  interest,  with 
this  difiercncc,  that  time  is  not  an  element  in  the  calculation. 

Ex.  An  agent  buys  goods  for  his  employer  to  the  value  of  7864  £.  16sh.  8d., 
what  is  his  commission  at  2^  per  cent.? 

7864  ;fi.  16  sh.  8d.=7864|£.=^~?^:^.  2^=^ 

,/wxii»     ^^     ^/x    ,     471S9    47189    47189-     ,^^ -,,„,.,, 
100£. :  ^£,=^40  :  1 ::— g—  :  40x6~'240"  ^•=^^6^-  ^^sh.  5d. 

359.  When  one  party  engages,  in  consideration  of  a  sum  of  money,  to 
make  good  to  another  any  damage  which  his  property  may  accidentally 
sustain  from  fire,  shipwreck,  &c.,  the  security  which  the  receiver  of  the 
money  gives  to  the  owner  of  the  property  is  termed  a  Policy  of  Insurance, 
and  the  money  paid  is  the  premium,  or,  simply,  the  insurance ;  the  premium 
is  so  much  per  cent.,  according  to  the  hazard,  on  the  value  of  the  property 
insured. 

The  premium  to  be  paid  for  the  insurance  of  a  ^ven  amount  of  property 
at  a  fixed  rate  per  cent.,  and  for  a  given  time,  is  calculated  in  the  same 
manner  as  interest. 

Ex.  What  must  be  paid  for  the  insurance  of  goods  valued  at  712£.  6sfa. 
for  8  months,  at  the  rate  of  7^  per  cent  per -annum  P 

8        2  1     15         2     15 

712£.  6sh.=712-8 £.,  8 mth8.=j2  or ^yr.,  72=2' *°^ 3 ^  2" ~^' 

712*3x5     3561*5 
.'.the  ingurance=-— jQ^ — =-j^^=35-615;fi.=35£.  128h.  3d.  2*4. 

360.  The  national  debt  of  Great  Britain,  under  the  denomination  of  the 
public  funds  or  stocks,  is  distinguished  by  several  names,  some  descriptive 
of  portions  of  the  debt,  others  of  the  rate  of  interest  which  portions  of  it 
bear. 

The  interest,  whether  at  the  rate  of  3,  3|,  4,  . . .  per  cent.,  is  computed 
in  the  same  manner  as  the  interest  of  any  other  capital. 

The  public  creditor  reckons  his  funded  property  by  hundreds ;  for  each 
nominal  hundred  of,  for  instance,  a  three  per  cent,  stock,  he  is  entitled 
yearly  to  3£.  of  interest,  which  is  payable  in  two  half-yearly  dividends  at 
the  Aank  of  England. 
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One  bundred  pounds  of  stock  may  be  worth  less  or  more  than  100^.  of 
money ;  its  value  depending  on  the  rate  of  interest,  the  means  of  employing 
capital,  the  general  opinion  of  the  national  good  faith  and  solvency,  &c. 

The  calciuation  of  the  sum  of  money  which  must  be  given  or  received  for 
any  amount  of  stock,  is  made  by  proportion. 

Ist  Ex.  What  sum  will  purchase  1000£.  of  a  3  per  cent,  stock  at  93^  per 

cent.? 

93*5  X 1000 
100  ;  98-5 : :  1000  : ^qq =935  £.=sum  required. 

2d  Ex.  What  is  the  value  of  875£.  lOsh.,  bank  stock,  at  131 J  per  cent  ? 

875  dg.  10sh.=875-5,  13H=181-25, 

131-25  X875-5     114909-375  ^       , 

100:  131-25 ::875'5  :  j^-^ — = — ^^^^=1149:6.  Ish.  lO^d. 

361.  Exercises  in  simple  and  compound  interest,  discount,  commis- 
sion, insurance,  and  sale  of  stocks : 

1st.     What  is  the  interest  of  547  £.15  sh.  for  3  years  at  5  per 

cent,  per  annum  ? Ans.  82  £.  3sh.  3d. 

2d.  What  is  the  interest  of  765  £.  12  sh.  6d.  for  1  year  at  4^ 
percent,  per  annum? An8.S2£,  4  8h.  0|d. 

3d.      What  is  the  interest  of  317  £.  16  sh.  for  5|  years  at  3J 
per  cent,  per  annum? ^n^. 63£.  19 sh.  1*74 d. 

4th.  What  is  the  interest  of  712  £.  6sh.  for  8  months  at  7^ 
per  cent,  per  annum  ? Ans,35£.  12  sh.  S^d. 

5th.     What  is  the  interest  of  100  £.  for  254  days  at  4^  per  cent. 

per  annum? Ans.  3£.  76b.  10-192 d. 

6th.     What  is  the  interest  of  245  £.13  sh.  4  d.  for  246  days  at 

4f  per  cent,  per  annum  ? Ans.T  £.  17  sh.  3^d. 

7tb.  The  interest  of  956 £.  for  7^  years  is  358 £.  10 sh.; 
required  the  rate  per  cent,  per  annum  'i^Atu.  5  per  cent. 

8th.  The  interest  of  217  £.  17  sh.  8  d.  for  4  J  years  is 
36  £.  4  sh.  5  d.  2-18  qrs. ;  required  the  rate  per  cent  per 
annum? ...Ans.  3^  per  cent 

9tb.  What  principal,  being  put  to  interest  at  4^  per  cent  per 
annum,  will  in  12  years  produce  236  £.18  sh.  2-76  d.  of 
interest? Ans.4Z%£.  14 sh.  6d. 

10th.  What  principal,  being  put  to  interest  at  4f  per  cent  per 
annum,  will  in  3  years  11  mths.  produce  15  £.  lOsh.  6d. 
3-168 qrs.  of  interest? Ans,  85  £.  14sh.  6d. 

11th.  In  what  time  will  the  interest  of  1  £.  come  to  15  sh.,  allow- 
ing interest  at  the  rate  of  4^  per  cent  per  annum  ? 

Ans.  16|  jenrs. 

12th.  In  what  time  will  355  £.  15  sh.  produce  56  £.  18  sh.  4f  d. 

of  interest,  allowing  interest  at  the  rate  of  4  per  cent 

per  annum? Ans.  A  years. 

13th.  Find  the  amount  of  225  £.  in  3  yrs.  at  5  per  cent  per 

annum? ^lu.  258  £.  15  sh. 

14th.  Find  the  amoimt  of  79  £.  16  sh.  in  5^  years  at  4|  per 

cent  per  annum?... ^lu. 99£.  Osb.  0-45 d. 

15th.  The  amount  of  a  certain  principal  in  10  months  at  5  per 

cent,  per  annum  is  500  £. ;  required  the  principal  ? 

^11^.  48a 
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16th.  What  18  the  present  worth  of  430  £.  due  9  months  hence, 
discount  being  allowed  at  the  rate  of  4^  per  cent  per 
annum? Ans,  415  £.  19 sh.  2|^d. 

17th.  What  is  the  present  worth  of  a  bill  for  682  £.  18  sh.  9|  d. 
due  in  df  years,  discount  being  allowed  at  the  rate  of 
4^ per  cent  per  annum?. Ans,  584  £.  6  sh.  8d. 

18th.  What  must  be  allowed  for  discounting  a  bill  of  85  £.  10  sh. 
due  in  66  days,  at  5  per  cent,  per  annum  ? 

Ans,  15  sh.  3|d. 

19th.  What  discount  should  be  allowed  for  prompt  payment  of 
560  £.  due  in  2  years,  discount  being  allowed  at  the 
rate  of  4|^  per  cent,  per  annum  ?..^n«.  46  £.  4  sh.  9^^  d. 

20th.  What  are  the  discount  and  present  worth  of  a  bill  of 
546  £.  16  sh.  due  in  146  days,  allowing  discount  at  the 
rate  of  4f  per  cent,  per  annum  ? 

Ans.  10  £.  3  sh.  10|  d.  and  536  £.  12  sh.  1^  d. 

21st  What  is  the  amount  of  720  £.  for  4  years  at  5  per  cent, 
per  annum  compound  interest  ?,„Ans,  875  £.  3  sh.  3^  d. 

22d.  What  is  the  compound  interest  of  370  £.  for  6  years  at 
4  per  cent. per  annum? Ans.9S£.  3sh.  4^d. 

23d.  What  is  the  amount  of  50  £.  in  5  years  or  10  half  years 
at  5  per  cent,  per  annum  compound  interest,  the  interest 
payable  half-yearly  ? Ans,  64  £.  Osh.  Id. 

24th.  Wliat  is  the  compound  interest  of  410  £.  for  2^  years  at 
4}-  per  cent,  per  annum,  the  interest  payable  half- 
yearly  ? Ans,  48  £.  48h.  lljd. 

25th.  What  is  the  commission  on  4835  £.  at  If  per  cent.  ? 

Ans.  66  £.  9  sh.  7^  d. 

26th.  What  is  the  commission  on  476  £.  12  sh.  9  d.  at  6sh.  8  d. 

or  ^£.  per  cent.  ? Ans.  1  £.  11  sh.  9^d. 

27th.  What  premium  must  be  paid  for  the  insurance  of  a  ship 

valued  at  2860  £.  at  13^  per  cent  ? Ans.  386£.  2sh. 

28th.  What  is  the  insurance  on  107£.  for  117  days  at  4f  per 

cent  per  annum? Ans.  1  £.  12 sh.  7d. 

29th.  At  1 10^  per  cent,  what  is  the  purchase  of  2054  £.  16  sh. 

4  per  cent  stock  ? Ans.  2265  £.  8sh.  4d. 

30th.  What  sum  will  purchase  432  £.15  sh.  South  Sea  stock  at 

113f  per  cent  ? Ans.  491  £.  14  sh.  2^d. 

362.  Let  A,  C,  be  two  given  numbers,  of  which  A  is  divided  into  the  parts 
fl',  fl",  at"''  . . . . ;  it  is  required  to  divide  C  iuto  parts  c^,  <?",  c''*  ....  pro- 
portional respectively  to  a\  of',  c^"  ....  the  parts  of  A  in  such  manner  that 

fl':c\-:  a"  :<?"::  a'"  \ff'' 

Or,  what  is  the  same  thing,  that 

(^  \c'\\ar\(f'',  €^.c'\\a!"\e"\ 

Since  ci  \c'\'.€^  \<f\  c'a'^dc'  (Art.  332) ; 

Whence  by  addition,  cV+c'a''4-c'a'''=«'c'-ha'c''-»-aV'' ; 
or  (a'-ha''+a'''y=(<j'+<?''+0«'  (Art,  70)  ; 
.-.  fl^+o^'-l-a''' .  .  -  :  c'-|-c^'+<?"'  ...liafii/  (Art.  882). 
But  o'+fl^+a''' .  .  .=:A  ;  c'-|-c''+c'''=C. 

.    .  A.  I  \y  .  ,0    .C. 
<4 
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And  smce  a'.tfw  a' :  tf'w  a"'  .</" it  foUows  that 

C 


A:C:: 


The  required  division  is  made  by  means  of  these  proportions ;  for  the 
divided  number,  A,  is  to  the  number  which  is  to  be  divided,  C,  as  any  pttt 
of  the  divided  number  is  to  a  fourth  projwrtional,  which  is  the  correspond- 
ing part  of  the  number  which  is  to  be  divided. 

In  practice,  it  is  not  necessary  to  form  the  proportions,  but  mer^  to 
multiply  successively  the  parts  of  the  divided  number  by  the  ratio  of  the 
undi^ded  to  the  divided  number ;  the  results  are  the  correapondmg  parts 
of  the  undivided  number. 

1st  Example.  Given  A=:12 ;  C=20 ;  ur'sa ;  €<"=3 ;  a'''=7 ;  divide  20 
into  parts  proportional  to  2,  8,  7. 

^    .    C     20    5 

The  ratio  X~l2^3* 

,-.c'=2X3=:y=3i; 

c''=8X3=i=5; 
5     35 

Whence  the  parts  required  are  3),  5,  llf. 
The  sum  of  these  parts  ought  to  be  equal  to  C. 
In  this  example  3|+5+ll|=20=C. 

When  the  sum  of  the  parts  is  not  equal  to  C,  the  calculation  must  be 
revised. 

2d  Example.  Divide  100  into  parts  which  shall  be  in  tiie  proportion 

jf  h  ^>  and  4. 

*      1     80    ^,_1_20     .,,_1_15       ^^IJ^± 
'^'^2'"60'  **^^3""6d»^  "^4*^60'  **  ^6""e0' 

111     1_30    20    15     12_77  '. 
^""2  "^8 '^'i  "*'5  ""60+60+60  +  60~60- 

C     ,^    77     100x60 
C=100;  X=^?^*60="77-- 

,     30     100X60_30X100_8000_ 
• '  •  ^-60  ^      77     """77  77  -^^tt- 

,,    20     100X60    20xl00_2000 
^  =^60  ^      77     ""     77     ""  77  ""^^^• 

15     100x60_l^>aOO_1500 
^  -60^      77     "     77     ""  77  -**'**• 
12     100X60     12X100     1200     ,^^^ 

^^"''^eo^— 77-"=— tt"  =-7r==^^«- 

When  a'y  a'',  a'", are  given,  and  not  A,  it  is  necessary  to  add 

together  the  proportional  parts  a\  a'%  a"' . . . ;  their  sum  is  A. 

When  the  given  proportional  parts  o^,  €^\  c^'\  ...  are  fractions,  tiie  com- 
mon denominators  of  these  fractions  reduced  for  addition,  and  the  denomi- 
nator of  their  sum.  A,  must  be  tiie  same.  The  ratios  of  fraotiona  which 
have  the  same  denominator  being  equal  to  the  ratios  of  the  numerators, 
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the  denominators  may  be  suppressed ;  in  the  preceding  calculation  they  are 
cancelled  against  each  other. 

863.  Proportion,  when  employed  to  divide  a  nmnber  into  parts  propor- 
tional to  otner  given  numbers,  is  named  Distributive  Proportion,  I^rtner- 
ship,  Fellowship,  &c.  The  terms  partnership  and  fellowship  are  used  when 
the  rule  is  employed  to  determine  the  particular  gain  or  loss  of  the  individuals 
engaged  in  any  joint  undertaking. 

The  principle  upon  which  the  apportionment  of  gain  or  loss  vb  made  in 
such  cases  is  that  the  gain  or  loss  of  each  individual  is  proportional  to  that 
individual's  share  of  the  joint  imdertaking,  or  of  the  money  expended  upon 
it,  when  all  the  shares  have  been  the  same  time  embarked  in  the  undertaking : 
and  to  the  product  of  the  share  by  the  time  during  which  it  has  been  so 
embarked  when  the  shares  have  been  acquired  or  their  values  contributed 
at  different  times. 

1st  Example.  Three  merchants  engage  in  a  joint  speculation,  towards  which 
the  first  contributes  750  £.,  the  second  1127:^.,  and  the  third  1280£. ;  the 
gain  being  600  £.  it  is  required  to  find  the  share  of  each  partner  ? 

C       600 
A=750+U27+1280=3157  £, ;  C=600  .•.3:=3157- 

0^=750;  a"=1127;  a'''=1280; 
.-.  c'=760x 0157= -3157"=  142 £.  10 sh.  9 d.  2'88  qrs.=l8t  share. 

c^^=  1127X3157=  3257  =2143g.  8  sh.  9  d.  2'88  qr.=2d  share. 

600     768000 
c"'=  1280X3157=  3127"=^^^-  ^  ®^-  ^  ^'  2'^  qr.=3d  share. 

2d  Example.  A  tradesman  begins  business  with  a  capital  of  1250£. ;  5  months 
afterwards  he  borrows  2000  £.  from  one  person,  and  6  months  after  obtain- 
ing the  first  loan  he  borrows  8000  £.  from  another ;  at  the  end  of  two  years 
the  gain  on  the  business  is  4000:6?.  If  the  tradesman  is  allowed  5  per  cent, 
upon  the  whole  gain  for  conducting  the  business,  and  the  balance  is  divided 
between  him  and  his  creditors  in  proportion  to  the  value  of  the  contribution 
of  each  to  the  common  stock,  what  is  the  share  which  each  receives  of  the 
gain? 

The  aUowance  for  management  being  4000  £.  x  |^=200  £.,  4000  £.~200j^. 

or  88002^.  is  the  sum  which  is  to  be  shared  among  the  partners  in  proportion 
to  the  value  of  their  contributions,  that  is,  in  proportion  to  the  product  of 
the  contribution  of  each  by  the  time  during  which  it  has  been  embarked  in 
the  business. 

Now  1250£.  for  24  months=  1250 X 24=80000 :£.  for  1  month ; 

2000 ;g.  for  24—5  or  19  months=2000x  19= 38000 £.  for  1  month; 
8000£.  for  19—6  or  13  months=3000x  13=39000  £.  for  1  month. 
Hence  the  question  is  reduced  to  the  division  of  3800  £,  into  parts 
proportional  to  the  three  numbers,  30000,  38000,  39000, 
or  to  the  three  numbers  -  30,        88,        39 ; 

.•.a=30;  a''=38;  a"'=39 ;  A=30+384-39=107. 

C     3800 
C=3800;  3:=l07  • 

^     ^       3800     114000     ,^,  «  o  ,     .  -,   «^«  ,       ^ 

c^=80X  -j57-=-^Q7-=1065  £.  8  sh.  4  d.  3-68  qr8.=l8t  share. 

To  this  add,  for  management,  200;g.  Osh.  Od. 

1265£.  8  8h.  4d.  3-68qrs. 

8800     144400 
c"=38  x-jQ7=    ^Q7    =1349 jg.  10s.  7  d.  3-2  qrs.=2d  share. 

3800     1 48200 
c'''=39x-i^  =-1^7-=1885:g.  Osh.  11  d.  M2  qrs.=3d  share. 

Q2 
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364.  To  divide  a  given  number  into  parts  proportional  to  other 
given  numbers. 

Rule.  Form  the  sum  of  the  given  proportional  numbers,  and  the 
ratio  of  the  given  undivided  number  to  this  sum ;  multiply  the  given 
proportional  numbers  successively  by  this  ratio ;  the  products  are 
the  proportional  parts  required. 

When  the  proportional  numbers  (as  in  the  2d  Ex.  of  Art.  363) 
are  contributions,  for  different  periods  of  time,  to  a  common  stock, 
multiply  each  contribution  by  the  time  of  its  continuance ;  take  these 
products  for  the  proportional  numbers,  and  find  the  parts  of  the 
undivided  number  as  before. 

365.  Exercises  in  Distributive  Proportion  and  Partnership. 

1st  Divide  240  into  parts  proportional  to  the  numbers  1,  2,  3  ? 

Ans.  40,  80,  120. 

2d.  Divide  1000  into  parts  proportional  to  the  numbers  3,  5, 
8? Am.  187i,  312^,  500. 

3d.    Divide  60  into  parts  proportional  to  the  numbers  1,  ^  f  ? 

Ans.  26A,  17A»  1^- 
4th.  Two  persons,  A  and  B,  made  a  stock  of  120  £.,  of  which 
A  contributed  75  £,  and  B  the  rest ;  by  trading  they 
gain  30  £.     What  is  the  share  of  each  ? 

Ans.  A's  share  is  18£.  15  sh. ;  B's,  11  £.  5  sh. 

5th.  Three  persons,  A,  B,  and  C,  freighted  a  ship  with  340 
tuns  of  wine,  of  which  A  supplied  1 10  tuns,  B  97,  and 
C  the  rest ;  in  a  storm  the  seamen  threw  overboard  85 
tuns.     How  much  must  each  person  sustain  of  the  loss  ? 

Ans.  A,  27i  tuns ;  B,  24^ ;  and  C,  33|. 

6th.  A  field  containing  37  ac  2  ro.  14  po.  is  to  be  divided 
among  three  persons.  A,  B,  C,  in  proportion  to  the 
values  of  their  estates  ;  now  if  A's  estate  is  worth  500  £. 
a  year,  B's  320  £.,  and  C*s  75£.,  what  quantity  of  land 
must  each  have  ? 

Ans.  A,  20 ac.  3  ro.  39)^ po.;  B,  13 ac.  Iro. 
30^ po.;  C,  3ac.  Oro.  23|jf  po. 

7th.  A  general  imposed  a  contribution  of  700  £.  on  four  villages, 
to  be  paid  in  proportion  to  the  number  of  inhabitants 
contained  in  each;  the  first  contained  250,  the  second 
350,  the  third  400,  and  the  fourth  500  persons.  What 
part  had  each  village  to  pay  ? 

Ans.  First,  116£.  13  sh.  4d. ;  second,  163£.  68h.  8d. ; 
third,  186£.  138.  4d.;  fourth,  233£.  6sh.  8d. 

8th.  Five  companies  consisting  the  first  of  54  men,  the  second 
of  51  men,  the  third  of  48  men,  the  fourth  of  39  men, 
and  the  fifth  of  36  men,  are  detached  to  a  post,  the  duty 
of  which  requires  76  men  a  day ;  if  the  companies  are 
required  to  contribute  in  proportion  to  their  strength, 
what  number  of  men  ought  to  be  furnished  by  eadi 
company  daily  ? 

Ans.  First,  18  men ;  second,  17  men ;  third,  16  men ; 
fourth,  13  men ;  fifth,  12  men. 
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9th.  A  and  B  traded  in  partnership  and  gained  100  £. ;  A  con- 
tributed 640  £.  to  the  common  stock,  and  B  as  much  as 
entitled  him  to  receive  60  £.  for  his  share  of  the  gain. 
What  was  B's  contribution? Ans.  960  £. 

10th.  A  sum  of  money  is  to  be  divided  among  A,  B,  C,  D,  in  such 
a  manner  that  A  is  to  receive  ^  of  the  whole ;  B,  ^ ; 
C,  i',  and  D  the  remainder.  What  is  that  sum,  D's 
share  being  28  £.  ? Ans.U2£, 

11th.  A  had,  in  company,  50  £.  for  4  months,  and  B  had  G0£. 
for  5  months ;  the  gain  on  the  joint  speculation  being 
24£.,  how  must  it  be  divided  between  them? 

Ans.  A's  share,  9£.  12  sh. ;  B's  share,  14  £.  8  sh. 

12th.  Two  troops  of  cavalry  rent  a  field  in  common,  for  which 
they  are  to  pay  36  £. ;  one  company  put  into  the  field 
23  horses  for  27  days,  the  other  21  horses  for  39  days. 
How  much  ought  each  to  pay  of  the  rent  ? 

Atu.  The  first  comp.,   16  £.  10  sh.  6  d. ;  the  second, 
20£.  9sh.  6d. 

13th.  A  began  business  on  the  1st  of  January  with  a  capital  of 
1000£. ;  on  the  1st  of  March  following  he  took  B  as  a 
partner,  with  a  capital  of  1500£. ;  on  the  1st  of  June 
A  and  B  admit  a  third  partner,  C,  who  has  a  capital  of 
2800  £. ;  after  trading  together  till  the  end  of  the  year 
they  find  that  their  gain  amounts  to  1776  £.  10  sh.  How 
must  this  be  divided  amongst  the  partners  ? 

Am.  A's  share,  457  £.  9sh.  ^d.',  B's,  571  £.  16  sh. 
SJd.;  C's,747£.  8sh.  U^d. 

14th.  A  and  B  entered  into  partnership  for  a  year ;  A  contri- 
buted 500  £.  on  the  1st  of  January,  and  B  on  the 
1st  of  Mar  as  much  as  entitled  him  to  half  the  gain  at 
the  end  of  the  year.     What  was  B's  contribution  ? 

Ans.  750  £. 

366.  Many  treatises  of  commercial  arithmetic  contun  a  number  of  rules 
applicable  to  the  business  of  bankers  and  merchants. 

Generally,  each  rule  embodies  instructions  for  the  application  of  proportion 
to  some  particular  class  of  questions ;  but  as  the  application  may  be  made 
without  the  help  of  a  rule  by  any  one  who  understands  the  prmciples  of 
proportion  and  the  meaning  of  such  questions,  it  seems  unnecessary  to 
consider  these  rules  in  detail. 

A  few  questions,  falling  imder  some  of  the  more  important,  are  sub- 
joined. 

Ist  Example.  A  silk  mercer  bought  100  yards  of  riband  at  3  yards  for 

1  sh.,  and  100  yards  at  2  yards  for  1  sh.,  and  sold  the  whole  at  the  rate  of 

5  yards  for  2  sh.   Did  he  gain  or  lose  ?    How  much  in  all  ?    And  how  mudi 

per  cent.  ? 

100 
3  yds.  :  100yds.::lsh.  :  -^9h,=\£.  13 sh.  4d.=prioe  of  100  yds.  at 

3  yds.  for  1  sh. ; 

100 
2  yds.  :  100  yds.::l8h.  :  -^8h.=2£.  10 sh.  Od.=price  of  100  yds.  at 

2  yds.  for  1  sh. ; 
.'.l£.  13 sh.  4 d.-f  2 j£.  10 sh.=4 £.  3  sh.  4 d.=price  paid  for  the  whole. 

Q  3 
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40 

And  5  yds.  :  2007ds.::2  8h.  :  — ^ — 8h.=4£.=prioe received fbr 200 yds. 
at  58h.  for  2  yds. ;  I 

.  * .  4£.  3  sh.  4  d  — 4  jS.=3  sh.  4  d.=the  loss  upon  the  whole. 

1         25  1 

Again,  since  4£,S  sh.  4d.=:4  g  £.=  -^£';  3  sh.  4  d.=:  ^ £. ; 

25         1  100 

and  that  -q^-'-q  s^.=25  :  1  ::100  :  -^=4£, ; 

it  appears  that  the  loss  is  4  per  cent. 

This  question  b  one  of  a  class  which,  in  treatises  of  commercial  arithmetic, 
is  considered  under  the  rule  of  Profit  and  Lass. 

2d  Example.  How  many  lbs.  of  tea  at  5  sh.  9  d.  per  lb.  must  be  given 
in  exchange  for  426  yds.  of  cloth  at  13  sh.  4  d.  per  yard  ? 

The  first  step  towards  a  solution  is,  to  find  the  price  of  426  yds.  at 

13  sh.  4  d.,  or  f  £.  per  yard. 

142 

2        ^S^x2 
1  yd. :  426  yds-iTg^. :  — g — =284£.=price  of  426  yds.  at  13  8h.  4d. 

per  yard.  ^ 

The  second  step  is,  to  find  how  many  lbs.  of  tea  at  5  sh.  9  d.  per  lb.  can 
be  bought  for  284  £. 

69         28 
5  sh.  9  ^.=240^*^80  ^*'  '^^ 
23  284X80         22720 

^£,  :  284£. : :  1  lb.  :       23      ^^'="W"  ^^^^9®^4*  1^' 

Therefore  987  jf  lb.  of  tea  at  5  sh.  9  d.  per  lb.,  are  equivalent  to  426  yards 
of  cloth  at  13  sh.  4  d.  per  yard. 

This  is  a  simple  case  of  the  exchange  of  commodities  by  means  of  their 
money  values. 

Such  exchanges  are  described  by  the  term  Barter. 

Any  sum  of  money  expressed  in  terms  of  the  coins  or  circulating  medium 
of  one  country  may  oe  reduced  to  an  equivalent  sum  expressed  in  terms  of 
the  coins  or  circulating  medium  of  another  country  (if  the  money  of  the  two 
countries  has  a  ^iven  relation)  by  a  process  like  that  of  Example  2,  or  by  the 
method  of  Article  316. 

The  process  for  the  reduction  of  any  sum  of  the  money  of  one  country  to 
an  equivalent  sum  of  the  money  of  another  country  b  termed  Exchange. 

3d  Example.  How  many  Spanish  piastres  at  3  sh.  5^  d.  per  piastre  are 
equivalent  to  1000 £.  16  sh.  10  d.  sterling? 

3  sh.  5 Jd.=~ £. ;  1000^.  16  sh.  0  d.=1000j^£.=^^^  £.  ; 

1447        4 
83  ^     120101^      ,    .    «ei0ix48e    .      ^^_    . 
• '  •  480      •     220       ' :  1 P'-  •     120    X  9d  P**^^' ^^  piastres. 

1  1 

The  calculation  becomes  considerably  more  complex  when  the  mon^  of 
one  country  is  to  be  changed  into  that  of  another ;  the  relative  value  or  the 
money  of  tne  two  countries  being  given  indirectly  in  terms  of  the  money  of 
a  third  country,  or  of  a  third  and  fourth  country,  &o. 

4th  Example.  Suppose  that  1  £.  or  20  sh.  are  equal  to  25  firancs, 

15  francs  are  equal  to  8  German  florins, 
50  florins  are  equal  to  9  Hambui|^  ducatsi 
19  ducats  are  equal  to  40  Russian  roubles, 

it  is  required  to  find  how  many  Russian  roubles  are  equivalent  to  100£. 

sterling  P 
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25  5 

Since  aOsh.=35  francs,  1  di^^^O  ^^^^^^^"^I  ^i^^^^i 

8 
15  £raiiC8s8  florins,  1  fTanc=TT  florins ; 

5         8 
therefore  1 8h.=  7  of  t^  flonns. 

9 
Again,  since  50  florins==9  ducats,   1  florin=7x  ducats  ; 

5  8  9 

therefore  1  8h.=T  of  jr  of  ^ducats. 

40 
Lastly,  since  19  ducats^40  roubles,  I  ducat^jg  roubles ; 

5         8  9         40 

therefore  1  sh.= j  ^^  lE  ^^  SO  ^^  19  ^^^"^^' 

40      1      3       3 

«^^^  t^     *^^    *    -«.       ^      40    9600 

.-.  100£.  or   20008h.= -J— X^XiS^«e^i9^l9'"''^      '^'^* 

1     «        1 
1 

Qaeedons  such  ss  the  last  can  be  resolved  hj  different  processes ;  but  this 
method  of  formine  each  of  the  given  relations  into  a  ratio  expressed  by  a 
fraction,  and  combming  the  ratios  into  a  complex  fraction  by  means  of  which 
the  money  which  is  to  be  exchanged  is  connected  with  the  money  for  which 
it  is  required  to  exchange  it,  seems  the  most  simple. 

The  relations  between  the  money  of  England  and  France,  France  and 
Germany,  &c.  are  expressed  in  round  numbers ;  the  object  being  merely  to 
indicttto  tlie  manner  of  resolving  questions  of  this  kind. 

5th  Example.  If  a  grocer  mixes  4  cwt.  of  sugar  at  56  sh.  per  cwt.,  7  cwt. 
at  43  sh.  per  cwt,  and  5  cwt.  at  37  sh.  per  cwt. ;  what  is  1  cwt.  of  the 
mixture  work  ? 

4  cwt  at  56  sh.  per  cwt=224  sh.= 1 1  £.    4  sh. 
7  cwt.  at  43  sh.  per  cwt=301  8h.=15  £.    1  sh. 

5  cwt  at  37  sh.  per  cwt=185  sh.=  9ag.    5  sh. 

16  cwt  of  the  mixture  cost        -       35  :g.  10  sh. 

The  question  now  is,  if  16  cwt  cost  36  £.  lOsh.,  what  is  the  price  of 
1  cwt  ?    To  find  this, 

71  71  71 

16  cwt :  1  cwt::  354=-2-  ^'  '2x16 ^'^92^'^^^'  ^^'  ^^' 
Whence  the  price  of  1  cwt.  of  the  mixture  is  2sf.  4  sh.  4^  d. 

This  question  is  a  particular  example  of  the  most  simple  case  of  AUigatian 
or  the  rule  of  mixtures.  The  more  difficult  cases  are  most  simply  resolved 
with  the  help  of  algebra.  ^ 

6th  Example.  Suppose  that  the  c&tance  between  two  fixed  points  on  level 
ground  has  heen  measured  four  times ;  that  the  results  of  these  measurements 
disagree, 

the  first  being      250*439  yards, 

the  second  being  250*695  yards, 

the  third  being    249*750  yards, 

the  fourth  beinf  251*158  yards  ; 
and  that  it  is  required  to  assign  as  nearly  as  possible  the  true  distance ;  this 
is  also  considered  a  question  falling  under  the  rule  of  alligation. 

The  distance  being  constant  and  the  measurements  different,  it  is  certain  that 
some  and  perhaps  the  whole  of  them  are  inaccurate.  To  approximate  to  the 
true  result,  it  is  evident  that  if  the  true  distance  had  been  obtained  each  time 
the  sum  of  the  results  must  be  equal  to  four  times  the  distance ;  it  is  also  evident 

<14 
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that  the  same  thing  must  happen  if  some  of  the  results  erred  in  excess  and 
others  in  defect  in  such  a  manner  that  the  errors  in  excess  compensated 
those  in  defect. 

Whence,  in  this  case  also,  the  true  distance  must  be  obtained  by  dividing 
the  sum  of  the  measurements  by  their  number. 

The  sum  of  the  four  measurements  is  1002*042  yards,  and  1002*042-4-4= 
250-5105  yards. 

250*5105  yards  is  assumed  to  be  nearly  the  distance  required. 

The  result  obtained  by  diyiding  any  number  of  different  results  obtained 
by  experiment  or  obserration  by  the  number  of  repetitions  b  termed  a 
mean  value. 

It  is  not  to  be  expected  that  in  any  case  the  errors  in  excess  and  defect 
will  exactly  compensate  each  other,  but  the  approximation  of  a  mean  to  a  true 
▼alue  may  be  considered  close  in  proportion  as  the  number  of  repetitions  is 
great. 

7th  Example.  Suppose  that  A  executes  a  certain  work  in  6  days,  and 
that  B  requires  8  days  to  execute  the  same  work,  in  what  time  can  A  and  B 
|UK!ompli£h  it  if  both  work  together  f 

Since  A  does  the  whole  in  6.  days  he  does  ^  part  in  1  day,  and  since  B 
does  the  whole  in  8  days  he  does  4  part  in  1  day ;  therefore  A  and  B  work- 
ing together  do  ^-f  i=^  parts  of  tne  whole  work  in  1  day. 

The  question  is  consequently  reduced  to  this :  -^  parts  of  the  wodL  are 
done  in  1  day,  what  time  is  required  to  do  the  whole,  or  }f  parts. 

And  the  proportion  ^  :  f|=:7  :  24::  1  day  :  y=:3f  days,  gives  the  time 
reauired. 

When  an  arithmetical  question  involves  many  or  complex  conditions  the 
investigation  for  the  discovery  of  the  unknown  quantity  is  simplified  by  the 
employment  of  the  resources  of  algebra. 

&  Example  7,  let  the  time  taken  by  A  be  denoted  by  ihe  general  symbol 
0,  the  time  taken  by  B  by  the  symbol  b,  the  time  required  by  bot^  or  the 
unknown  quantity,  by  x. 

1 

Then  in  1  day  A  does  a  part  of  the  work  expressed  by  ~,  and  in  x  days  a 

part  expressed  by  ~. 

1        * 
^  Similarly,  in  1  day  and  x  days  B  does  parts  expressed  by  t  and  t  respec- 

tivdhr. 

Therefore  in  x  days  A  and  B  together  do  a  part  of  the  work  expressed 

But  by  hypothesis  A  and  B  together  do  the  whole  work  in  x  days;  there- 
fore, denotmg  the  whole  work  by  1» 

Multiplying  the  equal  quantities  by  ab  the  products  are  equal ; 

or  5x-f  ax=a5, 
.  or  (a-|-ft)x=a*  (Art,  78). 

Dividing  the  equal  quantities  by  a-f  &,  the  quotients  are  equal; 

therefore  j:=- 


a-j-b' 

This  result  involves  not  alone  the  answer  of  question  7,  but  that  of  every 
question  in  which  the  times  taken  by  two  agents  acting  separately  to  produce 
an  effect  bemg  given,  it  is  required  to  find  the  time  taken  by  the  same 
agents  acting  together. 
If,  for  example,  a  is  replaced  by  6  and  b  by  8, 

ab  6x8     48 

S^:?  °^^^^  6^8^14"^^  ^  answer  of  question  7. 
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8th  Example.  If  2  d.  in  the  shilling  is  a  dealer's  profit,  how  much  does  he 
gain  per  cent.?^ Ans,  16f  per  cent. 

9th.  A  draper  bought  124  yards  of  linen  for  31j£.,  how  must  he  sell  it  per 
yard  to  gainlOsf.  6sh.  8d.  on  the  whole? Ans.  At  6sh.  8d.  per  yard. 

10th.  A  merchant  receives  126  yards  of  cloth  in  barter  for  189  gallons  of 
wine  at  68.  8 d.  per  gallon,  what  is  the  cloth  valued  at  per  yard? 

Ans,  At  lOsh.  per  yard. 

11th.  How  many  bushela  of  wheat  at  4sh.  per  bushel  must  be  given  in 
exchange  for  120  musket  barrels  at  15 sh.  6d.  each? Ans.  465  bushels. 

12th.  In  Portugal  1000  reas  make  1  millrea,  and  1  millrea  is  worth  63|d. 
sterling ;  it  is  hence  required  to  find,  in  British  money,  the  value  of  827  null- 
reas  160  reas? Ans.  218 £.  Ssh.  d^d. 

13th.  If  3  francs  are  worth  32  pence  sterling,  240  pence  are  worth  408 
deniers  of  Holland,  and  50  deniers  are  worth  190  Spanish  maravedis;  it  is 
required  to  find  how  many  maravedis  are  worth  90  francs  ? 

Ans,  6201}  maravedis. 

14th.  A  distiller  mixes  several  sorts  of  spirits ;  viz.  36  gallons  at  8  sh.  per 
gallon,  2  gallons  at  7  sh.  per  gallon,  and  13  gallons  at  1  m.  per  gallon,  with 
12  gallons  of  water;  what  is  a  gallon  of  the  mixture  worth? ,.Ans.  5  sh. 


PART  II. 

ELEMENTS   OF  ALGEBRA. 


SECTION  L 
DEFmiTIONS  AND  FIRST  PRINCIPLES. 

1.  The  result  of  every  arithmetical  question  is  expressed  hj  some  number, 
whole  or  fractional,  in  which  all  distinction  of  the  given  quantities,  and  of 
the  operations  by  which  they  are  combined  to  form  wis  number,  is  lost. 

If  numbers  are  represented  by  genial  characters,  and  arithmetical  opera- 
tions are  indicated  by  symbols,  the  given  quantities  can  be  made  to  preserve 
their  distinction  throughout  a  calculation,  and  the  result  to  exhibit  the 
arithmetical  operations  which  must  be  performed  with  these  qiuindties  in 
order  to  obtain  the  numerical  value  required. 

But  these  operations  cannot  be  effected  unless  particular  values  are  as- 

signed  to  the  given  quantities.   Thus  in  Example  7,  Art.  366,  the  result  —j-i 

indicates,  that  to  obtun  the  time  in  which  two  a^^ents  acting  jointiv  produce 
a  certain  effect,  when  the  times  taken  by  them  smgly  to  produce  that  effect 
are  given,  it  is  necessary  to  divide  the  product  of  the  given  times  by  their 

sum.  But  to  obtain  a  numerical  value  from  the  expression  ,  ,,  it  is  neces- 
sary to  assign  particular  values  to  a,  (,  and  to  perform  with  these  values  the 
operations  mdicated  in  the  expression.    Thus,  if  a»6  and  &b8, 

ab      6X8     48     ^ 


a-f6""6+8""14 

The  formula  -^  involves  the  answer  not  to  this  particular  question 

only,  but  to  every  question  in  which  the  times,  taken  by  two  agents  acting 
singly  to  produce  the  same  effect,  are  given  to  find  the  time  in  which  that 
effect  can  be  produced  by  the  same  agents  acting  together. 

Making  a  successively  4,    6,  10 
6-9,  12,  18, 

4X9    36    ^  ^ 
the  results  are  ZZq'^i^^^^ 

6X12    72 

6-fl2"*"18""* 

10X18     180 

104-18**  28  =6f 

It  is  by  the  substitution  of  general  characters  for  particular  numbers,  and 
symbols  of  operation  for  the  operations  themselves,  tiiat  Algebra  has  been 
derived  from  Arithmetic. 

2.  TwQ  expressions  of  equal  value,  with  the  symbol  s  placed  between 
them,  form  an  equation.  Thus,  if  the  quantities  denoted  by  a  and  b  are  of 
the  same  value,  tne  symbolical  expression  of  equality,  iisb^,  is  termed  an 
Equation. 

Similarly,  if  the  sum  of  a  and  b  is  equal  to  the  sum  of  c  and  d; 
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Or  if  the  difierenoe  between  a  and  c  la  equal  to  the  difference  between 
b  and  d; 

the  equations  a+(arc+(2, 

a—c^b^cL  respectively  express  these  equalities. 
The  quantities  on  each  side  of  the  symbol  a  are  named  Members  of  the 
Equation;  and  each  of  the  quantities  which  is  connected  with  the  others  by 
the  symbols  +  or  —  is  called  a  Term. 

The  changes  which  may  be  made  among  the  quantities  composing  an 
equation  depend  chiefly  on  the  following  self-evident  principles : 

Ist.  That  if  to  equal  quantities  the  same  quantity  or  equal  quantities 

are  added  the  sums  are  equal. 
2d.  That  if  from  equal  quantities  the  same  quantity  or  equal  quantities 

are  taken  away  the  remiunders  are  equal. 
3d.  That  if  two  quantities  are  ec^ual,  their  doubles,  their  triples,  their 

quadruples,  and,  in  general,  their  equimultiples,  are  equal. 
4th.  And  that  if  two  quantities  are  equal,  their  halves,  their  third  parts, 
and,  in  general,  their  like  parts  or  submultiples,  are  equal. 
Whence,  if  boUi  members  of  an  equation  are  augmented  or  diminished,  or 
multiplied  or  divided  by  the  same  quantity,  or  by  equal  quantities,  the  sums, 
die  diflerences,  the  products,  the  quotients  form  an  equation ;  and  if  each 
of  the  members  of  one  equation  is  added  to  the  corresponding  member  of 
another  equation,  or  subtracted  from,  or  multiplied  by,  or  divided  by  it,  in 
each  case  the  result  forms  an  equation. 
Let  assb^  and  let  m  be  another  quantity, 

then  a'\'m=ib-^m 

a — ma=6— m,  or  m— aasm— 6 

ma=^mb 

a  ^   b 

m        m' 
Also,  let  c»d.    Then,  since  aesb  and  c^d^ 

a-^-c^bJfd 
a — casft — c/,  or  c — as=d — b 

a      b 
c^d' 

3.  The  expression  a— ft  indicates  that  the  quantity  6  is  to  be  subtracted 
from  the  quantity  a. 

a  and  b  being  given  quantities,  three  cases  may  occur ;  Ist.  a>ft,  2d.  aasft, 
8d.  a<b. 

Ist.  Let  a  be  greater  than  b,  and  let  the  difference  be  denoted  by  c. 

This  is  the  common  case  of  arithmetical  subtraction. 

The  subtraction  and  remainder  are  indicated  by  the  equation, 

a^bssc, 
2d.  Let  a  be  equal  to  b. 

The  numerical  subtraction  in  thb  case  also  is  possible,  and  the  remainder 
zero.    The  expression  of  the  (Terence  is, 

a— ft»0. 
3d.  Let  a  be  less  than  ft  by  a  quantity  d. 
In  this  case  the  numerical  subtraction  is  impossible. 

Since  a^a 
and    b^a+d 
a^b^a-^a^d  (Art.  2), 
or  a— ft«0— rf. 
Therefore,  if  ft  exceeds  a  by  a  quantity  dy  when  a  part  of  ft  equal  to  a  has 
been  taken  from  a,  the  remainder  is  zero,  and  there  is  still  the  quantity  d  to 
be  subtracted. 

Although  the  process  of  subtraction  necessarily  supposes  two  quantities,  a 
minuend  and  a  subtrahend,  and  that  in  this  instance  there  is  only  a  subtra- 
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hend  (the  quantitT  d),  d  may  be  distiiiguiflhed  as  a  sttbtractive  quantity  bj 
writing  it  — d.  ire&Led  thus  to  a  monomial,  the  symbol  —  serves  to  mti- 
mate  mat  the  quantity  d  ought  to  enter  subtractivelj  into  any  combination 
of  which  it  forms  a  part. 

If,  for  example,  it  is  required  to  add  the  subtractiye  quantity  ( — d)  to  c, 

the  Birai  c-f  (— cO  **  ^ — *'• 

The  result  obtained  by  adding  the  subtractive  quantity  ( — d)  to  c  is 
identical  with  that  obtained  by  subtracting  b  or  a-^d  fix>m  the  sum  of 
a  and  c. 

For  a+c^a+c 
and       bm^a-^-d 
.".  a+c— ftaac—d  (Art  2,  and  Part  L  Art  4S). 
Since  the  expression  of  the  difference  between  c  and  d  is  c^-d,  it  follows 
that  if  (— <0  ^  added  to  c,  or  </  is  subtracted  from  c,  the  result  is  the  same. 

To  illustrate  the  subject  of  subtractive  monomial  quantities,  suppose  that 
by  one  speculation  a  merchant  has  gained  a  £, ;  that  by  another  he  has  lost 
b£.^  and  that  it  is  required  to  find  we  change  produced  in  his  capital  by  tlus 
gain  and  loss,  it  is  evident  that  if  a  >&,  the  capital  is  augmented  by  the 
quantity  a — 6 ;  and  that  if  6>a,  the  capital  is  diminished  by  the  quantity 
A— a. 

In  the  case  of  6>a,  the  expression  a—b,  separately  considered,  conveys  no 
meanin^^  except  that  of  a  subtraction  which  cannot  be  effected ;  yet  by  the 
conventions  of  algebraic  notation  a — b  is  still  employed  to  express  the  change 
of  capital ;  and  smce  b  cannot  be  subtracted  from  a,  a  is  subtracted  frxun  6, 
and  uie  symbol  or  sign  —  is  prefixed  to  the  remainder.  By  this  convention 
it  is  indicated  that  the  result  is  to  be  regarded  as  not  an  augmentation,  but 
a  diminution  of  the  capital.  'l£a^700£,  and  &e=500j£.,  there  is  a  real  aug- 
mentation of  200£. ;  if,  on  the  contrary,  ass500£,  and  6=700£.,  there  is  a 
diminution  of  200j6.  But,  instead  of  indicating  that  the  capital  suffers 
a  diminution  of  200j£.,  this  notation  expresses,  in  terms  which  are  equivalent 
(though  at  variance  with  common  language),  that  there  is  an  augmentation 
or  gain  of— 200  £. 

Listances  are  numerous  in  which  it  becomes  necessary  to  consider  quan- 
tities of  the  same  kind  in  two  contrary  relations;  additive  in  the  one, 
subtractive  in  the  other,  as  expressing  the  gains  and  losses  of  business; 
income  and  expenditure ;  the  acceleration  or  retardation  of  the  time  indicated 
by  a  watch ;  the  distance,  at  different  times,  between  a  fixed  point  and  ihe 
place  of  a  moving  body,  according  as  the  bod^  moves  away  fit>m  or  towards 
the  point ;  time  subsequent  or  anterior  to  a  given  epoch,  &c.  &c. 

a.  In  the  expression  a— 6,  let  a  have  a  constant  value,  and  suppose  that 
the  value  of  6  o^gins  frt>m  zero,  and  increases  until  it  exceeds  that  of  a : 

When  6»0,  a— &s/i. 

As  b  increases  the  differences  diminish. 

When  bsBo,  a—bssQ. 

When  b>ay  the  difference  is  subtractive ;  and  the  greater  b  becomes  the 
greater  are  these  subtractive  quantities,  considered  witii  respect  to  their 
absolute  values. 

If  as 4  and  b  is  made  equal,  successively,  to  0, 1, 2,  3, 4,  the  coiresponding 
values  of  a—b  are  4,  8,  2,  1,  0.  If  ft,  continuing  to  increase,  becomes  in 
succession  5,  6,  7,  8,  the  corresponding  values  of  a— >&  are  — 1,  »-2,  — 3,  — 4. 
Because  these  subtractive  values  form  a  continuation  of  the  decreasing  series 
of  additive  numbers  4,  3,  2,  1,  0,  they  are,  by  convention,  though  the  practice 
is  objectionable,  regarded  as  less  than  zero,  and  each  of  the  terms  is  con- 
sidered less  than  that  which  precedes  it. 

In  the  language  of  this  convention  it  is  said  that  ^1  is  less  than  0,  and  —3 
less  than  —1 ;  or  that 

(-n<0;  and(-2)<(-.l) 
or  otherwise,  tnat  0>(— 1)  and  (— 1)>(— 2). 

From  this  convention,  by  which  a  subtractive  monomial  quantity  is  regarded 
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as  less  than  zero,' probably  originated  the  nse  of  the  term  NegcMve^  which 
is  commonly  employed  to  describe  subtractiYe  c^uantities.  The  opposed 
term.  Positive,  is  generally  employed  to  distinguish  quantities  which  are 
additiTe. 

In  conclusion^  to  express  in  a  general  manner  the  opposition  of  quantities 
which  are  subtractive  to  quantities  which  are  additive,  the  si?n  mmus  ( — ) 
is  employed  in  algebra,  and  the  monomial  quantity  to  which  this  sign  is 
prefixed  is  called  a  negative  quantity.  Negative  quantities,  then,  originate 
from  subtraction  in  this  manner  :  when  the  subtrahend  is  greater  than  the 
minuend,  instead  of  taking  the  subtrahend  from  the  minuend,  the  latter  is 
taken  from  the  former ;  and  this  change  of  order  is  indicated  by  the  sign  — 
|M«fixed  to  the  remainder. 

4.  Abstractedly  considered,  a  monomial  quantity  has  no  sign ;  but  from  the 
conventions  established  in  Article  3,  monomials  arising  from  the  subtraction 
of  a  greater  number  fi^m  a  less  are  considered  as  subtractive  quantities, 
and  distinguished  by  the  prefix  — .  Monomials  which  have  no  sign  prefixed 
are  considered  to  have  -^. 

The  signs  +  &nd  — ,  by  which  isolated  quantities  are  preceded,  indicate 
the  operations  which  are  to  be  performed  with  them,  or  the  relation  of  these 
quantities  to  others  with  which  they  are  combined. 

Whence  -f^  — ^  iu«  complex  algebraic  forms  which  express  not  a  quan« 
tity  simply,  or  an  operation  simply,  but  the  combination  of  Doth. 

Since  it  may  be  required  to  combine  subtractive  with  additive  or  sub- 
tractive  quantities,  it  becomes  necessary  to  determine  rules  for  such  combi- 
nations. 

a.  Let  a,  o^  denote  two  quantities  whose  sum  is  required :  if  a  and  o^  are 
both  additive,  their  sum  is  a+o^  (Part  I.  Art.  25).  If  a  is  additive  and  of  sub- 
tractive,  the  sum  is  a-|-( — oT)  or  a— a'  (Part  U.  Art.  3).  If  a  is  subtractive 
and  i/  additive,  the  sum  is  — a-^af  or  a' — a.  For  if  a  third  quantity,  b,  is 
assumed,  it  is  evident  that,  whether  a  units  are  subtracted  from  b  and  a' 
units  are  added  to  the  remainder,  or  o^  units  are  added  to  b  and  a  units  sub- 
tracted from  the  sum,  the  absolute  number  of  units  expressed  by  b — a'\-a^ 
and  by  &-f  ^ — ^  must  be  the  same,  and  therefore  in  —a-j-t/  and  m  e^^a, 

J£a,a'  are  both  subtractive,  assuming  a  third  quantity,  b,  greater  than  the 
sum  of  the  absolute  numbers  a,  a',  it  is  evident  that  the  sum  of  &-)-( — a) 
-f  ( — oO  ^^^^  ^  obtained  by  adding  — a  to  &,  and  then  to  this  sum,  which  is 
b — a,  adding— a'.  The  result  is  b—a—cf.  The  sum  can  also  be  obtained 
by  adding  at  once  — (a'\-af)  to  b.  The  sum  of  two  subtractive  quantities 
— a  and  — a  is  therefore  -^a—c^,  or  —  (a+a'). 

Combining  the  symbols  +  and  — ,  thus,  +,  to  indicate  that  the  quantity 
to  which  they  are  prefixed  may  be  taken  additively  or  subtractively,  the 
result  of  this  discussion  is  expressible  by  the  formula, 

±«+(±«'5-±«±«'» 
or  by  this  proposition : 

The  sum  of  two  monomial  quantities,  of  whatever  signs,  is  obtained  by 
connecting  the  quantities  together  by  means  of  their  proper  signs. 

The  re^t  obtained  by  the  addition  of  quantities,  of  which  some  are  sub- 
tractive,  is  termed  the  algebraic  sum  of  these  quantities. 

Algebraic  addition,  it  ought  to  be  observed,  does  not  necessarily  impl^ 
augmentation ;  for  the  numerical  value  of  the  sum  a-f  (— <0  ^  ^^^  ^°  tnat 
of  one  of  the  quantities,  a. 

b.  Let  in,  «,  be  two  quantities  whose  difference  is  required : 

m  and  9  beine  both  additive,  and  in>«,  the  expression  of  the  difference  is 
m— «  (Part  I.  Art.  43) ;  and  ii'  m^B^d,  </  is  an  additive  quantity. 

If  s>»i,  and  s^mssdy  then  m— «=s  ^dy  and  the  difference  is  a  subtractive 
quantity  (Part  II.  Art  3,  Case  3). 

b^  Next,  let  the  difference  between  m,  an  additive,  and  (— s),  a  sab* 
tractive  quantity,  be  required. 
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Let  the  difierencessd^  that  is,  let 

«— ( — s)^d. 
Then,  since  ( — *)«(—«), 
by  addition,  m--(— *)+(— *)c=d4.r— #)  fPart  11.  Art  2)  ; 
but  «—(—»)-f  (—«)«!«,  and  rf-f  (— «)«ii— «. 
Therefore  ms</— «. 
Now  m — ( — s)^d,  and  m^d^*. 
Hence  »—(—«)  ia  greater  than  m  bj  the  additire  quantitj  «. 

Therefore  m— ( — «)a»m4-«. 
V^  Again,  let  ni,  the  minuend,  be  a  subtractiYe,  and  «,  the  subtrah^id,  an 
additive  quantity. 

Since  m  is  subtractiye,  and  s  becomes,  by  the  operation,  also  subtractiye, 
the  expression  of  the  remainder,  — w— (-f «)  is  — m— #,  or — (m-f-«)-  (See  the 
Case  V'  of  this  Article.) 

W^,  Suppose  that  a  is  an  additive  quantity  jB;reater  than'm+<-  Then,  since 
a>fii,  a+(] — m)  or  a-^m  is  an  additive  quantity,  let  a — m^af. 

Since  a  >(m -[-*)»  «'>*• 
Again,  a^^^-^s^ssaf—s^a'^  an  additive  quantity. 
Now  AT  »  a'—  « ;  and  a^ssa — m. 

Therefore  a^'=sa—m—«ssa—QR+«);  that  is,  the  effect  produced  on  the 
additive  quantity  a  by  the  addition  to  it  of  — tn,  and  the  subtraction  from 
the  algebraic  sum  a +(—'»)  of  +'1  is  equal  to  the  effect  produced  on  a  by 
either  subtracting  from  it  m  and  9  in  succession,  or  by  subtracting  at  once 
the  sum  iii+«. 

}/^^\  Lastly,  let  tn,  the  minuend,  and  s,  the  subtrahend,  be  both  sub- 
tractive  quantities :  the  expression  of  the  remainder  — m — ( — «)  is  to  be 
reduced,  so  as  to  contain  only  one  symbol  of  operation  between  m  and  s. 

Since  the  subtractive  quantity  ( — m)  is  to  be  diminished  by  the  sub- 
tractive  quantity  (— s),  it  is  evident  that  tiie  subtractive  quantity  which 
remains  is  equal  to  the  excess  of  m  over  s,  supposing  m  the  greater.  This 
remainder  b  indicated  by  the  expression  m—s ;  therefore  — m — ( — s)  may 
be  written  — (m — «). 

To  determine  the  effect  of  the  symbol  — ,  which  precedes  this  expresinon, 
upon  the  other  — ,  which  is  placed  between  the  quantities  within  the  paren- 
thesis, let  the  subtractive  quantity  —  (m — s)  be  connected  by  means  of  its 
sign  —  with  an  additive  quantity,  a. 

The  result  of  the  algebraic  addition  or  numerical  subtraction  is  obtained 
by  first  subtracting  m  from  a ;  the  expression  of  this  remainder  is  a — m ; 
but  this  quantity  is  too  littie  by  the  quantity  «,  for  the  subtrahend  is  not  m, 
but  m — 8 ;  therefore  the  remamder  a — m  must  be  augmented  by  s.  It  thus 
becomes  a — m-|-*. 

Consequently  the  expression  —(m—s)  may  be  otherwise  written,  without 
the  parenthesis,  — m-j-s  or  «— m. 

If  m>«,  the  quantity  —  (m— «)  is  subtractive;  but  if  i?i<«,  it  is  additive. 

Combining,  as  before,  the  symbols  +  and  — ,  it  follows  from  this  dis- 
cussion that, 

|r  Ei8:Tm+:}-.*^  ±«.-(±0-±m4:*. 
In  words ;  that  the  expression  of  the  difference  of  two  monomials  is  composed 
of  the  minuend  and  subtrahend  connected  by  a  symbol  of  operation ;  that 
when  the  subtrahend  is  an  additive  quantity  (or  has  the  sign  -H),  the 
connectinff  symbol  is  — ;  and  that  when  the  subtrahend  is  a  subtractive 
quantity  (or  has  the  sign  — ),  the  connecting  sjrmbol  is  -f . 

The  sign  which,  in  the  expression  of  the  difference,  is  placed  before  tiie 
subtrahend,  .is  the  reverse  or  that  which  the  subtrahend  has  before  sub- 
fraction.    The  sign  of  the  minuend  remains  unchanged. 

Whence,  to  subtract  one  monomial  quantity  from  another,  change  the  sign 
of  the  subtrahend,  and  by  meaxis  of  the  changed  sign  coanect  the  minuend 
and  subtrahend  together,  as  in  addition. 
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c  Let  m,  m'  be  two  monomial  quantitiei  whose  product  is  required : 

Jfmymf  are  both  additive  (juantitiefl,  the  product  mm'  is  an  additive 
quantity.    This  is  the  case  of  anthmetic. 

If  the  multiplicand  m  is  an  additive  quantity,  and  the  multiplier  m'  a  sub- 
tractive  quantity,  the  product  (+m)  X  t^m')  is  a  subtractive  quantity. 

For  tne  expression  (-f  m)  X  (— w')  or  m  X  ( — m')  indicates  that  the 
multiplicand  m  is  to  be  subtracted  as  many  times  as  the  multiplier  m'  contains 
simple  units ;  or  that  m'  repetitions  of  the  quantity  m  are  to  be  subtracted. 
Now  m'  repetitions  of  m  are  expressed  by  the  product  m'm  or  mm'  (Part.  L 
Art.  66),  and  the  condition  that  this  quantity  tmh^  is  subtractive  is  expressed 
by  the  symbol  —  prefixed  to  the  proauct  mm\    Whence  (+»»)  x  ( — m'^= 


— UtJIl  . 


If  m  is  subtractive  and  m'  additive,  this  case  may  be  reduced  to  the  pre- 
ceding by  changing  the  order  of  the  factors ;  or,  since  ( — m)  taken  once  is 
— m ;  twice,  is  — 2m  ....  it  follows  that  the  subtractive  quantity  ( — m) 
taken  m'  times  is  the  subtractive  quantity  mm\  that  is,  — mm\ 

If  SI  and  m'  are  both  subtractive,  the  expression  of  the  product  (—m)  x 
^— m^  indicates  that  the  subtractive  quantity  — m  is  to  be  subtracted  m' 
tunes.  Now  —m  subtracted  once  is  +m «  subtracted  twice,  it  is  +2f}t . . . , 
and  subtracted  m'  times,  it  is  -^mm'. 

Therefore  (— »i)  X  (--mO«  -j-mm'. 
Whence,  in  conclusion,  4:mx+m'=s-|-m«', 
4-m  X  -f-J»'=33 — mm',  that  is, 
the  multiplicand  and  multiplier  being  both  additive  quantities  or  both  sub- 
tractive  quantities,  the  product  is  additive.    But  if  the  multiplicand  is 
additive  and  the  multiplier  subtractive,  or  if  the  multiplicand  is  subtractive 
and  the  multiplier  additive,  then  in  either  case  the  product  b  a  subtractive 
quantity. 

d.  Tne  quotient  in  algebraic  division  is  a  quantity  such  that  multiplied  by 
the  divisor  it  produces  uie  dividend  both  in  respect  of  quantity  and  sign. 

Let  d  be  the  dividend,  d^  the  divisor,  and  q  the  quotient ;  and  first,  let 
d  and  <f  be  additive,  then  q  is  additive. 

For  if  ^  were  subtractive,  the  product  -|-rfx  (— ^)  would  be  subtractive 
(Part  n.  Art  4  c),  which  is  contrary  to  the  hypothesis  by  which  (/=<f  X  g  is 
additive. 

2d.  JfdiB  additive  and  cf  subtractive,  or, 

9d.  If  c?  is  subtractive  and  if  additive,  in  either  case  q  is  subtractive.  For 
if  ^  is  additive  in  Case  2,  the  dividend  =(—  if)  x  (-f-^)  must  be  subtractive ; 

And  if  9  is  additive  in  Case  3,  the  dividend  =s(4-£0  ^  (+9)  ni^ust  be  addi- 
tive, results  which  are  contrary  to  the  hypotheses  made  respecting  d  in  these 


4th.  If  d  and  if  are  both  subtractive,  q  is  additive ;  for  if  g  were  subtrac- 
tive the  dividend  »(— if)  X  (— ^)  must  be  additive,  which  is  contrary  to  the 
hypothesis. 

Whence  i^-^-i^^^+y 
^d-^'^d'sa-^q. 

Expressed  in  words,  the  conclusion  is  this :  if  the  dividend  and  divisor  are 
both  additive  or  both  subtractive  ouantities  the  quotient  is  additive ;  but  if 
the  dividend  is  additive  and  the  oivisor  subtractive,  or  if  the  dividend  is 
subtractive  and  the  divisor  additive,  then,  in  each  of  these  cases,  the  quotient 
is  subtractive. 

5.  Every  quantity  expressed  by  means  of  algebraic  symbols  is  termed  an 
ahpebraic  quantity  or  literal  quantity.  Thus,  4a  is  the  algebraic  expression 
of  four  times  the  number  a;  Sefi  is  the  algebraic  expression  of  three  times 
the  square  of  a;  €?h\  that  of  the  product  of  the  cube  of  a  by  the  square  of 
h\  6'-^2^+<^,  that  of  the  square  of  ft,  diminished  by  twice  we  product  of  h 
by  c,  and  augmented  by  the  square  of  c. 

The  nummeal  value  of  an  algebraic  quantity  is  the  number  which  is 
obtained  by  giving  particular  values  to  all  tne  letters  of  which  it  is  com^iosed, 
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and  performing  the  aritlimetical  operations  which  are  symbolicallj  indicated 
by  it. 

This  numerical  value  depends  on  the  particular  values  which  are  epven  to 
the  letters ;  and  it  ought,  m  general,  to  change  as  these  values  are  dianged. 
The  numerical  value,  for  example,  of  ia^  is  36  when  a:s3,  and  64  when  aas4. 

The  numerical  value  of  a  polynomial  expression  is  not  changed  b  j  a  change 
in  the  arrangement  of  its  terms,  provided  its  proper  sign  is  preserved  to 
each  term.  Thus  the  polynomials  7rt* — 4a'i-|-2a'c,  2a*c — 4a'ft  +  7fl*, 
2a*c+7tf^ — 4€^by  have  the  same  numerical  value;  for,  from  the  nature  of 
arithmetical  addition  and  subtraction,  the  number  of  individuals  is  indepen- 
dent of  the  order  of  their  arrangement. 

Of  the  tenns  composing  a  polynomial,  some  are  preceded  by  the  sign  +, 
others  by  the  sign  — >.  The  nrst  are  named  additive,  the  second  subtractive, 
terms ;  the  first  are  also  named  positive,  the  second  n^iative,  terms.  The 
latter  denominations  are  given  m>m  the  conventions  of  Article  3 ;  though 
improper,  their  use  is  sanctioned  by  custom.  If  the  first  term  of  a  poly- 
nomial has  no  sign  it  is  considered  additive. 

If  in  the  polynomial  7tf^— lo'^-f  2a*c, 

or  7rt*+2a*c— lo^ft, 
a  is  made  »  4,  b^S^  e»%  the  numerical  value  of  the  polynomial  for  these 
particular  values  of  a,  ft,  c,  is  given  by  the  expression 

7X4*+2X4«X2— 4x4^X3. 

Now,  7x4*«7x4x4x4x4=     -      -     1792 
and  2x4«x2=2x4x4x2«     -      - 64 

The  sum  of  the  additive  terms  ev     .     4. 1856 
Again,— 4x4' X3=— 4X4X4X4X3==— 768 

Taking  the  difference,  it  is  found  that  1088  is  the  numerical  value  of 
the  expression  7a«— 4a'&-f  2a'c,  on  the  hypothesis  of  as4,  ft^S,  c=2. 

If  a=2,  bss5,  and  ca3,  the  numerical  of  7tf^— 40^6+ 20*0  is  —24. 

Ex.  1st.  Bequired  the  numerical  value  of  a'— 3a'6+3a6'— ^^  when  4|3b9 
and  brs5  f Ant.  64. 

2d.  Required  the  numerical  value  of  (a+b)  (a — &),  when  ass6  and 
ft«2? A1U.S2. 

Sd.  Required  the  numerical  value  of  (a-f  &)  Xa — b  when  a =6  and 
ft-2P Aiu.46. 

6.  Each  of  the  literal  factors  of  a  term  is  called  a  dimension  of  the  term, 
and  the  nimiber  of  the  factors  or  dimensions  is  named  the  degree  of  the 
term. 

The  numeral  coefficient  of  a  term  is  not  considered  a  dimension.  Thus, 
4a  is  a  term  of  one  dimension,  or  of  the  first  degree ;  Sbc  a  term  of  two 
dimensions,  or  of  the  second  degree ;  5aVcy  or  SeuibbCy  a  term  of  six  dimen- 
sions, or  of  the  sixth  degree. 

The  number  of  dimensions,  or  the  degree  of  a  term,  is  obtained  by  forming 
the  sum  of  the  exponents  of  the  lettera  which  enter  into  the  term.  In 
forming  this  sum  it  is  necessary  to  be  remembered  that  a  letter  which  has 
no  exponent  is  considered  to  have  unity  for  exponent  (Part  I.  Art  75). 
Hence  the  degree  of  the  term  cfib^cd*  is  3+2+1+4=10. 

A  polynomial  expression  is  homogeneous  when  all  its  terms  are  of  the 
same  degree.  The  expressions  a*+2a*+6«,  a^+2a'&— a<Ac+46afe  are 
homogeneous;  6'— fcc+a,  ab'\-6c'-'S€P  are  not  homogeneous. 

Terms  composed  of  the  same  letters  raised  to  the  same  powers  are  called 
like  or  similar :  Zbe  and  5bc,  2o^bd  and  7a^bd,  V^<^d  and  96»  A/  are  like  terms ; 
but  3fc«c  and  5ftc«,  2a»W  and  6ati^d  are  not  like  terms ;  for,  although  com- 
posed of  the  same  letters,  the  same  letters  are  not  affected  with  £e  same 
exponents. 
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A  polTiiomial  which  contains  two  or  more  like  terms  can  be  simplified. 
The  poljnomial  8aft*-f  6a*c— 5ai*-f  a*c— ft*c*,  for  example,  which  contains 
the  like  terms  Babl^  and  — 5ab%  Ba^c  and  a^c^  may  have  the  arrangement  of 
its  terms  changed  thus  (Art.  5) : 

Now  8ai«— 5a&««3a6«    (Part  I.  Art.  43), 
and  6a«c+a*c=7a«c     (Part  I.  Art.  26)  ; 
therefore  8a6«+6a«c— 5a6Ha*c— &V=8ai«-f  7a*c— ftV. 

In  like  manner  the  poljnomial  2ab^cr^ — iab^c^—Qab^c^'^-Sab^c^^al^c^  may 
be  arranged  thus: 

2aAV  +5ai2c3— 4a&V— 6a&V— a^V. 

The  sum  of  the  additive  terms  is  7a6V. 

The  sum  of  the  subtractive  terms  is  lla&^c'. 

The  given  polynomial  is  hence  reduced  to  Ta^c' — lloiV,  or  to 
— 4fl*V  (Art.  3). 

Polynomial  quantities  containing  terms  which  have  several  but  not  all 
their  &ctors  common  may  be  simplified  in  the  same  manner. 

Taking,  for  example,  the  binomial 

the  first  term  expresses  m  repetitions  of  the  quantity  b^c^d^  and  the  second 
term  expresses  n  repetitions  of  the  same  quantity ;  therefore  the  two  terms 
express  m+n  repetitions  of  i^c^d,  an  expression  which  may  be  written 

(m+ii)^c3rf. 

The  binomial  efib^a^ — c^b^c^  being  composed  of  Mc*  into  cfi,  less  5*0*  into 
0?,  the  two  terms  express  a  number  of  repetitions  of  the  common  quantity 
Mc*,  which  would  be  obtidned  by  subtracting  the  numerical  value  of  o^  from 
that  of  cfi»  This  subtraction  is  indicated  by  the  algebraic  difference  cfi — a* 
pr  a»(a»— 1)  (Part  I.  Art.  75  &  76).  Therefore  €^h^(?''C?h^d^^(cfi'-<;^)h^<^, 
or  (a5— l)a»Mc«. 

In  the  case,  therefore,  of  polynomials  containing  terms  which  have  several 
but  not  all  their  factors  common,  the  factors  which  are  common  to  two  or 
more  terms  are  held  to  compose  like  terms,  and  their  other  factors  are 
taken  as  literal  coefficients,  the  sum  or  the  d^erence  of  which  is  indicated 
by  the  appropriate  sign. 

Whence,  to  effect  ue  reduction  of  the  like  terms  of  a  polynomial, 

Rule.  If  the  polynomial  contiuns  only  like  additive  or  like  subtractive 
terms,  form  them  mto  a  single  additive  or  a  single  subtractive  term  by  adding 
together  their  coefficients  and  annexing  the  common  literal  part  to  the  sum. 
If  it  contains  like  additive  and  subtractive  terms,  form  a  single  additive  term 
out  of  all  the  like  terms  which  are  preceded  by  the  sign  +1  &nd  a  single  sub- 
tractive  term  out  of  all  the  terms,  like  the  former,  which  are  preceded  by  the 
sign  — ;  subtract  the  smaller  sum  from  the  greater  (or,  when  the  coefficients 
are  literal,  indicate  the  subtraction),  and  to  the  remainder  prefix  the  sign  of 
thegreater. 

Tnis  sort  of  reduction  is  peculiar  to  algebra ;  it  affects  the  coefficients  only 
of  the  like  terms,  and  not  either  the  common  quantities  or  their  exponents. 

Examples  of  reduction  of  the  like  terms  of  a  polynomial : 

IsL    4fl«&— 3a*c+9aj«— 2a«6+7a«c--663  ? ilii^.2«»6+4a8(?+9ac«— eft*. 

2a.  — 8i3-f7a»-f  3^3— 9a2ft—5^+ai«+4^  ?...  Ans.  70^— 9a«ft+aft«— 6&». 

3d-     2a3&c«— 4a'6c«+6a'6c*— 8a3irc«+llaS6c»  ? ^na.  7a^b<^. 

4th,    5a-f-36— 4c-f a— 46— 2c4-3e  ? Ans.  6a— ft— 6c+3^. 

6th.    3a*— 4fl6-f 2a«— 3aft+fcH2a6— 56*  ? Ans,  da^^dah—^b^. 

6th.    7a6c*— aftc*- 7a6c*— 8a6c*+4a6c«  ? i4»j#.  — 5tf6c«. 
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SECTION  n. 

ADDITION,    SUBTRACTION,   MULTIPLICATION,   AND 
DIVISION  OF  INTEGER  EXPRESSIONS. 

Addition. 

7.  In  the  addition  of  algebraic,  as  in  that  of  arithmetical,  quantittes  the 
object  is  to  find  a  single  expression  which  shall  be  eaual  to  the  sum  of  several 
others.  This,  in  the  case  of  numbers,  is  accomplished  by  combining  the 
addenda  into  one  number,  which  contains  imity  as  often  as  all  the  addenda 
taken  together. 

The  Edition  of  general  symbols  of  number  or  quantity  is  indicated  by 
connecting  die  addenda  together  by  means  of  another  symbol  which  denotes 
the  operation  of  addition.  Thus,  the  sum  of  ab  and  cd  is  oft -)-<xf  (Part  I. 
Art  25,  26),  and  the  sum  of  oc  and  —bd  is  iic+(— ^>  or  ac-^bd  (Part  11. 
Art  4  a). 

But  tne  result  cannot  be  reduced  to  a  single  quantity  unless  particular 
values  are  given  to  all  the  letters. 

The  sum  of  a  monomial,  <2,  and  a  polynomial,  a — h'{-Cj  may  be  indicated  thus : 

(a«S+c)+(-fcO. 

To  reduce  this  expression  to  the  form  of  a  single  polynomial :  the  expres- 
sion a — b'\-c  indicates  that  the  number  of  units  a  is  to  be  diminished  by  the 
number  of  units  &,  and  the  result  to  be  augmented  by  the  number  c.  If 
particular  values  of  a,  5,  c  are  ^ven,  these  operations  can  be  effected,  and 
the  result  is  a  number,  n  (Art.  §), 

If  a  particular  value  is  also  ^ven  to  the  additive  quantity  d,  the  sum  of  the 
given  polynomial  and  monomial  quantities  is  obtamed  by  adding  d  units  to 
ft  units.  This  sum,  which  is  indicated  by  the  expresuon  n-^d^  is  that  which 
is  required. 

So  long  as  the  terms  are  general  expressions  this  reduction  cannot  be 
made.  Replacing,  therefore,  n  by  its  value  a—b-j-c,  the  polynomial  n+cf 
becomes  a — b'}-C'\-d^  which  is  the  expression  of  the  sum  requii^. 

If  the  quantity  d  b  subtractive  (-*<0)  the  algebraic  sum  of  n  and  — d  is 
n—d  (Art  4  a). 

Therefore  a— 6 -|- c -h  ( —d)  *=<*""*+ <^^^' 

The   sum    of  two   polynomial   expressions,  V  —  Sa^b  +  SaH^^l^    and 

5a^5~2a6'4~4^i  i^ay  be  indicated  thus : 

(oS— 8a«&+3fli«— *«)+ (5a«5— 2a5«+4*»). 

To  reduce  this  expression  to  a  single  polynomial :  if  the  values  of  a,b 
are  g^iven,  each  of  the  polynomials  can  be  reduced  to  a  single  term,  and  tiie 
sum  is  obtained  by  adding  these  terms  together.  Without  particular  values 
the  process  is  one  of  indication. 

It  is  required,  then,  to  indicate  the  combination,  by  addition,  of  the  quan- 
tity 5fl«5— 2a&«+4i*  with  aS— 8a*6-f  3ai«— &».  Since  the  sum  of  the  piupts  is 
equal  to  the  whole,  if  the  terms  of  the  polynomial  5a*b — 2a6'-f-46^  f'^  one 
ttder  another,  added  to  the  other  polynomial  until  they  are  all  combined  with 
it,  the  result  must  be  the  sum  of  the  two  polynomials. 

Taking  Sa^^  the  1st  term  of  the  second  polynomial. 

Adding,  next,  —2^*,  the  2d  term  of  the  second  polynomial, 

(a»— 3a«&+8aft«— fts-f  5a8ft)  +  (— 2a5«) =a»— 8a«&+3aft«— ft»4-5fl?d— 2aft«. 

Lastiy,  adding  the  remuning  term  4^, 

(a'— 3a«&+3aft«— 5»-|-5a«6— 2aft«)-f  (+4^)  «:a'— 3a«&-f  Say— ft»+5a«ft 
-.2aiH4ft'. 

The  addition  of  the  2d  pol^omial  to  the  Is  has  been  made,  term  by  term, 
according  to  the  rule  of  Article  4  a;  and  the  same  process  must  be  followed, 
however  many  the  terms  or  the  nimiber  of  the  polynomiab  whose  sum  is 
required. 
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When  the  addenda  haye  been  reduced  to  a  single  polynomial  the  process 
of  simplification  explained  in  Article  6  may  be  employed. 

Changing  the  arrangement  of  the  terms  for  the  purpose  of  bringing 
together  those  which  are  like,  this  polynomial  may  be  written  thus : 

Now  — 3a«i+5a«ft==-f  2««ft,  Soft*— 2ai«=flft«,  —b^-^W^-^Slf^  (Art 6). 
Whence  the  algebraic  sum  of  the  given  polynomials  is 

As  a  second  example,  let  it  be  required  to  find  the  algebraic  sum  of  the 
polynomial  quantities  4a-f  96— 2c,  2a— 3c-|-4di  76-f  c— tf. 

The  addition  of  the  second  polynomial  to  the  first,  and  of  the  third 
to  the  single  polynomial  composed  of  the  first  and  second,  may  be  made 
as  in  the  preceding  example,  and  the  polynomial  which  is  obtained  as  the 
indication  of  ^e  sum  may  oe  simplified  by  the  reduction  of  the  like  terms. 

The  sum  of  the  proposed  polynomials  before  simplification  is  4a+9&— 2c 
+2a— 3c+4rf-h7&+c— c. 

After  simplification  it  is  6a+20& — 4c-|-4d— c. 

If  the  polynomials  are  composed  of  like  terms  difierently  arranged,  the 
order  of  the  terms  of  the  2d,  3d, .  .  .  polynomials  may  be  changed  mto  the 
order  of  the  Ist ;  the  polynomials  beinff  then  i>laoed  one  under  another  in 
horizontal  lines,  the  like  terms  must  fall  in  vertical  columns ;  their  reduction 
is  thus  rendered  more  easy. 

Ex.  Bequiied  the  sum  of  2a»+3fc*«— 5c*a:*,  2c«a:*-f  fin?— 7i*x,  and  i«ar— 
8cV+a9. 

2a'+35«ar— 5c«a:* 

2c«a*+5fl«-"75«3r  =    fio^— 76«a:4-2c*a* 

i«ar— 3c«a*+ii?  =     g»-f  ft'a?— 3c'g» 

The  sum  of  the  proposed  expressions  is  So?— 3^3?- Cc'a:^ 

I£  some  of  the  polynomials  contain  terms  which  are  not  contained  in  all  the 
others,  the  change  of  arrangement  may  be  troublesome.  In  this  case  the 
polynomial  addenda  may  be  written,  without  change  of  order,  in  horizontal 
lines ;  the  like  terms  are  then  selected,  by  inspection  of  the  whole  addenda, 
and  reduced  into  one  term ;  each,  as  it  is  made  to  enter  into  the  result, 
being  marked  with  a  stroke  (thus  <^\  to  show  that  it  has  been  taken  into 
aecount.  If  eadi  term  is  marked  when  it  is  reduced,  any  omission  of  terms 
is  avoided,  for  those  unmarked  remain  to  be  added. 

Ex.  Required  the  sum  of  the  followix^  polynomials : 

•fti^ft  — <»aftc— ^ft^—  9<r»+ai* 

6a'ft-h5adc— 3yc,  &c. 


The  sum  in  this  instance  is  incomplete,  the  unmarked  terms  remaining  to 
be  combined  with  it. 

The  reasoning  employed  in  these  instances  is  applicable  to  any  case  of  the 
•addition  of  polynomial  expressions.  It  supplies  the  following  rule  for  such 
addition. 

Write  the  terms  of  the  given  polynomials  one  after  another,  with 
their  proper  signs,  and  make  reduction  of  like  terms  when  such 
redncti<m  is  possible. 

It  is  required  to  find  the  algebraic  sums  of  the  following  expres- 
jSions : 

1st.  a+b  and  a — b? An8,  2a, 

2d.    3a — 4a?  and  5a— 8x? Ans,  Sa — liar. 

3d.    7a— 5c+3^  and  2a— 3c— 76? Ans,  9a— 8c— 46. 

4th.  a+6a?— 5y +8  and —5a— 4a:+4y— 3?  Ans.^4a+2x^i/+5, 
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5th.  4a+4b+Se  and  — 4x— 4y+32r  ? 

Ans.  4a+46+3c»4a;— 4y+3ir. 
6th.  5a+4*— 3c— 7rf+8  and  3a— 12*+7c— lOrf— 4? 

Ans.  8fl— 8*+4c— 17</+4. 
7th.  4a»c— lOftefe,  6a«c— 9W^,  and  Ud^c-^Sbde? 

Ans.  2la^c-'22bde. 
8th.  3a»+4*c— €«+10,     — 5a«+6^+2c»— 15,    and  — 4a«— 96c 

— 10««+21? Ans.  — 6a>+^-.9e»+16. 

9th.  5a+36— 4c,  2a— 56+6c+24,   a— 46— 2c+3c,  and  7a+46 

—3c— 6c? Ans.  15a— 26— 3c+2d— 3c. 

10th.  16a— 56+ 10c— 9c^  3a+186— 5c— 7rf+3c,  —7a— 26,  — 3^ 
+5c— 9A,  and  11a— 36+2c+8<i+7A? 

Ans.  23a+86+7c— ll<i+8c— 2A. 
11th.  8a+6,    2— 6+c,    — 3a+56+2d;  3rf— 66— 3c,  and  7c— 2d 

^5a? Ans.  2a— 6+5c+3<£ 

12th.  3a— 7/,  4/— 2a,  3/— 3a,  and  2a? Ans.  0. 

13th.  7af— 6y+5z+3— ^,  — «— 3y— 8— ^,  7^— a:+y— 3z— 1,  — 2« 
+3y+32f— 1— ^,  andx+8y— 5«+9+^? 

Ans.  4x-|-3y-f'2+5^. 
14th.  6a— 46+3c,  3a+66— 4c+4d;  a+2b+2c^d,  and  5a— 6+c 

+2rf+c? Ans.  15a+36+2c+5€?+c. 

15th.  6a— 46— 3c,  3a— 66+4c— 4c^  a+2b'^2c+d,  5a— 6+c+2d 

— c? Ans.  15a — 96 — d — e. 

16th.  8a«— fa6— 262— I,  7^2— a»+Ja6+2,  and  a6+26«+4c«+i  ? 

Ans.  7a«— ia6+llc«+lf. 
17th.  4ac— 156£?+ca:,  llac+76«— 19ear,  and  66rf— 41aa— 7£fc? 

Ans.  15ac— 41a«— 96rf+76>— 18«jr— 7cfe. 
18th.  jpa?* — qx^^rx  and  or* — bx^'^x? 

Ans.  (jp+a>B»— (^+6>r>— (r+l)a?. 

SUBTBAGTION. 

8.  The  difference  of  two  monomial  quantities,  additiTe  or  snbtractive,  10  in- 
dicated in  the  most  general  manner  by  the  formula  +*»—(+*)=  im-f* 
(Art.  4b). 

If  the  minuend  is  a  polynomial,  as  a+6 — c,  and  the  subtrahend  an  additive 
monomial,  «,  the  difference  is  indicated  by  the  expression  (a-f  6 — c) — (+0) 
which  si&n^ifies  that  the  number  of  units  expressed  by  a  having  been  aug- 
mented by  the  number  expressed  by  6,  and  this  stmi  diminished  by  the 
number  expressed  by  c,  this  residt  is  further  to  be  diminished  by  the  number 
of  units  expressed  by  s. 

If  particular  yalues  are  given  to  a,  6,  c,  and  «,  the  value  of  the  polynomial 
a+6 — c=^m  can  be  found,  and  then  the  remainder  left  by  the  subtraction 
of  s  from  this  value,  or  m—s.  But  as  the  particular  values  of  these  quan- 
tities are  not  given,  the  subtraction  can  only  be  indicated.  Since  m — s  is 
the  indication  of  the  difference,  and  m=a-f-6— c,  it  follows  that  the  polyno- 
mial a-4-6 — c — s  expresses  the  difference  required. 

From  similar  reasoning,  and  from  Article  4  b,  it  likewise  follows  th«fc 

(a+6—c)— (—«)='»— (^*)  =*"*+*> 

or  that  (a+6— c)— (— «)^a+6 — c-f  *. 

The  difference  of  two  polynomial  expressions,  a+6— d  and  c— /-|-^,  can 
be  indicated  thus. 

Since  the  subtrahend  is  composed  of  the  terms +c,  —fy  and  -hgy  if  these 
terms  are  one  after  another  subtracted  from  the  minuend  and  suceessive 
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remainders,  the  last  remainder  must  be  that  which  results  from  the  subtrac- 
tion ofc—f-^g  from  a-\-h — d. 

Now  (a+ft— cO— (+0=«+*— «'— c, 

Therefore  (a-j-6— d)— (c— /-f^)=a+6— d— c+/— y. 

In  this  process  by  successive  subtractions  the  first  partial  remainder  is 
obtained  bj  changing  the  sign  of  the  first  term  of  the  subtrahend,  and  con- 
necting this  first  term,  by  means  of  the  changed  sign,  with  the  minuend. 

The  second  partial  remainder  is  obtained  by  changing  the  sign  of  the 
second  term  of  the  subtrahend,  and  connecting  it,  by  means  of  the  changed 
sign,  with  the  first  partial  remainder,  &c.  &c. 

Whence,  generally,  the  expression  of  the  difference  of  two  polynomiab  is 
obtained  in  the  form  of  a  single  polynomial  by  connecting  the  terms  of  the 
subtrahend  with  the  minuend  by  means  of  signs  contrary  to  those  which  the 
terms  of  the  subtrahend  have  before  subtraction,  m  accordance  with 
Article  4  b. 

Consequently,  to  subtract  a  polynomial, 

Rule.  Having  changed  the  signs  of  all  the  terms  of  the  subtrahendy 
add  it  to  the  minuend. 

Redaction  of  the  like  terms  (as  practised  in  addition)  can  be  made 
after  the  signs  of  the  terms  of  the  subtrahend  have  been  changed. 

It  is  required  to  find  the  algebraic  differences  of  the  following  ex- 
pressions, the  first  polynomial  in  each  example  being  considered  the 
minuend,  and  the  second  the  subtrahend  : 

1st.  a+6and  a^6? An8.2h, 

2d.  3a— 26+6  and  2a— 7*— 3  ? ^iw.a+56+9. 

3d.  6a— 12*  and  —5a— 10*  ? Ans.  11a— 2*. 

4th.  13a— 2*+9c— 3c/ and  8a— 6*+9c— lOrf+12  ? 

Ans,  5a+4*+7rf— 12. 
5th.  2a— ar+5y— 6  and  6a+4a?+5y+4  ?.,.Ans.  —4a— 7a?— 10. 
6th.  5a«+4a6-6ay  and  lla«+6a*— 4a;y  ? 

Ans.  —6a'— 2a* — 2xy, 
7th.   -7/+3i»-8j:  and  — 6/— 5»i-2a:+3rf+8  ? 

Ans.  -./+8i»— 6a?-3rf— 8. 

8th.  3A— 2*  and  9/-7-8;i  ? Ans.  3A— 9/+6*+7. 

9th.  -.a-5*-h7c— d  and  4*— 3c+2rf+3A  ? 

^n*.  — a -9*+10c— 3c/— 3A. 
10th.  5*-3a-h203o-f-5  and  — 2*-.8a+67c+7  ? 

Ans.  7*+5a+136c-2. 

11th.  5*— 8a— 3c  and  7a— 3*— 2c  ? Ans.  15a+8*— c. 

12th.  3c— 2/+5c  and  8/+7c— 4/ ? Ans.c^SL 

13th.  3a— 5c+3(f  and  7a— 5(f+8c— 2c?.^w5. 8«/+2c— 4a— 13c. 

14th.  5c-t-3  and  2c— 9— 7c  ? Ans.  lOc+12. 

15th.  3a— 17*— 10*+13a— 2a  and  6*— 8a— *— 2a+3d-f-9a— 

5h? Ans.  I5a^32b—3d+5h. 

16th.  (ufi^bx^+xajidpx^ — qx^+rx? 

Ans.  (a— !?)»'—(*— ^)aj*+(l—r)«. 

Multiplication. 

9.  MultiplicaUon  of  algebraic,  like  multiplication  of  arithmetical,  (quanti- 
ties IS  an  abridged  process  for  determining  the  sum  of  many  repetitions  of 
the  same  quantity. 
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a.  If  the  addendum  or  multiplicand,  m,  is  added  to  itself  2,  3 m' 

times,  the  sums  of  the  repetitions  m-^my  m-l-m-f-i'i,  .  -  •  m+m+m 

to  m'  terms  are  indicated  by  the  combinations  of  symbols; 

2  X m  or  2m,  3  xm  or  3m,  m^ X m  or  mf'm  or  mfm. 
The  numeral  factor  or  coefficient  is  always  prefixed  to  the  literal  factor ; 
but  the  product  of  two  literal  factors  m,  m^,  b  written,  indifferently,  m'm  or 

In  effect  it  is  proved  (Fart  I.  Art.  71)  that  the  product  of  any  given  factors 
expresses  the  sum  of  a  certain  number  of  units,  and  that  this  sum  is  not  made 
greater  or  less  by  mere  changes  of  arrangement. 

b.  Let  the  literal  factors  m,  m'  have  numeral  coefficients,  and  let  the 
multiplicand  be  6m  and  the  multiplier  4m^;  the  product  is  indicated  by  the 
expression  6m  x  4m\ 

or  by  6xmx4xm', 
orby6x4Xmxm'  (Part L  Art. 71), 
or,  smoe  6  X  4=24,  by  24  mm\ 

c.  If  m=:m^,  the  product  mm  is  written  m';  and  by  the  same  convention 
the  product  of  3,  4  ....  n  factors  equal  to  m  are  written  respectively, 

m',  m* m". 

If  m'  or  m$nm  is  multiplied  by  m^  or  mmmmm^  the  product  mPxm^^ 
mmm  X  mmmmm^  or  mmmmmmmm^  or  m%  is  obtained  by  admng  together  3  and 
5,  the  exponents  of  the  multiplicand  and  multiplier,  and  affecting  the  root  m 
with  an  exponent  equal  to  the  sum. 

And  if  m'  or  mmm  ....  to  e  repetitions  of  m  is  multiplied  by  m^  or 
mmmm  .  .  .  to  tf'  repetitions  of  m,  the  product  is,  in  like  manner,  indicated 
by  the  expression  m*"'"*'  (Part  I.  Art.  75). 

Hence  the  product  of  the  monomial  factors  5a^l^cd%  *!at^(^  is  S5€?h^<fitP, 

For5ii«ft'c«>x7aftV=5xa«x*5xcxrf«x7XaXft*Xc*=6x7xci«Xax6» 
Xft'xcxc^xd*. 

Now  fix 7=35,  a^xa^i^^  &3x6*=ft*,  cxc*=c«. 

Making^these  substitutions, 

Sa'^h^aP  X  7aA«c*=35fl36«c6d«. 

d.  The  quantities  whose  products  have  been  found  are  additive.  Either 
factor  or  both  factors  may,  however,  be  subtractive.  The  formulae  of  Arti- 
cle 4  c,  which  are, 

(±m)x(±mO=+mm', 

(Hhm)  X  (-l-m'^ss:— mm', 
serve  to  determine  the  sign  of  the  product  in  every  case. 

Whence,  to  multiply  a  literal  Quantity  by  an^^  particular  number,  write 
the  numeral  factor  on  the  left  of  tne  literal  quantity. 

To  multiply  together  any  unlike  literal  fitctors,  write  them  one  after 
another  in  any  order  (the  alphabetical  order  of  the  letters  is  generally 
followed). 

To  nndtiply  together  any  like  literal  factors,  write  each  of  the  letters 
found  in  the  factors  once  only,  and  affect  each  letter  with  an  exponent  equal 
to  the  sum  of  the  exponents  with  which  it  is  affected  in  all  the  mctors. 

If  any  of  the  quantities  have  numeral  coefficients,  write  the  product  of 
the  coefficients  on  the  lefl  of  the  product  of  the  literal  factors. 

The  following  is,  consequently,  the  rule  for  the  multiplication  of  one 
monomial  quantity  by  another : 

1st.  Multiply  together  the  two  coefficients. 

2d.  Annex  to  this  product  all  the  letters  which  are  found  in  both 
the  multiplicand  and  multiplier,  affecting  each  letter  with  an  exponent 
equal  to  the  sum  of  the  two  exponents  with  which  the  letter  is 
affected  in  the  two  factors. 

3d.  If  a  letter  is  found  in  one  only  of  the  factors,  write  it  in  the 
product  with  the  exponent  with  which  it  is  affected  in  that  factor. 
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4tli.  If  the  monomials  are  both  additive  or  both  subtractiTe,  the 
product  is  additive ;  but  if  one  of  them  is  additive  and  the  othe^ 
subtractive,  the  product  is  subtractive. 

It  is  required  to  find  the  products  of  the  following  monomial 
quantities ; 

1st.    ab  and  abc? Ans.a^b^c. 

2d.     — ScUfc  and  Teuie  ? Ans,  — 35a^bcde, 

3d    5axy^  and  ^3a^x^  ? Ans.  — 15a»ar*y«. 

4tb.  — ^Mand  — \cdefl Ans.  \abcd^ef. 

5th.  3a«**c  and  7a^C€P? Ans.  2la'^b^c^iP. 

6th.  — 7a**rf»and  13aWc? Ans.  ^Ola^b^ccP. 

7th.  — faft^cand  — fa«c? Ans.^^b^c^. 

8th.  2ld^b^cd  aad  Sabc^  ? Ans.  IGSa^b^d^d. 

10.  The  product  of  a  polTnomial  multiplicand,  a^b-\-c^  by  a  monomial 
multiplier,  m,  is  indicated  by  the  expression  (a — b-\-c)m. 

The  product  can  be  obtained  by  writing  the  multiplicand  in  a  horizontal 
Une  writing  it  again  term  under  term  in  a  second  horizontal  line,  repeating 
this  process  as  ^ien  as  the  multiplier  m  contains  unity,  and  reducing  the  like 
terms,  thus, 

a  ^  b  +  c  =!•'  T 
a  ^  b  -^^  c  =2d  I 
a    —    b    -f    o  =3^    /-repetition  of  the  multiplicand. 

ma    — mb    '\-  me  =iii  repetitions  of  the  multiplicand. 

The  first  column  containing  m  repetitions  of  the  additive  quantity  a,  its 
sum  is  ma. 

The  second  containing  m  repetitions  of  the  subtractive  quantity  by  its 
sum  is  — mb. 

The  third  containing  m  repetitions  of  the  additive  quantity  c,  its  sum 
is  me. 

Whence  the  sum  of  m  repetitions  of  the  polynomial  a — b-j-c  is 
Ma— mft+nu; ;  in  other  words,  the  product  of  a-^b'\-c  by  m  is  ma — mb-^me. 

It  is  manifest  that  by  this  process  each  term  of  the  multiplicand  is 
repeated  as  often  as  the  multiplier  contains  imitv ;  otherwise,  that  each  term 
of  the  multiplicand  is  midtipned  by  the  multiplier,  and  that  the  sum  of  the 
partial  products  is  the  product  required. 

Makmff  the  multiplier  a  subtractive  quantity  (r-^fO* 

Ist.  The  sum  of  m  terms  each  equal  to  a,  that  is  moj  is  to  be  taken 
subtractively,  a  condition  expressed  by  writing  the  quantity  thus,  ^-ma. 

2d.  The  sum  of  m  terms  each  equal  to  —  b  (or — mb)  is  to  be  taken 
subtractively.   Now  — mb,  taken  subtractively,  becomes  '^mb  (Art.  4  b). 
3d.  The  sum  of  m  terms,  each  equal  to  c,  taken  subtractively  is  — mc ; 
therefore  (a — 6-fc)  x  ( — m)= — iiia-|-»ift— mc ; 

now  (a— 6-f  c)  X  (-f- i»)=iiMi--»ii+»k? ; 
therefore  (a— &-fc)x(4:OT)=4:»w-fmA+m(?. 

The  formadon  of  the  product  of  a  polynomial  by  a  monomial  is  hence 
reduced  to  a  series  of  operations  with  monomial  factors,  in  which  the  rule 
for  the  multiplication  of  such  quantities  (Art.  9)  is  followed. 

Hence,  to  multiply  a  pol3momial  by  a  monomial  quantity, 
Rule.     Form  the  product  of  each  term  of  the  multiplicand  by  the 
multiplier,  by  the  rule  for  the  multiplication  of  monomial  factors,  and 
take  the  algebraic  sum  of  the  pani^  products  for  the  result  required, 
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Examples  of  the  muldplication  of  polynomial  by  monraiial 
quantities : 

1st.  (6a+36— 5/)x56? Aru.S0ab+l5b^'^25bf. 

2(L    (— 2A+3c— df)x— 8a  ? Am.  l6ab^24ac+Sa€L 

3d.    (7ad'-'iebc'^l6acf)xlOab? 

Ans.  70a«M— 150a6«c— 160a«^/ 
4th.  {2a* — 3*a»— 56«a«+6»a)  X  a»  ? 

Ans.  2a^— 3a«6— 5a»*+a*6». 

5th.  («»— a«*+a*«— ^) Xab? Ans. a^b-^a^b^+a^l^'^ah*. 

6th.  (a«— ^'-fo'-)  bj  a"  ? Ans.  a«»+"— a»^  +fl*c^. 

11.  If  the  multiplicand  is  a  monomial  and  the  multiplier  a  polynomxBl 
quantity,  the  order  of  the  fectow  may  be  changed,  and  t&ia  case  Rs&ced  to 
the  preceding. 

Otherwise,  making  m  the  multiplicand  and  a-j-b — d  the  multiplier,  the 

r*oduct  mx(a'\'b — d)  can  be  obtained  by  taking  a  repetitions  of  m,  then 
repetitions  of  m,  then  —d  repetitions  of  iTt,  and  forming  the  algebraic  sum 
of  all  the  terms,  thus, 

m=:lrt 

TO=3d 


repetition  of  multiplicand. 


m=a-hl 

m=a+2 

•    •    .    . 

— fn=a-i-ft— 1 
— f«=a4-^— 2 

The  column  composed  of  m  contains, 

Ist.  a  repetitions  of  m,  taken  additively,  or  am ; 
2d.  b  repetitions  of  m,  taken  additively,  or  bm ; 
3d.  d  repetitions  of  m,  taken  subtractively,  or  —dm. 

Since  the  column  contains  m  as  often  as  the  multiplier  contains  unity,  it 
is  evident  that  the  algebraic  sum  of  the  column  is  equal  to  the  product  of 
the  multiplicand  and  multiplier. 

The  algebraic  sum  of  the  column  is  am-^bm — dm ; 

Therefore  mX  (a-|-&— d)=aiii-f  &m— dm. 

It  seems  unnecessary  to  repeat  the  process  for  a  subtractive  multiplier, 
— (a +6 — d)y  or  the  rule,  which  is  tne  same  as  that  deduced  £rom  the 
preceding  case. 

12.  Let  both  multiplicand  and  multiplier  be  polynomial  expressions,  and 
let  the  former  be  denoted  by  a — J-f  c— rf,  and  the  latter  by  m— «-f-r — *. 

If  the  product  is  formed  by  addition,  it  is  evident  that  the  product  of  the 
multiplicand  by  the  multipker  is  composed  of  the  product  of  each  term  of 
the  multiplicand  by  the  polynomial  multiplier,  ana  that  the  product  of  a 
term  of  the  multiphcand  by  the  polyiiomiaf  multiplier  is  comj^osed  of  the 
product  of  that  term  by  each  term  of  the  polynomial  multiplier,  as  in 
Article  11. 

Hence  the  product  of  two  polynomials  is  composed  of  the  product  of  every 
term  of  the  multiplicand  bv  every  term  of  the  multiplier.  The  partial 
products  are  found  by  the  rule  of  Article  9. 

Otherwise,  since  a— 6-f c— d=a-f-c— &— d=a+c— (ft-f«0, 

and  w— n-f  r— *=fii+r— n— *=m-f  r— (n-|-«)  ;^ 
and  since  a+c,  or  the  sum  of  the  additive  terms  of  the  multiplicand,  can  be 
represented  by  a  single  letter,  p,  and  b-\'d^  the  sum  of  the  subtractive  terms, 
by  another  letter,  ^,  a  multiplicand  which  is  composed  of  terms  of  which 
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some  ore  addidve,  others  subtractiTe,  may  be  represented  by  the  expression 

Similarly,  a  multiplier  composed  of  terms  of  which  some  are  additive 
and  others  subtractive  may  be  represented  by  the  expression  p'—^^ 

Now  the  i>roduct  oip-^q  by  p'^tjf  is  obtained  by  forming  the  sum  of 
p' — ^  repetitions  of  p — ^,  or  by  forming  the  sum  of  p'  repetitions  otp — y, 
then  the  sum  of  ^  repetitions  oip — 9,  and  subtracting  the  second  quantity 
from  the  first. 

Now  p'  repetitions  oi p^q=^p'p—p'q  (Art.  10), 
and  q  repetitions  of  p — 9^^Ph^~9^- 
Subtracting  the  second  of  these  expressions  from  the  first, 

(p-?)/~(p-?)  /1  or  (p^q)  0>'-^),  —j/p-p'q-p((-^q^* 
^  Hie  signs  of  the  partial  products  obtained  in  this  manner  a^ree  with  the 
signs  obtained  from  the  rule  for  the  multiplication  of  monomitus  having  the 
same  or  opposite  signs  (Art.  4  c). 

This  reasoning  is  applicable  to  polynomials  composed  of  any  number  of 
terms.    Whence,  to  find  the  product  of  two  polynomial  factors, 

Rule.  Multiply  every  term  of  the  multiplicand  by  every  term,  of 
the  multiplier,  and  make  reduction  of  the  similar  terms. 

a.  In  forming  the  product  of  two  polynomial  factors,  the  partial  products 
and  their  algebraic  sum  are  independent  of  any  particular  arrangement  of 
the  terms  of  the  multiplicand  and  multiplier ;  but  the  reduction  of  the  like 
terms  among  the  partial  products  is  facilitated  by  a  particular  arrangement 
of  the  terms  of  the  factors  whenever  the  same  letter  rabed  to  different 
powers  is  foimd  in  several  terms  of  both  the  factors.  This  arrangement 
consists  in  placing  in  both  factors  the  term  which  contains  the  highest  power 
of  the  letter  which  is  common  to  many  terms  on  the  left ;  the  term  which 
contains  the  next  lower  power  of  the  same  letter,  second;  the  term 
which  contains  the  next  lower  power,  third,  &c. ;  and  lastly,  on  the  right,  the 
term  or  terms  which  do  not  contain  this  letter.  Factors  arranged  in  this 
manner  are  said  to  be  arranged  according  to  the  descending  powers  of  the 
same  letter. 

IS.  this  order  is  reversed,  the  factors  are  said  to  be  arranged  according  to 
the  ascending  powers  of  the  same  letter. 

Both  arrangements  are  equally  convenient,  and  sometimes  both  are  com- 
bined in  the  same  expression,  as  in 

which  is  arranged  according  to  the  descending  powers  of  a  and  the  ascending 
powers  of  x. 

Examples  of  the  multiplication  of  polynomial  quantities  : 

Ist.     (a+6)x(a+&)? Ans.  a^'\'2ah'\'h\ 

2d.      (a+5)X(a— *)? Ans.  a^^h^. 

3d.      ra— 6)x(a— *)? Am,  a^-^^ab^hK 

4th.     (a+*)x(c+flO? ^»"-  flWJ+^c+oc^+M. 

5th.     (a+^ — c)  X  {d — e)  ? Ans,  ad-^-hd-^cd — oe — he — ce. 

6th.     (7/— 2»i— 9)  X  (3/—  1  \m)  ? 

Ans,  21P— /m— 27/+22»i«+99m. 

7th.     (1— «+««—«») X(l+a?)? Ans.  \^7^. 

8th.     (a«+2oA+*2)y(oa_2a*+6«)? Ans.  a*^2a^b^+b^. 

9th.     lAa^^5a^bSab^+2b^)  X  (2a2— 3a*— 46^)  p 

Ans.  Sa^'-22a^b^na^b^+4SaW+26ab^^Sb\ 
10th.  (3a»— 5W+c/)x(— 5a«+4M— 8c/)? 

Ans.  —  15aH37a>W-29aV-2062d2+44^^— 8c2/2^ 
11th.  (3a3— 5a2*— ^2)x(— 2a«-3a*+*2)  ? 

Am.  — 6afi+a**+19a3*»— ^a2*3— iaA<. 
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12tL  (a»+3a«A+3<iA«+^)X(a»— 3a«A+3a^— &»)? 

Am.  a«— 3a<*>+3aW— *«. 
13th.  (5a<— 2a>ft+4a«*«)  X  (a»— 4a«*+2*»)  ? 

^n*.  5a^— 22a«*+ 12a»*a— 6a<63— 4a»**+8a«^*; 
14th.  (Za+5b^ic)x{a'^2b+9c)? 

Ans.  3a»— a6+V«?— 10**+52*c— Vc"- 
15th.  («»— jpa:  +  ^)  X  (a?  +  a)  ? 

-4n«.  a*— (p— a)a:*+(^ — ap)x+aq, 
16th.  (a«»— a"+a«)x(a"— a)? 

12^.  Remarks  on  the  multiplication  of  poljnomial  quantities : 

1st.  If  the  polynomial  factors  are  composed  of  homogeneoos  terms,  the 
product  is  composed  of  homogeneous  terms ;  and  the  degree  of  each  term  of 
the  product  is  equal  to  the  sum  of  the  degrees  of  any  two  terms,  one  taken 
in  the  multiplicand,  the  other  in  the  midtiplier ;  for,  by  the  rule  for  the 
multiplication  of  monomial  factors,  the  sum  of  the  exponents  in  the  product 
of  two  factors  is  equal  to  the  sum  of  the  exponents  of  the  two  factors. 

This  remark  may  be  employed  to  detect  errors  of  calculation  with  respect 
to  the  exponents. 

2d.  Since  the  product  of  two  polynomials  is  obtained  b^midtiplyingVTery 
term  of  the  multiplicand  by  every  term  of  the  multipher,  it  follows  that 
when  no  reduction  of  like  terms  can  be  made,  the  number  of  terms  of  the 
product  is  equal  to  the  product  of  the  number  of  terms  of  the  multiplicand 
Dy  the  number  of  terms  of  the  multiplier. 

3d.  When  some  of  the  partial  products  are  like,  the  whole  number  of 
terms  of  the  reduced  product  may  oe  less  than  the  product  of  the  number  of 
terms  in  the  multiplicand  by  the  number  of  terms  in  the  multiplier ;  but 
among  the  partial  products  there  are  at  least  two  which  cannot  be  reduced 
with  any  otner ;  these  are,  the  term  arising  from  the  multii^cation  of  that 
term  of  the  multiplicand  which  is  affected  with  the  highest  exponent  of  one  of 
the  letters  by  that  term  of  the  multiplier  which  is  ^ected  with  the  highest 
exponent  of  the  same  letter,  and  the  term  arising  from  the  multiplication  of 
the  two  terms  affected  by  the  lowest  exponents  of  the  same  letter ;  for  these 
partial  products  must  contain  this  letter,  the  first  with  a  greater  and  the 
second  with  a  less  exponent  than  any  of  the  other  partial  products.  Con- 
sequently, these  terms  cannot  be  similar  to  any  of  the  other  partial  prodacts^ 
and  therefore  cannot  be  reduced  with  them. 

Division. 

13.  In  this  operation  the  data  are  a  product  and  one  of  its  factors,  and 
that  which  is  required  is  to  find  the  other  factor. 

Let  56cfihi^(^  and  Ba^b^  be  a  product  and  one  of  its  factors,  and  let  it  be 
required  to  find  the  other  factor ;  or,  in  other  words,  let  it  be  requhred  to 
divide  66a6Mc'  by  8a«ft*. 

The  division  is  indicated  thus,  ~~8^X4~»  and  the  required  factor  or  quotient 

ought  to  be  a  quantity  such  that  its  product  by  Sa^^  b  56cfib^c^. 

Since  the  product  of  a  polvnomial  by  a  monomial  is  a  polynomial,  and  that 
the  dividend  is  a  monomial,  it  is  evident  that  the  quotient  can  contain  only 
one  term. 

Now  it  follows,  .from  the  rule  for  the  multiplication  of  monomial  factors, 
that  56,  the  coefficient  of  the  product  or  dividend,  is  the  product  of  the 
coefficients  of  the  divisor  and  ouotient ;  dividing,  therefore,  56  by  8,  the 
coefficient  of  the  quotient  is  7.  From  the  same  rule  it  follows,  that  the  ex- 
ponent, 6,  in  the  dividend  is  the  sum  of  the  exponents  of  the  letter  a  in  the 
divisor  and  quotient ;  therefore  the  difference  6—2,  or  4,  is  the  exponent  of 
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itie  letter  a  in  the  quotient.  Also,  that  the  letters  which  are  not  common 
to  the  divisor  and  the  quotient  must  be  found  in  the  dividend  with 
unchanged  exponents ;  therefore  the  letter  b,  which  has  the  same  exponent 
in  the  dividend  and  divisor,  ouffht  not  to  enter  into  the  quotient  ;  and,  on 
the  contrary,  the  letter  c,  whi<3i  is  not  in  the  divisor,  ought  to  be  found  in 
the  quotient  with  the  same  exponent  as  in  the  dividend. 

Consequently,  ""o^A4~"=7aV. 

Whence,  to  divide  one  monomial  quantity  by  another, 
Bule.     Divide  the  coefficient  of  the  dividend  by  the  coefficient  of 
the  divisor ;  the  result  is  the  coefficient  of  the  quotient. 
To  obtain  the  literal  part  of  the  quotient, 

let.  When  a  letter  which  is  common  to  the  two  quantities  has  a 
greater  exponent  in  the  dividend  than  in  the  divisor,  write  it  in  the 
quotient  with  an  exponent  equal  to  the  difference  of  these  exponents. 

2d.  When  a  letter  has  the  same  exponent  in  the  dividend  and 
divisor,  omit  it  from  the  quotient. 

3d.  When  a  letter  of  the  dividend  is  not  contained  in  the  divisor^ 
write  it  in  the  quotient  without  change  of  exponent. 

The  sign  of  the  quotient  is  determined  by  the  formulas 

for  which  see  Article  4  d. 

Examples  of  the  division  of  monomial  algebraic  quantities : 

Ist.  48a7^c»-^a*63  ? Ans.  8aV. 

2d.  8a«6«-^— 4a3ft  ? Ans.-2i^b. 

3d.  — 35aVa:3-j-7aVa?«  ? Ans.  -5aVar. 

4th.  8aftV-T — 12abx? ^fW.JftV. 

5th.  ASa^h^c^d-^a^cd? AfU.l2ab^c. 

6th.   150a«ft«cd3-^5a»ft«crf? ^jw.  80a»6»d». 

7th.  a*6»c'-^a»^c?? Ans.  a^^-nc^-K 

8th.  a*»^+>c»--2-4-a«^c? Ans.  a^hf-*. 

14.  In  division  of  monomials, 

Ist.  If  the  coefficient  of  the  dividend  is  not  divittble  by  the  coefficient 
of  the  divisor,  or 

2d.  If  the  exponent  of  any  letter  of  the  dividend  is  less  than  the  exponent 
of  the  same  letter  in  the  divisgr,  or 

3d.  If  any  letter  not  contained  in  the  dividend  is  contained  in  the  divisor, 
the  division  cannot  be  effected. 

In  these  cases  the  division  is  indicated  by  writing  the  dividend  over  and 
the  divisor  under  the  same  horizontal  line,  as  in  arithmetic;  and,  as  in 
arithmetic,  the  expression  of  an  unexecuted  division  is  termed  a  fraction. 

If  the  coefficients  and  literal  quantities  of  both  dividend  and  divisor  are 
resolved  into  simple  factors,  and  if  all  the  simple  factors,  numeral  and  literal, 
which  are  common  to  both  the  dividend  and  tne  divisor  are  cancelled,  then, 

1st.  When  the  divisor  is  reduced  to  1,  the  remaining  simple  factors  of 
the  dividend  express  the  quotient  of  this  dividend  and  divisor. 

2d.  When  the  divisor  is  not  reduced  to  1,  the  remaining  simple  factors  of 
the  dividend  and  divisor  are  the  numerator' and  denominator  of  the  fractional 
expression  of  the  quotient,  reduced  to  its  most  simple  form. 

15.  Let  it  be  required  to  divide  8a^i* — 6a'i*c-f  4a'i*  by  2a'ft. 

Since  the  product  of  a  polynomial  by  a  monomial  quantity  is  composed  of 
the  product  of  each  term  of  the  polynomial  by  the  monomial  (Art.  10),  it 
follows,  conversely,  that  if  the  product  is  made  dividend,  and  the  monomial 
factor  divisor,  the  polynomial  factor  becomes  the  quotient;  and  that  the  terms 
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of  the  c[uotient  must  be  obtained  by  diTiding  each  term  of  the  diyidend  hy 
the  divisor. 

Therefore ^^ =2^  +  \~2SSr')  +  2^  » 

therefore ^m =4a*o— 3oc+2ao*. 

The  partial  divisions  are  made,  in  respect  both  of  the  quantities  and  the 
siffns,  by  the  rule  for  the  division  of  monomials. 
VVlience,  to  divide  a  polynomial  by  a  monomial. 

Rule.  Divide  each  term  of  the  dividend  by  the  divisory  as  in  the 
case  of  monomials,  and  take  the  algebraic  sum  of  the  partial  quo- 
tients for  the  quotient  required. 

Examples  of  the  division  of  polynomial  by  monomial  algebraic 
quantities : 

Ist.   {a^x^--5abx^+6ax*)'i-^zx^? Ans.  a«— 5te+62c». 

2d.    (—  \2a^b+l5aH^+2^a^l^-^eab^)'i'Sab ? 

Ans.  4a»— 5a«^— 8a6«+25«. 

3d.    (10a^i»— 4a>ft*+8a«i*)-f-26»? Ans.  5a^— 2a»6+4aW. 

4th.  (4a«6*x7+42a«6«cm«— 6a^6«a:y)-t-2a«63  ? 

Ans.  2a^V+21a3em«— 6a«ft«ary. 

5th.  (6aW— 10ay+72a**x)-h2a«  ? Ans.  3a6«— 5/+36a«te. 

6th.  (a«««^»+«— a'^^»)-s-a"'i«  ? Ans.  a**^— a"»<»-»)&»-«. 

16.  A  monomial  is  not  divisible  by  a  polynomial ;  for,  supposing  the  quo- 
tient either  a  monomial  or  polynomial  expression,  the  product  of  this 
quotient  by  the  polynomial  divisor  must  contam  at  least  two  terms  (Art.  12^). 

A  polynomial  is  not  divisible  by  a  monomial,  unless  this  divides  eacui 
term  of  the  pol3momial ;  for  the  dividend  must  be  equal  to  the  product  of 
every  term  of  llie  quotient  by  the  divisor. 

17.  When  the  dividend  and  divisor  are  both  polynonuals  the  general  pro- 
blem may  be  stated  thus :  a  given  polynomial,  denoted  by  c^  is  the  product 
of  another  given  polynomial  a^  by  an  unknown  polynomial  ^ ;  it  is  required 
to  find  q. 

Since  d=(txq ;  if  y  is  known,  d  can  be  reproduced  by  multiplying  tlie 
terms  of  <f  successively  by  9,  and  forming  the  algebraic  sum  of  uie  partial 
products. 

Of  these  partial  products  the  like  are  redveed  with  each  other,  but  such 
as  are  unlike  any  of  the  others  are  found  in  d  (or  d^Xq)  uncombined  with 
other  quantities,  and  capable  of  resolution  into  the  very  terms  of  d^  and  q 
of  which  they  are  the  product. 

Now,  the  |)artial  product  which  arises  from  the  multiplication  of  that 
term  of  (f  which  is  auectcd  with  the  highest  exponent  of  one  of  the  letters 
by  that  term  of  q  which  is  affected  with  ^e  highest  exponent  of  the  same 
letter  cannot  be  reduced  with  any  of  the  other  partial  products  (Art.  12^). 
This  partial  product  must,  therefore,  be  itself  a  term  of  d,  that  affected  with 
the  highest  power  of  the  same  letter. 

Whence,  if  that  term  of  d  which  is  a£fected  with  the  highest  exponent  of 
one  of  the  letters  is  divided  by  that  term  of  <f  which  is  affected  with  the 
highest  exponent  of  the  same  letter,  the  result  must  be  that  term  of  q 
which  is  anected  with  the  highest  exponent  of  that  letter. 

Since  the  dividend  d  is  obtained  by  adding  together  the  partial  products 
of  all  the  terms  of  d^hj  each  term  of  ^,  it  follows  that  if  if  is  multiplied 
by  that  term  of  q  which  has  been  found,  and  the  product  subtracted  from 
cf,  the  remainder  must  be  equal  to  the  product  of  a  by  ike  unknown  terms 
of  q. 


DIVISION  OF  INTEG:^B  BXPREjBSIONS.  253 

The  iame  reasoning  maj  be  used  in  the  case  of  this  remainder  and  df  as 
has  been  employed  in  the  case  of  d  and  <f ,  and  the  same  conclusion  deduced 
from  it,  namely,  that  if  that  term  of  the  remainder  or  new  dividend  which 
contains  the  highest  power  of  a  letter  is  divided  by  that  term  of  d!  which 
contains  the  highest  power  of  the  same  letter,  the  result  is  a  second  term  of 
the  quotient. 

Forming  the  product  of  the  divisor  by  this  second  term,  and  subtracting 
it  from  the  second  dividend,  a  second  remainder  is  obtained,  which  is  to  be 
considered  as  a  third  partial  dividend.  From  this  b  obtained,  in  the  same 
manner,  a  third  term  of  the  quotient. 

Continuing  this  series  of  operations,  it  is  evident  that  all  the  terms  of  the 
quotient  ou^t  to  be  obtained  by  them ;  and  that,  if  the  dividend  is  the 
exact  product  of  the  divisor  and  quotient,  a  remainder  =0  must  be  at 
lem^  obtained. 

^  follows  from  the  preceding  reasoning,  and  from  Article  12,  that  if, 
instead  of  taking  those  terms  of  the  dividend  and  divisor  which  involve  the 
same  letter  with  the  highest  exponent,  the  terms  which  involve  the  same 
letter  with  the  lowest  exponent  are  taken,  the  terms  of  Uie  quotient  can  be 
in  like  manner  obtained. 

Ex.  Divide  51a«i«+10«*— 4803*— 15J*-|-4a^  by  4a5— 5a«-|-36«. 

Selecting  +  lOo^  and  — 5a',  the  terms  which  involve  the  letter  a  with  the 
highest  exponent,  it  follows,  from  the  preceding  discussion,  that  lOo^  is 
derived,  without  reduction,  from  the  multiplication  of  —iic?^  by  a  term  of 
the  quotient. 

Therefore  +10a*-i-(— 5a*)= — 2a*  is  a  term  of  the  quotient. 

The  dividend  is  -    51a«6»4-10«*—48a36— 156*4- 4a^. 

(4ai— 5a«-|-3**)(-2a«)=   — So^^-f  lOa*— 6a»y 

The  first  remainder      =    5naW    *      —40g3ft~  15^4^4^^ 

Dividing  — 40a^&,  the  term  of  the  first  remainder  or  first  partial  dividend 
which  involves  the  highest  power  of  0^.  by  — ^c^^  the  result,  (— 400^6)-!- 
( — 5a')=8a&,  is  a  term  of  the  quotient. 

The  first  partial  dividend  is     57a«6«-40a'6— 15ft*+4a^ 

(4a6— 5aM-8A«)8a6        =       32a«y--40a^6-f  24ay 

The  second  remainder   =       25a'6^     ♦       ~15&*— 20ay. 

Dividing  25a*^  (that  term  of  the  2d  remainder  or  partial  dividend  which 
contains  the  highest  power  of  a)  by— 5a*,  the  result,  which  is  — 56*^  is  a  term 
of  the  quotient. 

The  second  partial  dividend  is    25a*6*—    156*— 20aft^ 

(4a6— 5a«+3ft*)  (—56*)     =  —200^  4-250*6*—  156* 

The  third  remainder  =        *  *  * 

The  reminder  being  zero,  — 2a*4-8a6— 56*,  or  806— 2a* — 56*,  is  the 
quotient  required. 

The  accuracy  of  this  result  may  be  verified  by  multiplying  the  divisor  by 
it.    The  product  ought  to  be  equal  to  the  dividend. 

The  division  might  have  been  performed  by  selecting  the  terms  of  the 
dividend  and  divisor  which  contam  the  highest  powers  of  6,  or  the  terms 
which  involve  the  lowest  powers  of  a  or  of  6.  Thus  the  terms  which  involve 
the  highest  powers  of  (  are  — 156*  and  +36*,  the  term  of  the  quotient 
obtained  firom  whidi  is  — 56*,  a  term  obtained  by  the  preceding  operation. 

18.  In  each  of  the  preceding  partial  divisions  it  is  necessary  to  seek' that 
term  of  the  dividend  wluch  is  anected  with  the  highest  exponent  of  one  of 
the  letters,  and  to  divide  it  by  that  term  of  the  divisor  which  is  affected  with 
the  faiflhest  exponent  of  the  same  letter. 

This  trouble  would  be  avoided  if  care  were  taken  at  first  to  arrange  the 
terms  of  the  dividend  and  the  divisor  in  such  a  manner  that  the  exponents 
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of  the  Mme  letter  were  highest  in  tlie  terms  on  the  left,  and  diminished  term 
by  term  from  left  to  right. 

Arranj^  in  this  manner,  the  first  term  of  the  dividend  and  the  first  term 
of  the  divisor  are  alwajs  the  two  terms  which  it  is  necessary  to  divide  oae 
bj  the  other,  to  obtain  a  term  of  the  quotient.  The  same  happens  in  all  the 
partial  divisions,  since  the  partial  quotients  and  the  products  of  the  divisor 
bj  these  quotients  are  oonstantiij  arranged* 

The  dividend  of  d>e  example  given  in  this  irtide,  unnged  acoording  to  the 
descending  powers  of  o,  is 

10c*— 48a'ft+51a«i«+4fl6^— 15J*, 
and  the  divisor,  arranged  in  the  same  manner,  is, 

The  quantities  being  arranged  thus,  the  calculation  maj  be  made  as 
follows : 

Dirlior.  Dirideod.  Quotient. 

— 5a«-h4a&-h3i«  )10c*— 48a»ft+51a«^+4fl6'— 15i*(  — 2a»+8ai— 56« 

IQg*—  8a^&—  6a'y 

— 40B'ft-|-57a«&«-h  4ii*» 
— 40B»6+32a«i«+24a6» 


25a«6«— 20065— 15J* 


If  the  dividend  and  diidsor  are  arranged  according  to  the  descending 
powers  of  b  (or  ascending  powers  of  a)  the  same  result  is  obtained,  but  in  a 
difierent  order. 

3^«-|-4aft— 5a«  )— 15ft*+  4fl6'+51a«5«— 48a»ft+10ei*(  — 66«+8aft— 2a* 

— 15ft»— 20gy-f2gg«y 

24a^+26a'&*— 48a>5 
24fly-f32a»y— 40c»» 

—  6a«ft«—  8«»6+10flt» 

—  gggy-  8g»ft-HOot» 

After  the  subtraction  of  (3&'+4a6— 5a*)  (—5^)  fi:t>m  the  dividend,  the 
remainder  or  partial  dividend  is 

24065 + 26a«ft«—48a*ft + lOo*. 

If  the  terms  of  the  divisor  and  this  partial  dividend  are  arranged  anew, 
according  to  the  descending  powers  of^a,  and  the  (»lculation  is  completed, 
thus, 

— 5a*+4a6-|-36«  )10a*— 48a'64-26a*6*-h24a6'(— 2a«+8a6 

— 40o»6-|-32a*6*+24a65 
— 40a»6-f32a*y-f24ay 

a  partial  quotient,  =  — 2a«-h8a6,  is  obtained;  therefore  the  complete  quotient 
Ss  — 56*— 2a«+8a6,  or  — 2a*-|-8a6— 56*,  as  before. 
2d.  Ex.  Divide  a»— 6^  by  a— 6. 

a-6W-  65(a*+a6+6*  a*+a6+6* 

^— a*6  a_  b 

a*6— 65  a5-fa«6+a6* 

a^h—ab^  --.flg6— a6*— 6^ 

a6*— 65  

♦i.f^  *^  example  the  multipUcation  of  the  divisor  by  the  different  terms  of 
the  ouotient  mves  nse  to  terms  which  are  not  cont^k  in  the  dividend,  and 
P^J^'T  ^^^'fe*  «;ec«i8ary  to  divide  by  the  first  term  of  the  divisor. 
Forming  the  product  of  the  divisor  and  quotient,  it  is  found  that  these  terms 

S^nT^r^"^  r,?"«*'  *>^  ^"^  products^arising  from  the  mStiS 
tion  of  each  term  of  the  quotient  (taken  m  multipUcanS)  by  each  term  Sf  Se 
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diTiaor  (employed  as  multiplier),  and  that  their  disappearance  from  the  com* 
plete  product  is  caused  bj  their  being  reduced  with  like  quantities  which  are 
affected  with  contrary  signs,  as  in  the  case  of  -)-a^6+( — a'^)}  the  algebraic 
sum  of  which  is  zero.  ^ 

19.  From  the  preceding  discussion  and  examples  it  follows  that  if  a  poly- 
nomial dividend  and  diyisor  are  arranged  according  to  the  powers  of  the 
same  letter,  and  the  first  term  of  the  dividend  is  divided  by  the  first  term  of 
the  divisor,  the  result  (which  is  obtained  by  the  rule  for  the  division  of 
monomials)  is  the  first  term  of  the  quotient ;  that  if  the  product  of  the 
divisor  b^  thb  term  is  subtracted  from  the  dividend,  and  the  first  term  of 
the  remainder  is  divided,  as  before,  by  the  first  term  of  the  divisor,  the  result 
is  the  second  term  of  the  quotient,  &c. 

It  also  follows  that  the  terms  of  the  quotient  can  be  obtained  without  any 
particular  arrangement  of  the  terms  of  the  dividend  and  divisor,  or  by 
arranging  the  terms  according  to  the  highest  or  the  lowest  powers  of  the 
same  letter ;  and  that  i^  after  arranging  the  terms,  obtainms  a  term  of 
the  quotient,  and  subtracting  the  product  of  the  divisor  by  this  term  from 
the  dividend,  the  remainder  or  partial  dividend  and  divisor  are  arranged 
aocordinff  to  the  powers  of  some  other  letter,  and  the  division  is  conclu&d, 
the  result  is  the  same  as  that  which  would  be  obtained  without  making 
any  change  in  the  arrangement  of  the  divisor  and  partial  dividend. 

When  the  terms  of  the  dividend  and  divisor  have  been  arranged  according 
to  the  powers  of  the  same  letter,  this  arrangement  is  observ^  throughout 
the  caunilation,  because  there  is  no  reason  for  changing  it,  and  because  the 
first  terms  of  the  dividend  and  c^visor  after  each  operation  are  those  which 
give  the  next  term  of  the  quotient ;  whereas,  if  the  division  were  conducted 
with  respect  to  another  letter,  it  would  be  necessary  to  seek  anew  the  terms 
afifected  with  tiie  highest  or  the  lowest  exponents  of  that  letter. 

The  arrangement  of  terms  being  made  according  to  the  powers,  either 
ascending  or  descending,  of  the  same  letter,  if  the  first  term  of  the  whole 
dividend  or  of  any  paxtial  dividend  is  not  divisible  by  tiie  first  term  of  the 
divisor,  the  division  is  impossible,  or,  in  other  words,  there  is  no  polynomial 
whose  product  by  the  divisor  is  equal  to  the  dividend.  Hence,  in  any  divi- 
dend and  diyisor,  selecting  the  terms  which  involve  the  highest  powers  of  any, 
the  same,  letter,  if  the  term  of  the  dividend  is  not  exacUy  divisible  by  the 
term  of  tiie  divisor  the  division  is  impossible. 

Taking,  for  example,  the  polynonuals  I2t^ — 50*5+705*— 115^,  and  4o*-* 
aa5+35^; 

On  comparison  of  the  terms  in  o  the  division  appears  posuble ;  but  taking 
— 115^  ana  +35*,  the  terms  which  contain  the  highest  powers  of  5,  it  appears 
that  the  division  is  impossible,  for  —115^  is  not  exactly  divisible  by  sir. 

A  polynomial  dividend  cannot  be  divided  by  a  divisor,  polynomial  or 
mononual,  containing  a  letter  which  is  not  also  contained  in  the  dividend ; 
for  it  is  impossible  &at  any  quantity  multiplied  by  one  which  depends  on  a 
particular  letter  should  give  a  product  whidi  is  independent  of  that  letter. 

The  dividend  being  written  as  numerator  and  the  divisor  as  denominator, 
a  polynomial  division  which  cannot  be  executed  may  be  represented  frac- 
tionid&y.  Hiis  expression,  as  in  the  case  of  fractions  whose  terms  are  mono- 
mial, admits  of  simplification.  To  make  the  simplification  it  is  requisite  to 
divide  the  terms  of  the  firaction  by  a  common  measure,  or  by  their  greatest 
common  measure. 

Rule  for  the  division  of  polynomials : 

Arrange  the  terms  of  the  dividend  and  divisor  according  to  the 
powers  of  the  same  letter. 

Divide  the  first  term  of  the  dividend  by  the  first  term  of  the 
divisor ;  the  result  is  the  first  term  of  the  quotient. 

Multiply  the  divisor  by  this  term,  and  subtract  the  product  from 
the  quotient.    . 
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Divide  the  first  term  of  the  remainder  by  the  first  term  of  the 
divisor;  the  result  is  the  second  term  of  the  quotient. 

Multiply  the  divisor  by  the  second  term  of  the  quotient,  and 
subtract  the  product  from  the  first  remainder. 

Repeat  the  process  of  dividing  the  first  terms  of  the  successive 
remainders  by  the  first  term  of  the  divisor,  and  of  subtracting  the 
products  of  the  divisor  by  the  partial  quotients  from  these  remainders, 
until  there  is  obtained  a  remainder  equal  to  zero,  or  a  remainder 
which  cannot  be  divided  by  the  divisor. 

The  algebraic  sum  of  the  partial  quotients  is  the  quotient 
required. 

Examples  of  the  division  of  polynomial  algebraic  quantities : 

1st.     (bc^—i^x)-i^b-'x)? Ans.c^. 

2d.      (a3+«**— «*'— *')-K«— *)  ? Ans.a^+2ab+bK 

3d.      (3aH  I6a*6— 33aa*«+ I4a^b^)'r{a^+7ab)  ? 

Am.  3a3— 5  a^b+2aif^. 
4th.    (a7—6a«^3+ i4a5^6_i2a4^9)^a«—2aW)  ? 

Am.  a*— 4a»6»+6a«A«. 

5th.    (a«— 16z8)-T-(a«— 2««)  ? Ani.  a«+2a*2»+4a«2:*+8««. 

6th.    (2a<— 13a»6+31a«ft«— 38ai3+24^)-H2a«— 3a*+46«  ? 

Ans.  a^--5ab+6b\ 
7th.    (4c*— 96M+663C— 6*)-f<2c«— 3ic+6»)  ? 

Am.  2c«+3ftc— ft*. 

8th.    (— l+aan»)-r<— 1+an)? Am.  l+an+ahiK 

9th.    (a«+2aV+««)-Ha«— ar+2r>)  ? Am.  a^+i^z+az^+t^. 

10th.  a— 6«»+27«*)-Ki+2«+3««)  ? Am.  l-^Sz+SzK 

1 1  th.  (a«—  16aV+64a«)-Wa>— 4aa?+4a?2)  ? 

Am.  a*+4a^x+l2a^a^+l6ax^+l6a*. 
12th.  (14a«-27a*i+21aW-3a«^-2a6*)-K2a^-3aA+26«)  ? 

Am.  7a»— 3a«&— o^'. 
13th.  (Sla^^a+lOa*— 48aa*— 156*+4ai>)-4-<4a^— 5a«+3i«) ? 

Am.  — 2a«+8a*— 56«. 
14th.  (21aj3y«+25a!y +68a^— 4(V»— 56«»—  18a?*y)  -f-  (5y«— 8j:« 

— 6iy)? ^fw.  — 8y»+4ay«— 3i^+7a». 

I5th.  (95a— 73a«+66«*-.25— 59a3)-h(-.8a«+5— 1  lfl+7a«)  ? 

-/liw.  8a — 5. 

16th.  (a""***"— 4a*»+»-*i«»— 27a"»+»-'6'»+42a«*+»-®i**)  -5- (a* 

b*—7a^^b^)? ^>w.a~+3a-^»6»— 6a«->4«» 

20.  When  the  terms  of  the  dividend  and  divisor  are  arranged  according 
to  the  powers  of  the  same  letter,  it  may  happen  that  several  terms  are 
affected  with  the  same  power  of  that  letter.  In  such  a  case  it  becomes 
necessary  to  arrange  these  terms  according  to  the  powers  of  some  other 
letter. 

Suppose,  for  example,  that  a jpolvnomial  contains  the  terms  o&e'  -{-a^i^^ 
i^a^j  all  of  which  contain  a^  the  coefficients  of  2*  may  be  arranged 
according  to  the  powers  of  a,  and  the  terms  in  2*  written  either  thus 

or  thus,  a^ 
+  ab 
-  bf^ 

Assuming  that  the  dividend  and  divisor  are  arranged  according  to  the 
powers  of  uie  same  letter,  x  for  example,  and  that  the  literal  coefiicients 
of  the  terms  in  x  are  amuffed  according  to  the  ^wers  of  some  other  letter, 
the  division  is  made  by  toe  rtde  for  the  division  of  polynoitaials ;  for  in 
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eftch  partial  diyision  the  first  term  of  the  dividend  ought  to  be  the  product 
of  the  first  term  of  the  divisor  by  that  term  of  the  quotient  which  is  to  be 
found  by  that  partial  division.  All  the  terms  of  the  quotient  ought  thus 
to  be  obtained,  arranged  respectively  in  the  same  manner  as  the  dividend 
and  divisor. 

To  prove  this,  let  a  polynomial  dividend  and  divisor  be  arranged 
accordmg  to  the  descending  powers  o£x.  Let  ai^  be  the  highest  power  of  x 
in  the  dividend,  and  let  the  terms  which  contain  ai^  be  represented  bv  A, 
those  which  contain  r^  by  B,  x^  by  C,  x  by  D,  and  the  terms  into  whicla 
X  does  not  enter  by  E ;  that  is,  let  the  dividend  be  denoted  by 

Aa:*-hRr»+Cx«-hparH-E. 

Also,  let  the  highest  power  of  ar  in  the  divisor  be  2^,  and  let  the  divisor  be 
expressed  by 

AV+B'x+C 

Then,  since  the  highest  exponent  of  x  in  the  dividend  and  divisor,  respec- 
tively, are  4  and  2,  the  highest  in  the  quotient  must  be  2 ;  and  the  quotient 
ought  to  have  the  form  A^V-f  B''x-|-C''. 

Again,  the  product  A'x'  x  A^'^x'  cannot  be  reduced  with  the  other  pro- 
ducts of  the  divisor  by  the  c^uotient  (Art.  12^ ;  it  must  therefore  be  equal  to 
Aar*.  Whence,  if  Ax*  is  divided  by  A'x*,  the  result  must  be  the  part  A''x*  of 
the  quotient ;  and  since  a^-t-x'=x',  the  division  of  Ax*  by  A^^  is  reduced 
to  the  division  of  A  by  A^. 

Whence,  if  A,  A'  are  themselves  polvnomials,  composed  of  one  or  several 
letters,  their  quotient  must  be  found  by  the  rule  for  the  division  of  poly- 
nomials, which  requires  their  arrangement  according  to  the  powers  of  some 
letter  contained  in  them. 

The  term  A^'x*  being  obtained, '  the  whole  divisor  A'x*-f  B'x-f-C  is 
multij^ed  by  it,  and  the  product  subtracted  from  the  dividend  Ax*-fBx^+ 
Cx«+Dx-|-E. 

The  remainder  is  a  second  partial  dividend,  upon  which  the  same  process 
18  to  be  repeated,  and  so  on. 

Example.  Given  the  dividend  (126«— 296c+ 15  c*)a»-f  (235*-.316«c— 
9&c*+ 15c»)a«-h(10^— 66*c*)a,  and  the  divisor  (3d— 5c)a4-26* ;  required 
the  quotient  ? 

First  partial  division  of  the  polynomial  coefficient  of  the  highest  power  of  a 
in  the  dividend  by  the  polynomial  coefficient  of  the  highest  power  of  a  in 
the  divisor : 

3ft— 5c)12d«— 29ftc+  15c«(4ft— 3c 
12y— 20ftc 

— 9ftc-fl5c* 
— 9ftc-fl5c* 


Since  also  o^n-o^aS  it  follows  that  (4ft— 3c)a'  is  the  first  part  of  the 
quotient ; 

And  since  (3ft— 5c)aX  ('4ft— 3c>i«=(12ft«— 29ftc-hl5c*)a',  the  term  of  the 
dividend  containing  cf^  is  destroyed  by  the  product  of  the  first  terms  of  the 
divisor  and  quotient. 

Next,  2ft«  X  (4ft— 3c)a«=(8ft»— 6ft«c)a«. 

Subtracting  this  fi^>m  the  coefficient  of  a'  in  the  dividend,  (15ft^— 25ft^c 
^9ftc'+15<^)a*  is  the  first  term  of  the  second  partial  dividend. 

Second  partial  division  of  the  polvnomial  coefficient  of  a^  by  the  coefficient 
of  the  highest  power  of  a  in  the  divisor : 

3ft-5c)15ft»-25ft*c-9ftc^+ 15r»(5ft»^-3c* 
15ftg— 25ft«c 

— 9ftc*-hl5c' 
— 9ftc*-hl5c' 


Therefore,    since  a*-i-a=a,    (5ft«— 3c*)a    is    the   second    part   of  the 
quotient. 

s 
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Now (36— 5c)ax (5&«— 3c«)a=(15fc*— 25A«c— 9fce«-M5<?»)ii«;  tJierefore the 
term  in  a*  of  the  second  partial  dividend  is  destroyed  bj  the  subtraction 
of  the  product  of  the  first  term  of  the  divisor  by  the  second  term  of  the 
quotient. 

The  product  of  the  second  term  of  the  divisor  by  the  second  term  of  the 
quotient,  26«x(5ft*— 3c«)a=(10ft5— 6fc«c«)a. 

This  product  bein^  equal  to  the  term  in  a  of  the  dividend,  the  second 
remainder  is  zero,  and  tho  exact  quotient  is  (46 — 3c)a^+(56^— Sc'^Hz. 
.  Calculation  described  in  the  preceding  detail : 


Divisor. 


36 
—5c 


a+26«  \      126« 

;  — 2,<l6c 

4- 15c* 


Dividend. 

05+2365 
— 316«c 
-96c« 
-fl5c5 


a«-hl06* 
-66»c« 


/     46 


Quotient. 
I  ii«-|-56« 
-3c« 


126« 

a»+863 

d« 

—296c 

-66«c 

-hl5c2 

• 

+1565 

a«-f  106* 

— 256«c 

-66«c« 

— 96c« 

4-15c» 

156S 

a«-|-106* 

— 256«c 

-66V 

— 96c» 

-M5c» 

Example  2. 
Divisor. 

— 5|  /— 10|    +236 

—2 


Dividend. 


Quotient. 


a'-363  ja«+463|a+6«— 26/2a'— 861a«4-46Ia-hl 
-96«  V      +41—11 


Example  3. 


+226* 
—316 

+5 


+56 
—5 


— «6| 


a»6 

+a«6« 
-a63 


ap*+a5 
-a*6 
+a56« 
+a«63 


x3-iiS6b:2+a*6*Lr— a«6«/    aV— «'i|*+^* 
-2a*6«  +2«*6*|  \+6*|    — a6«l 

-a6* 


21.  If  a  polynomial  dividend  contain  different  powers  of  a  letter  which  is 
not  contained  in  the  divisor,  the  dividend  and  divisor  may  be  arranged 
according  to  the  powers  of  some  other  letter  which  is  common  to  both,  and 
tiie  division  made  by  the  methods  already  explained. 

Otherwise,  suppose  lliat  the  dividend  contains  different  powers  of  x,  and 
that  this  letter  does  not  enter  into  the  divisor. 

If  the  dividend  is  arranged  according  to  the  powers  of  x  (the  Iwriiest 
beinff  x^)  it  may  be  expressed  by  the  {polynomial  Ax'+Bx'+Cx+D,  in 
which  A,  B,  C,  D,  are  quantities  mbnomial  or  polynomial,  whidi  do  not 
involve  x.  Let  the  polynomial  divisor,  which  is  also  independent  of  x,  be 
represented  by  P.  Then  the  divisor  multiplied  by  the  quotient  must 
reproduce  the  dividend;  and  since  the  divisor  does  not  contain  x,  the 
quotient  mvst  be  a  polynomial  affected  with  the  same  powers  of  x  as  are 
found  in  the  dividend.    The  quotient  is  iherelare  of  the  mm 

AV+BV+C'x+D. 

Suppose  this  quotient  determined,  and  let  each  term  of  it  be  midtiplied 
by  the  divisor;  the  products  are 

ATx'+BTx^+CaPx+iyP. 
These  products,  involving  different  powers  of  x,  cannot  be  reduced  with  each 
other ;  whence  they  are  equal,  respectively,  to  the  terms  Ax^+Bz'+Cx+D 
of  the  dividend ; 
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Therefore  AT=  A  and  A'=A^P ; 
BT=B  andB'=B-*-P; 
CT=C  aiid  C'=C-*.P. 
Whence,  in  order  tiiat  a  polynomial  arranged  with  respect  to  a  letter  may 
be  exactly  divisible  bjr  a  polynomial  independent  of  that  letter,  it  is  .necessary 
that  each  of  the  coemcients  of  the  dififerent  powers  of  the  first  polynomial 
be  exactly  diyisible  by  the  second  polynomial 

The  coefficients  of  the  different  powers  of  the  letter  in  the  quotient  are 
the  successiye  quotients  obtained  by  dividing  the  coefficients  of  the  poly- 
nomial dividend  by  the  polynomial  <uvisor. 

Ex.  Divide  ^^V^—Zab<^'-2h^(^'\-h^'~Za^h(^-\-ZaJPc—a^(?-\-b(i^-{'a^V^c  by 

The  dividend  (arranged  according  to  the  powers  of  a,  cuid  the  coefficients 
according  to  the  powers  of  h)  is 

(3^3-1- 62c-3W'~c3>«+(36«c-36c5)a-l-ft*-2&V-f*c*; 
^^^  g2ll^2 =36-fr  ; 

— ^2— ^— =3ftc; 

i5-26Vffic*     _,     .  . 
—^z:? =^-ftc« ; 

consequently  the  quotient  is  (3&+c)a*4-8ftca+&'— ^c*. 

22.  If  X* — c^  is  divided  by  x—a,  the  quotient  is  x-f «. 

a* — a*  -  X — a,  -        ••    a*-ffl^+<*** 

ar*— «♦  -  X— «,  -  x3-fax*-|-a*x4-fl^. 

X*— 0*  -  X— a,  -  7^'\'aa^-\-a^3^-\-c^x-\-c^» 

In  these  quotients  it  is  to  be  observed, 
Ist.  That  all  the  terms  are  additive. 
2d.  That  the  first  and  last  terms  are  formed  by  subtracting  1  from  the 

exponents  of  x  and  a  in  the  dividend. 
3d.  That,  of  the  intermediate  terms  beginning  with  the  second,  the 
exponents  of  x  are  successively  diminished  by  1,  and  the  exponents 
of  a  augmented  by  1,  in  such  a  manner  that  the  sum  of  the 
exponents  of  x  and  a  in  each  term  is  constant. 
Denotiog  by  m  any  additive  whole  number,  it  may  be  inferred  by  analogy 

that-^:;:^=x^»-fx"-«a+x*-5a«-f -f-xa"-«4-a'"-^ 

In  effect,  any  number  of  the  terms  of  this  quotient  can  be  found  by 
division ;  but,  without  resorting  to  this  Jtind  of  proof,  the  accuracy  of  the 
result  can  be  verified  by  multi^cation ;  for 

(x»-i+x''^a-fx''^fl«4- -fx«r-*+a"-Oxa^«"+^»^^«+***^«'+ 

+x«a— «-f  xa— '. 

(x^Ha^'^a+^^aH +xa'^+d— i)  X  (— a)=— x^-^a— x— «a*— 

— x^flT"* — xa*"*  — d". 

Now,  it  is  evident  that  the  second  term  of  the  first  partial  product,  or  first 
line,  is  equal  and  of  v^  contrary  sign  to  the  first  term  of  the  second  partial 
product  or  seco^^'lme,  and  that  the  sum  of  these  two  terms  is  zero. 

In  like  manner  the  third  term  of  the  upper  line  is  destroyed  by  the  second 
term  of  the  lower  line,  the  fourth  by  tne  third,  and  so  on  to  -f  xa"^S  the 
faist  term  of  the  upper  line,  whidi  is  destroyed  by  — xrf^^,  the  last  term  but 
one  of  the  lower  One. 

^  Whence,  if  the  quotient  of  x"— a"  is  multiplied  by  the  divisor  x— a,  tht 
4iTidend  x^^o"  is  reproduced.    Consequently 

--^^^  =x— »+flx*-«-fa*a^H••.•+a"'"''^^-«""*• 
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23.  Let  it  be  required  to  divide  «*4'iM:**'+?af*^+ •••+*»+«  by  x— a? 
Calculation : 


X— a)a:-4-/w:*~^+ja*^+...+te+«  (x^*+«i|x*^+«' 


••    a 

+P 
a 

+p 

-op 

•       •        • 


+/ 


a* 
H-ap 

+«p 
±5_ 


x*^-f  ra:" 


+  oq 


X-   H«B" 


-4 


Detail  and  conclusion : 

Dividing  x"  by  x,  the  first  term  of  the  o^uotient  is  x*~'. 

The  pr(Kluct  of  the  divisor  by  this  quotient  is  x* — aaT^^ ;  subtracting  this 


highest  power  of  x  is  Ta^-f  «/>+?)«* 
Dividing  this  term  by  x,  the  third  term  of  the  quotient  is  (€r-\-ap'^q)3r  *. 

Proceeding  in  this  manner,  and  regardinjz  always  as  a  smgle  term  all  the 
quantities  which  involve  the  same  power  of  x,  it  oecomes  evident  that  each 
term  of  the  quotient  is  obtained  from  the  preceding  term  by  multiplying  it 
by  a,  adding  to  the  product  the  term  of  the  dividend  which  involves  the 
same  power  of  x,  and  then  dividing  by  x. 

Hence  it  follows  that  the  part  of  the  quotient  which  is  independent  of  x  is 

fl— H/wT-^-f^a— *+ +f.     . 

If  the  divisor  is  multiplied  by  this  quantity,  its  product  by  x  will  destroy 
the  part  in  x  of  the  last  partial  dividend,  ana  the  remainder  will  be 

Here  the  division  ends,  and  the  remainder  is  the  original  dividend,  except 
that  X  is  reijlaced  by  a. 

When  this  remainder  is  zero  the  division  is  exact  Whence,  if  a  is  a 
quantity  such  that,  being  substituted  for  x,  it  renders  the  polynomial^ 

the  polynomial  is  divisible  by  x— a. 


SECTION  m. 

SIMPLIFICATION  OF  FRACTIONAL  EXPRESSIONS. 
GREATEST  COMMON  MEASURE.  REDUCTION  OF 
FRACTIONAL  EXPRESSIONS  TO  THE  SAME  DENO- 
MINATOR. ADDITION,  SUBTRACTION,  MULTIPLICA- 
TION, AND  DIVISION  OF  FRACTIONAL  EXPRES- 
SIONS. 

24.  When  the  division  of  one  algebnuc  Quantity  by  another  cannot  be 
executed,  it  is  indicated  by  making  the  dividend  the  numerator  and  the 
divisor  the  denominator  of  an  algebraic  fraction. 
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If  particular  Talaes,  expressed  bj  whole  numbers,  are  given  to  all  the 
letters  composing  an  algeDraic  fraction,  the  numerator  and  denominator 

S whether  monomial  or  p^jnomial)  can  be  each  reduced  to  a  single  number ; 
ben,  according  as  the  numerical  value  of  the  numerator  is  or  is  not  a 
multiple  of  that  of  the  denominator,  the  value  of  the  algebraic  fraction  is 
ezpr^sed  by  a  whole  number  or  an  arithmetical  firaction. 

If  the  particular  values  of  some  of  the  letters  or  all  the  letters  which 
compose  an  algebraic  fraction  are^ezpressed  by  arithmetical  fractions,  either 
or  both  of  the  terms  of  the  numerical  value  ot  that  algebraic  fraction  may  be 
arithmetical  fractions.  In  such  cases,  since  the  numerator  is  a  dividend  and 
the  denominator  a  divisor,  the  reduction  of  the  numerical  value  of  an 
algebraic  fraction  to  the  form  of  a  common  arithmetical  fraction  can  be 
made  by  the  rule  for  the  division  of  fractions. 

Examples: 

Ist.  In  the  fractional  expression  -^  let  a=6,  6=4,  c=2,  <f=3 ; 

.      ab    6x4    24 

2d.  In  the  fraction  -^  let  »i=3,  fi=2,  ;?=5,  r=7,  «=4,  ^=6 ; 

,      mhip_S^X2x5_    8x5    _  15 
^^  r««f  •"7x4«x6""7x4x4""il2- 

3d.  In  the  fraction  ^  .  ^_^,  let  <i=2,  ft=5,  c=8,  it=8 ; 

0^6— a»c-frf__2»x5— 2^x3+8    40— 12+8_36_^ 
«^en  J2^^_a^-    ^^^^^2x3^    "25 -1-5-18"  12""^' 

nh/l 

4th.  In  the  fraction  ^  let  a={,  *=f,  d=4,  c=},/=^  g=2i ; 
^,       abd     4X|X4       I    ^  .         ^      ,      ahd     ^ 

25.  The  terms  of  an  arithmetical  fraction  being  whole  numbers,  it  is 
proved  (Part  I.  Art.  149)  that  the  value  of  a  fraction  is  not  changed  by  the 
midtiplication  or  the  division  of  its  terms  by  the  same  number,  and  from 
this  principle  are  derived  processes  for  the  simplification  of  fractions,  and 
for  their  reduction  to  the  same  denominator. 

This  general  principle  and  its  consequences  may  be  employed  in  any 
calculation  made  with  algebraic  fractions  whose  terms  are  expressed  by 
whole  numbers ;  but  as  each  of  the  terms  of  an  algebraic  fraction  may  have 
for  nimierical  vsdue  an  arithmetical  fraction,  it  becomes  necessary  to  prove 
generally,  that  if  the  terms  of  an  algebraic  fraction  are  both  multiplied  or 
both  divided  by  the  same  quantity,  the  value  of  the  fraction  remains 
constant. 

Let,  therefore,  n  and  d  be  any  quantities,  whole  or  fractional,  and  q  their 
quotient,  so  that 

3=^>  or  n^dq^ 

and  let  m  be  any  quantity  whatever ;  it  is  to  be  proved  that  ^"Jrt  ^^^  that 

fi'iii    n 

dhmTd' 

Since  n:=dqj  nm=dqm  or  qxdm^ 
nmqrdm 

•'•  dm^'^Sn'^^' 

,  91       n    11971         fun     ft 

but^=j.-.3=jj^,and^=a. 

Therefore  the  proposition  is  establbhed. 
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26.  An  algebraic  fraction,  considered  in  the  most  general  manner,  b  the 
expression  of  an  unexecuted  dirision.  If  the  numerator  is  a  multiple  of  the 
denominator,  the  quotient  is  exact ;  if  the  numerator  is  ecjual  to  tne  deno-> 
minator,  the  quotient  is  1 ;  if  the  numerator  is  not  a  multiple  of  the  deno- 
minator, or  if  it  is  less  than  the  denominator,  the  result  must  retain  the 
fractional  form,  but  it  frequently  admits  of  simplification. 

If  it  is  required  to  divide  l'2a^h'^cd  hj  ^8a*6c',  the  quotient  cannot  be 
expressed  by  an  integer  monomial,  for  12  is  not  divisible  by  8,  and  the  expo- 
nent  of  c  is  less  in  the  dividend  than  in  the  divisor. 

The  quotient  is  therefore  indicated  by  the  expression 

8a«6c*  • 
But  this  expression  may  be  aimplified,  or  reduced  to  lower  terms ;  for  the 
factor  4  is  common  to  tlie  coefficients  12  and  8,  the  factor  b  is  common  to 
b^  and  b,  and  the  factor  c  to  c  and  c'. 

These  common  factors  being  suppressed,  the  result  is 

&a^bd 

2c  ' 

This  simplification  is  effected  by  suppressing  in  the  numerator  and  deno- 
minator all  the  factors  which  are  common  to  them  both,  or  by  dividing  the 
terms  of  the  fraction  by  a  divisor  composed  of  the  product  of  all  the  factors 
which  are  common  to  both  terms  of  the  fraction.  This  divisor,  by  Article  139, 
Fart  I,  is  the  greatest  common  measure  of  the  terms  of  the  fhiction ;  and,  by 
Article  25,  the  division  of  the  terms  o£  the  fraction  by  this  quantity  does  not 
change  the  value  of  the  fraction. 

Since  division  of  the  numerator  and  denominator  by  thehr  greatest  common 
measure  takes  away  all  their  common  factor?,  and  a  fraction  whose  nume- 
rator and  denominator  contain  no  common  factors  is  said  to  be  in  the  lowest 
terms,  it  follows  that  a  monomial  fraction  is  reduced  to  the  lowest  terms  by 
dividing  its  terms  by  their  greatest  common  measure. 

27.  When  the  numerator  and  denominator  of  an  algebraic  fraction  are 
polynomials,  it  is  evident  that  monomial  factors  which  are  common  to  all  the 
terms  of  the  numerator  and  denominator,  and  polynomial  factors  which  are 
common  to  both  the  numerator  and  denominator,  may  be  suppressed ;  for 
the  suppression  of  those  factors  amounts  to  the  division  of  both  the  terms 
of  the  fraction  by  the  product  of  the  common  factors  ;  an  operation  by  which 
the  value  of  the  fraction  is  not  changed  (Art.  25). 

It  is  also  evident  that  if  all  the  conmion  factors  of  two  quantities  are 
suppressed,  these  quantities  cannot  both  be  exactly  divided  by  any  integer 
divisor  greater  than  1. 

The  product  of  all  the  factors,  numerical,  monomial,  and  pol3momia],  which 
are  common  to  two  or  more  algebraic  expressions  of  the  integer  form,  is 
termed  the  greatest  common  measure  of  these  expressions. 

AVhence  an  algebraic  fraction  is  reduced  to  the  lowest  terms  by  dividing 
its  numerator  and  denominator  by  their  greatest  common  measure. 

28.  When  the  integer  algebraic  quantities  are  monomial  the  greatest 
common  measure  of  this  definition  is  that  of  Part  I.  Articles  138  and  139 ;  it 
is  obtained  by  forming  the  product  of  all  the  simple  factors,  numerical  and 
literal,  which  are  common  to  the  quantities. 

The  greatest  common  measure  of  polynomial  expressions  is  not  obtained 
with  the  some  facility  ;  its  determination  depends  on  these  principles  t 

First,  the  greatest  divisor  common  to  two  inte^r  expressions  is  not 

changed  by  the  multiplication  or  by  the  division  of  either  of  these 

expressions  by  any  integer  quantity  which  contains  no  factor  common 

to  Itself  and  to  the  other  expression. 

For  it  is  evident  that  thus  the  prime  factors  which  are  common  to  the 

two  expressions  remain  unchanged ;  and  it  is  the  product  of  these  common 

factors  which  is  the  greatest  common  measure  of  the  two  expressions. 
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Second,  the  greatest  common  measure  of  two  polynomials  is  the  same 

as  the  greatest  common  measure  of  the  less  of  the  two  polynomials  and 

the  remainder  resulting  frcun  the  diyision  of  the  greater  by  the  less. 

Let  A,  B  denote  the  two  polynomials,  A  being  the  greater ;  also  let  A 

be  divided  by  B,  and  let  the  mteger  quotient  be  Q,  and  the  remainder  R ; 

it  is  to  be  proved  that  D,  the  greatest  common  measure  of  A,  B,  is  also  the 

greatest  common  measure  of  B  and  B. 

Smceg'=Q+^,  A=BQ4-R. 

Let  A-i-D=^A',  B*D=B',  R-i-D=R', 

A      B        R 
then  ]5=;dQ+;p,  or  A'seB'Q+R'. 

In  the  expression  A'rsB'Q+R",  B'  and  R'  have  no  common  factor ;  for  if 
they  have,  it  must  measure  B'Q-f  R'l  and  by  consequence  Af  (Part  I. 
Art.  105) ;  therefore  A^  B^  would  still  contain  a  common  factor,  and  D, 
which  is  the  greatest  common  measure  of  A,  B,  woidd  not  contain  all  the 
common  factors  of  these  quantities,  which  is  contrary  to  the  definition  of  the 
greatest  common  measure. 

Since  B''  and  R^,  which  are  the  quotients  of  B  and  R  by  D,  cannot  have 
a  common  factor,  it  follows  that  the  greatest  common  measure  of  B  and  R 
is  eqtial  to  D  ;  therefore  it  is  the  same  as  that  of  the  quantities  A  and  B. 

29.  As  an  application  of  these  principles,  let  it  be  required  to  find  the 
greatest  common  measure  of  the  quantities 

X=48a*&'a:«— l2Wli^s^ + 12a^&3ar*— 12a6&',  and 
y=48a3iar'— 88a*6a:«— 64a5&a:«— So^ftar*. 
The  factor  12a^6^2^  is  c(mmion  to  all  the  terms  of  X,  and  the  factor  8a^&x^ 
to  all  the  terms  of  Y. 

Now,  the  greatest  common  measure  of  the  monomials  12a^^x^  and  Sa^bx^ 
is  4a'&2^  (Art.  26),  therefore  4a^ba^  is  the  product  of  all  the  monomial 
factors  conunon  to  X,  Y. 

Dividing  X  by  12a*ft^x*,  and  denoting  the  result  by  A, 

A=4r*— 12a:^ + tt*a:*— a*. 

Also,  dividing  Y  by  8^&z^,  and  denoting  the  result  by  B, 

B=6«'— 1  loa:*— 8a*x— o^. 

The  expressions  A,  B  cont^  only  the  polynomial  factors  common  to  X, 
Y ;  consequently,  the  greatest  conunon  measure  of  A,  B  being  found,  it  will 
be  sufficient  to  multiply  this  by  4a*6x'  to  obtain  the  greatest  common 
measure  of  X,  Y. 

The  question  is  now  reduced  to  this  :  to  find  the  greatest  common 
measure  of  two  polynomials,  A,  B,  which  contain  no  common  monomial 
factors. 

Bv  the  definition  (Art.  27)  the  greatest  common  measure  is  the  product 
of  aU  the  factors  which  are  common  to  A,  B. 

Therefore,  if  the  quantity  B  exactly  divides  A,  B  is  the  greatest  common 
measure  of  tiie  polynomials  A,  B. 

In  attempting  the  division  of  A  bv  B,  it  is  fotmd  that  4z^,  the  first  term 
of  A,  is  not  exactly  divisible  by  Gar",  the  first  term  of  B.  To  render  the 
division  possible  A  may  be  multiplied  by  6,  the  coefiicient  of  the  first  term  of  B. 
The  greatest  common  measure  of  A  and  B  cannot  be  affected  by  this  multi- 
plication, sinee  6  contains  no  factor  which  is  common  to  the  terms  of  B,  this 
quantity  in  effect  containing  no  common  monomial  factor.  It  is,  however, 
AOjQicie&t  to  multu^y  A  by  3,  for  thus  the  first  term  of  Ax 3  is  I2x*y  a 
quantity  divisible  hj  62^. 

Ax 3  or  X2ar*— 30ax5+3flV— 3a:^  is  to  be  divided  by  B. 

The  quotient  foimd  by  dividing  12af*  by  Gr*  is  2a?, 

Multiplying  B  by  2ar,  and  subtracting  the  product  fix)m  A  X  8,  the  remain- 
der is— Soac^-f  19a'«^+2a'a;— 3a^,  and  Uds  ought  to  contain  all  the  factors  of 
B  which  are  found  in  A. 
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Multiplying  again  by  3,  to  render  the  partial  dividend  capable  of  diviaion 
by  B,  tne  quotient  is  —4a,  and  the  remainder  ISa'^E* — 26a'x — 13a^,  which 
must  still  contain  all  the  factors  common  to  A,  B. 

The  exponent  of  x  being  less  in  this  remainder  than  in  B,  B  must  be  taken 
for  dividend  and  R  for  divisor. 

Before  attempting  the  division  of  B  by  R,  it  is  necessary  to  suppreas  the 
factors  which  are  common  to  all  the  terms  of  R ;  which,  smce  A,  B  A^nt-aiii 
no  common  monomial  factors,  cannot  affect  the  greatest  common  measure  of 
these  quantities  and  R.  Suppressing  the  common  factor  ISa'  in  all  the  tenns 
of  the  remainder,  R  becomes  «* — 2ax — a*. 

The  division  of  B  by  R,  thus  reduced,  is  nmde,  without  the  necessity  of 
introducing  any  new  factor  into  the  dividend  B ;  and  since  the  renuunder  is 
zero  the  conclusion  is,  that  a^—2ax—a^  is  the  greatest  common  measure  of 
A  and  B. 

Calculation  :  4ir*— l<ku:'-|-a*ac*— a* 

_3 

ex'— liar*— 8a«ar— a5)12a:*— 80aaJ-l-3a«a*  — 3<i*(2* 

123^— 22qj:»— 16aV— 2g»g 

— 8aa:'-h  19aV+2a'x— 3a* 
3 


ear'— lloa:*— 8ii«j:— 0*)- 24ax3^-67aV^-6a3ar  —9a*(— 4a 

— 24a3:^-h44gV-f32a»a:+4fl* 

I3a*a;*— 26a'x— 13<i* 


18««««— 26fl'x— 13a*=  13a«(a;*— 2aar— ««)=  13a«  X  R 
x«— 2aap— a«)6a?'—  1  lajf«— 8ii«x— a5(6x. 
6j^— 12axg— 6fl'x 

ax* — 2a*x — a* 
a*x— 2a'x — a" 


The  preceding  detail  and  example  show  in  what  manner  the  (greatest  com- 
mon measure  of  two  polynomials  is  obtained  by  successive  divisions.  Two 
divisions  have  sufficed  in  the  siven  example ;  but  if  the  second  division  had 
been  inexact  it  must  have  led  to  another  remainder  of  a  degree  inferior  to 
the  divisor,  and  there  must  have  been  a  third  division  following  the 
second,  in  the  same  manner  as  the  second  is  made  to  follow  from  the  first 
If  the  third  division  also  is  inexact,  a  fourth  division  is  made  to  follow  the 
third ;  if  the  fourth  is  inexact,  a  fiflh  is  made  to  follow  the  fourth,  &c. 

Proceeding  in  this  manner,  if  a  remainder  equal  to  zero  is  found,  the  divi- 
sor of  the  last  operation  is  the  greatest  common  measure  ^required ;  for  let 
R,  R^,  R^^  .  .  .  R"'~^,  R'^  be  the  successive  remainders,  and  let  R'^  be  that 
remainder  or  divisor  from  the  division  of  R"~'  by  which  a  remainder  equal 
to  zero  is  obtained.  Then  R"  divides  itself  and  R""^;  and  since  R"  cannot 
be  divided  by  any  divisor  greater  than  itself,  it  is  the  greatest  common 
measure  of  R*  and  R''"'. 

But  by  the  second  principle  (Art.  28)  the  greatest  common  measure  of  R" 

and  R^"^  is  also  the  greatest  common  measure  of  R'"'  and  R"""'' 

of  R^  and  R,  of  R  and  B,  of  B  and  A. 

To  find  the  greatest  common  measure  of  two  integer  polynomials, 
Rule.     Arrange  the  terms  of  both  polynomials  accordiDg  to  the 
powers  of  the  same  letter : 

Suppress  in  both  quantities  the  monomial  factors  which  are  com- 
mon to  all  the  terms  of  each  polynomial ;  and  if  the  monomial  factor 
which  is  common  to  all  the  terms  of  the  first  polynomial,  and  that 
which  is  common  to  all  the  terms  of  the  second,  has  a  greatest  common 
measure,  reserve  it  as  a  factor  of  all  the  terms  of  the  greatest  common 
measure  of  the  two  quantities. 
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Make  the  polynomial,  which  contains  the  highest  degree  of  the 
letter  according  to  the  powers  of  which  the  quantities  are  arranged, 
dividend,  and  &.e  other  divisor.  Multiply,,  if  necessary,  the  dividend 
by  that  number  or  quantity  which  renders  the  first  term  of  the  divi- 
dend divisible  by  the  first  term  of  the  divisor. 

Then  divide  the  dividend  by  the  divisor,  and  continue  the  division 
until  a  remainder  =0  or  of  a  degree  inferior  to  the  divisor  is  obtained, 
(multiplying  at  the  same  time  the  partial  dividends^  if  necessary,  as 
for  the  first  division.) 

Suppress  monomial  factors  which  are  common  to  aU  the  terms  of 
the  remainder. 

Make  the  remainder  (thus  prepared)  divisor,  the  divisor  dividend, 
and  proceed  as  with  the  first  division.  Continue  in  this  manner  to 
divide  the  last  divisor  by  the  last  remainder,  until  a  remainder  equal 
to  zero,  or  a  remainder  independent  of  the  principal  letter,  is  obtained. 
In  the  first  case  the  last  divisor  is  the  greatest  common  measure 
required;  in  the  second  the  quantities  have  no  common  measure, 
imless  the  monomial  factors  suppressed  before  the  first  division  have 
a  common  measure.  If  they  have,  this,  in  the  first  case,  is  a  factor  of 
every  term  of  the  greatest  conmion  measure ;  in  the  second  it  is  itself 
the  greatest  common  measure  of  the  proposed  quantities. 

Examples  of  the  reduction  of  polynomial  fractional  expressions  to 
the  lowest  terms  by  division  of  tiie  terms  by  their  greatest  common 
measure : 

1st.  ^^a^x-^aa^A-a^'     ^®  greatest  common  measure  of  the 
terms  is  a^ — o^,  and  the  fraction  in  the  lowest  terms  is 

a— « ' 

2d.   Q  «&3— lQflAg4-2&^ — •         ®  greatest  common  measure 

9a3+3a6^ 
is  ab—b^f  and  the  reduced  fraction  is   qqA^o^^* 

6a^^l7a^b +22ab^^l5b^     _  ^    ^ 

3d.    ^2 lY  h4-l2ab^ "         ^  greatest  common  measure 

Sa^^4ab+5b^ 
is  2a — Si,  and  the  reduced  fraction  is «.  ^ — . 

4a«— 12a*+9i«     ^  .    «       or 

4th.  — 4^a^9A2 — •    The  greatest  common  measure  is  2a— 36, 

and  the  reduced  fraction  is  o^XoX- 

12aW+  38aW+  16ai*— 10^         ^ 
^^^  15a»+10a*6+4aW+  Sa^b^^Sab^'    ^^  greatest  common 
measure  is  da^+2a6-*«6%  and  the  reduced  fraction  is 
4ab^+\0b^ 

R£I>UCTI02(  OF  FRA.CTI0NAL  EXPRESSIONS  TO  THE  SAME 

DSNOMINATOB. 

30.  If  the  letters  which  compose  the  terms  of  algebraic  fractions  ex- 
press  whole   numbers,   the    numerator   and   denommator  can   be   each 
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reduced  to  a  single  whole  number.  Consequently,  if  unity  is  oonsideTed  to 
be  divided  into  as  many  equal  parts  as  the  numerical  value  of  the  denomi- 
nator contains  simple  units,  and  the  numerator  to  express  as  many  of  these 
parts  as  its  nimierical  value  contains  simple  units,  it  is  evident  thi^  the 
elementary  operations  which  it  may  be  necessary  to  perform  with  literal 
fractions  may  be  performed  by  the  rules  for  arithmetical  fractions,  attention 
bei^ig  given  to  the  conventions  established  in  Articles  3  and  4.  However,  as 
a  letter  may  express  an  arithmetical  fraction,  the  numerical  values  of  the 
terms  of  an  algebraic  fraction  may,  either  or  both,  be  arithmetical  fractions. 
Since  the  rules  for  performing  the  elementary  operations  of  arithmetic  with 
fractional  expressions  are  demonstrated  for  those  fractions  only  which  have 
whole  numbers  for  their  terms,  it  seems  necessary  to  investigate  the  rules 
anew,  regard  being  had  to  this  condition.  ,     ,        , 

It  has  been  proved  (Art.  25)  that  if  the  terms  of  any  fracUon  are  both  mul- 
tiplied or  both  divided  by  the  same  number,  the  value  of  the  fraction  is  not 
changed;  and  this  principle  has  been  applied  to  the  reduction  of  fractions  to 
the  lowest  terms  (Art.  26).  It  supplies  the  means  also  of  reducing  fractions 
which  have  different  denominators  to  equivalent  fractions  having  a  common 
denominator ;  for  it  is  evident  that  the  product  of  all  the  denominators  of 
any  given  fractions  is  a  multiple  of  all  the  denominators  of  these  fruitions ; 

That  this  multiple  can  be  cfivided  by  each  denominator ; 

That  if  it  is  div&ed  by  the  denominator  of  die  first  fraction,  and  the  terms 
of  this  fraction  are  multiplied  by  the  quotient,  the  result  is  an  equivalent 
fraction  having  the  product  of  all  the  denominators  for  its  denominator ; 

That  if  the  multiple  of  all  the  denominators  is  divided  by  the  denominator 
of  the  second  fraction,  and  the  terms  of  this  fraction  are  multiplied  by  the 
quotient,  the  result  is  a  fraction  equivalent  to  the  second  fraction,  and  having 
the  product  of  all  the  denominators  for  its  denominator ; 

And  that  in  this  manner  any  number  of  fractional  expressions  may  be 
reduced  to  the  same  denominator. 

Whence,  to  reduce  fractions  which  have  different  denominators  to 
equivalent  fractions  having  the  same  denominator, 

Rule.  Multiply  the  terms  of  each  fraction  by  the  denominators  of 
all  the  other  fractions ;  the  results  are  equivalent  fractions  reduced 
to  the  same  denominator. 

Examples  of  the  reduction  of  fractions  having  different  denomina- 
tors to  equivalent  fractions  having  a  common  denominator : 

ace  .      odf    £^    ^ 

1st.  g,    ^  j^? ^"^'bdf    bdf    bdf 

a—b    2a— 3c  a«— 2fl^-fft^    2a^>-3gc-f  2a&-3&c 


a—b^  A  ah^        tUf^ac—b^-^-bc 


4**^-T^:5^'    rrSa- "^^      l^x*     '         1— a?* 

aa?4-l      bx^                         ,       amnx-^mn     bm^rux^—ibs^ 
5th.     »       ^,    „— ? Ans. 


m«w— 2'    mn^ '^^'  m^n—2mn*      m*n^—2mn 

a           ^       ^o  M      o^d^cM    abd-hb^d      a^^b^ 

^^^' ^:fb'    ^[Ilb'    d' "^^'d^d^^^d*    a^d^b^d:*   a^d-^b^d 

a.  If  the  factors  (monomial  and  polynomial)  which  are  common  to 
two  or  more  of  the  denominators,  and  all  the  factors  which  are  found 
in  one  only  of  the  denominators,  are  each  taken  once  only  and  multi- 
pHed  together,  the  product  13  a  multiple  of  all  the  deaomijifiliorsy  and 
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less  (unless  all  the  denominators  are  prime  to  each  other)  than  the 
product  of  all  the  denominators.  The  monomial  factors  are  easily 
found  by  inspection  of  the  quantities  ;  the  polynomial  can  be  obtained 
by  seeking  the  greatest  common  measure  of  all  the  denominators, 
taken  two  and  two.  But  this  is  a  very  laborious  process  if  the 
number  of  fractions  is  considerable. 

Examples : 

3a^       7^       llc»  27a^c^        1406«  88c« 

^^  40bV  18aVi45o262  *^.Ans.  3^002^2^3^  mkt^b^c^  SGOa^b^c^' 
a^b^    a^bc    ab^c^  .      a^b^ — a^b'^x  a^bc-^a^bcx  ab^c^ 

^b^x  ^  ^  ^  ^  jc^  J_ 

h^   y'  b'b^y^    ^^'by^'  by^'  by^'  by^' 

AdDITIOK  of  FRA.GTIOKAL  EXFBESSIONS. 

31.  It  is  a  self-eyident  principle  that  if  two  quantities  are  equal,  and  both 
are  operated  on  in  the  same  manner,  the  results  are  equal. 

Let,  therefore,  a=ftr,  fl{'=fto',  (a,  ft,Jr,  a',  b%  v\  being  any  quantities,  whole 
or  fractional,  monomial  or  polynomial,)  and  let  both  members  of  these  equa- 
tions be  divided  by  &,  which  has  no  factor  common  to  it  and  aix  d. 

Then  t=  v  ;  'T"=i''.    Whence  r,  ff  represent  the  values  of  the  fractions 

£-1    *T",  or  the  quotients  resulting  from  the  division  of  a,  a'  by  h. 

Since  a=ftp,  and  fl['=&r', 
04.0= J'o+6V=6(i7-f  r^ ; 


a  a 


•  ■ 


ad 


But  T=r ;  ■!;"=»' ;  whence  also  l"'""r='^+«''? 

a  ,  of     a-\-af 
•  'b^  b  b    ' 

Whence,  to  obtain  the  sum  of  two  fractions  which  have  the  same 
denominator, 

•    Rule»    Form  the  algebraic  sum  of  th«  numerators,  and  divide  it  by 
the  common  denominator. 

Examples  of  the  addition  of  algebraic  fractions  having  the  same 
denominator : 

ad  ,  be  ^  .      ad-^bc 

^o*-  M+bd- ^ ^'"•-M-' 

a— ^       o-j-^  J      q-f^-fa— ^_     2a    . 

2<1-    aa:ZS2"^S53p- ^^'       a«-i«     ""««— 6> 

^y     a,     c     d    e  ^  .       q  +  c  +  rf+g. 

^    iH^bU' ^'^' b 

^  ,    a^^ab  ,  3aft  ,     ^    ,  .      d^-^2ab^b'^ 

^^^-  "WT^Wc'^Wc^ ^''^'       2S^c 
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Suppose  that  the  fractbns  have  diflfereat  denominators,  and  that 

a fl' , 

or  that  a=&i7,   cC^='Vxf. 

Since  a=fti»,   aA'«ss  W*», 

and  since  fl'=yr',   €Ch^=hh''rf^ 

But  ■!=»,  y^*^  5  wherefore  j+y=»-|-ij^,  and  consequently  3+y  ^ 

Whence,  to  find  the  sum  of  two  fractions  which  have  different 
denominators. 

Rule.  Reduce  the  fractions  to  a  common  denominator ;  form  the 
algebraic  sum  of  the  numerators,  and  divide  it  bj  the  common 
denominator. 

Examples  of  the  addition  of  algebraic  fractions  which  have 
different  denominators : 

Ist.     ~+l  ? Ans.  — r-— • 

o  J       *  L  ^  i^  *  9                                                J      adf-^bcf+bde 
2^-      l-^d-^f^ ^^- bdf • 

oj       ^"      ^      10  ^      I2€ui+5bc'j-20bdh 

^      5X+43+'^^ ^"'- 20Sd • 

a-^b    a^-b     ^^  .         4a' 

^^  s=6+^+*  +2? ^:5i=pr 

5«»-     453+6/+^? ^*~-  iic^  • 

„,      1     1     1-                                                   .      bc—ac+tA 
^^^'    ITb^c  • ^~- ^ 

ace  a^yg'-h&cA^+^cfe 

^^-  te+^+7P- ^"'- g#? • 

8th.   i+i+i^? ^«*-t:i?- 

o*i,      2a      5^    Je^  ,_  l6abc+\Scdf^^ 

^^    3^"*'8ft«c'"66«c«  ^ ^'**-  24SV  • 

10th.  gi^+^tz^+^iiisi.  f A^' ^ • 

SUBTBA.CT10N  OF  Fractional  Expbbssions. 

a  a' 

32.  The  difference  of  the  expressions  -^v  and  y^v^  is  indicated  by  the 

expression  5~"~5'~'^'"^  » 

and  if  from        as=6o 

c^znW  is  subtracted, 

therefore  — r — =©— »  =t — r-. 
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Whence,  to  obtain  the  difference  of  two  fractions  which  have  a 
common  denominator, 

Rule.  Subtract  the  numerator  of  the  subtrahend  from  the  nume- 
rator of  the  minuend,  and  divide  the  remainder  bj  the  common 
denominator. 

Examples  of  the  subtraction  of  algebraic  fractions  which  have  the 
same  denominator : 

•• ••• • ,Ans. 


1st  ^—5?. 


2d. 
3d. 
4th. 


a^-^-ab    ab — o* 


m^n 


ax — a:*    bx-k-a!^ 


,Ans. 


b 
2a^ 


m^n 


'  a^b 


a^b 


?, 


,Ans, 


€UC — bx 
a^^b 


=47. 


?, 


*Ans, 


mn 


Let  the  fractions  whose  difference  is  required  be  t=9  ;  T^=v^  which  have 
different  denominators. 

The  expression  of  the  difference  of  these  fractions  is  T^-rrso^t/. 

a 
Since  t=^v^  as^bv^  and  ab^^^bbf'v^ 

d 
and  since  "JT =»'f  d'=Vxfy  and  €lh^=W'tf ; 

therefore  a^— fl'ft=Ww— ft^Vrs  ^^(p— r'), 

,  ay-dh 
and 


W. 


-  =c— i/. 


Whence  A""^r== 


a     d     dtf-^dh 


W 


Consequentlj,  to  find  the  difference  of  two  fractions  which  have 
not  the  same  denominator, 

Rule.  Having  reduced  the  fractions  to  the  same  denominator, 
subtract  the  numerator  of  the  subtrahend  from  the  numerator  of  the 
minuend,  and  divide  the  remainder  bj  the  common  denominator. 

Examples  of  the  subtraction  of  algebraic  fractions  which  have 

different  denominators : 

cui—bc 
Ans, 


1st.  g-5?. 


2d. 
3d. 
4th. 
5th. 


a+x a_^ 

a       a+x" 
a-^b    a-^b 


Ans, 


bd 
2ar+«* 


?. 


a^b^a+b 
Sa+2b5bd''2a^Sd 
c  4cd 


*An8. 


d^-^-ax 
Adb 


?. 


.Ans, 


12aJ+3M+ 2a +3€f 


- — -  p 

a* — «*    a-^-z   ' 


,Ans. 


Acd 

Saz — g^ — g* 

a»— «« 

4a^ 
„,Ans. 


l-«* 
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7th.  -^-z — z.? Ans. 


a**—*    a**   «■• 

Oth.  ^SJZfZTj— j^ii+i  *^ • ^^'  ^STm • 


33.  The  sum  or  difference  of  an  integer  and  a  fraction  can  be  obtained  bj 

means  of  the  preceding  rules. 

_  ac — fcc*  ^ 

Example  Ist-  Required  the  sum  of  c^h  and  — --j-  r 

o»_a'6    a*ft    ad    €?hd 

1        1  ^ad^  ad' 
ac-^b€^ i^bd    ac-^bt^ j^bd-^-^ac-^lM^) g^M-j-oc— ftc* 

•■•"*'^      ad     "ad'^     ad    "  S5  ""  orf 

Example  2d.  From  a«*  subtract --j ? 

_     ox*     ox*     oc'      a*r'«* 

te  -hcrf— 0^ g  Vjc'     ftg-hcd— flft a V j^ — (&x  4"  cd — ab) 

,    ,03^-^         ^J5  ^  ^  ^  — 

flggS^a — 5j — crf4-a& 

a^  • 

This  process  is  analogous  to  that  in  arithmetic  (Fart  L  Art  159)  for  the 
reduction  of  a  mixed  number  to  an  improper  fraction. 

Regarding  a*&+  ~~^~~  *^^  ^ "^ —    **  expressions  which  it  is 

reauired  to  reduce  to  the  form  of  improper  fractions,  it  is  evident  tiiat  the 
reduction  is  made  by  multipljing  the  integer  by  the  denominator  of  the 
fraction ;  adding  the  numerator  of  the  fraction  to  the  product,  if  the  int^er 
and  fraction  are  connected  by  the  sign  -^  ;  subtracting  the  ntunerator  of  the 
fraction  from  the  product,  if  the  integer  and  fraction  are  connected  by  the 
sign  —  ;  and  giving  this  sum  or  difference  the  denominator  of  the  fraction 
for  its  denominator. 

A  fraction  expresses  a  quotient ;  therefore  a  fraction  which  has  the  negative 
sign  may  be  considered  as  the  quotient  of  a  dividend  and  divisor  which  are 
of  contrary  signs.  In  the  processes  of  reducing  to  a  common  deaominator, 
and  adding  or  subtracting,  the  negative  sign  is  considered  to  affect  the 
numerator  only. 

Multiplication  of  Fractional  Expressions. 

a        d' 

34.  Employing  still  the  notation  of  Article  31,  let-jL==v,  -p^f^* 


a     a' 


If  these  expressions  are  multiplied  together,  t  x  -t7=:9i/. 

Again,  since  jl^=^%  a=6i>, 

a' 
and  8inceT7=i>^,  a''=-lftf. 

Multiplying,  ati'='Wh'v''=W'W  \ 
dividing  by  W,  -vT7=»r'. 

___  a     fl'     ofl' 

Whence  yX  -g?=vv/. 

Consequentiy,  the  product  of  two  fractions  is  a  fraction  whose  numerator  is 
the  proouct  of  the  numerator^  and  its  denominatoir  the  product  of  the 
denominators,  of  the  given  fractions. 
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In  the  formula  t X T>=  Tv»  1^*  b'^^l ;  then ~tX(/  =-t- . 

If  cu/  and  b  are  both  divided  by  of  the  value  of  the  expression  remains 
constant. 

h  a  ^- 

Now  aa'-*-a'=a  and  J-*-a'=_-,  therefore  -.x  a'=*a^ 

Whence  the  product  of  a  fractional  bj  an  integer  expression  is  obtiuned 
by  either  multiplying  the  numerator  or  dividing  the  denominator  of  the 
finaction  by  the  mteger. 

CL     d      €uji  -  id      aol 

Again,  in  the  formula  g  x  ~g/=^Tj/i  ^c*  *— 1 5  "^^n  a  x  T?"="ir« 

Consequently  an  integer  is  multiplied  by  a  fractional  expression  by  mul- 
tiplying the  integer  by  the  nimierator  of  the  fraction,  and  dividing  the 
product  by  its  denominator. 

From  these  formulse  is  deduced  the  following  rule  for  the  multipli- 
cation of  algebraic  expressions  of  the  fractional  form :  : 

Ist.  To  multiply  an  integer  by  a  fractional  expression :  multiply 
the  integer  expression  by  the  numerator,  and  divide  the  product  by 
the  denominator  of  the  fractional  expression. 

2d.  To  multiply  a  fractional  by  an  integer  expression :  multiply 
the  numerator  or  divide  the  denominator  of  the  fractional  multipli- 
cand by  the  integer  multiplier. 

3d.  To  multiply  one  fractional  expression  by  another:  multiply 
together  the  numerators  of  the  fractional  factors  for  the  numerator 
of  the  product,  and  their  denominators  for  its  denominator. 

Examples  of  the  multiplication  of  algebraic  fractions : 

1st.     aX-r Ans.  ^  . 

2d.  a^iVx-Qj? An8,—^u 

3d.  o"^"X^p^? Ans.^-^--. 

4th.  — o  Xa»»? Ans, s-. 

5th.  -^Xcd? • Ans. • 

6th.     Zar~75X<»— *? -««*•  TT"- 

7th-    -ftXg? Ans.g^ 

a-^b    a^b^  ^      a^^b^ 

8th.    —r-y.-^^ Ans,  — :j~. 

c  a  ca 

^ ,       fl     c     c  -  ^      ace 

^  l^d^f -^--s^ 

a*+l>*    a—b  a^+b* 

^<^  i?::^»><M^A'' ^"*-  a»+2aA+A»- 

lltL  i«+-5-)x-? Am.  -^-. 
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12th.  — ,^^5— Xg^s^aas? ^«'-7P^- 

,    /?/     2/»     3aP     ^v         8A*  24iiA     56     56A*     16 

^^^^'  d^^I^^a^  +  2ab+b^^ '^^'  ac-^bc+ad-^b<r 

,     /       *\     /       *\^  ^        .    2ab     b^ 

16th.  («+^Jx(«+-)? ^iw.a«-f-^+-r 

^  ^     /       b\     /  ,    e\  ^  .      cuidf-\'€u:e-{-bdf+be 

17th.  («+^/^(^"^/)^ ^'**-  ■""'^ ef  ' 

a?^-Har-f2     3:^-1-5^4-4  .      ar+2 

1®**^-  x«+2«+l^a:2  +  7a:-fl2^ ^'"•x+3" 

DnnsiON  of  Fractional  Expressions. 
a         d 

35.  Again,  let  j=r ;  -y^-rf ; 

a     </ ,__  » 

Since  a=&v  and  a^=ft^t^, 

If  both  members  of  this  equation  are  multiplied  by  -^ , 

a      y_  bv^     V 

a&'     v' 

The  Quotient  of  one  fraction  b;^  another  is,  consequentlj,  obtained  by 
multipljrmg  the  dividend  hj  the  reciprocal  of  the  diyisor. 

a     a'    a     }/ 
In  the  formula  g"*"  v— £><  "^  1®*  ^=^1 ; 

thenjH-Vrr-g^. 


If  a  and  fto^  are  both  divided  by  a'  the  value  of  the  fraction  -r-/  is  not 
chuged ;  now  «*«'=-^  and  ta'H.fl'=6 ; 

therefore  j -•-«'= ij.. 

Whence,  the  dividend  being  a  fractional  and  the  divisor  an  integer 
expression,  the  quotient  is  obtained  by  either  multipljing  the  denominator 
or  dividing  the  numerator  of  the  dividend  by  the  diviaor. 

a     c^     aV 
Lastly,  in  the  formula  J"*"p~'J^  1^  *==1 1 

cf    ab' 
then  a  -i-  -p^  --/. 


DIVISION  OP   FRACTIONAL   EXPRESSIONS.  273 

Whence,  when  the  dividend  is  an  integer  and  the  divisor  a  fractional 
expression,  the  quotient  is  obtained  by  multiplying  the  dividend  by  the 
denominator  of  the  divisor,  and  dividing  the  product  by  its  numerator. 

From  these  cases  is  derived  the  following  rule  for  division  when 
either  the  dividend  or  the  divisor,  or  both  the  dividend  and  the 
divisor,  are  fractional  expressions : 

1st.  To  divide  a  fractional  by  an  integer  expression  :  multiply  the 
denominator  or  divide  the  numerator  of  the  dividend  by  the  divisor. 

2d.  To  divide  an  integer  by  a  fractional  expression  :  multiply  the 
dividend  by  the  denominator  of  the  divisor,  and  divide  the  product 
by  its  numerator. 

3d.  To  divide  one  fractional  expression  by  another :  multiply  the 
dividend  by  the  reciprocal  of  the  divisor. 

Examples  of  the  division  of  algebraic  fractions  : 

1st.       ^-r^?   -««*.  -r- 

^    foi-^"*? ^'"-  b^. 

a  bd 

3d.      d-T-il Ans.  — 

o  a . 

^  t       ^     <^  o  ^       ad 

^*^-    b^d^ ^^^7. 

ab     1 

5th.     — r—  ? Ans,  ab. 

c      c 

gg^-^a     a^b^  a^c-^b^c^a^d—b^d 

c+rf   *  c^d ac-\-ad — bc'-bd  . 

"^  (WM}*^^ ^--Sf^j. 

^.    (»+!).(.+». A^.  %^_ 

^  U-»+,-i)-L4j-„-^)' ^■"-  '• 

'"*•  {'+°Tl)*('-Sl)' ^"•-  "■ 

1^-  («-2-:)(«-s-V(^-«T-j^ 

Ans.  j5 

2a 

13th.  (^+-+^)^Q-H--h^J? Ans.  ^k^^li^^,M)bdf. 

^  ^  ,     /    a     ,     b    \      /    a  ^\«  ^       a^'^2ab—b^ 

14th.  U-z:j+a-:jri)-(^^ft-^? ^^^  — SThT*^— . 

15th.   \d:i- a^-bl'^KcT^'^ dhV' '''^'  d'h^-^{a-^b)c^d. 

T 
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A    0 
Op  the  Expressions  a®,  a~',  ^,   q. 

36.  The  product  of  two  powers  of  the  same  root  is  obtained  bj  affecting 
that  root  with  an  exponent  equal  to  the  sum  of  the  exponents  of  the  multi- 
plicand and  multiplier  (Fart  i.  Art.  75),  and  the  quotient  arisii^  from  the 
division,  one  by  the  other,  of  two  powers  of  the  same  root,  by  a&ctin^  that 
root  with  an  exponent  equal  to  the  excess  of  the  exponent  of  the  dividend 
over  the  exponent  of  the  divisor  (Part  I.  Art.  100). 

In  applying  this  rule  to  multiplication  the  numerical  values  of  the  expo- 
nents of  the  multiplicand  and  multiplier  do  not  necessarily  enter  into 
consideration ;  but  in  its  application  to  division  the  case  is  otherwise.  It  is 
in  effect  assumed  that  the  oividend  (which  may  be  denoted  by  a")  is  die 
product  of  the  divisor  (a")  by  some  other  power  (as  cf)  of  the  root  a,  and 
that  m  is  greater  than  n.    It  may,  however,  happen 

Ist.  That  n  is  equal  to  m,  or 

2d.  That  n  is  greater  than  m. 
1st.  Let  n^m. 

Then  ^=a"-"=a'-"=a'. 

This  expression,  a*,  is  new,  and  requires  explanation. 
Since  in  every  division  in  which  the  dividend  is  equal  to  the  divisor  the 
quotient  is  1,  therefore 

fl" tt" 

Whence  a'=l.  In  the  same  manner  it  can  be  proved  that  the  value  of 
any  other  root  affected  with  the  exponent  0  is  1.  It  is  therefore  agreed  by 
convention  to  regard  the  expression  ct*,  or  any  quantity  having  zero  for 
exponent,  as  eq[uu  to  unity. 

The  expression  of  a  quantity  raised  to  a  power  equal  to  zero  owes  its 
existence  to  the  rule  of  exponents,  and  not  to  that  of  division ;  for  it  is  evi- 
dent that  the  result  obtained  by  the  rule  of  division  is  1,  since  the  quotient 
of  any  quantity  divided  by  itself  is  1. 

In  the  division  of  one  monomial  by  another,  and  also  iu  the  process  of 
simplifying  a  fraction,  any  quantity  (such  as  cT)  which  is  common  to  the 
dividend  and  the  divisor  disappears  from  the  quotient  or  the  simplified 
fraction.  Sometimes  it  is  important  to  preserve  a  quantity  from  disappearing, 
and  in  such  a  case  the  expression  a*  is  employed. 

2d.  Let  n  be  greater  than  m^  and  equal  to  m-|-p. 

TK      ^—  ^  —     <^    —  ^ 
men  rf.-a-+^-a-Xar""a'* 

But  by  the  rule  of  exponents 

^s:j:j=:a--<'-+'>=flr*. 

The  expressions  ^  and  a**  being  obtained,  the  first  by  the  common  pro- 

c^  of  division,  and .  the  second  by  a  rule  derived  from  that  process,  are 
regarded  as  equivalent;  and,  in  general,  every  quantity  affected  with  a 
negative  (or  subtractive)  exponent  b  considered  as  equivalent  to  the  quotient 
of  1  divided  by  that  quantity,  with  the  sign  of  its  exponent  changed. 

Consequenuy  any  quantity  may  be  removed  from  the  denominator  to  the 
numerator  of  a  fraction  by  changing  the  sign  of  its  exponent. 
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97.  It  is  aometimes  conyenient  to  emploj  quantities  which  have  subtractive 
exponents ;  and  therefore  it  becomes  necessary  to  determine  in  what  manner 
quantities  with  such  exponents  are  to  be  combined,  in  any  calculation,  with 
each  other,  and  with  quantities  whose  exponents  are  additiye. 

Now,  if  it  is  required  to  multiply  a*  by  it"'*,  it  follows,  from  ArUcle  36, 
that 

1      a" 

And  if  it  is  required  to  multiply  cr*  by  or",  that 

111 
flf-  X  flr-=^  X  ^  =^si:^=ar*-. 

ALkh  if  it  is  required  to  diyide  cT  by  a~~". 

And  if  it  is  required  to  diyide  a~"  by  or", 

1       1       1      or     a"  ,     , 

ar-H-a-=^-^^=^x  Y=^=a—  or  «-<—>. 

Whence  the  rules  for  the  multiplication  and  diyision  of  quantities  which 
haye  exponents  of  which  some  are  additiye  and  others  subtractiye,  or  of 
which  all  are  subtractiye,  are  comprehended  (with  the  interpolation  of  the 
word  ^  algebndc  ")  in  the  rules  for  the  multiplication  and  diyision  of  quan- 
tities with  additiye  exponents ;  namely,  that  the  exponent  of  the  product  of 
two  powers  of  the  same  root  is  the  alj^braic  sum  of  the  exponents  of  the 
factors,  and  the  exponent  of  the  quotient  of  two  powers  or  the  same  root 
the  algebnuc  difference  between  the  exponents  of  the  diyidend  and  the 
diyisor. 

38.  fiT  is  the  expression  of  the  letter  a  written  m  times  as  a  multiplier ; 
flT"  represents  the  same  letter,  a,  written  m  times  as  a  diyisor ;  and  a*  indi- 
cates tnat  a  is  the  same  number  of  times  a  factor  of  the  diyidend  and  of 
the  diyisor. 

Since  zero,  multiplied  by  itself  any  number  of  times,  giyes  a  product  equal 

to  zero,  it  follows  that 

<r     0 
(r=0,  and  therefore  that  ^=  g. 

I^  in  the  expression  a"'"^=-s,  a  is  made  equal  to  zero,  (which  is  per" 
mitted,  since  a  expresses  any  niunber,) 

flr=—  becomes 
cr 

Effecting  the  diyision  of  zero  by  zero,  any  number  whateyer  may  be 
assumed  as  quotient ;  for  any  number  multiplied  by  zero  giyes  for  product 
zero,  which  is  in  this  case  the  diyidend. 

The  expression  0*  appears,  therefore,  to  inyolye  an  indefinite  number  of 

numerical  yalues ;  but  the  expression  g  has  in  many  cases  a  fij^ed  and  deter*^ 

niinate  yalue, 

_,       ,     «      .      Aif  ^      ,     ,        ,     .  ,  AxO    0 

Thus  the  fraction  — ,  for  the  hypothesis  a=0,  becomes  — o~=5' 

Aa" 
Writing  the  fraction  -jr-  thus,  Aa"-*,  and  making  a=0,  Apr~"  becomes 

Ax(r— , 

In  the  case  of  m>w,  or  m=fi-|-<f, 

A  X  CT^"  becomes  A  x  C^=0, 
T  2 
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In  the  case  of  m<ii,  or  iii=n— d!, 

Ax(r-"  becomes  Ax 0-^=^  i 

an  expression  which  is  to  be  interpreted  hereafter. 

In  the  case  of  msn,  if  both  terms  of  the  fraction  are  divided  by  cT,  the 
expression  is  reduced  to  A. 

_  _,  a         a+w* 

Bblatite  Values  of  j  and  ftz:' 

39.  Let  it,  in  concluding  the  consideration  of  algebraic  fractions,  be  re<|uired 
to  find  the  effect  produced  on  a  fraction  by  augmenting  or  by  diminishing 
both  its  terms  by  the  same  quantity. 

CL 

To  both  terms  of  the  fraction  t=o  let  the  quantity  m  be  added ;   the 

value  o  of  the  fraction  will  vary,  becoming  either  greater  or  less. 
Denoting  the  variation  by  ^, 

In  which  equation  ^  expresses  the  difference  of  the  fractions  t  and  rr^* 
a  difference  unknown  both  in  quantity  and  in  sign,  since  the  difference  of 

the  fractions  is  not  known,  and  it  is  also  unknown  whether  rx^  ^  greater  or 

less  than  t. 

It  is  to  be  conceived,  therefore,  that  B  represents  the  unknown  number, 
and  the  sign  by  which  it  is  to  be  connected  with  the  primitive  value,  v. 

This  remark  applies  to  every  unknown  quantity. 

Smce  ^^-v^^:^. 

andi7:=j, 
by  subtraction  ^==o::^*~a» 

Reducing  to  a  common  denonunator  c=^>.  ,     i— ^/-^  j.,ny 

&g-fftm— 0^— gm 

^'^  ^-       HpTm)        ' 
bm-^am^jm^b — a) 

^    m     b — a 

Make,  1st.,  a>5,  2d.  a=^,  Sd.  a<b.    Then 

1st.  When  a  is  greater  than  fr,  the  difference  b—a  is  subtractive;  dividing 
this  difference  by  the  absolute  number,  b-^m,  the  quotient  is  subtractive,  and 

mulUplying  the  quotient  by  -r-,  the  result  is  still  subtractive.     Therefore, 
when  a  is  greater  than  by  the  fraction  r  is  greater  than  rr^z. ;  and  instead  of 

j^-- =r-f  J,  the  proper  expression  is 

Whence  the  value  of  an  improper  fraction  is  diminished  by  adding  the 
same  quantity  to  both  its  terms. 
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b  o-f-m 


2d.  When  a=ft, 


becomes 


and  since  -=1,  and  r-7-i.=l,  ^=^0. 

3d.  When  a  is  less  than  b  ; 
In  this  case  6— a  is  additive,  and  therefore  also 

m     ft— tt 

Whence  d  is  additive ;  rr^jr^^'^^ »  - 

And  the  conclusion  is,  that  the  value  of  a  proper  fraction  is  increased  by 
addii^  the  same  quantity  to  both  its  terms. 

It  deserves  notice  that  to  the  hvpoiheses 

a>bj  a='b^  a<b^ 
correspond  d  subtractive,  ^=0,  h  additive ; 

and   that,   consequently,  the  difference,  ^,    changes    from  subtractive  to 
additive  in  passing  through  zero. 

Suppose,  next,  that  the  quantity  m  b  subtracted  from  both  terms  of  the 
fraction?,  and  that 

a 
Froceedmg  as  with  jX^— ^H~^»  J— '^t  **  "  found  that  ^="T'  X  ^^^  • 


Make,  1st.  ft>in,  with  a>ft,  a=:ft,  a<ft. 

Make,  2d.  ft=m,  with  a>ft,  a^ft,  a<ft. 

Make,  Sd.  ft<in,  with  a>ft,  a=:ft,  a<ft. 

1st.  When  ft  is  greater  than  m,  the  denominator  ft — m  is  additive. 
Therefore  i  is  additive  when  a  is  greater  than  ft,  equal  to  zero  when  a  is 
equal  to  ft,  and  subtractive  when  a  is  less  than  ft. 
^Yhence,  if  from  both  the  terms  of  a  fraction  a  number  less  than  the 
denominator  of  that  fraction  is  subtracted,  if  the  fraction  is  improper,  its 
value  is  augmented ;  if  the  numerator  and  denominator  are  equal^  the  value 
of  tiie  fraction  is  not  changed ;  and  if  the  fraction  is  proper,  its  value  is 
diminished. 

2d.  When  b^i^m^  the  denominator  ft— m:=0. 
Therefore  when  a>ft,  ^=-j X fi:^=l  X  -^    * 

For  example,  if  a=3  and  ft=2,  ^=q- 

„^  ,    .    w     fl—ft     ,     0     0 

Wl»ena=6,  «=jXj::i^=lX5=5. 

_„  ,     .    w»     <» — ft     ,     —(ft— a) 

Whena<ft,  ^-i^iH^iT^^'Q-' 

If  a=2  and  ft=3,  ^=^qi  a  result  which,  except  in  sign,  is  the  'same  as 

that  found  for  ft=iii,  a>ft. 

dd.  When  b<m,  the  denominator  ft— m  is  subtractive.    In  this  case  it  is 
found  that 

when  a>ft,  ^  is  subtractive, 

when  a=ft,  ^sO, 

when  a<ft,  ^  is  additive. 

T  3 
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Therefore,  when  irom  both  terms  of  a  fraction  a  number  greater  than  its 
denominator  is  subtracted,  if  the  fraction  is  improper,  its  Tslue  is  diminished ; 
if  the  numerator  is  ecjual  to  the  denominator,  the  yalue  of  the  fraction  is  not 
changed ;  if  the  fraction  is  proper,  its  value  is  augmented. 

40.  For  the  purpose  of  giTing  some  interpretation  of  the  expresnon 
Q,  let  it  be  required  to  divide  1  by  1— a. 

1— a)l       (l-ha-fa«+a'+fl^+  .  .  .  •  +«^"'+fZ:;; 

1— tt 

a 
a—a* 


Effecting  the  division,  the  quotient  is  composed  of  a  series  of  which  the 
first  term  is  ci^  or  1,  ike  secona  a,  the  third  a',  the  fourth  o^.  .  .  . ;  and  with 
whatever  term  the  division  is  left  off,  the  remainder  is  a  raised  to  a  power 
one  degree  higher  than  that  of  the  last  term  of  the  quotient. 

Now,  if  a  is  made  equal  to  1, 

J 1 1 

1— a^l— l""o' 
and  the  second  member  of  the  equation, 

a* 
l-|-a-|-a*-|-a'+  .  .  .  +a^*-Hr— » ^^^®<^™®® 

1  +  1-fl  +  l   +  .  .  .  +1      +5. 

Whence  ^=1  +  1-1-1+14-  •  •  •  -f  5* 

This  result  shows  that  with  whatever  term  the  division  is  terminated,  the 
fraction  which  must  be  added  to  the  quotient,  in  order  to  complete  it,  is  equal 

to  the  expression  g,  so  that 

1     ,     1 
0=^+0 

6=2+5 

6=3+6 

•  • 

Now  any  finite  number  is  increased  by  the  addition  of  a  whole  additive 
number  to  it ;  and  the  number  which  is  not  increased  by  such  addition  is 
considered  to  be  infinite. 

1 

Therefore  the  expression  g  is  considered  that  of  a  number  which  is 

infinitely  great*    It  is  generally  denoted  by  the  character  oe  ;  thus 

J=oc. 

An  expression  such  as  l+a+a5+ii5+ei*+  ....  is  termed  an  infinite 
wries. 
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SECTION  IV. 
OF  EQUATIONS  OF  THE  FIRST  DEGREE. 

41.  Algebra  is  a  language  composed  of  symbok,  hj  the  use  of  which  the 
process  of  reasoning  employed  to  demonstrate  the  existence  of  a  property 
Delongin^  to  numbers,  or  to  find  the  solution  of  a  problem,  is  followed  more 
readily  man  it  can  be  if  the  process  is  conducted  through  the  medium  of 
common  language. 

To  illustrate  Uiis  observation  by  an  example, 

Let  it  be  required  to  divide  the  number  100  into  three  parts,  such  that 
the  first  part  snail  exceed  the  second  part  by  5,  and  the  second  part  shall 
exceed  the  third  part  by  10. 

Since  the  first  part  is  to  exceed  the  second  part  by  5,  the  second  part  must 
be  equal  to  the  first  part  less  5  ;  and  since  the  second  part  is  to  exceed 
the  third  part  by  10,  the  third  part  must  be  equal  to  the  second  part  less 
10 ;  therefore  the  third  part  must  be  equal  to  the  first  part  less  15. 

Conseauently  the  sum  of  the  three  parts  is  equal  to  the  first  part,  aug- 
mented by  the  first  part  less  5,  augmented  by  the  first  part  less  15  ; 
that  is,  the  sum  of  the  three  parts  is  equal  to  three  times  the  first  part  less 
20,  or  three  times  the  first  part  are  equal  to  the  sum  of  the  three  parts  aug- 
mented by  20. 

But  the  sum  of  the  three  parts  is  100 ;  therefore  three  times  the  first  part  are 
equal  to  100  augmented  by  20,  or  120.  Whence  the  first  part  must  be  equal 
to  one  third  of  120,  or  40. 

Consequently  the  second  part  is  equal  .to  40  less  5,  or  35,  and  the  third 
part  is  equal  to  40  less  15,  or  25. 

To  resolve  the  same  question  algebrucally. 

Let  the  first  part  be  denoted  bv  x ;  then,  by  the  question,  the  second  part  is 
X — 5,  and  the  third  part  (a?— 5; — 10,  or  x — 15 ;  therefore  the  sum  of  the 
three  parts  b  a:-|-a:— 5-f-a:— 15,  or  3a:— 20. 

Now,  by  the  question,  the  sum  of  the  three  parts  is  100 ;  therefore  3a; — 
20=100. 

But  if  37—20=100,  3x  alone  must  be  equal  to  100+20;  that  is, 
3«=120. 

1  120 

.  • .  x=g  of  120=-3-=40=lst  part. 

Whence  ar— 5=40— 5=35=2d  part ; 
X— 15=40— 15=25=lBt  part. 

42.  If  a  question  enunciated  in  common  language  is  resolved  by  means  of 
a^ebra,  the  solution  b  composed  of  two  distinct  parts. 

J[n  the  first  part  of  the  solution  the  relations  wnich  the  question  establishes 
between  the  given  and  the  unknown  quantities  are  translated  from  common 
language  into  the  language  of  algebra,  and  formed  into  expressions  which 
must  l^  considered  equal  to  each  other. 

Li  the  second  part  the  values  of  the  unknown  quantities  are  deduced  from 
the  expressions  ootained  by  the  first  part  of  the  solution. 

When  two  algebraic  expressions  contain  one  or  more  unknown  quantities, 
whose  values  must  be  determined  in  such  a  manner  that  the  two  expressions 
shall  become  equal,,  they  are  connected  bv  the  symbol  =,  as  if  they  were 
already  equal ;  and  the  two  expressions  thus  connected  obtain  the  name 
Eqiuition. 

If  X  denotes  an  unknown  quantity,  2a;-f  3=x+7  is  an  equation.  The 
quantity  2ar-|-3  being  the  same  asa:-f7-j-x — 4,  it  is  evident  that  2a;+3 
cannot  be  made  equal  to  a? +7  except  by  giving  x  the  value  4. 

When  two  expressions,  whose  values  can  be  proved  eijual,  are  connected 
bv  the  symbol  =,  they  form  an  equality.  Thus  by  nutting  (a^-*)  (a — ft)= 
fl* — 6*  an  equality  is  formed,  for  the  product  o£a+o  by  a — i  is  a*— i*. 

T  4 
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When  two  quantities  connected  by  the  symbol  =  are  equal,  and  expressed 
in  precisely  the  same  manner,  they  form  an  identical  equation  or  identity. 

For  example,  4+|=4^+|  "j.  are  identical  equations. 

From  these  definitions  it  follows,  that  when  the  term  Equation  is  employed, 
it  ought  to  be  understood  that  the  expression  contains  one  or  more  unknown 
quantities,  and  that  the  values  which  are  to  be  determined  for  the  unknown 
quantity  or  quantities  ought  to  be  such  that,  when  substituted  for  the  letters 
which  represent  them,  the  equations  shall  be  changed  into  equalities  ;  that 
the  term  Equality  is  applied  to  expressions  in  wnich  the  quantities  sepa- 
rated by  the  symbol,  =,  are  such  as  can  be  proved  equal  or  have  been 
proved  equal  to  one  another ;  and  that  the  identity  is  a^  self-evident 
equality. 

In  practice  the  terms  Equation  and  Equality  arc  oflen  used  one  for 
the  other.  This  is  caused  by  the  habit  of  considermg  the  unknown  quantity 
as  the  representative  of  the  value  which  is  to  be  round  for  it,  and  tacitly 
substituting  the  value  for  the  symbol  by  which  it  is  represented. 

43.  The  sum  of  the  exponents  of  the  unknown  quantities,  taken  in  that 
term  in  which  the  sum  is  greatest,  marks  what  is  called  the  degree  of  an 
equation. 

Thus,  ax-}-i=c  Is  an  equation  of  the  first  degree. 

-Lif  jL^^^Vif—     r  ^^  equations  of  the  second  degree. 


J 


*y-r«'*y-r^*-r»*jr-r'j-Vt  r      deffree 

s^-\'bx^-\-c2^-\-dx-^e^=f,  b  an  equation  of  the  fourth  d^ree. 

44.  Equations  are  distinguished  into  numerical  and  literal  equations.  The 
first  are  such  as  contain  omy  particular  numbers,  with  the  exception  of  the 
unknown  quantity,  which  is  always  represented  by  a  letter.     Thus, 

f  ~2^^8       '  f  *^  numerical  equations. 
In  literal  equations  the  data  are  represented  by  letters  : 

^-^b^^ic^d,}  *^  ^^""^  equations. 
When  the  data  are  represented  by  letters  the  first  letters  of  the  alphabet 
are  used  ;  and,  for  the  sake  of  distinction,  unknown  quantities  are  always 
represented  by  the  last  letters,  x,  y,  z,  ^,  i?,  .  .  . 

45.  When  of  the  unknown  quantities  contained  in  any  equations  values 
have  been  found  such  that  by  toe  substitution  of  each  value  for  its  symbol 
the  members  of  the  equations  arc  made  equal,  the  equations  are  said  to  be 
resolved. 

Hence,  if  in  any  equations  the  unknown  quantities  are  replaced  by  their 
values,  and  all  the  calculations  indicated  in  the  two  members  of  each 
equation  are  performed,  the  equations  are  rendered  identical. 

Equations  reduced  thus  to  identities  are  said  to  be  verified  or  satisfied. 

46.  The  nature  and  conditions  of  the  questions  which  may  be  proposed 
for  solution  by  algebra  are  so  various  that  it  is  not  possible  to  reduce  under 
any  |)recise  rule  the  method  to  be  followed  in  the  first  part  of  the  algebraic 
solution  of  a  question ;  that  is,  in  translating  the  conditions  of  a  question 
from  common  language  into  the  language  of  fugebra. 

The  following  directions,  although,  mm  the  nature  of  the  subject,  very 
general,  may  be  found  usefiil.  ' 

1st.  Express  the  known  quantities  either  by  numbers  or  letters,  and  the 
unknown  quantities  by  letters. 

2d.  Consider  the  question  resolved ;  and  by  means  of  these  expressions 
and  the  appropriate  algebraic  symbols  indicate  the  same  reasonings  and 
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operations  as  it  would  be  necessary  to  employ  in  order  to  verify  the  value  of 
the  unknown  quantity  if  that  value  were  determined. 

Two  different  algebraic  expressions  having  the  same  assumed  value, 
and  involving  the  symbol  of  the  unknown  ^uantitjr,  are  formed  by  these 
means ;  and  the  equation  of  the  question  is  obtained  by  putting  these 
expressions  equal  to  each  other. 

If  the  question  involves  more  unknown  quantities  than  one,  and  these  are 
not  given  in  terms  of  each  other,  for  each  unknown  quantity  the  algebraic 
translation  of  the  question  must  contain  (as  will  be  hereafter  snown,  Art.  50,) 
two  different  expressions  of  the  same  assumed  value. 

47.  The  second  part  of  the  solution  of  a  question,  in  which  the  values  of 
the  unknown  quantities  are  deduced  from  the  equations  obtained  by  the  first 
part  of  the  solution,  is  made  by  fixed  and  invariable  rules. 

To  resolve  an  equation  it  is  necessary  to  disengage  the  unknown  quantity 
from  the  known  quantities  with  which  it  is  combined,  for  the  purpose  of 
obtaining  an  equation  of  which  the  unknown  quantity  alone  shall  form  one 
member  (generally  the  first)  and  given  quantities  the  other  member. 
The  uxiknown  (]^uantity  may  be  combined  with  the  known  quantities  by 
1st.   Addition,!         as  x-|-a=&, 
2d.    Subtraction,      as  x— c=d, 
3d.    Multiplication,  as  mj;=ii, 

X 

4th.  Division,  as  ^=99 

or  by  several  of  these  forms  of  combination,  or  by  all  of  them. 

a.  It  has  been  already  stated  as  a  general  principle  that  if  two  quantities 
are  equal,  and  the  same  arithmetic  operation  is  performed  upon  them 
both,  the  results  are  equal. 

Therefore,  if  from  both  members  of  the  first  equation  a  is  subtracted,  the 
remainders  are  equal ;  that  is, 

x-ha— fl=ft — a, 
or  x=b — a, 

b.  And  in  like  manner,  if  to  both  members  of  the  second  equation  c  is 
added,  the  sums  are  equal ;  or, 

ar— c-hc=d-fc, 
or  ar=d-i-c. 

Therefore,  to  free  the  unknown  quantity  from  known  quantities 
connected  with  it  by  the  sign  of  addition)  subtract  these  quantities 
from  both  members  of  the  equation ; 

And  to  free  the  unknown  quantity  from  known  quantities  connected 
with  it  by  the  sign  of  subtraction,  add  these  quantities  to  both 
members  of  the  equation. 

Hence,  a  term  which  is  connected  additively  or  subtractively  with 
one  member  of  an  equation  may  be  cancelled  in  that  member,  pro- 
vided it  is  introduced  into  the  other  member  with  a  contrary  sign. 

By  this  means  the  known  quantities  which  are  connected  with  the 
unknown  quantity  by  the  signs  ■+■  or  —  are  transferred  to  the  other 
side  of  the  equation. 

An  unknown  quantity  found  in  the  second  member  is  transferred 
to  the  first  by  the  same  process,  which  is  called  Transposition  of  terms. 

A  term  found  in  both  members  with  the  same  sign  disappears  by 
the  effect  of  transposition. 

examples : 

1st.  Given  «— 12=8? Ans.x=z20. 

2d.        -      x+a:=bc? Ans.  x=zbc — a. 

3d.        -      7a7— 30=6a?— 10? Ans.  xzz20. 

4th.       -      x+d^-^abzza^^bc? ;Ans.  xzzab-^bc. 
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c.  If  both  members  of  the  third  equation  aare  divided  by  m,  the  quotieats 
are  equal ;  or 

mx n 

m      m' 

ft 

or  ar=rr. 
m 

d.  And  if  both  members  of  the  fourth  equation  are  midtiplied  by  d^  the 
products  are  equal ;  or 

or  z^^qd, 

Whence,  to  fi'ee  the  unknown  quantity  from  known  quantities 
connected  with  it  by  the  sign  of  multiplication,  divide  both  members 
of  the  equation  by  the  multiplier  of  the  unknown  quantity ; 

And  to  free  the  unknown  quantity  from  known  quantities  connected 
with  it  by  the  sign  of  division,  multiply  both  members  of  the  equation 
by  the  diyisor  of  the  unknown  quantity. 

Consequently,  the  known  quantities  which  are  connected  with  the 
unknown  quantity  by  multiplication  or  division  are  disengaged  by 
dividing  or  multiplying  all  the  terms  of  the  equation  by  these 
quantities. 

By  these  principles  a  given  quantity  which  is  a  factor  of  all  the 
terms  of  an  equation,  or  of  both  members  of  an  equation,  may  be 
cancelled. 

The  signs  of  all  the  terms  of  an  equation  may  be  changed  by  mul- 
tiplying every  term  by  — 1. 

The  denominators  (being  given  quantities)  of  any  terms,  whether  in 
X  or  not,  may  be  taken  away. 

Examples : 

Ist.  Given  5ar=20? Ans.  ac=4. 

6— c 

2d.    -       -  axi^b-^c? Ans,x= 

o  • 

3d.    -       *  4=6? Ans.x=z2i. 

4th.  -       -  ~=6a+c? Ans. x=iab^+ae. 

5th.  -        -  4ar=8a-64? Ans.x=2a—16. 

6th.  -        -  —x=b^—5bc? Ans,  x=:5bc-''b\ 

b     d.  ^  nb — md 

7th.  -       -  x=- — -? Ans.x=z 

fn     n  mn    • 

^*^-  -     -  i-  55~:5"3  ^ ^'«-  ^~ss-. 

48.  Equations  in  which  the  unknown  qiumtity  is  connected  with  the  given 

auantities  by  several  or  all  of  these  forms  of  combination  are  resolved  by 
le  successive  application  of  the  appropriate  rules. 

Thus  in  the  equation  3x-h5=20— 2i;,  the  terms  5  and  2x  are  transposed 
by  Articles  47  a,  b,  and  the  coefficient  of  a;  is  made  to  disappear  by  Ar- 
ticle 47.  c    The  operation  is  represented  thus, 

3x-h5=20— 2x 
by  transposition  -  Sdr+S^x^^SO— 5, 
or       -    5x=15 

and  by  division       *    ar=^=3. 
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Similarlj,  in  the  equation  ox -H^ — ca:=<f-— 02+^9  the  unknown  quantity  or 
is  transferred  to  the  first  member  of  the  equation,  and  the  given  quantity  b 
to  the  second,  by  the  rules  of  Article  47.  After  these  transpositions  the 
equation  is, 

To  disengage  the  known  quantities  a  and  — c  from  j;,  it  is  to  be  observed 
that  ax— cx-hfla:==2flflp-— car=(2a— -c)x.  Now,  if  both  members  of  the  equa- 
tion are  divided  by  2a— c,  the  coefficient  of  the  unknown  quantity,  x  alone 

is  lefl  in  the  first  member,  and  the  second  becomes  jf~    ; 

2a — c 


whence  x=o^    ^ , 
2a — c 

Consequently,  when  the  terms  in  x  have  been  transferred  to  one  side  of 
the  sign  =,  and  the  given  quantities  connected  with  x  by  the  sign  -f-  or  — 
to  the  other  side,  the  given  quantities  connected  with  x  by  m^tiplication 
may  be  formed  into  a  coefficient  of  x.  Dividing  both  members  of  the  equa- 
tion by  this  coefficient,  an  equation  is  obtained  of  which  the  first  member  is 
X,  and  the  second  is  composed  of  known  quantities. 

To  obtain  the  value  of  x  in  the  equation 

X    9_21_x 

8"*"2~  4     6' 
it  is  necessary,  by  Rule  47,  to  multiply  the  terms  of  the  equation  by  3,  to 
multiply  the  terms  of  the  resulting  equation  by  2,  &C.,  in  the  manner 
following, 

X    9_21__x 

3"*'2"'  4     6* 

27    63    Sx 
Multiplying  by  3,  -  ^-f- Y=  4"~g" • 

126    6x 

-  2,  -  2x-h27=-j-— y. 

24x 

-  4,  -  8x4-108=126 g-. 

-  6,  -  48x4-648=756— 24x. 

Transposing,       -  -  48x-h24x=756— 648, 

or  72x=108. 

By  dividing  the  denominators,  when  possible,  instead  of  multiplying  the 

numerators,   the  result  is  simplified.      Thus  the    equations .  successively 

obtained  are, 

27    63    X 
From  multiplication  of  Ist  equation  by  3,  *"h'o"^^'T — s* 

63 
-  2d  equation  by  2,  2x-f-27=-o-— x. 

3d  equation  by  4,  4x-|-54=63— 2x. 
Transposing    -  -  -        4x-h2x=63— 54. 

or  6x=9 

.•.x=g— 2— IJ. 

The  most  simple  method,  however,  of  removing  the  denominators,  when 
several  terms  of^an  equation  have  a  fractional  form,  is  to  reduce  all  the  terms 
to  the  same  denominator  (which  does  not  disturb  the  equation),  and  to  cancel 
the  denominators,  by  Article  47  d. 

In  reducing  the  terms  to  the  same  denominator,  the  abridged  procesaes  of 
Artilcle  30  a.  may  be  employed. 
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Resuming  the  last  example ;  the  least  coimnon  multiple  of  the  denomina- 
tors is  12 ;  reducing  all  the  terms  to  the  common  denominator  12, 

12"*'l2'"12     12' 
.'.  4jr-h 54=68— 2j:. 
6«=9  and  x={=l^. 

49.  These  principles  (Arts.  47  and  48)  fq>ply  to  equations  of  all  degrees,  and 
are  themselves  sufficient  for  the  resolution  of  equations  of  the  first  d^;ree 
with  one  unknown  quantity. 

General  rule  for  the  resolution  of  equations  of  the  first  degree  jtrith 
one  unknown  quantity. 

Ist.  RemoYe  the  denominators  of  all  the  terms  which  have  a  frac- 
tional form,  and  execute  in  both  members  of  the  equation  all  the 
algebraic  operations  which  are  indicated.  Each  member  of  the 
equation  is  thus  rendered  an  integer  polynomial. 

2d.  Transpose  to  one  member  all  the  terms  which  contain  tiie 
unknown  quantity,  and  to  the  other  member  the -known  terms. 

3d.  Reduce  to  a  single  term  all  the  terms  in  x^  if  the  equation  is 
numerical ;  and  if  literal^  reduce  all  these  terms  to  a  single  product 
composed  of  two  factors,  of  which  one  is  or,  and  the  other  the  algebraic 
sum  of  all  the  quantities  by  which  x  is  multiplied. 

4th.  Divide  both  terms  of  the  equation  by  the  numerical  or  literal 
coefficient  of  x,  and  perform  the  division  of  the  second  term,  if  it  is 
possible. 

Find  the  value  of  x  in  each  of  the  following  equations : 

1st.        IcW^^^OlJ^ltM?— ol  {•.••••••••••••••••••••••••••••••••*^ltS.  «kr'— u. 

5x 
2d.      ac+'^=34? Ans.x=S. 

3d.       |+|=»— 7? Ans.x=:l5. 

4th.     3a?— 5=23— or? Ans.x=z1. 


5th.     1+1+1=13  ? Ans.  ar=12. 

6th.     |+|-|=3? Ans.xzzlO\^. 

X       X 

7th.     ar+g— 5=4*— .17? -4iw.a:=6. 

8th.     5-^=a:-3? Ans.x=:1. 

3a?  — 5            2ar  — 4 
9th.     X'\ 5 — =12— — 5 — ? •^iu.x=5. 

10th.  ?±l+^=^+i6? ^i«.«=41. 

nth.  5a?— ^  +  12=3-4-26? Ans.xz:zl2. 

12th,  13i-|=2ar-8|  ? Ans.  x=9. 

Sx 
13th.  2x+7+ 2^=6a?-23  ? Ans.  «=12, 
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5x    4x            7     13a? 
14th.  i2""3"'^^=8 — 6"^ Ans.x=:ll^. 

15th.  €ue+c=bx+d? Ans,  x=    " 


a — b» 
16th.  2<Mr-te+2a*=z4a2-a5-3aa?? Ans.  x^^^^^^f^ 

17th.  (3a-a:)(a-*)+2ar=46(a+a:)  ? Ans.  ar=^^=|^~ 

10*1,    «+3ar    7a— 5a:  ,  ^     9x     x.Sx^.  39aft-14a« 

18th.  -^ 6r"+^^T=^+^^^^' ^270^^96+ 12, 

19th.  ?-l-^+3a^=0? Ans.  ^^^-^f) 

a  c  c-^ad    . 

20th.  T — -•+dc:^bx—ac? Ans.x=z ts — r 9 

o,^     ^"f          »w?  ,  JO                                           ^           bcn+bdn 
21st,    X— ^="::r+^? -4n*.a:= ^^-~ 

00^        ^    L.AJ.     -_£?_  5  ^  8fly+4y-12fl«^ 

22d.    J=g+4*=35+i? -^^'^3a^+a^^ac+&c, 

23cL    3^^    a?~6_6a?—g^     ar  ^  4a^(a'+a^>-^y) 

2a«    a+i"'aa-ft«     4a'— ^'"•^^3a«-.6a«6+a^H6^- 

a^+Sa^b+4a^b^  -60^ +2&< 

Of  Equations  of  the  First  Degree  involving  Two  unknown 

Quantities. 

50.  When  two  equations  of  the  first  degree  inTolving  two  unknown 
quantities  are  given,  the  method  employed  to  determine  the  values  of  these 
quantities  is  to  deduce  from  the  two  proposed  equations  a  new  equation 
containing  only  one  imknown  quantity,  and  from  which  the  value  of  this 
imknown  quantity  may  be  obtained. 

The  process  by  which  one  of  the  unknown  qu^tities  is  banished  ii^  named 
Elimination. 

The  elimination  of  one  of  the  unknown  quantities  from  two  equations 
which  contain  two  unknown  quantities  can  be  effected  in  different  ways. 

To  explain  these,  let 

ax+by'=c  -  -  -  -  -     1 

a'x4-oy=c'  -  -        -  -         -    2 

be  two  equations  which  contain  the  imknown  quantities,  x,  y,  and  the  known 
quantities,  a,  a',  5,  b%  c,  <f,  which  may  be  either  additive  or  subtractive. 

Assuming  that  there  are  two  numbers  which,  being  substituted  for  a:,  y, 
satisfy  equations  1,  2,  and  considering  x,  y  as  the  representatives  of  these 
nombers,  the  equations  1,  2  may  be  regarded  as  equahties. 

Now  these  equations  give  x=— —  -  -  -  -    3 

;r=«-^        .  -  .       -    4 

a 

The  two  values  of  x  must  be  equal ;  whence 

c—by    (f—b'y 

a  a 
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Thus  an  equation  of  the  first  degree,  which  ought  to  be  satisfied  by  the 
quantity  jr»  is  obtained.  The  value  of  y  can  consequently  be  deduced  from 
equation  5,  by  Article  49. 

For,  removing  the  denominators    a'c — a'byzs^atf — a6^y, 

and  transposing  aby—cfby^^^cu^—n^c^ 
or  (ab—afli)y^=^ac*'-c^c^ 
cuf — a'c 

Substituting  this  value  of  ^  in  either  of  the  equations  3,  4, 

c— fly    eft, 

x;s:--— ^=-— -»  becomes 
a        a     cr 

c     h     Off — a'c 


db'c~'C^hc^db(f  -^  cfhc 

°'  *•"  iuO/^^'b  » 

fl(yc-ft<0  _  yc-ftc' 
°'  *-a(ay-a'6)-"aft'-a'6- 

It  is  indifferent  which  of  the  equations  3,  4  is  employed  to  determine  the 
value  of  X  \  for  llie  value  of  y,  which  is  deduced  from  equation  5,  ought  to 
render  the  two  members  of  equation  5  identical ;  and  the  two  expressions 
of  the  value  of  x  ftt»m  equations  3  and  4  form  the  members  of  equation  5. 

Consequently  the  values  of  the  imknown  quantities  x,  y  are 

From  the  manner  in  which  these  values  have  been  found,  it  is  certain 
that  they  must  satisfy  the  two  proposed  equations,  for  they  satisfy  equa- 
tions 3  and  4 ;  and  as  equations  3  and  4,  by  the  removal  of  their  denomma- 
tors  and  the  transpodtion  of  the  terms  in  v,  are  made  to  reproduce  the 
proposed  equations  1,  2,  it  follows  that  tnese  values  of  ar,  y  must  also 
satisfy  equations  1,  % 

Henoe  the  assumption  made  in  commencing  the  investigation  of  the  values 
of  X  and  y,  namely,  that  there  are  values  of  x,  y  which  satisfy  the  two 
equations,  is  true. 

The  same  conclusion  is  obtained  by  replacing  x,  y  by  tbenr  values  in 
either  of  the  equations  1,  2. 

For  since  ax-^by^=c^ 

by  Bubetitation  «.^=g+j.^^«=^ 

therefi^re  ab'c'^ab€f-^ab</'^afbc=ab'c^a'bc, 
or  db'c-^clbc^ob'c^dbc. 

The  result,  which  is  an  identical  equation,  shows  that  these  values  of  x,  y 
satisfy  the  equation  aa;H-fty=c. 

An  equation  involving  two  unknown  quantities,  x,y,  can  always  be 
reduced  to  the  form  a»4-fty=c,  in  which  a  expresses  the  algebraic  sum  of 
the  known  quantities  "by  which  x  is  multiplied,  b  that  of  the  known  qoan- 
titles  by  which  y  is  multiplied,  and  c  that  of  the  known  quantities  which 
are  connected  with  x,  y  by  the  si^  -f  and  — . 

If  it  is,  besides,  made  a  condition  that  a,  *,  c,  aT,  ft',  c^,  may  express  sub* 
tractive  as  well  as  additive  quantities,  the  equations  ax+fty=:c  ax-^Vysztf 
are  rendered  perfectly  ^neral. 

This  method  of  elimmation,  which  is  named  the  method  by  Comparison, 
has  the  disadvantage  of  rendering  both  the  members  of  equation  6  fnc-^ 
tional,  unless  a,  «'  are  equal  to  1  or  to  each  other, 


r 
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If  a=fl',  equation  5  becomes  c~-by^=^(f^h'y. 

Whence  y=pr-p 

If  a=a^=:l,  the  values  of  or,  y  are, 

If  ftr=&^  or  6=^=1,  it  will  he  more  convenient  to  eliminate  y  than  x 
from  the  proposed  equations. 

51.  Resuming  the  general  equations, 

ax-^-bv^^c        -  -  -  -  -     1 

</x-^ay^d'  -  -        -  -         -    2 

and  considering  j;,  y,  as  before,  to  represent  two  numbers  which  satisfy  these 
equations,  if  the  value  of  x, 

-  •  •  -  -     o 


a 

which  is  obtained  from  the  first  equation,  is  substituted  for  x  in  the  second 
equation,  the  result  is, 

o'x"-=^+6'y=c'  -  -  -    4 

This  equation  contains  only  the  unknown  quantity  y,  consequently  the 
value  of  y  can  be  determined  from  it. 

For  by  Article  49,  afc—€^by-^ab'y^=ac\ 

ai/y-^t/oy^^cuf — c^c^ 
.  or  {ab'—c^V)y^=-(uf—c(c^ 

Off — g^c 

Substituting  this  value  instead  of  y  in  equation  3,  and  reducing 

*=w^ « 

These  results  correspond  with  the  values  of  x,  y,  obtuned  by  the  method  of 
comparison ;  but,  notwithstanding  this  coincidence,  it  is  necessary  to  prove 
that  this  method  must  give  values  which  satisfy  the  equations  proposed. 

Now  the  value  a=^ ^r  being  obtained  by  making  y=^/__  ,i  in 

equation  3,  it  follows  that  these  values  of  x,'  y  must  satisfy  equation  3. 

Multiplying  by  a,  and  transposing  hy  to  the  first  member,  equation  3 
becomes  equation  1 ;  therefore  the  values  which  have  been  determined  for 
X,  y  must  satisfy  equation  1. 

Again,  the  value  y=  7/_^  ??  must  satisfy  equation  4,  from  which  it  is 
deduced. 

But  in  equation  4  the  fraction  which  is  multiplied  by  a  (viz.  — -p^)  is  the 
second  member  of  equation  3.    Thb  fraction  therefore  gives  the  value  of  x 

>Yhence  it  amounts  to  the  same  thing  to  make 

y-ab^-a'h  ^  equation  4, 
or  to  make  ^=ipii^  1 

Consequently  equation  2  is  also  satisfied  by  these  values^ 
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This  method  of  elimination  is  termed  the  method  by  Snbfltitution.  Like 
the  method  by  comparison  it  has  the  disadvantage  of  introducting  fractional 
expressions  into  the  first  eouation,  which  contains  only  one  imknown  quan- 
tity, unless  one  of  the  coefficients  a,  et',  by  6'=1.  When  this  happens  the 
method  is  very  convenient. 

Suppose  tiiat  in  equation  1,  a=l, 

then  x=c — by        -  -  -  -     3 

afic-by)  +6'y=c',   -  -        -    4 

or     d'c — d'oy + Vr^if ; 

Vc=ib<f 
'^  V-c^b ' 

62,  If  in  the  general  equations 

ax  -f-  6y=c        -  -  -     1 

a'x-h6'y=<^        -  -  -    2 

a  is  equal  to  a\  the  unknown  quantity  x  can  be  eliminated  by  subtracting 
the  members  of  one  equation  from  the  other,  or  adding  the  members  of  one 
equation  to  the  other,  according  as  the  terms  in  x  are  affected  with  tiie  same 
or  contrary  signs. 
Under  this  hypothesis  the  result  obtained  is 

by  -f  b'y^c-\-&y 

or  (ftH-ftOy=£+<^» 

If  a  is  not  equal  to  a',  it  is  evident  that  the  coefficients  of  x  in  equations 
1,  2  can  be  rendered  ec^ual  by  multiplying  the  terms  of  equation  1  by  o^,  the 
coefficient  of  x  in  equation  2,  and  the  terms  of  equation  2  by  a,  the  coefficient 
of  X  in  equation  1. 

When  the  coefficients  of  the  terms  in  x  have  been  thus  rendered  equal, 
the  elimination  of  x  is  effected  in  the  same  manner  as  in  the  particular  case 
of  a=a^ 

If  from  (flx-fiy:=c)Xa!',  or  aa'x-ffl'iy=fl'c, 
is  taken  (a^x+o''y=:c^Xa,  or  aofx-\-ab'y^:iaify 
the  remamder  is  (a'b—ab')y^^e^€uf\ 

•  '' '  ^-a'b^ab'' 

The  value  of  x  mav  be  found  by  substituting  this  value  of  y  in  equation  1 
or  equation  2,  or  by  eliminating  y  in  the  same  manner  as  x  has  been 
eHminated;  thus, 

From  equation  1  multiplied  by  b\  or  ai/x'^bVy=h'Cy 
take  equation  2  multiplied  by  &,  or  dbx\-Wy'=}Kf  \ 

therefore  (db'^c^b)x=zb'c'-b(f, 

Vc-be 
and  '=db'^=^b' 

This  metiiod  of  elimination  is  sometimes  called  the  method  by  Reduction, 
because  the  coefficients  of  the  same  unknown  quantity  in  both  equations  are 
reduced  to  equality ;  and  sometimes  the  method  by  Addition  and  Subtraction, 
because,  when  the  coefficients  of  one  unknown  quantity  have  been  rendered 
equal  in  both  equations,  that  unknown  quantity  is  eliminated  by  taking  the 
sum  or  the  difference  of  the  two  equations  according  as  the  terms  ren&red 
equal  are  affected  with  the  same  or  with  contrary  signs. 

As  in  the  preceding  methods,  it  is  necessary  to  prove  that  the  results 
obtained  by  the  methoa  of  reduction  satisfy  the  prop09ed  equations  in  x,  y. 
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To  render  the  proof  general,  let  equation  1  be  multiplied  by  m,  and  equa- 
tion 2  by  n: 

Subtracting       -   (ma— iia)ar-|-(ifiA— iii')y=mc— iw?'    -        -        5 

It  is  to  be  shown  that  equation  5,  and  either  of  the  proposed  equations  1, 2 , 
have  the  same  solutions  as  the  equations  1,  2. 

For  this  purpose  let  the  terms  of  equation  1  be  multiplied  by  m,  and  let 
the  product  be  subtracted  from  equation  5 : 

(ma'~ncr)x-^  (mi— iiy)y=iiw— nc' 

niax-\-mby^=:mc 
.'.  — ni/ap — nb'y^=- — no 
and  diriding  all  the  terms  by  — n, 

which  is  equation  2  reproduced. 

Therefore,  in  the  same  manner  as  the  system  of  equations  1  and  5  is  a 
consequence  of  the  system  1  and  2,  so,  reciprocally,  the  system  1,  2  is  a 
consequence  of  the  system  1,  5 ;  consequently  values  of  ar,  y  which  satisfy 
equations  1,  5,  must  also  satisfy  equations  1,  2. 

Now,  if  the  multipliers  m,  n  are  chosen  in  such  a  manner  that  ma — nd=^Q^ 
and  consequently  tnat  equation  5  may  not  contidn  x ;  if  from  this  equation 
(5)  the  yame  of  y  is  deduced,  and  suostituted  in  equation  1,  for  the  purpose 
of  deducing  the  yalue  of  a;,  it  is  evident  that  values  of  «,  y,  which  satisfy 
equations  1,  5,  must  be  obtained;  therefore  these  values  must  satisfy  equa* 
tions  1,  2  also. 

When  the  value  of  x  is  determined  in  the  same  manner  as  that  of  v :  to 


(m'a— nV)ar4-(m'ft— n'&Oy=m'c— nV  -  -    6 

Multiplying  now  the  terms  of  equation  5  by  m%  the  terms  of  equation  6 
by  m,  and  subtracting  the  second  product  from  the  first, 

mm'a— mn'a^x-i-(mm'i— mii'dOy=mm'c— m«V       -        -    8 
mnV— m'ik/)x-f  {mn'h''-m'm)y::^rnn'(f^m^n(f 
or,  (vm*—m'n)a'x-^(nm'^m'n)h'y^(^  •        -9 

or  c^X'\-l/y^=^<f. 

In  like  manner  if  equation  5  is  multiplied  by  n\  equation  6  by  »,  and  the 
second  result  is  subtracted  from  the  first,  * 

(n'm— nmOflwr-f  (n'm— iim')fty=(«'m— nm')c        •  -     10 

or  <Mp-f  iy=c. 

Wherefore  the  pairs  of  equations  1,  2,  and  5,  6,  are  mutually  consequences 
of  each  other. 

Now  the  multipliers  m,  it,  m',  it',  may  be  so  chosen  that  equation  5  shall 
not  contain  x,  and  equation  6  shall  not  contain  y,  it  is  therefore  evident 
that  the  values  of  x,  y,  obtained  from  equations  5,  6,  must  satisfy  equa* 
tions  1,  2. 

It  has  been  assumed  that  the  terms  in  x  have  the  same  signs  in  both  of  the 
equations  1,  2,  and  also  the  terms  in  y,  and  that  the  elimination  must  in 
both  instances  be  made  by  subtraction.  If  the  signs  are  diiferent  tiiey  can 
be  made  the  same  by  affecting  the  factors  m,  n  with  contrary  signs. 

It  has  also  been  assumed  that  mn'—m'n  is  not  equal  to  zero. 

If  mn'— m'n=0,  equations  9,  10  are  reduced  to  0=0. 

Whence,  in  replacing  equations  1,  2  by  equations  5,  6,  it  is  necessary  to 
choose  m,  n,  m^,  it'",  in  such  a  manner  tnat  mn'—mfn  may  not  be  equal  to 
zero,  or,  which  is  the  same  thing,  that  mif'  may  not  be  equal  to  m'n  or 


m  :  m' \:n  :  n' 


u 
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The  operation  by  which  the  coefficients  of  the  unknown  quantity  to  be 
eliminated  are  made  equal  is  analoffous  to  that  for  the  reduction  of  fractions 
to  the  same  denominator,  and  it  a£nit8  of  the  same  simplifications. 

If,  for  example,  the  equations  are 

21y-h2ar=165 
77y—30x=295, 
the  coefficients  of  y  can  be  decomposed  into  the  products  7x3  and  7x11. 
The  coefficients  of  y  in  both  equations  are  consequently  rendered  equal  by 
multiplying  the  terms  of  the  fint  equation  by  1 1,  and  the  terms  of  the  second 
equation  by  3. 

In  like  manner  the  coefficients  of  x  are  rendered  equal  by  multiplying  the 
terms  of  the  first  equation  by  3,  and  tiie  terms  of  the  second  by  2. 

In  eliminating  by  the  method  of  reduction  the  equation  in  x  alone,  or  in 
y  alone,  is  not  incumbered  with  fractional  expressions,  as  it  commonly  is  when 
the  method  of  comparison  or  of  substitution  ia  employed. 

Whichever  method  is  followed,  after  the  elimination  of  one  unknown  quan- 
tity, the  resulting  equation  evidentiy.  ought  always  to  give  the  same  value  of 
the  remaining  unknown  quantity.  Ilence,  if  by  means  of  a  process  of  elimi- 
nation one  unknown  quantity  is  got  rid  of,  and  the  resulting  equation  is 
brought  to  the  form  ax::^h  (a  and  h  being  known  quantities),  it  is  certain 
that  every  other  process  must  give  either  the  equation  ax^=b,  or  an  equation 
differing  from  it  by  only  a  factor  common  to  both  its  members;  otherwise  the 
values  of  x  would  not  be  the  same. 

53.  It  is  shown  in  Article  55  that  the  preceding  methods  of  elimination 
can  be  applied  to  the  determination  of  the  values  of  three  unknown  quan- 
tities from  three  independent  equations  of  the  first  degree,  four  unuiown 
quantities  from  four  equations,  &c.  The  principle  of  the  methods  is  the 
same,  namely,  that  each  leads  to  one  equation  involving  one  unknown  quan- 
tity, and,  by  consequence,  admitting  or  only  one  value.  By  the  substitution 
of  tills  value  in  the  equation  which  involves  the  unknown  symbol  whose 
value  has  been  determined  and  another  unknown  quantity,  this  equation  is 
converted  into  an  equation  with  one  unknown  quantity,  wmch  also  can  have 
only  one  value.  By  the  substitution  of  these  values  in  the  equation  which 
involves  tiie  two  quantities  whose  values  have  been  determined  and  a  third 
unknown  quantity,  the  single  value  of  this  is  obtained,  and  so  on.  Ckinse- 
quently  it  follows  that  there  exists  only  a  single  system  of  values  which  can 
satisfy  two  or  more  independent  equations  of  the  first  degree  involviDg 
the  same  number  of  unknown  quantities,  and  that  this  system  of  values  can 
be  determined  by  any  of  the  three  preceding  methods. 

54.  To  find  the  values  of  two  unknown  quantities  from  two  inde- 
pendent simple  equations  involving  these  quantities, 

Bole.  Determine,  &om  each  of  the  proposed  equations,  the  value 
of  the  same  unknown  quantity  in  terms  of  the  data  and  the  other 
unknown  quantity,  and  put  the  one  value  equal  to  the  other ; 

Or,  find,  from  one  of  the  proposed  equations,  the  value  of  one 
unknown  quantity  in  terms  of  the  data  and  the  other  unknown 
quantity,  and  substitute  this  value  for  its  symbol  in  the  other 
equation  $ 

Or,  midtiply  the  terms  of  the  first  of  the  proposed  equations  by  the 
coefficient  of  either  of  the  unknown  quantities  in  the  second  equation, 
the  terms  of  the  second  equation  by  the  coefficient  of  the  same 
unknown  quantity  in  the  first  equation,  and  take  the  difierence  or  the 
sum  of  the  results  according  as  the  coefficients  of  the  unknown 
quantity  which  is  to  be  eliminated  have  the  same  or  different  signs. 

An  equation  of  the  first  degree  involving  -only  one  unknown 
quantity  is  obtained  by  each  of  the  methods. 


^ 


EQUATIONS  OF  THE  FIBST  DEOBEE.  291 

From  this  equation  detennme  the  value  of  the  remaining  unknown 
quantity,  and  substitute  it  in  either  of  the  proposed  equations ;  the 
two  results  are  the  values  of  the  two  unknown  quantities  in  these 
equations. 

Find  the  values  of  x  and  jf  in  each  of  the  following  examples : 
Ist      «+y=15)  „         . 

2d.       «+y=10l  y        3 

3d.      2*+3y=13l  2  ^-3 

&e+4y=22f  *=^  y=«- 

4th.              «=4y1  . 

2*+ 3y=44  J  *='*•'  *-^- 

5th.     2*+3y=70  }  ^O  «-10 

.    4x+5y=130J      *=f".y=i"- 

6th.    3x-5y=13l  ,g        - 

7th.     12*+32y=340\  ^        ,^ 

8th.    %+^=64) 

6'*'io-''3 

9th.    ?^+3=?¥^) 

*~~4~-2+3  3 
y— 2 


V     a:=7,  y=9. 


12th.  5+  -^= ^ ^ j^— 

7a?-f6    9y-h5x— 8    g-fy 

11     —        12        ""4 

13th.  (a:+5)  (y-h7)=(a:+l)(y-9)  + 1121      ^g™. 

2«+10=3y4-l  j      *=^' y=^- 

,  ^  ^    2a?     ^     y  ^     3y      1 

14th.  y— 4H-|-f-a:=8— -^-'— 


y    «    ^     1     ^ 
g-2+2=6-2ar+6 


15th.  a?— — jy-^-hl7=5y-h— 3— 

22 >-6y    5a?~7_g-fl     8y-h5^     *=®'  ^^^• 
3      "^    11    -    6    ■"    18 


^^C     a:=2,  y=7. 

X     ar=8,  y=! 


u  2 


-  -  -g 
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16th.  a?+y=*\  #-|-<f        t-^d 

a?-.y=if  J         ""    2    '  ^^    2 

l7tlL  a?-fy=*l  (ts  hs 

18th.  a?+y=a      \  eg— &        de-^ha 

19th.  aar-|-iy=c1  cg^bh         ah—cf 


fxJrgy^h  /      ^^ag^hp  y^ag-bf 
20th.  a«-|-iy=c  1  «c+M         tnc—  ad 

mx-^ntp^dy       '^''na-^-mb^  ^^na-^-ntb 
21st  7ax=:4b  \  Ah         28ag— 8^ 

2ex+3dy=:^f      *=7a>  ^^     21aii 

22d.  &«=^-2/j^  1  «         «+2& 

23d.      "=—*_)  2i»-6a»+d        8a»-y+<i 

24th.  «- -i-_c »  n_o6+A«c+W        a+ab-be+H^d 


b^^l  '^^  ^-fl 

Of  Equations  of  the  First  Degree  myoLyma  three  or  more 

UKKKOWK  Quantities. 

55.  Let  there  be  three  unknown  quantities,  x^  y,  z,  and  three  equations, 

aX'\-by-\-cz='d  -  -        1 

cfx^-Vy+tTz^d  -  -        2 

<i^'xfV'y-\'if'x=d'  -  -        3 

And  let  it  be  required  to  assign  the  values  of  z,  y,  «,  in  terms  of  the 
given  quantities  a,  a',  a" ;  ft,  y  ft'' ;  c,  <<,  c" ;  d^  <f ,  d". 

z  may  be  eliminated  between  equations  1,  2  and  equations  1,  3  by  one  of 
the  meuiods  (Art.  54).  Adopting  the  method  by  reduction,  the  equation  in 
X,  y,  obtained  from  equations  1,  2,  is, 

(oc'— caOa:-h(ftc'— cftOy=<fc'— of         -  -    4 

and  from  equations  1,  3, 

(oc''-ca''>+(ftc''-cft'Oy=d<j"— of'         -        .    5 
The  values  of  x ,  y  ought  to  satisfy  equations  4  and  5. 
To  eliminate  y  from  equations  4,  5,  it  is  necessary  to  multiply  the  terms 
of  equation  4  by  W—clr^  and  the  terms  of  equation  5  by  h<f^€h\  and  to 
subtract  the  second  product  from  the  first. 

The  expression  of  the  remainder  (the  multiplication  being  merely 
indicated)  is, 

I  (ay'-caO  (ftc''-cyO-(ac''-<w'0  (^-cftO  }  a=(A?'-aO  (ft(S"-cft'0 

-(dc'^-oTO  (ftC-cftO. 

Performing  the  multiplications,  reducing  the  like  terms,  and  dividing  every 
term  by  the  common  factor  c, 

(aftV'-ac'ft''H-«i'ft''-ftd'(/'+ftc'a''-cftVOr=dftV'--ifc'ft''+afft''--W'<j'' 
+ftc'rf"-cft'<f'. 

dftV^-<fe^ft''4-g<yft^'-ft<fc'"-fftc^<r^~cft'<f'      fi 

•'•  '-flftV'-flc'ft''+ai'ft''-.fta'c^'4-ftc^fl''-cftV' 
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Kliminating  x^  z;  ar,  y,  in  the  same  manner, 


-  r 


8 


From  the  investigation  of  Article  52  it  follows  that  these  values  of  x,  y,  2, 
must  satisfy  equations  1,  4, 5. 

Now  equation  2  is  a  consequence  of  equations  1,  4,  and  equation  3  is  a 
consequence  of  equations  1,  5. 

Therefore  the  values  of  x,  y,  z,  which  satisfy  equations  !»  4,  5,  must  also 
satbfy  equations  1,  2,  3. 

Bj  generalising  the  process  which  has  been  employed  in  the  case 
of  three  equations,  a  rule  for  the  resolution  of  a  number  of  equations 
m,  involving  m  unknown  quantities,  maj  be  found. 

The  rule  is:  Eliminate  one  unknown  quantity  between  the  first 
and  each  of  the  remaining  m— 1  equations ;  m— 1  equations  of  the 
first  degree,  involving  m — 1  unknown  quantities,  are  thus  obtained. 

Proceed,  with  the  m— 1  equations,  to  eliminate  one  unknown 
quantity  between  the  first  of  the  m — 1  and  each  of  the  remaining 
m — 2  equations ;  m — 2  equations  of  the  first  degree,  involving  m — 2 
unknown  quantities,  are  tiius  obtained. 

Continue  this  series  of  operations  with  the  m — 2,  the  m— 3 , 

them — {m — 1)  equations;  an  equation  of  the  first  degree  involving 
only  one  unknown  quantity  is  the  last  result. 

From  the  last  equation  deduce  the  value  of  the  unknown  quantity 
which  it  contains. 

Substitute  this  value  in  the  last  equation  but  one ;  the  value  of  a 
second  unknown  quantity  is  determined. 

Substitute  these  values  in  the  last  equation  but  two ;  the  value  of 
a  third  unknown  quantity  is  obtained;  and  by  returning  thus 
through  the  equations  upwards  to  the  {m — l)th,  and  lastly  to  the 
mth,  the  values  of  all  the  unknown  quantities  are  determined. 

Example  1.    Given  lOr— 20;^ +302=60, 

8x+12y— 16z=80, 
27x-.18y-f  45^=234, 
to  find  the  values  of  x,  y,  z. 

In  the  first  of  these  equations  the  factor  10  is  common  to  all  the  terms  \ 
also,  in  the  second  the  factor  4,  and  in  the  third  the  factor  9,  is  common  to 
all  the  terms. 
Suppressing  the  common  factors,  the  proposed  equations  are  reduced  to 
X— 2y4-3z=6  -  -  -  -         1 

2x-f3y— 4r=20         -  -  -  ,         2 

3x— 2y-f5z=26  -  -  -  -         3 

Replacing,  in  the  general  formula, 

a,  ft,  c,  £i,      by  1,-2,  3,  6, 
a',  V,  if,  <f,    by  2,  3,-4,  20, 
cf\  y\  f,  (f ',  by  3,-2,  5,  26, 
and  performing  the  operations  indicated, 

90— 48-f(— 120)— (— 200)-f208— 234_96 

*^      15— 8  +  (— 12)— (—20) +24— 27       "■12""^ 
_  100— (— 104)+lg6— 60+(— 72)— 180_48_ 

y""        15— 8+(— 12)— (— 20)+24— 27     ""12""'* 
_  78— (— 40)+(— 24)— (— 104)  +  (— 120)-54_24 

«—  15-8+(-12)-(-20)+24-27  ""12""'* 

U  3 
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Or  the  values  of  the  unknown  quantideB  may  be  found  by  the  general 
rule,  as  follows : 

Multiply  Ist  equation  by  4,  and  4r—8y-h  12^^24 
2d        -        by  a,    -    6x+^— 12r=60 

Therefore,  by  addition      -  -        lOx-^y  s=:84    -    4 

Multiply  let  equation  by  5,  and  5x—\Oy-^lSz=^dO 
8d        -        by  8,     -    9x—6y  4-15^=78 

Therefore,  by  subtraction       -        -        4j:+4y         =48 

or        -        -  x-i-y  =12    -    5 

From  equation  4        -      lOx-f  y=84 
subtract  equation  5        -     x-t-y=12 

•'•      9j?      =72,  andar=V=8. 

Substituting  this  value  of  x  in  equation  5, 

8-f  y=12,  and  therefore  y=12— 8=4. 

Substituting  these  values  of  x,  y  in  the  Ist  equation, 

8— 8+3x=6 ;  tiierefore  3x=6,  and  x=f=2. 
Consequentiy  x=8,  y=4,  z=2  are  the  values  of  x,  y,  z  in  the  proposed 
equations. 

56.  K  all  the  unknown  quantities  do  not  enter  into  each  equation,  the 
process  of  elimination,  though  conducted  by  the  same  principles,  can  be 
abridged. 

Example.    Let    7a— 13x=87        -  -  -  1 

3a-fl4x=57        ...  2 

lOy— 3x=ll         -  .  .  3 

2x— llz=50        .  -  -  4 

If  tt  is  eliminated  between  the  first  and  second  equations,  the  resulting 
equation  will  contain  only  x,'x  and  known  quantities ;  consequentiy  fit>m 
this  and  the  fourth  eqtiation,  which  also  contains  only  x,  z  and  known 
quantities,  the  values  of  x,  z  can  be  determined. 

Since    7a— 13x=87         -  -         21tt— 39x=  261 

and  since  3a+14x=57         -  -         21tt-f98x=  899 

Therefore,  by  subtraction    -        -  98x-f-39x=  138     -     5 

Multiplv  equation  4  by  49,  and    |       98x-539x=2450 
subtract  the  result  from  equation  o  J       

578x=— 2312 


2312^_4 


• 578 

Substituting  this  value  of  2:  in  equation  4, 

2x— llz=50  becomes  2x— 11  x  (— 4)=50, 
.'.2x4-44=50,  2x=50— 44=6,  and x=f=3. 

Substituting  3  for  x  in  equation  2, 

3a-f-14x=57  becomes  3a-|-14x3=57,  or  3tt-f  42=57, 
.'.  80=57—42=  15,  and  a=V=5. 

LasUy,  substituting  8  for  x  in  equation  3, 

lOy— 3x=ll  becomes  lOy— 3x8=11,  or  lOy— 9=11 
.  • .  l()y=  1 1  +  9=20,  and  y= t§=2. 
Whence  a=5,  y=2,  x=3,  x^— 4,  are    the  values  of  a,  y,  x,  x,  which 
satisfy  the  proposed  equations. 

57.  In  resolving  equations  of  the  first  degree,  if  the  number  of  equations 
is  equal  to  the  number  of  imkuown  quantities,  it  follows,  from  Article  53, 
that  there  is  one  system  of  values  of  the  unknown  quantities,  and  only  one, 
which  satisfies  the  proposed  equations. 

This  general  conclusion  is  to  be  taken  with  some  exceptions,  which  are 
noticed  m  Article  80. 


EQUATIONS  OF  THE  FIBST  DEGBEE. 


295 


If  the  number  of  equations  is  greater  than  the  number  of  unknown  quan- 
tities, (if,  for  example,  there  are  five  equations  between  three  unknown 
quantities,  x,  y,  z,)  taking  three  of  these  equations,  a  single  system  of  values 
can  be  determined  for  «,  y,  z.  These  values  being  found,  it  will  be  requisite 
to  tiy  whether  they  reniy  the  two  remaining  equations  also.  Now,  unless 
these  equations  have  been  chosen  in  a  particular  manner,  the  verification 
cannot  be  made,  and  consequently  there  do  not  exist  values  of  the  unknown 
quantities  which  can  at  once  verify  all  the  five  equations. 

If^  on  the  other  hand,  there  are  more  unknown  quantities  than  equations,  (for 
example,  five  unknown  quantities, «,  v,  a:,  y,  z,  and  three  equations,)  arbitrary 
values  may  be  given  to  two  of  the  unknown  quantities,  u,  v ;  then,  by  means  of 
the  three  equations,  the  corresponding  values  of  «,  y,  z  may  be  determined. 

Changing  the  values  of «,  9,  another  system  of  values  may  be  found  for 
X,  y,  z ;  and  by  thus  changing  the  arbitrary  values  of  u,  o,  an  indefinite 
number  of  values  mav  be  obtamed  for  x,  y,  2r ; 

Or,  without  assigning  particular  values  to  u,  v,  the  three  equations  may 
be  resolved  as  if  u,  9  were  known  quantities,  and  x,  v,  z  unknown. 

In  this  manner  values  of  x,  y,  x,  involving  the  quantities  u,  9,  are 
obtained;  and  fix>m  these  can  be  deduced  those  values  of  x,  y,  z  which 
correspond  to  particular  values  of  u,  9. 

Find  the  values  of  the  unknown  quantities  in  each  of  the  following 
examples : 


1st. 


2d. 


dd. 


4th. 


5th. 


r-f4x=16l 
r— 5x=8    \ 
r-h3x=6  J 

r=79  1 
r=122}- 
1=^66  J 


x=3,  y=22,  x=l. 


x=4,  y=9,  x=3. 


2x+3y-f4x=] 
3x-i-2y- 
6x— 6y-h3; 

7x-f5y+2x=1 
8xH.7y-|-9; 
*-f4y-f5x: 

2x-f  8y-h  4x=160l 

5x— 65r-i-  7x=100  \     x=30,  y=20,  x=10. 

8x— 9y-hlOx=160j 

x-2y-|.3x=81 

2x--3y— 9x=l  j-     x=20,  y=10,  x=l. 

3x— 5y— 4x=6j 

«      3y    ^^     1       Is 
2x-^=93-2X-4y 

7x— 5x==y-|-x— 86 


^  .y    2 


=58 


6th. 


7th. 


8th. 


F=r48,  y=54,  x=64. 


—h  y=*  ^^% 


T* 


=12,  y=25,  x=6. 


Z      X 

y+ft=AH-^ 


3 

1 


5 

y-2. 


x-f3 


10 


2y— 5       3     z 


9th. 


x=5,  y=7,  af=— 3. 


lOx— 

8x 

6y 

10th.  x-|-y=10l 
xH-x=19  Y 
y-|-x=23j 


=100,  y=50,  x=£25. 


=3,  y=7. 


:16. 


u  4 
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nth.  8ar-f5y=16n 

7a;+2<:=a09  V     x=17,  y=22,  ar=46. 
2y+«5=89  J 

12t3i*  53— JOT— ia:=y— 109 

i«-».^=26         }•     ar=64,  y=80,  z=100. 
6y=4r 

iiiy=iMrL= ^5E „== 55E ^- ??a ^. 

14th,  ax-\'hif:=^c 


I     ar=64,  y=80,  z=] 


15  th. 


ar+2yH-3z+4tt=20  1 

5ar— 6yH-7z— 8tt=8      I      „_,   ^_.  ,,_«  __o 
-10y-llU+12«=-4r     «-l,  x-4,  y«3,  z=2. 

-|-14y— 15z— 16tt=48  J 
hz+tt=l     1 

z-f3tt=36    f     ar-i,  y-if,  2-i.  tt-w- 
«-f4tt=100j 


9x 
13;r+14y 

16th.  xH-yH-«+tt= 

16x+8y-f4z-h2tc=:9 
81x-h27yH-9 
256A;+64y+16 

17th.  |-h|+y=58 


52      V      Z 

X    3z     It    ^^ 

o+-5-+«=79 


tt=50,  x=12,  y=30,  z=168. 


2^  8  ^5 
y+zH-tt=248 

I8th.  ax+^=2  1 

tx^fz^n  \     «-  d(6eA+a/^) 

gy^hz—p  J 
_bhn'\'f(gl'-bp)     _afp+h(el'-an)     _bep+g(aH—el) 

19th.  x4-tt=a1 

x4-y=ft  I        _2a— ft— c+<f    _ftH-g— rf    _ft— g-fil    l.£±^[z? 
x4-2=c  I      "*"  2         '  *"■      2      '  ^""      2      '  ^^      2 

20th.  u+x+yH-z=« 

au=&x  I  «xaoe  «xftctf 


i^zbx  I 

r=rfrf    ^=; 
r=/xj 


ez=fx  } 

8Xbde 9Xbdf 

^^ace'\-boe'^ade+€tcf^  ^'^ace-^bce-j-ade+acf 

58.  The  enunciation  of  a  problem  ought  to  state  the  conditions  which  the 
unknown  quantities  are  required  to  satisfy  in  such  a  maimer  that,  if  parti- 
cular values  are  given  to  the  unknown  quantities,  it  can  be  readily  deternuned 
whether  these  particular  values  veri^  the  conditions. 

In  most  of  tne  questions  whose  solutions  re<]|uire  the  employment  of  the 
algebraic  calculus  the  verification  consists  in  this,  that  after  the  execution  of 
certain  operations  on  the  values  of  the  unknown  quantities  and  on  the  given 
quantities  the  results  ought  to  be  certain  equalities. 
^  Now  if  the  unknown  quantities  ate  denoted  by  lettefs,  algebraic  expres- 
sions can  be  formed,  witn  which,  by  means  of  symbols,  can  oe  indicated  all 
the  calculations  which  it  is  necessary  to  make  both  with  the  upknown  and 
with  the  given  quantities  for  the"  pui^se  of  finding  the  eicpr^slons  which 
ought  to  be  equal. 
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Coiueqaentlj,  if  these  ezpresBions  are  connected  by  the  sign  s=,  there  are 
obtained  one  or  more  equations  which  onght  to  be  satisfied  when  the  true 
values  of  the  unknown  quantities  are  introduced  into  them  instead  of  the 
letters. 

Reciprocally,  when  all  the  conditions  of  a  problem  are  expressed  in  the 
ec[uation8,  the  values  of  the  unknown  quantities  which  satisfy  these  equa- 
tions ought  to  satisfy  also  the  enunciation  of  the  problem. 

Hence  the  conventions  of  algebra  form  a  language  into  which  it  is  possible 
to  translate  the  enunciation  of  a  problem,  and  to  represent  with  precuion  all 
the  relations  of  magnitude  which  the  given  and  the  unknown  quantities 
have  to  each  other.  To  establish  these  rektions  by  means  of  equations  is 
what  is  meant  bv  the  expressions,  to  put  a  problem  into  equation,  or  to 
translate  it  into  the  language  of  algebra. 

A  rule  as  precise  as  the  subject  seems  to  admit,  for  putting  problems 
into  equation,  has  been  already  given.  Art.  46. 

It  fneauently  hi^pens  that  a  question  which  at  first  appears  to  involve 
many  unknown  quantities  can  be  resolved  by  means  of  a  smaller  number, 
and  sometimes  by  means  of  only  one  unknown  quantity. 

The  last  case  occurs  when  it  appears  that  if  one  of  the  unknown  quantities 
is  found,  the  others  can  be  obtained  from  it  by  simple  operations,  as  by  an 
addition,  a  subtraction,  &c. 

Problems  which  produce  Equations  op  the  First  Degree. 

59.  1st.  The  sum  of  two  numbers  is  50,  and  the  difference  10 ;  required 
the  numbers  ? 
Let  X  denote  the  ^[reater  number. 

Then,  since  the  difference  of  the  numbers  is  10,  or— 10  represents  the  less. 
Therefore  x-hx— 10,  or  2x^10,  is  the  sum  of  the  numbers. 

But  by  the  question  this  sum  is  50 ; 

.•.2x— 10=50. 

Transposing,  2x=50+ 10=60 ; 

60 
.'.  a:=:-2-=30  the  greater  number. 

Consequently,  x— 10=30— 10=20=ihe  less. 

Verification.    30+20=50 ;  30—20=10. 

Otherwise,  by  employing  two  unknown  quantities. 

Let  X  denote  the  greater  number,  y  the  less. 
Therefore,  by  the  question    -  a:-|-y=50 

X— y=10. 
Whence,  by  addition,    -  2x=60  and  ar=dO ; 
by  subtraction,  2y=40  and  ^=20. 

This  problem  may  be  enunciated  moro  generaUy  as  follows : 
The  sum  of  two  numbers  is  f,  and  the  difference  (/;    required  the 
numbers? 
Making,  as  before,  x=the  greater  number, 

X— </=Uie  less, 

x-fx— d;  or  2x— d=the  sum  of  the  numbers ; 
.  • .  by  the  question,  2x— d=« ; 
.•.2x=«+d, 

and  x=-2-=|H-2=the  greater  number  ; 

also  X— d=-2— — ii=-^=2— 5=the  less. 

Hence  this  theorem ;  half  the  sum  of  two  unequal  numbers  augmented 
by  half  the  differonce  of  the  numbers  is  equal  to  the  sreater  number ;  and 
half  the  sum,  diminished  by  half  the  difference,  is  equu  to  the  less  number. 
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Substituting  50  and  10,  the  numbers  of  the  particular  case  of  this  problem, 
for  8  and  «?  in  the  formula, 

s    d  »    d 

-2-H--2  =25H-5=30=the  greater  number; 

50     10 

-"2 -h  "2=25 —5=20= the  less  number. 

60.  Ist.  A  person  has  a  certain  number  of  fourpenny  pieces  and  twice  as 
many  shillings ;  the  whole  value  being  85  £^  what  is  the  number  of  each 
sort  of  coin  r 

Let  x=  the  number  of  fourpennj  pieces,  and  therefore  2x  the  number  of 
shillings. 

The  value  in  shillings  of  x  fourpenny  pieces  and  2x  shillings  is  3+2x, 

Ix 
ory  sh. ;  also  35  £.=700  sh. 

Therefore,  by  the  question, 

7x 
3-=700, 

and  x=300=number  of  fourpenny  pieces ; 
.  * .  2x=600=number  of  shiUmgs. 

Verification.    800fourpenny  piece8=1008h.=  5:(?. 

600  sh.=803g. 

Whence  the  value  of  both  is  -    35  £. 

2d.  A  sum  of  1200  £.  is  to  be  so  divided  between  A  and  B  that  A*s 
share  shall  be  to  B*s  as  2  to  5  ;  what  sum  ought  each  to  receive  ? 
Let  xs  the  share  of  A,  and  y=  the  share  of  B.  ^ 

Then,  by  the  question,  x+ysl200 (1), 

andx  :  y  ::2  :  5.    Whence  (PartL  Art.  332),  2y=5x  andys-^. 

5x  ^  5x 

Substituting  -g-  for  y  in  eq.  1,  x-f  2-=1200 ; 

.  • .  2x-f  5x=2400  or  7x=2400 ; 

2400 
and  x=-y-=342f  £.=342^.  17  sh.  If  d.=A's  share. 

y=-|=342f  £.x|=857|ae.=857£.  2  sh.  lOf  d.=B'8  share. 

Verification.  842  f+ 857^=1 200^6. ; 

also,  S42f  :  857f::2  :5; 
for  342fx  5=1714^ 
and857fx2=1714f. 

3d.  Divide  the  given  number,  a,  into  two  partSj'which  shall  be  to  each  other 
in  the  proportion  of  the  given  numbers  m  and  n. 
Let  X  denote  the  first  part  and  y  the  second. 

Then,  by  the  conditions  of  the  question,  x-fy=a....(l), 

andx:y::m  :  Ik    Whence, y=—. 

Substituting  —  for  y  in  eq.  1,  x-|-~--=a. 
.'.mx+nxsrmo, 

and  *=i;Xi=the  first  part. 
n        n       ma        na        .  . 
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•,.-,.  ma    ^    na       (m-^-n^a 

m-f-n    m-t-ii       m'f'n 

ma         nn 

::m :  n. 


m+»  •  m+n 

If  700  is  substituted  in  the  general  formula  for  a,  ^  for  m,  and  2  for  n, 

4X700    4X700     ,^  ,       „^^_ 
'^Tj-g-aa*— 7 — as  100 sh. =300  fouTpences ; 

2x700       1400 


x=- 


y=-:jp^=  -J—  =600  sh. ; 

the  answer  to  the  &st  problem  of  this  Article. 

And  if  1200  is  substituted  for  a,  2  for  m,  and  6  for  ft, 

2x1200    2^_ 
*™    2+5    *"    7    — 3^T»-; 

5X1200    6000    „,^    ^ 

y=»-2q:j-«~r=857f£.; 

the  answer  to  the  second  problem. 

61.  1st.  Two  partners  bought  a  horse,  part  of  the  price  of  which  they  paid 
in  ready  money,  the  one  contributing  the  nflh  and  the  other  the  seventn  part 
of  the  whole  price.  The  sum  contributed  by  both  being  48  £^  what  was  the 
price  of  the  horse  ? 

Let  X  £.=the  price  of  the  horse. 

jp 

Then  ^=the  part  contributed  by  one  partner ; 

and  s=the  part  contributed  by  the  other ; 

z    X        12ar 
.' ,  ^-f  =  or   gj-=the  part  of  the  price  contributed  by  both ; 

12jr 
and  by  the  question,  "35""^  » 

.-.  12x=48X  35=1680; 
and  a:=140£.=price  of  the  horse. 

140    140 
Verification,    -^—f- ^=28-|-20=48£. 

2d.  It  is  required  to  find  a  number  which,  being  divided  by  m  and  by  n, 
the  sum  of  the  quotients  shall  be  equal  to  a  given  number,  a. 

Let  X  represent  the  number. 

X  X 

Then  --  and  -  are  the  quotients  obtained  by  dividing  x  by  m  and  n  \ 

X       X 

and  by  the  question,  -~-|--=a ; 

.*.  nx+fiur=:9iiiia,  or  (m+ii)a:=:m9ia ; 

-         mna 

and  x= — r^.  • 

wi+n 

••    ,t,      .  miujL  na  ^«     .  » 

VerificatioQ.    zttz-*-  *»=  :irrr=<l^otient  by  m. 

mna  ma  . 

na        ma      ma-\'na    (m-^-nSa 
;+rrrr= .  ^  = ■  ^   =g. 


m-\'nrm-\-n      m-^n        m-^-n 

If  in  the  formula  of  problem  2,  48  is  substituted  for  a,  and  5  and  7  for  m 

and  II  respectively, 

5x7x48     1680     ,_      ,        .        ,   ,     ,  .      t     /.    . 

x=  ""5X7 — =~i2~==l'^=w^e  pnce  of  the  horse  m  the  first  problem 

of  this  Article. 
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62.  Irt.  DWide  the  numb^  92  into  two  parte,  such  that  If  the  one  part  is 
divided  by  14  and  the  other  part  by  6,  the  sum  of  the  quotients  may  be  10. 

Let  x=one  of  the  parts,  and  j^  its  quotient  by  14. 

92— '2 
Then  92— jc=ihe  other  part,  and  — g—  its  quotient  by  6 ; 

X     92— X    822— 2x     .  ,^,  ..     . 

jjg^^  J^^^^      =s — ^j — =:the  sum  of  the  quotients. 

322 2wr 

Therefore,  by  the  question,  — gi — ^^® » 

322— 2a:=210; 

112  • 

and  j.=  o  =g6=one  of  the  parts ; 

92— x=92— 56=36=the  other  part 
Verification.    56-^14=4;  36+6=6;  and  4+6=10. 
2d.  Divide  the  given  number,  a,  into  two  parts,  such  that  if  the  first  part 
is  divided  by  m,  and  the  second  part  by  n,  the  sum  of  the  quotients  shall  be 
equal  to  a  given  number,  b. 

Let  X  denote  the  first  part,  and  —  the  quotient  of  the  first  part  by  «. 


Then  a— x  is  the  second  part,  and  -;fits  quotient  by  »; 

3lao  ^4.?=f-(!!i::?)f±?!?=the  sum  of  the  quotients. 

(n^m^x-^ma    , 
Whence,  by  the  question, — =o  ; 

.'.  (n— m)x=«iiift— ma ; 

mCttb—a)      ,     ^    . 

and  x=— ^^ — zr^=  the  first  part ; 
II— III 

a'-x:=za'-'-^  "^^/ss-L — ^^— ^e  second  part. 

ni(nft— a)  aft— a    n(a— mft)  fl— i 

Verification.    -^=ljr-^»«=iri:j;;  -^^ 


-  n5— a    a—mb    nb—mb 
and •+" ^=s — -  =0. 


Replacing  a  by  92,  m  by  14,  n  by  6,  and  b  by  10, 
14(6  X 10— 92)__— 82  X  1^__  >g  1 
*=        6_i4  -.8  •  I  The  answers  to  the  first  problem 

6(92—14x10)     —48x6     ^-  f     of  this  Article. 
«-*= 6^^l4        =      -8     =^^-  J 

63.  Ist.  Li  a  garrison  of  5200  men,  connsting  of  infantry,  artillery,  and 
cavalry,  'the  number  of  infantry  is  nine  times  and  that  of  artillery  three 
times  greater  than  the  number  of  cavalry.    How  many  of  each  corps  are 

there? 

Let  ar=the  number  of  cavalry, 

and  therefore  3x=the  number  of  artillery, 

9x=the  number  of  infantry. 

Whence  x+dx+9x=13x=:the  whole  force. 

Therefore,  by  the  question,  13x=5200. 
.'.    x=  4(X)^number  of  cavalry. 
8z=1200^number  of  artillery. 
9x=8600=number  of  infantry. 

Verification.    400+1200+8600=5200. 
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2d.  Divide  the  siyen  number,  a,  into  three  parts,  such  that  the  second 
part  shall  be  equu  to  m  times  and  the  third  to  n  times  iJie  first  part. 
Let  the  first  part=:a: ;  and  •' .  inx=the  second ;  nar=the  third ; 
.;.  x+nw+iix,  or  (m-Hn4-I)ar=the  sum  of  the  parts. 
Whence,  by  the  question,  (m+n-\-l)x=^. 

•••     ar=^q~qpi=Ae  first  part ; 

ma  ,  _ 

«x=^  ,  ^  ,  ■i=the  second  part ; 

na 
iiar=^j .  ,=the  third  part. 

Verification.    The  sxmi  of  the  three  parts  is  a. 
Let  0=5200 ;  fit=3  ;  n=9.    Then, 

5200         5200 
J— Q  ,  Q  ,  1=     ,o    =  400=number  of  cavalry  in  problem  1 

•"  of  this  Article; 

5200x3 
mxai,  =400x8=  1200=nnmber  of  artillery; 

5200x9 
nj!=  =400  X  9=3600=number  of  infantry. 

64.  Ist.  Three  regiments,  A,  B,  C,  are  required  to  furnish  594  men  for 
a  iMirticular  service,  the  number  to  be  furnished  b;^  each  being  in  proportion 
to  its  strength.  Now  the  number  of  men  in  A  is  to  that  in  B  as  3  to  5, 
and  the  number  of  men  in  B  is  to  the  number  in  G  as  8  to  7.  How  many 
men  must  each  regiment  supply  ? 

Let  a  represent  the  number  of  men  furnished  by  A. 

5x 
Then  S  :  6::  x  :  -Q-=number  of  men  furnished  by  B ; 

5x    SSx 
and  8:7::^:  -oT=number  of  men  furnished  by  C. 

«         5x    35x        33j; 
The  sum  of  these  ntunbers  is  ^'f'o'+'HTi  ^^  "g"* 

332 
Therefore,  by  the  question,  -g-=594. 

Whence  33a;=4752. 
And  X  ^144=number  of  men  furnished  by  A ; 

6x 

-Q-  =240=number  of  men  furnished  by  B ; 

35jP 

o2'=210=number  of  men  furnished  by  G. 

Verification.     144+240+210=594. 

2d.  It  is  required  to  divide  a  given  number,  a,  into  three  parts,  such 
that  the  first  wall  be  to  the  second  as  m  to  n,  and  the  second  to  the  third 
Bsp  to  q. 

Let  x=the  first  part. 

fix 
Then  mm::  x  : ,—  =the  second  part ; 

Kt    ngx 
and  p  •  (? ••  "^  •  mo~^®  *^*^^^  P*^ 

...,+  «  .52?  „  mpx+npx+n^        (2E±22±5Sl*  =  the    sum    of 
'   m^iiip  mp  mp 

the  parts. 

__  ,      ,  ,      (wn+np+iw)  X 

Whence,  by  the  question,  ^-*- — ^ — * — =  a. 
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mpa 

nz 


— -= r^ —  =  the  third  part. 


Verification.   The  sum  of  three  parts  is     mD4-nDA-na    ^"^ 


Making  ii=594 ;  m=3 ;  n=^6 ;  /)=:8 ;  ^=7 ; 

3X8X594  14256 


•■"3X 8+5x8+5x7^    99    — ^^» 

»*_       5X8X594       _23760_ 

m"~3x8-|-5x8-|-5x7""    99    —2^? 
«gx_       5x7x594       _??^_«|rt 
mp*'3x8-h5x8-|-5x7~"    99    ~"^**'* 

65.  Ist  A  wine  merchant  has  two  kinds  of  wine,  the  one  worth  86  d.  the 
other  30  d.  per  quart.  What  quantities  of  these  wines  must  he  take  to  ccnn- 
pose  a  mixture  of  50  quarts,  which  maj  be  sold,  without  gain  or  loss,  at 
30  d.  per  quart  ? 

Let  X  qts.=quanUt^  at  36  d.  per  qi. ;  and  therefore  36  a:  d.  its  jprice. 
Then  50— x^quantity  at  20  d.  per  qt.  and  20  ^50— x)  d.  its  pnoe ; 
also  50  X  80s:  1500  d.=price  of  50  qts.  of  the  mixture  at  30  d.  per  qt ; 
.* .  by  the  question  36  x+ 1000—20  x=  1500, 
or    16  x=:500, 

and    x=31^number  of  quarts  at  36  d. ; 

.  • .  50— x=50— 31  J=18J=number  of  qts.  at  20  d. 

Verification.        31^  x  36+ 18)  x  20=  1125 +375=1500  d. 

2d.  Let  the  price  of  the  better  sort  of  wine  be  a  pence  per  quart,  that  of 

the  inferior  h  pence  per  quart,  the  quantity  of  the  mixture  n  quarts, 

and  the  price  of  one  quart  of  the  mixture  c  pence.     How  much  must  be 

taken  of  each  sort  ? 

Let  x=quantity,  and  <ix=price  of  the  better  sort  of  wine,  then  n— x= 
the  quantity  and  o  (n— x)=the  price  of  the  inferior  sort. 
Abo  n  qts  X  c  d.=cit  d.=price  of  the  n  qts.  of  mixture. 

Whence,  by  the  question,  ax+^n— &B=cn ; 
wttd  x=  "        .  ^=quantity  of  the  better  sort ; 

«— x=fi ^^3g^=  ^^^  =qnaPtity  of  the  inferior  sort. 

Verification.    l!fc=S+".(?Z^^?(?:^)=^ 

Both  the  particular  and  the  general  problem  of  this  Article  may  be 
resolved  by  means  of  two  unknown  quantities.  * 

If  X  is  the  quantity  of  the  better  sort  of  wine  and  ^  the  quantity  of  the 
inferior, 

then,  in  the  first  prob.  x+y=50,       and  in  the  second  x+y=ii. 

36x+20y=1500    -         -    ax-f-lnf^en. 
From  these  ec^uations  the  values  of  x  and  y  can,  in  both  examples,  be  de- 
termined by  Article  54. 

The  solution  of  the  particular  can  also  be  obtained  firom  that  of  the 
general  problem  as  in  the  Artides  59—64. 

66.  Ist.  A  goldsmith  has  two  sorts  of  silver;  the  one  sort  contains  10^  oz. 
of  pure  silver  and  H  oz.  of  alloy  in  the  lb.,  iiie  other  contdns  equal  quan- 
tities of  pure  silver  and  alloy,  or  6  oz,  of  each,  in  the  lb.    How  many  pounds 
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of  each  sort  must  he  take  to  make  a  vase  which  shall  weigh  20  lbs.,  and 
contain  9  oz.  of  pure  silver  in  the  pound  ? 

10  i  oz.=f|  lb.=|  lb.  6  oz.=^  lb.=i  lb. 
20x9=180  oz.ssl^  lb.=weight  of  pure  silver  in  the  vase. 
Let  x=we]ght  of  suver  of  10^  oz.  fine. 

.  • ,  -g-lb.^ weight  of  pure  silver  in  the  x  pounds. 

Then  20— x=weight  of  silver  of  6  oz.  fine, 

and  i  (20— x)=weight  of  pure  silver  in  the  (20— x)  lbs. 

7  a?     20 — X 
Whence,  by  the  question,  -g-4- — 5 — =1^  » 

.•.7ar+80— 4a^l20, 
ar=40, 
and  x=13ilb.= weight  of  silver  of  10^  oz.  fine. 
.'.  20— a:=20— 134=6f  lb.=weight  of  silver  of  6  oz.  fine. 
2d.  It  is  required  to  find  two  numbers,  such  that  their  sum  is  a,  and  that 
if  the  one  number  is  multiplied  by  m  and  the  other  by  n  the  sum  of  the 
products  is  b. 

Let  a:=the  first  number ;  mx  its  product  by  m. 
Then  a— ar=the  second ;  and  n{a-^x)  its  product  by  n. 
Whence,  by  the  question,  wur-f  na— >«:=6 ; 
.  • .  (m — n)x^b''na, 

b — na     -     _  , 

x= =the  first  number, 

m--n 

,  b—na     ma—b 

and  a— ar=a—  — — —=  — — Z"=the  second  nmnber. 

If  a=20  lb.,  &=15  lbs.,  m=i  lb.,  «=|  lb., 
—  Ig— 1X20540 

20xi— 15     ^       .     ^^ 

The  problems  of  this  Article,  like  those  of  the  last,  may  be  resolved  bv 
means  of  two  unknown  quantities. 

67.  1st.  Saltpetre  and  sulphur  are  mixed  together  in  a  mass  of  80  lbs., 
and  in  such  proportion  that  for  every  7  parts  of  saltpetre  there  are  3  parts 
of  sulphur.  How  much  saltpetre  must  be  added  to  the  mass,  and  sulphur 
taken  from  it,  in  order  that,  the  whole  weight  being  constant,  the  pro- 
portion of  saltpetre  to  sulphur  may  be  that  of  1 1  parts  to  4  ? 

7-f  3  :  7 : :  80  :   —^  =-j^=56=weight  of  saltpetre. 

80X3     240    ^,         .  ,      ^     ,  ^ 
7 +3  :  3 : :  80  :   — Jq-  =  "Jq  =24=weight  of  sulphur. 

Let  xlbs.=weight  added  to  the  saltpetre  and  taken  from  the  sulphur. 
Then  56 +x  lbs.=weight  of  saltpetre  in  the  new  mixture ; 

and  24— X  lbs.=weight  of  sulphur  in  it. 
Whence,  by  question,  56+x  :  24— x: :  11  :  4 ; 

.•.4(56+x)=ll(24-x); 
or  4x+224=264— llx. 

Transposing,  15  x=40 ; 
,  • ,  x=2}  lb8.=weight  required ; 
Whence,  58|.  lbs.=wt.  of  saltpetre,  and  2l|lbs.=wt.  of  sulphur. 
2d.  Two  numbers,  a,  &,  being  given ;  what  number  must  be  added  to  a 
and  subtracted  from  b  that  the  sum  may  be  to  the  difierence  as  m  to  it  ? 
Let  X  denote  the  number. 
Then,  by  the  question,  a+x  :  6— x ::m  :  n. 

,' .  iiaH-iix=in&— inx ; 

,         mb — na 

and  X  =  ■     .  ^  . 
in -f- It 
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Let  0^=56,  ^=24.  m  :  ii::ll  :  4. 


11X24-4X56^40 

^^"^  — iiTi — -15=^ 

Yerificatioiis.         Ist.  581+21^=80, 

and58|:21|::ll  :4; 
for58|x4s=234f 
and21^xll=234|. 

mb — na  mb — na 

.     /        mi— ]ia\  iima+iiifi& 

mi— na\  mna-^-mnb 


m-^-n 


68.  l8t  Three  masons  are  employed  to  build  a  parapet ;  the  first  buSds 
8  cubic  feet  in  5  dajs,  the  second  9  cubic  feet  in  4  oajs,  and  the  third 
10  cubic  feet  in  6  days ;  in  how  many  days  can  the  three  build  756  cubic 
feet  of  the  panqpet  ? 

Let  x=the  number  of  days. 

8  8x 

Then  the  first  builds  ?  feet  in  1  day  and  -g  feet  in  x  days ; 

9  9x 

the  second  builds  t  feet  in  1  day  and  -j  feet  in  x  days ; 

the  third  builds  »  feet  in  1  day  and  -q-  feet  in  x  days. 

Sx    Qx    Sx    331 2 
Therefore,  in  x  days  the  three  build  -r  +  4"+  aT^'eo"  ^* 

SSlx 

Whence,  by  the  question,  -^^-=756, 

or  831  x=45860 ; 

13 
•* .  ^=137««j  days,  the  time  required. 

2d.  Three  causes,  A,  A^  A'^^  respectiydy  produce,  in  the  times  t,  t,  f\ 
the  efiects  e,  e^,  i!^\  In  what  time  will  the  three  acting  together  produce 
the  effect  £P 


Let  a:=the  time  required  by  A,  A',  A'^^,  to  produce  the  effect  £. 
Then  j  is  the  effect  produced  by  A  in  the  unit  of  time ;  and 


ex 


Y  the  efl^t  produced  by  A  in  the  time  x ; 

^x 
Simikrly  -y  ^  the  eflfoct  produced  by  A^  in  the  time  x. 

«"x 
and-p-  is  the  effect  produced  by  A^'  in  the  time  x. 

Therefore  y+-p-|-p-=E, 

Etf'r 

If  the  numbers  of  the  hist  (Question  are  substituted  in  this  formula  the 
result  137^Ui|>  is  obtained  from  it. 

69.  1st.  The  sum  of  two  numbers  is  13,  and  the  difference  of  their  squares 
39 ;  required  the  numbers  ? 
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Let  x=the  greater  number,  and  s^  its  square ; 
y=the  less  number,  and  y^  its  square. 

Then,  bj  die  question,  x+y=13 ; 
and  ;^--y«=39 ; 
a«-y«    39 

Butx+y=13; 
therefore  2x=16  and  a:=8=the  greater  number, 
2y:=10  and  y=5=the  less. 
Verification.    8+5=13';  8*— 5«=64— 25=39. 

2d.  The  sum  of  two  numbers  is  a,  and  the  difference  of  their  squares  d, 
required  the  numbers  ? 

Let  X  represent  the  greater  number,  and  y  the  less ; 
therefore,  by  the  question,  x*— y*=ft 

x+y=a ; 

whence  x— y=  -  ; 

h     a«+6'  a«+6 

. • ,  2x=a+-= ;  x=.    q-    =greater  number ; 

h     a«-ft  a«-ft    , 

2y=a— -=— ^  ;  y=-2^=less  number. 

Verification.    -^+-^^=:— =«. 


/a»+M*     /gg—ftx'    g*+2a' 
\2a/      Vao/"^         4< 


:«&+y     a*— 2a«5+y_  4fl«&_ 
4a*  4a*        ""  4a«  ""** 


70.  1st.  The  crown  of  Hiero,  king  of  Syracuse,  weighed  20  lbs.,  and  lost 
1-25  lb.  in  water.  Let  it  be  assumS  that  it  consisted  of  gold  and  silver 
only,  and  that  19'64  lbs.  of  gold  lose  1  lb.  in  water,  and  10'5  lbs.  of  silver  in 
like  manner  lose  1  lb. ;  how  much  gold  and  how  much  silver  did  this  crown 
contain? 

20— 1*25=18*75  lbs.=18flbs.= weight  of  the  crown  in  water. 

Let  x=the  quantity  of  gold  contained  in  the  crown ; 
y=the  quantity  of  silver. 

,^      1864X    466x         .,.-,,.      *.      , ,  . 
,     Then  TogT — "loT — ^^^g***  o*  *  '^'  ^^  8^1^  "*  water ; 

and  T^=2i  ~^®*8^*  ®^  V  ^^'  ^^  silver  in  water ; 

,_^         .      ^  .       466x  .  19y     ,^.     75 

Whence,  by  the  question,  "ioT+'oi  =     *=  4"' 

x+y=20. 
From  1st  equation,  39144x+37316y=773325. 
From  2d  equation,  37316x+37316y=746320. 

.  • .  by  substracti<Mtt,1828x=27005. 

.••x=-jg2g  =14-77 +lb8.=weight  of  gold; 

y=20— 14-77 +=5-22 +lbs.=weight  of  silver. 

2d.  An  alliage  of  two  metals.  A,  B,  which  weighs  p  pounds,  loses  a  pounds 
in  water.  Now  />  lbs.  of  A  lose  h  lbs.  in  water ;  and  p  lbs.  of  B  lose  c  lbs. ; 
how  many  of  the  p  lbs.  of  alliage  are  of  the  metal  A,  and  how  many  of  the 
metal  BP 

Let  x=the  number  of  pounds  of  the  metal  A ; 
y=        .  .  -  .  B; 

.;.x+y=;>  -  -  -  -     1 

X 
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Now  - — «=the  weight  in  water  of  p  lbs.  of  the  metal  A ; 

sad*- — x=the  weight  in  water  of  p  lbs.  of  the  metal  B ; 

p— 6        p—c 
Whence,  by  the  question,  *-—  x  -J-  *-—y:=zp^a  -  -    2 

From  equation  2,  (/>— 5)a:-f  (p— c)y=/>(p— a); 
and  from  equation  1,  (p — c)x4-(p — c)y=p(p— c) ; 

J,  by  subtraction,  (p— 6)x— (p— c)x=./>(p— a)— />(p— c) ; 

or  {c—Vyx^^pic—a) ; 

. • .  x=^  __.  "=weight  of  metal  A. 

Similarly,  from  equations  2  and  1, 

(p_c)y— Oi— %=p(p— a)— p(p— 5), 

and  y=  ^_g =weight  of  metal  B. 

To  resolve  the  first  problem  of  this  Article  by  these  formulsB, 

For  the  alliage,  d=20  ;  a=:l^; 

466  25      ^  500 

.         -   gold,  p=20 ;  fc=20-|gj   of  20=55j   of  20=^^  ; 

19  2  40 

-    silver,  />=20  ;   0=20—2^  of  20=2Y  o^  ^^=21 ' 

_(JJ— J)X20_1100     9140_1100     10811_567105 
•■•*—     4«— 5^    —  84  "*■  10311""  84   ^  9140  "•  88388 ' 
=14*77  4- =the  weight  of  gold. 

The  weight  of  silver  is  found  in  like  manner  from  the  formula 

,_(iW-»)x20 

9 —  goo AS.       • 

71.  1st.  Two  numbers,  composed  of  tens  and  units,  are  expressed  by  the 
same  figures ;  the  sum  of  the  two  figures  is  (z,  and  the  difference  of  the  num- 
bers h ;  what  are  the  numbers  ? 

Let  X  denote  the  figure  which  expresses  the  tens  of  the  first  number ; 
y        -        -        -  -  -  -  units  of  the  first  number. 

Therefore  y  denotes  the  figure  which  expresses  the  tens,  and  x  the  figure 
which  expresses  the  units,  of  the  second  number. 

Also  lOar+y  is  the  expression  of  the  first  number,  and  10^+^  the  expres- 
sion of  the  second. 
Now,  by  the  question,  a:-|-y=:a  ... 

and  lOar+y— (10y-|-x)=& ; 
or  9x— 9y=ft. 
But,  from  equation  1,  9x+9y=:9a ; 

9a+& 
.• ,  18a:=9a-|-ft  and  x=— Vg— =the  figure  which  expresses  the  ten  ; 

9a— & 
18y=9a— 5  and  y=    ,«    =the  figure  which  expresses  the  units. 

As  a  particular  case  of  this  problem,  let  a=8,  and  &=54 ; 

^  9x8+54    126    ^_^,    is  ^.  ,. 

Then  xr= — r^ — =  yg-=7s=uie  figure  which  expresses  the  tens ; 

9x8—54    18    ,      .     «  ...  ^        . 

and  y=  — ^,-g — =Yg=l=:the  figure  which  expresses  the  umts. 

Whence  Jg+^^jO^;+J=y  }the  numbers  required. 

Verification.    7+l=8=a; 
71-17=54=^ 


-     2 
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2d.  It  is  required  to  find  a  fraction  such  that  if  3  is  subtracted  from  its 
numerator  and  denominator,  the  value  is  ^ ;  and  if  5  is  added  to  its  numera- 
tor and  denominator,  the  value  is  ^  ? 

Let  X  denote  the  numerator  of  the  fraction  required ; 
y  the  denominator ; 

.  * .  ~  IS  the  expression  of  the  fraction. 

ar— 3 
Whence,  by  question,  — t|=|,  or  4a:— 12=y— 3    -        -        -     1 

ic-4-5 

f:fj^=h  ^^  2ar-|-  10=y +5 

Multiplying  equation  2  by  2,  4d;+ 20=2^+10 ; 

-  1  by  1,  4j— 12=y— 3  ; 

.'.by  subtraction,  32=y+13. 
Transposing,  y=32— 13=19=denominator  effraction, 

and,  from  equation  2,  x=*-2— =~-o — =7=numerator ; 

X     7 
therefore  -= jg=fraction  required. 

-.    ..      .         7-3      4      ^         ,7+5      12     , 
Verification.    igZTs^Te^i '^  ^^  Wf5=24r^' 

3d.  Find  two  numbers,  such  that  if  the  first  is  increased  by  a,  and  the 
second  by  6,  the  product  of  the  two  sums  shall  exceed  the  product  of  the  two 
numbers  themselves  bv  c ;  and  that  if  die  first  is  increased  by  o^,  and  ^e 
second  by  ft^,  the  product  of  these  simis  shall  exceed  the  product  of  the 
numbers  themselves  by  </. 

Let  X  denote  the  first  number,  and  y  the  second. 

Then  x+a,  x+a',  y+6,  y-f  y,  are  the  sums  described  in  the  question ; 

and,  by  the  question,  (x-f-a)(y+ft)  or  ary+ftx-f-ay-f-aft=xy+c ; 

(a:+aO(y+^0  or  xy+yx-^-aTy+a'b'^^xy^i/ ; 

.•.ix+ay4-fl&=c         -  -  -  -     1 

yx+flf'y-f-a'y=c'        -  -  -       -    2 

Multiplying  equation  1  by  t/y  c^bx-^-ac^y+o/t/b^^a^c 

2  by  a,    db'x'\-aely-\-ad}/'=^aif 
.'.by  subtraction  (a'&— flJ')x-f-aa'(^— ftO=^^*"^'» 

and  by  transposition  and  division  :r=^^"^^^^^"^>=  1st  number. 

Sunilarly,        -  -  -     y= nfb—cJ/ ^=2d  number. 

4th.  Three  parties.  A,  B,  C,  are  employed  to  excavate  a  diteh ;  A  and  B 
together  are  able  to  excavate  the  whole  m  12  days,  B  and  C  together  in  20 
days,  A  and  C  together  in  15  days ;  in  what  time  can  each  party  execute  the 
whole  work,  and  in  what  time  can  the  three  parties  finish  it,  working  all 
together  ? 

Kepresenting  the  whole  work  by  1,  and  assuming  that  the  party  A  can 
execute  the  whole  in  x  days,  the  party  B  in  y  days,  and  the  party  C  in  z 

days ;  then,  in  1  day  A  executes  -,  in  12  days  -— ,  and  in  15  days—    of  the 

12  20 

whole  work ;  in  like  manner  B  in  12  days  executes  — ,  and  in  20  days  —-  of 

the  whole  work ;  and  C  in  20  days  executes  ~,  and  in  15  days  ~  of  the 

whole  work ; 

X  2 
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12     19 

Whence,  by  tiiequestion^  — -H — =1,  or  12ar+12y=ay  -        -    1 

*      y 

20    20 
-+--  =1,  or  2<)y+2ar=yz  -        -     2 

y     * 

15     15 

---4"-=l.  or  15*-M52r=X2r  -         -     3 


12y  "I 

eq.l,   -    '=^:=::i2l   .    15g  _  \2y 

\5z    I'  V— 15     »— 12» 
rom  eq.  3,  a:=  j;;:3Y^  J 


From  _ 

or  15y«— 180«=12yx— 180y. 

and  from 


.*.  Syar-f  180y=1802, 
or     yz\-  60^=  60z. 
_  60z 

•'•y^z+eo       -       -       -       4 

But  from  equation  2,  y= JUgo        -        -         -        5 

GOz        20z 
.'.  from jequations  4,  5,  JXgo^z^^^ 

or  eOz*— 1200z=20z«+1200z 
or  60z— 1200  =20z  -f  1200 
or  40z=2400,  and  . ' .  z=60  days. 

^  20z  20x60    20x60    _  , 

^^^y'=^^::m   •••y=6o=2o=''4o~=^^^y^ 

15z  15x60     15X60_^^^ 

*°^*=i=i5    •"•*=60=45=~45^=^^^y^ 

In  the  formula  of  problem  2,  Article  68,  making  £=re=«^=e''=l,  /=20, 
/'zzSO,  /'^=60,  the  tmie  taken  by  the  three  parties  to  finiah  the  work,  when 
all  work  together,  is  given  by  the  expression 

20X30X60 36000  _36000_ 

30x604-20x60+20x80—1800+1200-1-600     3600 "^®    *^'' 
Whence  the  party  A  can  execute  the  work  in  20  ) 

B        -  -  ■       30 1,  ^ 

and  A,  B,  C,  together      -  -  -        10  J 

72.  Additional  examples : 

Ist.  What  number  is  that  of  which  the  half,  the  fifth,  and  the  seventh 
parts  are  together  equal  to  59? ....iiiw.  70. 

2d.  The  greater  of  two  numbers  is  equal  to  four  times  the  less^  and  the 
excess  of  the  greater  over  the  less  is  24 ;  required  the  two  numbers  ? 

Ans,  32  and  8. 

3d.  The  sum  of  237  a^.  is  to  be  divided  between  two  persons  in  such  a 
manner  that  the  one  shall  receive  1  £.  5  sh.  as  often  as  the  ouier  receives  1  £. ; 
what  is  the  share  of  «ach  ? 

Ana.  The  1st.  131  £,  13sh.  4d.;  the  2d.  105 £.  6sh.  8d. 

4th.  If  A  and  B  have  between  them  1200 £.,  A  and  C  1400£.,  B  and  C 
1500 if?.;  how  much  has  eachP.... Ans,  A  has  550 £.,  B  650^.,  C  850 £. 

5tii.  A  common  of  864  acres  is  to  be  divided  among  three  land-owners, 
A,  B,  C,  so  that  A*s  shiure  shall  be  to  B's  as  5  to  11,  and  that  C  shall  receive 
as  much  as  A  and  B  together.    Required  the  share  of  each  ? 

Am,  A*s  share  is  135  acres ;  B's,  297  acres ;  CTs,  432  acres. 

6th.  Two  purses  together  contun  300  sovereigns,  and  if  30  sovereigns  axe 
taken  out  of  the  first  purse  and  put  into  the  second  there  is  the  same  number 
in  each ;  how  many  sovereigns  are  contained  in  each  purse  ? 

Am,  180  in  the  first ;  120  in  the  second. 

7tlL  The  rent  of  an  estate  is  greater  by  8  per  cent  this  year  than  it  was 
last  year.    This  yearns  rent  is  1890  £, ,-  what  was  last  year*s  ?...  Am,  1750  i^ 
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8th.  A  gamester  lost,  first,  the  6th  part,  and,  second,  the  10th  part  of  a 
certain  sum  of  mone^;  he  then  gained  the  third  part  of  the  same  sum. 
Supposing  that  his  gam  exceeded  his  loss  bj  3  £.,  what  was  the  sum  ? 

Atu.  45  £. 

9th.  A  company  of  90  persons  consists  of  men,  women,  and  children ;  the 
men  are  4  in  nimiber  more  than  the  women,  and  the  children  exceed  the 
number  of  men  and  women  hy  10.  How  many  men,  women,  and  children 
are  there  in  the  company? An8,  22  men,  18  women,  and  60  children. 

10th.  A  traveller  with  42  £.  in  his  pocket  foimd  that,  after  paying  out  of 
this  sum  the  expenses  of  his  journey,  he  had  three  times  as  much  money  left 
as  he  had  spent;  what  sum  had  he  spent? Atu.  10 £.  lOsh. 

lltb.  A  labourer  is  engaged  for  48  days  on  the  foUowin^  conditions :  for 
every  day  on  which  he  works  he  is  to  receive  2  sh.  and  his  board,  but  for 
every  day  on  which  he  does  not  work  he  is  to  pay  1  sh.  for  his  board.  If  at 
the  close  of  his  engagement  he  receives  2  :^.  2  sh.,  on  how  many  days  must  he 
have  worked,  and  on  how  many  has  he  been  idle  ? 

Ans,  He  has  worked  30  days,  and  has  been  idle  18  days. 

12th.  In  the  last  question,  let  n  =  the  number  of  days  of  the  engagement, 

a  the  allowance  for  each  day^s  work,  b  the  charge  for  board  on  idle  days, 

c  the  sum  received  at  the  close  of  the  engagement ;  what  are  the  expressions 

for  the  number  of  working  and  of  idle  days  ? 

A       rm  1.1  C'\'bn     -     , ,,    _  an— c 

Ans,  The  working  days  :=       ,  ,  ;  the  idle  days  =      .  »  . 

13  th.  The  sum  of  three  numbers  is  70 ;  and  if  the  second  is  divided  by  the 
first  the  quotient  is  2  and  the  remainder  1 ;  but  if  the  third  is  divided  by  the 
second  the  quotient  is  3  and  the  remainder  3.    What  are  the  numbers  ? 

Ans,  7,  15,  and  48. 

14th.  A  banker  receives  yearly  2940  £.  for  money  lent  at  interest ;  four 
fifths  of  the  money  is  lent  at  4  per  cent,  per  annum,  and  one  fifth  at  5  per 
cent.     How  much  money  has  he  lent  at  interest? Ans.  70000  £, 

15th.  A  person  lends  5500  £.  at  4  per  cent,  per  annum  simj^le  interest,  and 
4  J  years  afterwards  8000  £,  at  5  per  cent,  per  annum  simple  mterest.  If  he 
leave  these  two  sums  constantly  at  interest,  in  how  many  years  (reckoning 
fh)m  the  time  of  lending  the  5500  £.)  will  he  have  drawn  the  same  interest 
from  each? Ans,  10  years. 

16th.  Two  canal  boats  are  despatched  from  the  same  place,  the  first  at 
6  o'clock  in  the  morning,  the  other  at  4  in  the  afternoon ;  the  first  goes 
4  miles  an  hour,  the  second  9.  How  many  hours  will  the  second  boat  take  to 
overtake  the  first? • ..,.,.An8,  8  hours. 

17th.  In  question  16,  if  n  hours  =  the  interval  between  the  starting  of 
the  boats,  a  miles  the  rate  of  the  first  boat  per  hour,  b  miles  the  rate  of  the 
second ;  what  is  the  expression  for  the  time  taken  by  the  second  boat  to 

overtake  the  first? Ans.  ^^^  hours. 

6— a 

18th.  The  garrison  of  a  town  threatened  with  siege  abandoned  the  town, 
and  retreated  at  the  rate  of  27  miles  per  day.  Two  days  afterwards  a  corps 
was  sent  in  pursuit,  with  orders  to  overtake  the  fugitives  in  6  da^s.  How 
many  miles  per  day  must  the  second  party  march  to  accomplish  their  orders  ? 

Ans,  36  miles. 

19th.  From  the  first  of  two  mortars  in  a  battery  36  shells  are  thrown  before 
the  second  is  ready  for  firing.  Shells  are  then  thrown  from  both  in  the 
proportion  of  8  from  the  first  to  7  from  the  second ;  the  second  mortar 
requiring  as  much  powder  for  3  charges  as  the  first  does  for  4,  it  is  required 
to  determine  after  how  many  discharges  of  the  second  mortar  the  quantity 
of  powder  consumed  by  it  is  equal  to  the  quantity  consumed  by  the  first? 

Ans,  189  discharges  of  the  second  mortar. 

20th.  The  fore  wheels  of  a  carriage  are  5^  feet,  and  the  hind  wheels  7^  feet 
in  circumference ;  the  fore  consequently  turn  round  once  for  every  5^  feet 

X  a 
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and  the  hind  wheels  onoe  for  erery  7^-  feet  of  the  road  passed  oyer.  Suppose 
that  the  difiference  of  the  number  of  revolutions  of  the  wheels  is  determined 
by  a  mechanical  contrivance,  and  that,  during  a  certain  journey,  this  dif- 
ference is  2000 ;  what  is  the  length  of  the  journey  P 

Am.  39900  feet,  or  7f|  miles. 

2l8t.  J£  the  circumference  of  the  fore  wheels  is  a  feet,  that  of  the  hind 

wheels  b  feet,  and  the  excess  of  the  nimiber  of  revolutions  of  the  fore  over 

the  hind  wheels  n ;  what  is  the  expression  of  the  distance  travelled  ? 

abu 
Ans,  r-T  feet 


fo; 


22d.  A  wine  merchant  has  a  pipe  of  wine  (126  gals.)  which  he  cannot 
sell  for  less  than  15  sh.  per  gallon ;  his  customers  do  not  wish  to  pay  more 
than  12  sh. ;  how  much  water,  then,  must  he  add  to  the  pipe  so  as  to  be 
enabled  to^sell  the  mixed  wine,  without  gain  or  loss,  at  12  sh.  a  jgallon  ? 

Ans,  31^  gals. 

23d.  A  draper  has  a  quantity  of  broad  cloth,  by  selling  which  at  30  sh. 
per  yard  he  gains  6  £.,  but  if  he  sells  it  at  22  sh.  per  yard  he  loses  15  £,  on 
the  whole  quantity ;  what  are  the  number  of  varas  and  the  prime  cost  per 
yard  ?....ilfM.  The  number  of  yards  is  50,  and  tne  prime  cost  per  yard  26  sh. 

24th.  An  architect  engages  a  certun  number  of  masons ;  he  finds  that  by 
iving  each  m  sh.  a  day,  he  expends  a  sh.  per  day  less  than  the  sum  allowed 
or  this  purpose  by  the  estimate ;  but  that  if  he  gives  each  n  sh.  per  day  he 
exceeds  the  allowance  b^  b  sh.  daily;  what  are  the  number  of  masons 
engaged,  and  the  fixed  daily  wages  of  each  ? 

Ans.  The  number  is  - — -,  and  the  daily  wages  of  each  -— — — -  sL 

Jl— III  ^      ^  »— tw 

25th.  A  person  has  500  coins,  consisting  of  sovereigns  and  shillings ;  the 
value  of  the  500  is  334  £.  14  sh. ;  what  number  has  he  of  each  coin  f 

Ans.  326  sovs.  and  174  sh. 

26th.  A  and  B  have  between  them  570  £. ;  if  A*s  money  were  3  times 
and  B*8  5  times  as  great  as  each  really  is,  they  would  have  together  2350  £. 
How  much  has  each  ?... Ans.  A  has  250 £.,  B  320 £. 

27th.  A  and  B  jointly  have  a  fortime  of  9800  :i&. ;  A  invests  the  sixth  part 
of  his  property  in  the  funds,  and  B  the  fifth  part  of  his,  and  still  each  has 
the  same  sum  remaining.    How  much  has  each  ? 

Ans.  AhM4S00£.,B  5000  £. 

28th.  There  is  a  fraction  such  that  if  1  is  added  to  the  numerator  its  value 
is  ^  and  if  1  is  added  to  the  denominator  its  value  is^.  What  fraction  is  it? 

Ans.^ 

29th.  A  wine  merchant  has  two  sorts  of  wine ;  if  he  mix  3  eals.  of  ue 
best  and  5  ^s.  of  the  worst,  he  can  sell  the  mixture  at  17  sh.  1  d.  per  gal. ; 
but  if  he  mix  3f  gals,  of  the  best  with  74  gals,  of  the  worst,  he  can  sell  the 
mixture  at  as  low  a  price  as  16  sh.  8  a.  per  gal.  What  is  the  price  pear 
gallon  of  each  sort  of  wine  P 

Ans.  The  best  I  £.3  sh.  4d.  per  gal.,  the  worst  13  sh.  4  d.  per  gaL 

30th.  37  lbs.  of  tin  lose  5  lbs.  in  water,  and  23  lbs.  of  lead  lose  2  lbs.  in 
water;  a  composition  of  dn  and  lead  weighing  120 lbs.  loses  14 lbs.  in  water. 
How  many  lbs.  does  this  composition  contain  of  each  metal  ? 

Ans.  74  lbs.  of  tin,  and  46  lbs  of  lead. 

31st.  Find  two  numbers  whose  difference  is  to  their  sum  as  2  to  3,  and 
whose  sum  is  to  their  product  as  3  to  5? Ans.  2  and  10. 

32d.  Find  three  numbers  such  that  the  sum  of  the  first  and  second  shall  be 
56,  the  sum  of  the  second  and  third  100,  and  the  sum  of  the  first  and  third 
SOP Ans.  18,  38,  and  62. 

33d.  The  sums  of  three  numbers,  taken  two  and  two,  are  a,  &,  c.  Required 
the  expressions  of  the  numbers  ? Aw.  ?i±Zf ^   «±«jr*^   *±|=?. 
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d4th.  Given  the  value  of  24  qrs.  of  wheat,  9  qrs.  of  rye,  and  15  qrs.  of 
barley=36£.  Hsh. ;  the  value  of  9  qrs.  of  wheat,  30  qrs.  of  rye,  and  21  qrs. 
of  barley=40£.  12  sh. ;  and  the  value  of  18  qrs.  of  wheat,  27  qrs.  of  rye,  and 
39  qrs.  of  barley=56  £.  10  sh. ;  to  find  the  price  of  a  quarter  of  each  kind 
of  grain  ? ^im.  Wheat  18  sh.  8  d.,  barley  14  sh.,  and  rye  10  sh.  8  d.  per  qr. 

35th.  A  cistern  is  filled  by  3  pipes,  A,  B,  C ;  the  pipes  A,  B  together  fill 
the  cistern  in  70  minutes ;  A,  C,  together,  in  84  minutes ;  B,  C,  together,  in 
140  minutes.  In  what  time  will  each  pipe  fill  the  cistern,  and  in  what  time 
will  it  be  filled  if  all  three  pipes  are  open  ? 

Ans.  By  A  in  105  min.,  by  B  in  210  min.,  by  C  in  420  min.,  and 

by  A,  B,  C  together  in  60  min. 

36th.  Supposing  that  32  lbs.  of  sea  water  contain  1  lb.  of  salt,  how  much 

fresh  water  must  he  mixed  with  these  32  lbs.  in  order  that  32  lbs.  of  the  mixture 

may  contain  only  2  oz.  of  salt,  or  |  of  the  former  quantity  ? Ans.  224  lbs. 

37th.  A  number  is  expressed  by  3  figures ;  the  sum  of  the  fibres  is  13 ; 
the  figure  which  expresses  the  simple  units  of  the  number  is  triple  the  figure 
which  expresses  the  hundreds ;  and  if  396  is  added  to  the  number  the  sum 
is  the  number  reversed.    Required  the  number  ? Ans,  256. 

38th.  Three  brothers,  A,  B,  C,  buy  a  house  for  2000  i?.;  C  can  pay  the 
whole  price  if  B  give  Imn  half  of  his  money ;  B  can  pay  the  whole  price  if 
A  give  him  one  third  of  his  money ;  A  can  pay  the  whole  price  if  C  give 
him  one  fourth  of  his  money.    How  much  has  each  ? 

Ans.  A  1680;^.,  B  1440  ;£.,  C  1280  £. 

d9th.  A  silversmith  has  three  bars  composed  of  silver,  copper,  and  tin  mixed 
m  different  proportions.  The  pound  (avoirdupois)  of  the  first  bar  contains 
7  oz.  of  silver,  3  oz.  of  copper,  and  6  oz.  of  tm ;  the  pound  of  the  second 
contains  12  oz.  of  silver,  3  oz.  of  copper,  and  1  oz.  of  tin ;  and  the  poimd  of  the 
third  contains  4  oz.  of  silver,  7  oz.  of  copper,  and  5  oz.  of  tin.  How  much 
of  each  of  these  3  bars  must  be  taken  to  iorm  a  fourth,  the  pound  weight  of 
which  shall  contain  8  oz.  of  silver,  3|  oz.  of  copper,  and  4^  oz.  of  tin  ? 

Ans,  8  oz.  of  the  first  bar,  5  oz.  of  the  second,  and  3  oz.  of  the  third. 

40th.  A  father  leaves  his  property  to  be  divided  among  his  three  children 
in  the  following  manner :  the  first  b  to  receive  the  sum  a,  plus  the  nth  part  of 
the  remainder ;  the  second  is  to  receive  the  sum  2a,  plus  the  nth  part  of 
what  remains  after  the  subtraction  of  the  first  part  augmented  by  2a ;  the 
third  is  to  receive  the  sum  3a,  plus  the  nth  part  of  what  remains  after  the 
subtraction  from  the  property  of  the  first  part  plus  the  second  part  plus  3a ; 
the  property  is  thus  entirely  divided.    What  is  its  value  ? 

a(6««-4n+l) 


Ans, 


n*— 2n-|-l 


Of  the  Intebpretatiok  of  Negative  Results  in  Equations 

AND  PbOBLEMS  of  THE  FlRST   DeGBKE. 

73.  The  employment  of  algebruc  symbols  in  the  resolution  of  problems 
leads,  in  some  instances,  to  remarkable  results. 

These  are  most  intelligibly  illustrated  and  explained  through  the  medium 
of  examples. 

Let  it  be  supposed,  therefore,  that  a  workman  was  employed  13  days  in 
summer  at  certam  wages,  and  17  davs  in  winter  at  2  sh.  less  per  dav  than 
in  summer ;  that  in  summer  he  forfeited  22  sh.  for  waste  of  materials,  and 
in  winter  received  28  sh.  for  extra  work,  and  that  he  each  time  received  the 
same  sum ;  and  let  it  be  required  from  these  conditions  to  find  the  workman's 
day*s  wages  in  summer  ? 

To  resolve  the  question. 

Let  xBh.=the  day*8  wages  in  summer ; 

.• ,  X— 2  sh.=the  day's  wages  in  winter : 

X  4 
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Also  13a;  sh.= wages  of  13  days  at  xsh.  per  day ; 

13z— 22  8h.=8am  received  in  summer ; 

17(x— 2)=17x— d48h.=wages  of  17  days  at  x — 2  ah.  per  day^ 

and  17x— 34-f  28  or  17ar— 6=8um  received  in  winter. 

But,  by  the  question,  these  sums  are  equal : 

Transpoaing,  17dr— iar=6— 22, 
or  4a:=:— 16, 

•  •  *"~     4  ~*    4. 

The  result  which  is  obtained,  namely,  that  the  workman's  day's  wages  in 
summer  is  —4  sh.,  has  no  intelligible  meaning. 

It  is  to  be  inferred  from  this  result,  which  is  termed  a  N^ative  solution, 
that  the  enunciation  of  the  problem  contains  impossible  conditions. 

It  is  evident,  from  Article  47,  that  the  changes  which  are  made  to  obtain 
the  equation  x:=— 4  from  the  equation 

17(a:— 2)-f28=13x— 22, 
cannot  alter  the  value  of  the  unknown  quantity.    Now  the  equation  x= — 4 
is  verified  by  substitutine  — 4  for  jr  (since— 4= —4),  and  cannot  be  verified 
by  any  other  number;  ttierefore  the  equation  17(a:— 2)+28=13x--22  can 
alj90  be  verified  by  this  value  alone,  of  ar. 

Kow,  if  there  exists  a  value  of  x  which  answers  the  question,  this  value 
ought  of  necessity  to  verify  equation  1 ;  and  since  the  verification  cannot  be 
made  but  by  a  negative  value,  it  is  to  be  concluded  that  the  question  is 
impossible. 

But  since  the  negative  value  x^ — 4  verifies  equation  1,  which  is  the 
immediate  expression  of  the  conditions  of  the  problem ;  that  is, 

since  17(x— 2)-f  28=13(x)— 22        -         1 
or  17(— 4— 2)+28=13(— 4)— 22       -       2 
if  a:  is  replaced  in  equation  1  by  — ar,  it  becomes 

17(— X— 2)-f28=13(— x)— 22       -       3 

and  since  x=:— 4,  and  consequently  — x=4,  it  is  evident  that  the  sub- 
stitution of  — 4  for  X  in  equation  1,  and  the  substitution  of  4  for  — x  in 
equation  3,  must  give  precisely  the  same  result. 

Therefore,  since  equation  1  ought  to  be  verified  by  the.  value  x= — 4, 
equation  3  must  be  verified  by  the  value  x=4.  Hence  every  question  whose 
enunciation  is  expressed  by  equation  3  will  have  for  solution  x=4. 

But  as  it  is  absurd  to  suppose  a  question  which  leads  to  an  equation  con- 
taining only  negative  quantities  in  its  second  member,  it  becomes  necessary 
to  change  all  the  signs  of  equation  3,  and  to  write  it  thus, 

17(x+2)— 28=13x-f22  -  4 

In  order,  therefore,  that  the  question  proposed  may  have  the  solution 
x=4,  it  is  sufficient  to  modify  its  enunciation  in  such  a  manner  that  the 
workman's  day's  wages  in  winter  may  be  2  sh.  greater  than  in  summer ;  that 
the  siun  gained  in  the  13  days  of  summer  may  be  augmented  by  22  sh.,  instead 
of  being  diminished  by  that  sum ;  and  that  the  sum  gained  in  the  17  days 
of  winter  may  be  dimmished  by  28  sh.,  instead  of  being  augmented  by  that 
sum. 

With  these  changes,  the  question  is 

A  workman  was  employed  13  days  in  summer  at  certain  daily  wages,  and 
17  days  in  winter  at  2  sh.  a  day  more  than  in  summer.  In  summer  he  re- 
ceived a  gratuitv  of  22  sh.  for  extra  work,  and  in  winter  forfeited  28  sh.  for 
Waste  of  materials.  Each  time  he  received  the  same  sum.  What  were  his 
daily  wages  in  summer  ? 

It  is  evident  that  the  question,  thus  changed,  leads  to  equation  4,  which 
admits  the  same  value,  x=4,  as  equation  3 ;  consequently,  this  value  resolves 
the  question  in  the  precise  sense  of  the  new  enunciation. 
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It  b  to  be  especially  noticed  that  the  known  quantities  of  the  first  enun- 
ciation have  remained  without  alteration  of  absolute  value  in  the  new ;  only 
some  of  them  which  at  first  were  additive  have  been  rendered  subtractive, 
and  conversely. 

In  general,  if  the  enunciation  of  a  problem  requires  that  the  unknown 
quantity  x  shall  have  a  positive  value,  and  the  equation  gives  a  negative 
value,  r= — a,  it  is  to  be  concluded  that  the  problem  is  impossible. 

To  rectify  the  enunciation,  x  is  replaced  in  the  equation  by  — x  (by  which 
means  the  signs  of  certain  terms  are  changed),  and,  without  altering  the  data, 
the  manner  of  regarding  them  is  modified  in  such  a  manner  that  t£e  changes 
of  signs  of  the  equation  correspond  exactly  to  this  modification. 

Then  it  is  certain,  without  resolution  of  the  new  equation,  that  the  positive 
value  x=^€Lt  corresponds  to  the  new  enimciation,  unless  it  involves  some  con- 
ditions which  are  not  expressible  by  an  equation ;  as,  for  example,  that  the 
unknown  quantity  shall  be  a  whole  number. 

In  conclusion,  this  rectification  may  be  made  in  many  different  ways ;  but 
it  is  always  necessary  to  model  the  new  as  exactly  as  possible  after  the 
primitive  enimciation. 

74.  Two  couriers.  A,  B,  who  travel  uniformly,  A  at  the  rate  of  10  miles, 
and  B  at  the  rate  of  8  miles  an  hour,  start  at  the  same  time  for  London 
from  Newcastle  and  York ;  the  distance  of  Newcastle  frt)m  London  being  270 
miles,  and  of  York  from  London  190  miles,  it  is  required  to  find  at  what  point 
in  the  rood  A  overtakes  B  ? 


I  i  ill 

NY  P  L  F 

Suppose  that  A  overtakes  B  at  F,  and  make  FL=:r, 

Then,  at  P,  A  has  travelled  270— ;r  miles, 

and  B  -  190— a:  miles. 

270— a? 
Since  A  traveb  10  miles  an  hour,  he  takes  — tq —  hours  to  travel  270— x 

miles; 

190 — X 
And,  in  like  manner,  B  takes  — g —  hours  to  travel  190— x  miles  at  the 

rate  of  8  miles  an  hour. 

As  A  and  B  start  at  the  same  time,  the  number  of  hours  denoted  by 

2^Q ^  190 X 

— 7q —  must  be  equal  to  the  number  denoted  by  — g — . 

^       ^      270— X     190— X 

Therefore  — jq — = — g —        -        -      1 

or  1080— 4x=950— 5x; 

Transposing,      5x—4x=  950— 1080, 

orx=— 70.      » 
The  answer  is  negative ;  and  yet,  since  A,  who  is  behind  B  at  starting, 
travels  two  miles  an  hour  faster  than  B,  A  must  overtake  B,  if  both  proceed 
far  enough. 

In  forming  the  equation,  it  is  assumed  that  A  overtakes  B  between  York 
and  London ;  and  m  this  assumption  exists  the  absurdity  which  is  pointed 
out  by  ihe  negative  result. 

For  the  purpose  of  avoiding  this  absurdity  it  is  necessary  to  indicate  as 
the  place  of  meeting  some  point,  P',  beyond  L ;  then  making  LF'=x,  the 
equation  to  be  resolved  is 

270-hx     190-fa: 

^l0~-"      8  -  -         2 

270-(-x)_190-(-x)       , 
^'         10         ""  8 
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^  Equation  d  \b  equation  1,  with  — «  substituted  for  x;  there^sre,  since  equa- 
tion 1  is  satisfied  by  the  value  z=— 70,  ec^uation  2  must  be  satisfied  bj  the 
value  07=70  (Art.  73).  In  this  manner  it  is  found  that  the  place  whone  A 
overtakes  B  is  70  miles  beyond  London. 

Hence  it  follows  that  equation  1  gives  the  solution  of  the  problem,  pro- 
vided the  negative  value  of  x  is  carried  along  the  production  of  the  line 
NYL ;  that  is,  on  the  side  of  L  opposite  to  that  on  which  it  was  first  assumed 
to  be  situated. 

The  distance  YP  may  be  taken  as  x;  then  to  obtain  PL  it  becomes 
necessary  to  subtract  YF  from  YL.  If  the  remainder  is  negative,  this  arises 
from  the  circumstance  that  the  place  in  which  A  overtakes  B  is  a  point,  P', 
situated  beyond  L,  at  a  distance,  LP",  equal  to  the  renuunder  taken 
additively. 

75.  Two  couriers  start  at  the  same  time  firom  two  towns  situated  on  tiie 
same  road  along  which  they  travel.  The  distance  between  the  two  towns 
and  the  number  of  miles  travelled  in  the  hour  by  each  courier  are  known, 
and  hence  it  is  required  to  find  the  place  of  their  coming  together  ? 

I         5         i         6 

Expressed  thus,  the  question  presents  two  distinct  cases : 

1st.  That  in  which  the  couriers  go  in  the  same  direction. 

2d.  That  in  which  they  go  in  opposite  directions. 

1st.  Let  one  courier  start  from  A,  the  other  from  B ;  let  both  proceed  in 
the  same  direction  from  A  to  C,  and  suppose  that  P  is  the  place  where  the 
courier  from  A  overtakes  the  courier  from  B. 

Also,  let  d  denote  the  ^ven  distance  AB; 

fit  the  number  of  miles  travelled  per  hour  by  the  courier  from  A, 
m  --■-«•      B, 

X  the  unknown  distance,  AP,  gone  by  the  courier  from  A  before  he  over- 
takes the  courier  from  B.  Then  the  distance  travelled  by  the  courier  from 
B  is  AP— AB,  or  x—d. 

Dividing  x  by  m,  —  expresses  the  time  taken  by  the  courier  from  A  to 

reachP; 

And  dividing  x—d  by  m\  — j-  expresses  the  time  taken  by  the  courier 

tn 

from  B  to  reach  P. 
The  times  being  the  same, 

X  ^x—d    ...  I 

f»       m'      " 

.  • ,  m^x=imx^md. 

Transposing,    mx—m'x^md^ 

,  md 

and  *=— — -7. 


tn — m 

2d.  Let  the  couriers,  startmg  at  the  same  time,  one  from  A,  the  other  from 
B,  advance  to  meet  each  other ;  and  let  the  place  of  meeting  be  P. 
Adopting  the  notation  of  the  first  case, 

i        5        I 

and  observing  that  if  AP=x,  K»=rf— x,  the  two  equivalent  expressions  of 
tune  are 

X     d^^x  X     d^^x 

m'    "Sr-     Therefore  -=— -r-     ^    -    2 
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Eqnation  3  diffen  from  equation  1  in  respect  only  that  iri  is  replaced  by 

— jrt';  for  in  ^^^^  replace  m'  by  — ro'  then, 
m 

— wi        m 

Whence  equation  1  is  sufficient  for  the  solution  of  both  cases  of  the 
problem,  provided  it  b  agreed  to  regard  the  rate  of  travelling  per  hour  of 
the  courier  from  B  as  enanging  its  sign  when  the  direction  in  which  the 
courier  travels  is  changed. 

From  the  remarks  on  case  2,  it  appears  that  with  the  help  of  n^ative 
quantities  may  be  expressed  by  a  single  equation,  and  consequently  m  one 
formula,  many  cases  of  the  same  question,  each  of  which  would  at  first 
appear  to  require  a  distinct  solution. 

For  this  reason  n^ative  quantities  are  constantly  employed  in  algebraic 
investigations. 

76.  It  is  not  possible  to  include  under  any  general  description  the  class 
of  questions  in  which  the  solution  of  one  case  ma;^,  by  a  .change  of  signs,  be 
made  to  include  other  cases ;  but  all  questions  m  which  it  is  necessary  to 
consider  two  or  more  cases  which  diner  from  each  other,  in  respect  that 
quantities  which  are  additive  for  one  or  more  cases  are  subtractive  for 
another  or  otiiers,  are  comprehended  in  it. 

Such  are  questions  in  which  the  same  letter  is  to  be  regarded  as  represent- 
ing a  quantity  positive  or  negjative,  according  as  it  expresses  a  gain  or  a  loss, 
a  motion  in  one  direction  or  m  a  contrary  mrection,  distance  on  die  right 
of  a  fixed  point  or  on  the  left,  &c.  &c. 

The  conclusions  to  be  deduced  from  Articles  73,  74,  and  75  are, 

1st.  The  negative  value  of  an  unknown  quantity  ma^r  indicate  an  impos- 
sible condition  in  the  enunciation  of  a  question.  If  so,  it  is  sufficient  in  this 
enunciation  to  give  contrary  meanings  to  certain  of  the  quantities,  to  remove 
the  impossibility;  and  the  negative  value  before  obtained,  being  taken 
positivdy,  will  give  the  solution  of  the  amended  question. 

2d.  Tne  negative  value  of  an  unknown  quantity  may  also  indicate  an 
erroneous  supposition ;  and  in  this  case  it  ^ives  the  solution  of  the  question, 
provided  the  quantity  which  it  represents  is  taken  with  a  meaning  contrary 
to  that  which  had  been  at  first  given  to  it.       ^  ^ 

dd.  If  certain  quantities  are  considered  positive  or  negative,  according  as 
they  are  taken  to  nave  one  meaning  or  another  meaning  directly  contrary, 
the  different  cases  of  tiie  same  question  may  be  combined  in  a  single  equation 
or  in  one  formula. 

Example.  A  father  is  45  years  of  ase,  his  son  is  15 ;  in  how  many  years 
will  the  age  of  the  son  be  one  fourth  of  the  age  of  the  father  ?  The  answer 
—5  shows  that  five  years  ago  the  age  of  the  son  was  one  fourth  of  the  age 
of  the  father. 

In  efiect  15—5=10;  45—5=40. 

10=i  of  40. 

Of  Impossibilxtt  and  Indetebmination  in  Equations  and 

PbOBLEMS  of  THE   FXBST   DEGREE. 

77.  Problem  1.  It  is  required  to  find  a  number  such  that  4  of  it  auff- 
mented  by  75,  plus  ^  of  it  diminished  by  35,  may  be  equal  to  f  of  it 
augmented  by  49  ? 

Let  X  denote  the  number ;  then,  by  the  question, 

X  5x  3r 

3H-75+j2-35=-^-h49    -     -    1 

Transposing,  §+ i^—T  =49—75+35=9. 

Clearing  fractions,  Ax + 5jr— 9x=  1 08, 
or  0=108. 
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This  result,  0=108,  being  manifestlj  absard,  it  foUows  that  no  value  of 
X  can  Terifj  equation  1,  and,  by  consequence,  that  none  can  satisfy  the 
question. 

For  this  reason  the  denomination  of  absurd  or  impossible  is  applied  to 
the  equation  and  the  question. 

The  impossibility  may  be  rendered  apparent  in  equation  1  by  reducing 
the  like  terms  of  its  first  member ; 

X    6x    Ax     6x    9x    3x 

X  5x  Sx 

.•.3+M+i2-85=4-+40. 

ike  Sx 

Whence  ^+40=^+49. 

Consequently  the  two  members  must  always  differ  by  9,  whatever  may  be 
the  value  assi^ed  to  x. 
This  impossibility  is  very  different  from  that  of  Article  73. 

The  question  or  that  Article  was  impossible,  not  because  the  value  of  x 
failed  to  verify  the  equation,  but  because  it  was  negative,  and  the  question 
excluded  a  negative  value ;  but  in  the  present  question  the  impossibility  is 
absolute,  for  no  quantity  of  any  kind  can  give  the  equality  which  is  estab- 
lished by  its  enunciation. 

78.  Problem  2.    It  is  required  to  find  a  number,  x,  such  that  K'+IO) 

The  equation  of  the  problem  is, 

x+10     2(a:+20)     5(x-34) 

~2~~+ 8 ■*■ 6        -2(x-5)     .     -     1 

.-.  3*+80+4r-f  80-h5x— 170=12x— 60. 
Transposing,  3x-f  4rH-5x— 1 2x=  170—80—80—60,  or  0=0. 
To  explain  this  result,  let  the  first  member  of  equation  1  be  reduced  to 
the  most  simple  form ;  it  is 

ar-f30+4x+80-f5x— 170         12ar— 60        ^       ,^        ^,       ^^ 
-—^ — ^ — ,  or Q — ,  or  2ar— 10,  or  2(x— 5). 

£c[uation  1  is  thus  reduced  to  2(x— 5)=2(x— 5^,  an  expression  in  which 
if  X  is  replaced  by  any  number  whatever  the  equation  is  verified. 

Whence  equation  1  is  an  equality  which  subsists,  whatever  be  the  value 
of  X. 

In  all  such  cases  the  equation  and  the  question  firom  which  it  is  deduced 
are  called  Indeterminate. 

79.  Problem  3.  It  is  required  to  find  two  numbers  such  that  one  half  of 
the  first  may  be  equal  to  one  third  of  the  second  plus  5,  and  the  second 
equal  to  three  times  one  half  of  the  first  less  5  ? 

X      V 

Let  X  represent  the  first  number,  y  the  second,  then  o=q+^  (1)  ft&d 

3x 
y=-^— 5  (2)  are  the  equation9  of  the  problem. 

Substituting  in  the  1st  equation  the  value  of  ^,  which  is  given  by  the  2d» 

a:_l/3x      \ 

2--3V2      y+^' 

^    *    ^  1  « 
or  2=2""3"*-^ » 

.•.3x=8x— 10+80, 

3x— 8x=dO— 10, 

and  .'.0=20. 
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From  this  absurd  result,  0=20,  it  is  evident  that  no  values  of  or,  y  can 
satis^  the  two  equations ;  consequently  the  problem  must  involve  impossible 
conditions. 

Considering  eauations  1  and  2  individually ; 
The^first,  by  clearing  fractions  and  transposing  terms,  becomes 

3a:— 2y=:30, 
and  the  second  3x— 2y=10. 

The  question  therefore  requires  that  the  same  quantity,  3x — 2y,  shall  be 
equal,  first,  to  30,  and  second,  to  10,  which  is  impossible. 

Each  of  the  equations,  3j;— 2y=30,  3x— 2v=10,  taken  singly,  is  possible, 
and  susceptible  of  an  indefinite  nimiber  of  soludons ;  but  the  two  conditions 
of  the  proolem  cannot  coexist. 

Conditions  such  as  these,  and  also  the  equations  by  which  they  are 
expressed,  are  said  to  be  Contradictory  or  Incompatible. 

Let  the  problem  under  consideration  be  changed  to  this :  find  two  num- 
bers such  that  one  half  of  the  first  shall  be  equal  to  one  third  of  the  second 
plus  5,  and  the  second  equal  to  three  times  the  half  of  the  first  less  15. 

Ihe  equations  of  this  problem  are, 

X    y 

3j? 

y=2— 15    ...    2 
Substituting  in  equation  1  the  value  of  y,  given  by  equation  2, 

X     X 
X      X 

or  0=0. 

Consequently  the  two  equations  are  indeterminate  (Art.  78). 

This  conclusion  may  be  deduced  from  equations  1  and  2,  by  removing 
the  denominators,  and  transposing  both  the  unknown  quantities  to  the  first 
members  of  the  equation. 

For  since  o—f+^j  Since   y=-5~15, 

3a:=2y-f30,  2y=ar— 30, 

and  3x— 2y=30.  and  3z— 2y=30. 

Whence  equations  1,  2,  being  reducible  to  the  sinsle  equation  Sx — 2y=30, 
it  follows  that  the  two  conditions  indicated  in  the  enunciation  differ  in 
i^ipearanoe  only. 

The  two  e(]^uations,  therefore,  as  well  as  the  problem  firom  which  they  are 
deduced,  are  mdetemunate. 

80.  The  preceding  problems  illustrate  the  cases  of  exception  mentioned  in 
Article  67. 

In  all  cases  of  exception  the  results    express  either  impossibility  or- 
indetermination. 

To  establish  this  proposition :  it  is  evident  that,  from  the  processes  of 
elimination  employed,  there  can  happen  only  one  of  the  three  contingencies : 

Ist  From  any  number  of  equations  to  the  same  number  of  imknown 
quantities,  a  single  equation  of  the  first  degree  containing  only  one  unknown 
quantity  is  deduced ;  from  this  equation  a  single  value  of  the  remaining 
unknown  quantity  is  obtained ;  then,  by  substituting  this  vdue  in  the 
eouation  which  contains  this  and  another  unknown  c[uantity,  a  single  value 
of  the  second  unknown  quantity  is  obtained ;  and,  in  the  same  manner,  by 
returning  through  the  equations  containing  3,  4, . . .  unknown  quantities^ 
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a  Bu^le  value  of  each  trnknown  quantity  is  determined.   This  is  the  case  of 
the  Kule  in  Article  65, 

Or,  2d.  In  the  course  of  the  operation  or  at  its  conclusion  an  equation  is 
found  in  which  the  unknown  terms  destroy  each  other,  and  the  remaining 
terms  of  the  two  members  are  giren  quantities,  different  from  each  otiier. 

There  exists  in  this  case  an  evident  absurdity,  and  the  conclusion  is,  that 
whatever  values  are  given  to  the  unknown  quantities,  neither  the  primitive 
equations  nor  the  question  from  which  these  equations  are  deduced  can  be 
satisfied.    The  problem  of  Article  77  falls  under  this  case. 

Or,  3d.  If  nd^ther  the  first  nor  the  second  case  occurs,  one  or  more 
equations  must  be  found  in  which  the  tmknown  quantities  destroy  one 
another,  and  the  two  members  are  equal  to  the  same  uiown  quantity. 

In  this  case  any  values  may  be  given  to  the  unknown  quantities  contained 
in  the  last  equation,  and  then  by  means  of  these  tiie  values  of  the  other 
unknown  quantities  may  be  found.  The  problem  of  Article  78  falls  under 
this  case. 

In  thb  case  there  exists  a  true  indetermination  in  the  primitive  equations, 
and  by  consequence  in  the  problem  of  which  they  express  the  conditions. 

If  in  considering  two  equations  to  two  unknown  quantities  an  absurd 
equalitv  is  deduced,  since  it  is  evident  that  each  equation  taken  individually 
is  possible,  it  ought  to  be  concluded  that  the  two  equations  are  contradictory 
or  incompatible. 

If  the  result  is  an  identical  equatioUf  the  conclusion  is  that  one  of  the 
equations  is  always  verified  when  the  other  is  verified,  or  that  the  one 
equation  is  a  consequence  of  the  other. 

81.  The  number  of  equations  and  unknown  (]^uantities  being  three,  there 
will  be  impossibility  if  one  equation  is  incompatible  witii  either  of  the  otiters, 
or  with  the  equation  deduced  from  them,  without  being  so  with  either 
equation  considered  separately ; 

And  there  will  be  indetermination  if  one  equation  is  a  consequence  of 
eitiier  of  the  others,  or  if  two  of  the  equations  are  consequences  of  the  third, 
or  if  one  equation  is  a  consequence  of  the  equation  deduced  from  the  other 
two  without  being  a  consequence  of  either  of  them  taken  separately. 

When  the  number  of  equations  b  greater  (but  always  equal  to  the  number 
of  unknown  quantities)  impossibility  and  indetermination  arise  from  more 
varied  causes ;  but  in  general,  if  it  is  required  to  find  whether  an  equation 
is  incompatible  with  or  a  consequence  m  several  others,  the  values  of  the 
unknown  quantities  in  the  latter  equations  are  to  be  found  in  terms  of  one 
unknown  quantity  and  of  the  known  quantities  of  the  ec[uations,  and  these 
values  are  to  be  substituted  for  the  unknown  quantities  in  the  first  equation 
(witii  the  exception  of  the  luknown  quantity  not  eliminated  from  the  other 
equations^ ;  then,  if  the  result  after  reduction  is  an  absurd  equality,  the  first 
equation  is  incompatible  with  the  system  of  the  other  equations ;  and  if  the 
r^rult  is  an  identity,  the  first  is  a  consequence  of  the  system  of  the  other 
equations. 

82.  Besides  the  cases  of  imposrability  presented  by  equations,  there  are 
others  which  may  arise  firom  the  conditions  of  a  question.    For  example,  it 
mar  be  required  bv  the  enunciation  of  a  problem  that  the  value  of  an 
unknown  quantity  shall  be  a  whole  number,  and  the  value  obtained  from  the 
equations  of  the  problem  may  be  a  firaction ;  or  it  may  be  required  that  the 
value  of  the  unxnown  quantity  shall  be  less  than  a  given  number,  and 
the  result  obtained  may  be  greid^er  than  that  number.  .....    In  general, 

the  enunciation  of  a  problem  nuiy  impose  upon  one  or  upon  several  unknown 
quantities  certain  conditions  which  it  is  impossible  to  express  by  equations ; 
and  in  these  cases,  after  obtaining  the  values  of  the  unknown  quantities,  it 
remains  to  try  whether  they  satiny  all  these  conditions. 
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ExAMptB    O^    THE  DI8CT7SSION   OP    A   PBOBLEU   OF    l-HE  FiRST 

Deobee. 

83.  If  an  equation  of  the  first  degree,  in  which  the  given  quantities  are 
represented  by  letters,  is  resolved,  uie  value  of  the  unknown  quantity  (as^ 
sumins,  for  the  sake  of  simplicity,  that  there  is  only  one)  is  expressed  by  a 
formnLi  which  indicates  the  operations  to  be  performed  upon  the  given 
quantities. 

Now,  the  given  quantities  Tor  the  letters  by  which  they  are  represented) 
may  be  supposed  to  receive  all  possible  values,  and  it  may  be  required  to 
determine  mat,  under  the  different  hypotheses,  are  the  values  of  the  unknown 
quantity,  x. 

The  determination  of  the  different  values  of  x,  and  the  interpretation  of 
the  remarkable  results  which  are  obtained,  constitute  what  is  termed  the 
Discussion  of  a  problem. 

To  illustrate  the  manner  of  conducting  the  discussion  of  a  problem,  let 
two  bodies,  B,  B'',  move  uniformly  in  the  indefinite  straight  line  X Y  with 
given  velocities,  9,  i/,  and  in  the  direction  XY ;  also^  let  B  reach  the 
point  A  h  hours  before  B^  reaches  A' ;  and  let  the  distance  AA^  be  d.  It 
IS  required  to  find  in  what  point  of  the  line  XY  the  bodies  B,  B'  are  in 
conjunction. 

B  B' 


e                                     o 
J L 


X  F  A  F'  A'  P  Y 

Suppose  that  the  point  F  between  A^  and  Y  is  the  place  in  which  B,  B^ 

oome  together  or  are  in  conjimction :  express  AT  by  x,  and  therefore  AP 

by  rf+ar. 

The  times  taken  by  B,  B^  respectively  to  describe  the  distances  d+x  and 

d-j-x  X 

X  with  the  given  velocities,  »,  i/,  are  — —  and  -t-  ; 

d4-x 
And  since  B  reaches  A  h  hours  before  B'  reaches  A'',  the  time  must 

X  ^ 

exceed  the  time  z>  by  A ;  consequently, 

d+x     X 

— -^^h     ...     1 

Therefore  rfd-^r/x — cxrrWA. 

xt'x — oxsstTf/A — xfd. 

or    x^    \      ,  ^    -     -    2 

In  this  solution  it  is  assumed  that  B,  B'  come  together  between  A''  and  Y ; 
tiiey  may,  however,  come  together  either  before  or  after  reaching  A^  Both 
cases  are  satisfied  by  considering  x  to  be  dther  additive  or  subtractive 
(Art.  76. 8) ;  and,  interpreted  thus,  equation  2  is  perfectiy  general. 

Discussion: 

1st.  The  numerator  and  denominator  of  tiie  value  of  ;?  are  both  positiye, 
when  at  the  same  time  o>i/,  d>vh. 

Whence  the  vahie  of  x  is  positive,  and,  bv  consequence,  B,  B^  oome  toge- 
ther between  A^  and  Y,  as  has  been  assumea. 

This  conclusion  is  in  conformity  with  that  which  is  obtained  firom  the 
question  itself;  for  vh  is  the  distance  described  by  B  during  the  time,  A, 
whidi  elapses  between  the  arrival  of  B  at  A  and  that  of  B^  at  A^ 

Now,  to  suppose  v>t/  and  d>vh  is  to  admit  that  B  moves  faster  than  B', 
and  that  B^  has  reached  A^  befox«  B  reaches  A^ ;  consequentiy  B  must 
overtake  B^  on  the  Y  side  of  A^ 
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2d.  When  at  the  Bune  time  9<t^  aiidi2<v]k,  thevmlaeof  xispoeitiTe  ; 
and  oonseqaently  B,  B'  still  come  together  on  the  T  ride  of  A^ 

In  effect  it  is  evident  in  this  case  that  B  mores  slower  than  B',  and  that  it 
has  passed  the  point  A^  before  B'  has  reached  A' ;  therefore  B  mnst  be 
overtaken  by  B  on  the  Y  side  of  A^ 

3d.  When^at  the  same  tame  v<jf  and  d>xikt 

or  o>i/ and<f<vA,  thevalneof  xisnegatiTe. 

This  n^atlve  value  of  x  indicates  that  B,  B'  oome  together  on  tiie  X  ride 
of  A^,  and  not  on  the  Y  side  (as  was  assumed),  and  at  a  distance  firom  A' 
marked  by  the  absolute  value  of  a?;  that  is,  by  the  value  of  arconridered 
without  regard  to  its  sign. 

Retuminff,  as^before,  to  the  question  when  <i>oA,  B'  reaches  A'  before 
B  reaches  A^;  and  when  t^>o,  B^  moves  foster  than  B.  Consequently, 
since  B'  reaches  A^  before  B,  and  also  moves  foster  than  B,  the  bodies  B,  o 
cannot  be  in  conjunction  on  the  Y  side  of  A^ 

Affain,  when  a<vhy  B  has  passed  A^  before  B^  has  reached  A';  and  when 
o>tr,  B  moves  faster  than  B^  Therefore,  in  this  hypothesis  also,  the 
conjunction  cannot  take  place  on  the  Y  ride  of  A'. 

Consequently,  under  both  the  hypotheses  of  case  3,  the  conjunction  of 
B,  B'  must  take  place  on  the  X  ride  of  A^. 

It  has  been  supposed  that  B,  B'  are  in  conjunction  on  the  Y  ride  of  A'. 
Now  the  negative  value  of  x  proves  that  in  the  3d  case  this  supporidon  is 
inadmissible,  but  does  not  expressly  point  out  whether  the  conjunction  takes 
place  on  the  X  side  of  A,  or  between  A  and  A^. 

If  the  conjunction  takes  place  in  P'  on  the  X  ride  of  A,  make  AfV^^x ; 

x-^d 
then  the  time  taken  by  B  to  move  from  P'  to  A  i8~r~~y  snd  by  B'  to  move 

X 

from  P  to  A^  is  ~r.    The  time  elapsed  between  the  arrival  of  B  at  the  point 

A,  and  that  of  B^  at  the  point  A^  is  therefore  expressed  by 

X     X — d 

and  as  the  question  requires  that  this  time  shall  be  equal  to  A, 

X     X — d 

--, =A         -         -       3 

If  the  conjunction  takes  place  between  A^  and  A  in  the  point  P'^  and  the 
unknown  quantitv  A^  P^^  is  denoted  by  x,  the  time  taken  by  B  to  move 

from  A  to  F''  is ,  and  the  time  taken  by  B'  to  move  from  P''  to  A'  is 

X      ^_ 

-r.   Therefore  the  time  elapsed  between  the  arrival  of  B  in  A  and  that  of  B' 

.      / .  rf— a?    x^ 

in  A  is  — — hz> »  and  by  the  question,  « 

rf— a?     ar     , 

Bat  since  equation  3,  or 

x^    X — d vx     rfx     rfd_rf{d — x)     tfx d — x     x 

which  is  the  left  member  of  equation  4,  it  follows  that  equations  3, 4  are  the 
same.  Therefore  equation  4  ought  to  determine  the  point  of  conjunction, 
wherever  may  be  its  porition  on  the  XrideofA^  And  since  equation  1 
becomes  equation  4  by  changing  x  into  — a?,  it  is  to  be  concluded  that  every 
positive  value  which  satisfies  equation  4  will  be  given,  but  with  the  sign  — 
by  equation  1. 

Whence  equation  1  is  of  itself  sufficient  to  determine  in  all  cases  the 
point  of  conjunction  of  the  bodies  B,  B^,  care  only  being  taken  to  cany  tha 
negative  values  of  ar  to  the  left  of  A'. 
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4th.  Let  »=/,  with  d'r^vh. 


Then  fonnula  2.  or  x=^'^-=^  become,  ^t(^\ 

Or  (to  simplify  the  eiq)res8ion)  making  v\d — vh)=^m^ 

m 

To  interpret  this  expreflsioxi,  without  reference  to  Article  40,  suppose  that 
instead  of  zero  there  are  given  to  m  a  series  of  divison  becoming  less  and 
less,  for  example, 

,  JL  JL^JL 

'»  10'  100'  1000'    •    •    •    • 
the  quotients  are  m,  10m,  100m,  1000m 

And  these  quotients  will  continue  to  increase  in  such  a  manner  that  no. 
quantity,  how  great  soever,  can  be  conceived  which  shall  not  be  exceeded 
hj  the  quotient,  the  divisor  being  taken  sufficiently  small. 

This  is  expressed  by  the  proposition :  The  quotient  of  a  quantity  by  the 
divisor  0  is  infinite. 

The  expression  -g-,  considered  in  itself,  shows  that  there  exists  no  dis- 
tance sufficiently  great  to  represent  that  distance  at  which  the  bodies  B,  B'* 
are  in  conjunction ;  which  is  the  same  as  to  say,  that  they  never  are  in 
conjimction. 

Referring  to  the  question  and  figure^  since  d^^vh^  B,  B^  reach  the  point 

A'  at  different  times;  and  since  »=»',  B,  B'  have  the  same  velocity. 
Whence  they  must  always  be  at  the  same  distance  from  each  other,  and  the 
conjunction  of  B,  B'  is  impossible. 

5th.  Let  p=»'  and  d^=vh. 

The  formula  rss-^* — -7-    becomes  x=x. 

V — u  0 

Since^  in  every  division  the  quotient  multiplied  by  the  divisor  is  equal  to 
the  dividend,  it  is  necessary  that  in  the  case  g  the  quotient    shall  be  such 

that  its  product  by  0  shall  be  equal  to  0.  Kow  the  product  of  any  number 
multiplied  by  0  is  0 ;  therefore  any  number  may  be  assumed  at  pleasure 

for  the  quotient.    This  is  expressed  otherwise,  by  saying  that  ^  represents  an 

indeterminate  quantity. 

From  this  explanation  it  is  to  be  concluded  that  B,  B^  are  never  sepft 
rated. 

In  effect,  since  »=©'  and  rf=rA,  B,  B'  have  the  same  velocity,  and  they 
reach  A'  at  the  same  time ;  therefore  they  must  have  been  and  must  continue 
to  be  always  together. 

The  principles  explained  with  respect  to  the  change  of  sign  (Art.  76) 
give  autiiority  for  the  application  of  formula  2  to  problems  whose  enuncia- 
tions do  not  diffisr  from  that  from  which  formula  2  has  been  deduced,  except 
in  respect  that  quantities  which  are  considered  additive  in  the  one  question 
are  subtractive  in  Uie  other,  and  conversely. 

Whence  it  may  be  suj^sed  that  B^  moves  in:  the  direction  from  A^  to  a: ; 
and  to  resolve  this  case,  it  will  be  sufficient  to  change  v^  into  —v'  in 
formula  2. 

If  B  changes  the  direction  of  its  motion,  v  must  be  made  — ». 

If  B,  B'  both  change  the  direction  of  their  motion,  t?  becomes  — tr;  and 

T 
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Lastly,  if  the  arrival  of  B  at  the  point  A,  instead  of  preceding  that  of  W 
at  A^  takes  place  after  it,  it  becomes  necessary  to  diange  h  to  —A. 

^  «  i»         0 

Of  the  Sticbols   q  and  q. 

84.  When  the  nven  quantities  of  any  equations  are  represented  by  letters, 
and  formuliB  are  deduced  expressing  uie  values  of  the  unknown  quantitiea 
in  terms  of  these  letters ;  then,  if  hypotheses  are  made  respecting  tne  ^ven 
letters,  and  these  hypotheses  are  mtroduoed  into  the  formnhe,  particular 
values  corresponding  to  these  hypotheses  are  obtained  for  the  unknown 
quantities. 

Now  it  may  happen  that  these  hypotheses  make  the  equations  fidl  upon  a 
case  of  impossibility  or  indetermination,  which  hi4>pening,  there  is  at  least 

one  of  the  fbrmulsB  which  becomes  'q'^k* 

Suppose  diat  these  hypotheses  are  introduced  into  the  equations,  and  that 
the  calcidations  which  have  been  made  to  deduce  the  general  fbrmulse  are 
repeated. 

If  the  equations  lead  to  a  case  of  impossibility,  it  must  happen,  in  seeking 
the  value  of  one  of  the  unknown  quantities,  x  for  example,  that  the 
elimination  must  lead  to  an  absurd  equation,  in  which  x  is  not  found,  and 
of  which  the  two  members  are  different  quantities. 

Suppose  that  before  the  hypotheses  this  equation  in  x  was 

Par=Q; 
P  and  Q  represenlang  literal  expressions  composed  of  g^ven  quantities.    The 
general  value  of  x  is, 

Now,  in  the  case  of  the  hypotheses  which  lead  to  imposubility,  x  must 
disappear  from  the  equation  rx=Q,  and  the  two  members  must  be  unequal 
quantities.    Therefore  F  ought  to  be  zero,  without  Q  becoming  so. 

Whence,  denoting  what  Q  becomes  by  m,  the  general  value  of  x  ought 

m 
to  give  af=  q"« 

Next,  suppDse  that  the  hypotheses  lead  to  a  case  of  indetermination.  The 
process  of  elimination,  instead  of  ending  in  an  equation  from  which  the 
value  of  the  unknown  quantity  can  be  obtained,  must  give  an  identical 
equation. 

Therefore,  if  before  the  hypotheses  this  equation  is  F4r=Q,  it  must  happen 
that  after  the  hypotheses  P  and  Q  are  both  zero. 

Therefore  the  general  value  is  reduced  to 

0 

It  may  happen  that  the  expresdons  of  more  than  one  of  the  unknot^ 

,  .     _  m      0 

quantities  become  -^  or  q. 

The  preceding  remarks  show  only  that  in  the  case  of  impossibility  there 

must  be  at  least  one  unknown  quantity  which  becomes  ^,  and  in  the  case 

of  indetermination  one  which  ^becomes  g. 


85.  In  the  expression  x^-q,  the  value  of  x  is  considered  infinite  (Art 

83. 4).    This  infinite  value  may  be  sometimes  positive,  sometimes  negative, 
and  sometimes  either  positive  or  negative. 
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m 
Ist.  Let  ar=^        v^ ,  m,  n  being  constants,  positive  and  different  from  0, 

and  z  a  quantity  which  maj  have  all  possible  values. 
Making  r=ii,  g=^^_^y  becomes  «=-q^. 

Now,  although  when  z<ii,  n — z  is  additive,  and  when  z>n,  n — ^   is 
sabtractive,  sml,  as  (~r)x(— r)=-|-r*,  it  follows  that  the  sign  of  the 

denominator  is  always  additive;  hence  in  this  case  the  expression    g-  is 
considered  to  express  infinity,  taken  positively,  and  it  is  written, 

ar=-|-oc 

2d.  Similarly     -        «•         ^  ^^^  7^j[IZz\^  ^^^^  r=«. 


-DC. 

MB  m 

8d.    Let   ap=  JIIJ"5  ^®  hypothesis  z=n  makes  «=  -g- ;  but  in  this 

case  the  symbol  of  infinity  ought  to  be  preceded  by  the  signHh.  For,  sup- 
poong  z<nj  and  making  z  to  increase,  the  formula  gives  mcreasing  values, 
which  are  positive ;  and  supposing  2>n,  and  making  z  to  diminish  so  as  to 
become  equal  to  n,  the  formula  jpves  increasing  values  which  are  all  negative 
(Art  3  a,  and  4  d).  Hence  the  mfinite  value  corresponding  to  z^n  belonga 
equally  to  a  series  of  positive  increasing  numbers,  and  to  a  series  of  negative 
increasing  numbers ;  for  this  reason  the  hypothesis  z=ii  is  considered  as 
making  the  formula  take  two  infinite  values,  one  positive,  the  other  nc^gative. 
This  is  indicated  in  an  abridged  form  by  writing  thus, 

When  a  fractional  formula  involves  a  denominator  which  may  become 
infinite  without  the  nimierator  becoming  so,  it  is  evident  that  at  this  limit 
the  niunerical  value  of  the  firaction  is  less  than  any  quantity,  however  small, 
which  is  tantamount  to  saying  that  it  is  equal  to  zero. 

Denoting  the  numerator  by  m,  —  =0. 

If  a  quantity  decreases  to  zero  without  change  of  sign,  the  trace  of  the 
sign  may  be  preserved  by  prefixing  it  to  the  zero  thus, 

m m 

+6~"  +  * '  — 0 —  ^^ 

•; =+0:  =— 0, 

-f  oc     ^    '  —  a 

86.  "Vnth  respect  to  the  symbol  xt  it  is  proved,  in  Article  78,  to  be  the 

expression  of  an  indeterminate  quantity ;  but  indetermination  may  appear 
under  other  forms. 
By  the  rules  for  the  calculus  of  frtu^ions, 

1 

-5     1   i_p 

^orQ*p-Q.         ^ 

Now,  when  P=0  and  Q=0,  -p=  oc  and-Q=  oc.    Therefore  the  expres- 

_1^ 
sions.    Pxi=Ox  oc  — =—  oiigl^t  to  receive  the  same  mterpretation 

0  ^ 

^ ;  that  is,  they  ought  to  be  considered  symbol?  of  Indetermination. 

Y  2 
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There  are,  however,  cases  in  which  the  expression  g  is  considered  under 
another  point  of  view.    . 

J^etar—  z(z— 2)  * 
If  r=2,  X  becomes  -,  or  indeterminate 

Bnt  if,  before  making  z=0,  the  fraction  is  simplified  by  taking  away  the 

3(z-f2) 
common  factor  z — 2,  the  result  is,  a:= ,    which,  for  z=2,  gives 

x=6.    This  is  the  true  value  of  x  for  the  hypothesis  z=2. 

In  explanation  of  this  result,  instead  of  supposing  z=2,  let  it  be  supposed 

that  the  difference  «— 2  is  diminished  gradually.    The  formula  x= — ,  ^c 

will  give  successively  for  x  different  values,  all  determinate  and  equal  to 

3^^4-2^ 
those  given  by  the  formula  x:=  — - — .    These  values  may,  therelbre,  be 

regarded  as  approximating  to  the  value  x=6 ;  and  for  this  reason  the  value 
x=6  is  considered  as  being  that  which  truly  corresponds  to  the  hypothesis 
t=^ ;  but  as  the  indetermination  which  results  from  the  first  formula 
prevents  the  discovery  of  this  value,  recourse  is  necessarily  had  to  the 
second. 

Whence,  if,  ^r  a  particular  hypothesis,  the  value  of  a  fractional  expres- 
sion is  Q,  it  is  necessary  to  try  whether  the  fraction  contains  a  factor  com- 
mon to  both  its  terms,  and  which,  by  becoming  zero,  gives  to  the  fraction 

0 
the  (form  -.    The  suppression  of  this  common  factor  permits  the  true  value 

of  the  fraction  to  be  discovered. 

r™     ^      .      ,  .         32«— 3     r«— 2ar-fl         3z«— 3 

The  fractional  expressions   2^2 '  — 3«^^^'    ^^2x4- 1^         become 

g,  for  the  hypothesis  i=l. 

They  are  reducible  to  the  forms, 

3(2-f  1)  (2-1)     (g-1)  (;g-l)     3(£HhlHr--l) 
2(^-1)       '         8(z--l)       '     (z-l)(z-l)' 

in  which,  suppressing  the  common  factor  z — 1,  making  z=l,  and  reducing, 
the  results  obtained  are,    3,  0,  +  oc. 

87.  Since  a  fraction  may  become  ccjual  to  zero  when  its  numerator  is  O, 
or  its  denominator  oc ,  it  follows  that  if  an  equation  has  denominatars  which 

contain  x,  and  the  equation  is  reduced  to  the  form  -=0,  it  becomes  neces- 
sary, in  order  to  resolve  the  equation  completely,  to  seek  not  only  the 
values  of  x,  for  which  fii=0,  but  also  those  for  which  »=:  oc . 

It  is,  however,  to  be  inquired  whether,  for  these  values  of  m  and  n,  the 

0  oc 

fraction  does  not  become  g  or  ~  ;  for  if  it  becomes  either,  the  true  value 

of  the  firaction  may  not  be  zero,  and  then  the  equation  is  not  satisfied. 

*     ,  ,       x-f3 

In  the  equation  j  ^  _^j=:0,  as  the  value  x= — 3  renders  the  numerator  0 

without  making  the  denominator  0,  it  may  be  concluded  that  the  value 
x=— 3  really  satisfies  the  equation. 

By  making  x=-f  oc  or  x=—  oc,  the  denominator  1— x*  becomes  oc  ;  but 
these  values  render  the  mimeratorx+3  also  oc  ,*  whence  the  question  is 
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reduced    to  an  apparent  indetermination.    To  make  this  disi^pear  the 

:r-f3 
fraction   v^Z^  must  be  reduced  to  a  form  under  which  the  numerator  no 

longer  becomes  oc .    This  is  done  bj  diyiding  both  terms  of  the  fraction 
by  X. 

It  thus  becomes  1 

X 

X 

3  1 

Now,  observing  that  the  values  jr=+  oc  render  - =0  and -=0,  it  is  evident 

"~"  X  X 

the  raction  is  reduced  to  — —  or  -r —  ,  that  is,  to  zero ;  whence  the  values 

"""  oc         "f~  oc 

s=-f  oc  satisfy  the  proposed  equation. 

Most  commonly,  m    removing   denominators  which    contain  :r,  infinite 

values  o£x  are  not  taken  into  consideration,  because  these  values  rarely,  if 

ever,  satisfy  the  problems  which  the  equations  are  employed  to  resolve ; 

but  this  omission  is  always  voluntary,  and  the  preceding  explanation  shows 

how  it  can  be  repured. 

Of  Geiteiial  Fobmui^a. 

88.  Every  equation  of  the  first  deme  with  one  unknown  quantity  can  be 
reduced  to  the  form  ax=7i,  in  whicii  a  denotes  the  algebraic  sum  of  the 
quantities  hy  which  the  unknown  quantity  is  multiplied,  and  n  the  algebraic 
sum  of  sJl  the  given  terms  (Art.  49). 

The  value  of  x  given  by  the  general  equation  ax=zn  is  x=-. 

a 

Every  equation  of  the  first  degree  involving  two  unknown  quantities  can 
be  reduced  to  the  form  ax-\-by=^n. 

For  if  the  proposed  equation  contains  denominators,  these  are  taken  away 
by  Article  47.  d ;  the  terms  in  x  and  y  are  transferred  to  the  first  member, 
and  the  known  quantities  to  the  second  member,  by  Article  47.  b ;  then 
denoting  the  algebraic  sum  of  the  terms  in  x  by  ox,  that  of  the  terms  in  y  by 
htf,  and  that  of  the  known  terms  by  n,  the  equation  aX'^by^::^n  is  obtamed, 
in  which  a,  b^  n  are  known  quantities,  additive  or  subtractive,  and  having 
the  integer  form. 

Two  mdependent  equations  beinff  required  for  the  determination  of  the 
values  of  two  unknown  quantities  (Art.  57),  let 

aar-ffty=fi, 

be  given.    Then  it  is  found  (Art.  52)  Uiat 

nb'-bn' 


ab'-ba' 
an' — na^ 

In  like  manner,  the  number  of  unknown  quantities  being  three,  the 
general  equations  are, 

ii^X'{'b'y+d'z=:n', 
af'x-^-l/'y+i/'z^zn'''. 

And  the  values  of  or,  v,  z  are  given  by  the  formulce 

*-  €^d'-(ufh"^cdV'^hc^d'^W€i'-cVct^ 
q»V^-acV^-f  Qg^n^'-wfl^c^'-f  ncV^-ciiV^ , 

T  3 
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The  process  of  elimination,  when  the  number  of  unknown  quantities  and 
equations  is  greater  than  three,  may  be  conducted  by  any  of  the  known 
methods,  but  most  convenientiy  by  that  of  reduction.  Tne  emploTment, 
however,  of  accented  letters  to  represent  the  coefficients  of  the  unknown 
quantities  and  the  algebraic  sums  of  the  given  Quantities  has  led  to  the  ob- 
servation of  a  law,  by  means  of  which  the  formuue  which  satis^  any  number 
of  equations  may  be  obtained  without  the  necessity  of  elimination. 

89.  Besuming  the  equation  axssn,  or  ^^^9  the  numerator  of  the  value 

of  X  is  the  algebraic  sum  of  the  terms  which  are  entirely  composed  of  known 
quantities,  and  the  denominator  is  the  coefficient  of  the  unknown  quanti^. 

Next,  the  two  equations,  ax-^by^n^  c^x-\'Vy=^n\  give  the  results. 

In  these  ralues  of  ar,  y  the  denominator,  which  is  the  same  for  both 
unknown  quantities,  is  composed  of  a,  a',  ^,y,  the  coefficients  of  the  unknown 
quantities.  It  can  be  formed  by  writing  the  letter  a  before  ^,  thus,  ab\  then 
after  fr,  thus,  fta;  connecting  these  expressions  by  the  si^  — ,  and  placing 
an  accent  over  tiie  second  letter  of  eacn  term,  llius  the  denominator  of  the 
values  of  x  and  y  is  ci/'^hd. 

To  form  the  numerator  of  the  value  of  x,  a^ct  are  chansed,  in  the  expres- 
sion cib'^hct^  into  n,  n'\  and  to  form  the  nimierator  of  the  value  of  y,  &,  If 
are  changed  in  the  same  expression  into  n,  n^ 

Thus,  the  numerator  of  x  is  th* — ^^,  and  the  numerator  of  y  is  taC — %et. 

To  obtain  the  denominator  which  is  common  to  the  values  of  three 
unknown  quantities,  assume  the  denominator  cib — ha  of  the  preceding  case 
(omitting  tne  accents).  Into  each  of  the  terms  a&,  6a,  introduce  the  letter  e 
at  the  end,  in  the  middle,  and  at  the  beginning ;  make  the  signs  alternately 
+  and  — ,  and  place  in  each  term  one  accent  on  the  second  letter  and  two 
accents  on  the  tnird  letter.    The  denominator  thus  formed  is 

To  form  the  numerator  of  the  value  of  each  unknown  quantity,  rej^aoe 
in  the  denominator  the  letter  which  represents  the  coefficient  of  that  unknown 
quantity  by  the  letter  which  represents  the  quantity  wholly  known,  leaving 
tne  accents  in  the  same  place.  Thus,  for  x  change  a  into  n,  for  y  change  o 
into  n,  and  for  z  change  c  into  n. 

If  the  number  of  unknown  quantities  and  eauations  is  four,  the  coefficients 
being  a^h^c^d^  o^,  y,  r^,  cT,  &c.  &C.,  and  the  known  quantities  n,  ft',  ii^',  tit"^ 
it  is  necessary  to  introduce  the  coefficient  d  into  each  of  the  six  products 
dbc — cxh-\-celi'-'haC'^hca'-'Cha^  and  to  make  it  occupy  in  succession  all  the 
places. 

The  product  dbc^  for  example,  gives 

abixi — a&dc + adbc — ddbc» 

Proceeding  in  the  same  manner  with  the  five  remaining  terms,  the  com^Jete 
denominator  will  contain  24  terms,  in  each  of  which  the  second  letter  will 
have  one  accent,  the  third  two,  and  the  fourth  three. 

The  denominator  which  is  common  to  the  values  of  all  the  unknown 
quantities  being  formed,  the  numerator  of  the  value  of  each  unknown  quan- 
tity is  obtained  from  it  in  the  same  manner  as  in  the  case  of  three  unknown 
quantities,  namely,  for  each  unknown  quantity  by  replacing  in  the  denomi- 
nator the  letter  which  represents  the  coefficient  of  that  unknown  quantity  by 
the  letter  which  represents  the  quantity  wholly  known,  leaving  the  accents 
as  in  the  denominator. 

This  law  can  be  extended  to  any  number  of  equations.  The  demonstra- 
tion of  it  is  complicated,  and  by  no  means  elementary. 

The  manner  of  applying  these  formulae  to  the  resolution  of  numerical 
equations  of  the  first  uegree  has  been  already  explained  (Art  55). 
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Discussion  of  the  General  FoRBonLs  fob  the  Besolution  of 

Equations  of  the  First  Degree. 

90.  The  general  equations  of  the  first  degree  inTolviog  two  unknown 

quantises  bmg 

ax+5y=n  -  •    1 

dfx^Vy^^  -  -    2 

_  ,         ^    •    n^— ftn'        ,  .        _         -       naf-^anf 

the   value  of  j;— ^^^,  and  the  value  of  y=  *>_^»>« 

In  these  values  of  z,  y,  let  the  denominator  ab'—W^^O ; 

And,  first,  let  neither  of  the  numerators  be  equal  to  zero, 

_,       ^  vl/ — bn'        na — on' 

Hierefore  x= — q — ,  y= — g — • 

Whence  In  this  case  the  values  of  x  and  y  are  infinite. 

From  the  equality  aI/—W^^O  is  obtained,  bjr  transposition  and  division, 

Substituting  this  value  of  a'  in  equation  2,  or 

or  dl/x-\'h¥y^=M  or  V(ax-\''by)^=hvf ; 
the  first  member  of  this  result  is  the  first  member  of  equation  1  multiplied 


equal 

zero,  which  b  contrarv  to  the  hypothesis. 

In  this  mann^  the  mipossibibty  of  finding  values  of  x  and  y  which  at  once 

satiafy  the  equations, 

iiy — W        naf — coff 
ar=— ^— ,y= ^— , 

is  made  evident.  ' 

But  the  impossibility  is  more  distinctly  marked  by  the  infinite  values  which 
not  only  show  its  existence,  but  also  that  it  arises  from  the  circumstance  that 
the  values  of  the  imknown  quantities  are  greater  than  any  which  can  be 
assigned. 

If  the  value  of  the  expression  ab'^hd  is  very  small,  the  values  oix^y  tire 
▼erf  frentf  but  such  as  satisfy  the  equations. 

This  being  true,  if,  when  oo'— Aa'=0,  the  verification  cannot  be  made,  the 
reason  why  it  cannot  is,  that  then  x,  y  are  greater  than  any  assignable 
magnitudes. 

U  ought  to  be  observed,  that  values  ^  oc,  deduced  from  equations,  ma/ 
give  the  true  solution  of  the  Question  the  conditions  of  which  are  expressed 
by  these  equations.  Of  this  we  application  of  algebra  to  geometry  afibrds 
many  instances.  To  give  one :  when  an  angle  is  unknown,  and  an  infinite 
value  is  found  as  the  expression  of  its  tangent  it  is  certain  that  the  angle  is  a 
right  anffle. 

Second,  let  the  denominator  0^—60^=0,  and  one  of  the  numerators 
11^—^=0 ;  then  shall  the  other  numerator  anf-^m/  be  also  eqiud  to  zero. 

For  smoe  oft  — «r  =0, «  ="5"  5 

and  ance  «5'— 6fi'=0,  »'=-^. 

Substituting  these  values  of  o^,  n'  in  the  expression  Alt'— no',  it  becomes 

ny         a!/ 
ax -J — nx-j-, 

guy    onl/ 
or  ~T T-,  which  is  equal  to  zero. 

T  4 
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For  the  hjmothesb  «&'— ^=0,  an^'^na'^^^Oy  it  can  be  in  like  manner 
proved  that  m — ^'=0. 

Whence  the  common  denominator,  and  one  of  the  nnmerators  of  the 
Values  of  X,  y  being  zero,  the  other  numerator  is  also  zero ;  and  the  values 
of  J^,  y  are 

— ?     _0 

Tliesc  symbols  .indicate  indeterminate  quantities,  and  bj  retuming  to  the 

equations  it  can  be  proved  that  this  cose  is  indeterminate. 

ab'  nb' 
The  values  of  a',  »',  found  above,  are-r-  ,--t  . 

If  tlicsc  values  are  substituted  for  a\  n'  in  equation  2, 

ay      ,,       nb' 

Whence  i  (fuc-\-by)=^-i  «. 
This  equation  can  be  obtained  by  multiplying  both  members  of  the  equa- 
tion ax-|- Jy=n  by  y.    Therefore  all  the  values  of  x,  y  which  satisfy  one 

equation,  must  also  satisfy  the  other. 

Now,  if  to  X  arbitrary  values  are  given,  and  these  values  are  substituted  in 
the  first  equation,  corresponding  values  of  y  can  be  obtained  from  it ;  thus 
are  obtained  solutions  which  satisfy  the  first  equadon.  But  these  values  must 
also  satisfy  the  second  equation ;  therefore  it  follows  that  the  proposed  cqua* 
tions  admit  an  indefimte  number  of  solutions,  or,  in  other  words,  are 
iudetenuinate. 

The  indcteiTnination  does  not,  however,  permit  an  arbitrary  value  of  a;  to  be 
taken,  and  also  an  arbitrary  value  of  y ;  for  the  preceding  explanation  shows 
that  the  value  of  one  of  the  unknown  quantities  ought  always  to  be  calculated 
by  means  of  the  arbitrary  value  of  the  other. 

This  case  comprehends  that  in  which  n=:0,  n'=0,  a&'— 6a'=0,  for  by  these 

0  0 

conditions  ap=Qandy=:Q. 

By  the  hypothesis  ii=0,  aX'{'by:=n  is  reduced  to  aa:-f  ^=0. 

a 
Therefi>re  y= — ^  x. 

In  like  manner  from  n'=:0  is  obtained  y=— j7  x ; 

And  from  oi' — ftd'ssO  is  obtamed  r=T;>' 

Whence  the  two  values  of  y  are  equal  for  every  value  of  ar,  and  by  conse- 
quence there  is  a  case  of  indetemiination. 

It  is  proper  to  observe  that  the  ratio  of  y  to  x  in  these  expressions  b 
determinate : 

a  a 

for,  since  y=— ^  1=— ~  x, 

y a 0^ 

without  the  condition  r=r7,  the  values  of  y  could  not  have  been  equal 
except  for  x=0.    In  this  case  y  must  also  have  been  eqiial  to  zero,  and  the 

ratio -^,   ^,  that  is,  indeterminate. 

nl/  *A' 

In  employing  the  expressions  flc'=-T- ,  71'=-^,  it  has  been  assumed  that  the 
coefficients  «,  B  are  different  from  zero.^ 
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,  If  kt  the  same  time  6=0,  ^==0,  the  two  ezpressioiifl  ab'^M^  ntf—hn' 
most  be  equal  to  zero,  and  this  without  giving  any  determinate  value  of 
anl — ■flf'. 

In  this  case  the  values  of  a:,  y  are  ar=^,  y=5^^. 

In  like  manner,  if  a,  a'  are  at  onoe  eqiud  to  zero,  the  results  for  «,  v  are 
ith'-^W        0 


0     ♦  y~o" 

This  particular  case  is,  however,  hardly  admissible,  for  by  it  the  given 
equations  are  reduced  to  two  equations  to  one  unknown  quantity, 
namely, 

ax=^n^  a'x:=^n\  for  h  and  6^=0, 
hy^^n^  b'tf=^v!^  for  a  and  a'=0, 
while  the  subject  under  consideration  is  that  of  two  equations  to  two  unknown 
quantities. 

91.  The  general  formulse  relative  to  more  than  two  equations  are  more 
complicated,  and  the  discussion  of  the  concUtions  of  impossibility  and  inde- 
termination  more  laborious  and  difficult. 

Denoting  the  numerator  of  the  value  of  x  by  X,  and  the  denominator  by 
D,  if  by  the  application  of  the  general  formidsB  to  a  system  of  equations,  a 

result  ap^Q  18  obtained,  this  result  is  a  character  of  impossibility.    But  the 

result  jr=^=Q,  is  sometimes  a  character  of  indetermination,  sometimes  of 

impossibility ;  and  it  sometimes  indicates  the  existence  of  a  factor  common  to 
NandD. 

To  ascertain  the  precise  signification  of  these  results,  there  is  no  simpler 
method  than  to  determine  the  values  of  the  unknown  quantities  from  the 
system  of  equations  by  the  method  of  Article  55. 

The  proposed  equations  being, 

«+9y+6z=16  -  1 

2x+3y+2z=7  -  2 

3ar-f6y+4z=13  -  8^ 

r«.  ,  ^  ,        .  0  0  0 

The  general  formulse  give  a?=^,  y=Q,  ^^=o« 

But  if  the  second  equation  is  multiplied  by  3,  and  the  first  equation  is 
subtracted  from  the  product,  that  is,  if  m>m 

6ar+9y-f6r=21 
rr-f  Oy-i-S^slG  is  subtracted,, 
the  remainder  5x  =  5, 

.•.a:=l. 
Substituting  this  value  of  x  in  the  proposed  equations,  the  results  are 

1st.  9y-f  6ir=15,  or  3y+2z=:5. 
2d.  -  -  -  3y+2r=5. 
3d.   6y+4z=:10,  or  8y+2z=5. 

The  value  is  x,  consequently  determinate  and  equal  to  1 ;  but  the  values 
of  y  and  z  are  indeterminate,  since  there  is  only  one  equation,  3y+2r=:5,  to 
the  two  unknown  quantities,  y,  z. 


SECTION  V. 

OF  THE  INDETERMINATE  ANALYSIS  OF  THE  FIRST 

DEGREE. 

92.  In  resolving  an  equation  of  the  first  degree  involving  two  unknown 
quantities,  if  any  value  whatever  is  given  to  one  of  the  unknown  quantities, 
uie  equation  gives  a  corresponding  value  of  the  other  unknown  quantity. 
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Considered  in  this  manner,  the  eqoatioD  admits  of  an  infinite  noinber  of 
•olutions.  The  number  of  solutions  is  more  limited  if  it  is  required  that  the 
Yalues  of  z,  y  shall  be  whole  numbers ;  and  stiU  more  if  it  is  required  that 
the  values  shall  be  both  integer  and  positiye.  Conditions  of  this  kind 
cannot  be  expressed  by  equations. 

Any  equation  of  the  first  decree  to  two  unknown  quantities  can  be  reduced 
to  the  form  ax+iy=ey  in  which  a^h^c  are  any  whole  numbers,  posidye  or 
n^jiative. 

The  fiietors  common  to  a,  fr,  c  may  be  suppressed;  and  when  it  is  required 
that  the  values  oix^y  shall  be  integer,  it  is  necessary,  after  this  suppresnon 
of  the  common  factors,  that  a,  &  be  prime  to  each  other.  For,  supposing  a 
and  h  both  prime  to  e,  but  not  to  each  other,  and  that  any  int^er  values  of 
X,  y  are  substituted  in  the  equation  ax-^-hf^e^  the  first  member  of  the  result- 
inff  equality  can  be  divided  hj  the  common  fiictor  of  a,  ^ ;  but  c,  which  is 
prune  with  a,  ^,  cannot  be  divided  by  it.  Consequently,  imder  this  hypo- 
thesis, the  equality  is  impossible. 

93.  Havinff  given  the  equation  ax+i^y=c    -        -         -        •    I 
in  which  a/?,  e  represent  an^  whole  numbers,  positive  or  negative  (with 
the  limitation  that  a,  h  arc  pnme  to  each  other),  the  problem  is,  to  find  all 
the  systems  of  integer  values  of  «,  y  capable  of  satisfying  equation  1. 

If  the  coefficient  of  one  of  the  unknown  quantities,  y  for  example,  is  1,  the 
equation  becomes 

•  •.y=c— oar,  * 
a  result  in  which,  if  any  whole  number  is  substituted  for  x,  the  corresponding 
value  of  y  is  also  a  whole  number. 

When,  therefore,  the  coefficient  of  dth^  of  the  unknown  quantities  is  1, 
the  problem  presents  no  difficulty. 

Next,  let  a>h  and  &>1, 

c— ax 
the  value  of  y  given  by  equation  1  is  y=— j— . 


Let  a  be  divided  by  ft,  let  9=  the  quotient,  and  r=  the  remainder. 

and  y= 1 — — , 

c— rr 
or  y=— ^x4— J-- 

If  any  whole  number  is  substituted  for  x,  the  expression  ^qx  must  be  a 
whole  number.    But  in  order  that  y  also  may  have  an  integer  value,  it  b 

c^rx 
necessary  that  — y~  ^^^  ^  ^  whole  number. 

Let  t  denote  a  new  indeterminate  quantity,  and  make 

— g— =<,  or  rx-^-bt^^c    -  -  -    2 

The  question  is  thus  reduced  to  the  resolution  of  equation  2  for  integer 
values  of  « and/. 
If  r=  1,  the  investigation  is  ended.    Suppose  r  >  1. 

Resolving  eouation  2,  with  respect  to  x  (since  r,  the  coefficient  of  oe,  is  leas 
than  d,  the  coemdent  of  /)« 


Divide  5  by  r ;  let  9^  represent  the  quotient,  and  r^  the  renuunder. 

.••ft=r^+r'. 
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Since  x  and  /  are  to  be  whole  numbers,  it  is  necessary  to  assume  /  such 

that  — - —  maj  be  a  whole  number. 
Make,  therefore,  as  before, 

—-—=«' or  r'/H-ff'=c      -         -    3 

T 

f  being  a  new  indeterminate  quantity. 

The  problem  now  is,  to  resolve  equation  3  for  integer  values  of  t^t^.  In 
this  case  also  the  investigation  is  ended  if  r^=l. 

But  if />!,  equation  3  gives, 

c—rf 

Making  ^^  the  quotient  of  r  by  i^,  r^^  the  remainder,  and  substituting  as 
before. 

Let  ^=p^=r  or  r'y+rr'=<?    -  -  -    4 

f^  being  a  new  indeterminate  quantity,  and  r"tf  -^-r't'^^c  a  new  equation, 
which  is,  to  be  resolved  for  integer  values  of  if^  tf\ 

The  process  to  be  followed  in  the  calculation  is  now  sufficiently  evident ; 
and  it  is  also  evident  that  when  an  equation  has  been  found  in  which  the 
coefficient  of  one  of  the  indeterminate  qiumtities  is  1,  the  question  is 
resolved. 

Now,  r,  r',  K^,  .  .  .  .  the  coefficients  of  x,  ^  /,....  in  equations  2,  3,  4^ 
....  are  the  successive  remainders  obtained  by  dividing  ahj  h^h  by  r,  r 
by  r'  ....  as  in  the  process  for  finding  the  greatest  common  measure  of  a, 
h.  Whence,  since  a,  b  are  prime  to  each  other,  a  remainder  =1  must  be  at 
len^  obtained  (Fart  I.  Art.  109^,  that  is,  an  equation^  must  be  found  in 
which  the  coefficient  of  one  of  the  mdeterminate  quantities  is  1. 

Assume,  therefore,  that  7-^^=1. 

Then  equation  4  gives  f^^e—r^f^    -  -  -    5 

The  investigation  shows  that  ^  f^,  f'y  ought  to  be  whole  numbers ;  and  it 
is  evident,  from  equation  5,  that  any  integer  number  whatever  being  assumed 
as  the  value  of  t\  t  must  be  a  whole  number ;  and  consequently  that  ^  x, 
and  y  must  also  be  whole  numbers.  Therefore  the  proposed  equation  admits 
an  indefinite  number  of  solutions  in  whole  numbers. 

The  values  of  <^,  <,  x,  y,  given  by  equations  5, 4, 3, 2,  may  be  written  thus, 

y=— ^*-f'- 
Whence,  to  express  the  primitive  indeterminate  quantities  x,  y  in  terms  of 
t\  it  is  necessaiy  to  substitute  the  value  of  ^  in  that  of  t ;  then  the  values 
of  (,  ^  expressed  in  terms  of  f  in  that  of  x ;  and,  lastly,  the  values  of  x^  ^ 
also  expressed  in  terms  of  ^'  in  that  of  y. 

94.  The  success  of  this  method  depends  on  the  principle  (Part  I.  Art.  109) 
that  if  the  process  for  finding  the  greatest  common  measure  is  employed 
upon  two  numbers  which  are  prime  to  each  other,  the  last  remainder  is  L 
In  the  preceding  investigation  tne  process  is  applied  to  the  coefficients  of  the 
indeterminate  quantities  only ;  but  there  is  no  reason  why  the  constant  term 
c  may  not  also  be  divided.  If  it  is,  the  calculation  must  involve  smaller 
numbers,  which  is  an  advantage. 

Ajb  an  example,  let  the  equation  3x— 8y=43  be  proposed. 

Since  the  coefficient  of  x  b  less  than  that  of  y,  the  equation  must  be 
resolved  with  respect  to  x. 
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By  transposition  and  (Uyision  ^^"3 — • 

Dividing  8  by  3,  the  quotient  is  2  and  the  remainder  2 ;  and  dividing  43 
by  3,  the  quotient  is  14  and  the  remainder  1. 

Therefore  a:=2y-hl4+-^y-. 

2w+l 
Making   -^ — =/;  and  substituting  in  the  hist  equation  x=2^-f  14-h/. 

.      .        .        2y+l     ,         3/-1 
Again,  smce  -^3— =«,  ^=-^-1 

dividing  3/— 1  by  2,  the  expression  of  the  quotient  is  *+  —^  ; 

whence  y=f-f  — n- 

makmg   —^=if,  yzzzt+f. 

S— 1 
But  since  ^  ^    =^t  <— 1=2<',  and*=2r+l. 

The  coefficient  t  in  the  equation  ^=2/^-f  1  being  1,  if  to  f"  all  possible  integer 
values  are  given,  the  corresponding  values  of  t  arc  whole  numbers. 

Substituting  the  value  of  ^  in  the  equation  whose  first  member  is  y, 
y=*+<'  becomes  y=:2t-\-l-\-fy  or  y=3f -f  1. 

Substituting,  next,  these  values  of  y  and  /  in  the  equation  whose  first 
member  is  x, 

x=2y-hl4+*  becomes  x=2  x  (3/'-|-l)+14+2<'+l, 

orx=8r4-17. 
Whence  the  formula;  which  express  x,  y  in  terms  of  if  are 

ysS/'+l,    x=8f-hl7. 
Giving  to  f'  the  values        -  -    0,      1,      2,      3,      4, 

the  corresponding  values  of  y  are     1,      4,      7,     10,     13, 
the  corresponding  values  of  x  are    17,    25,    33,    41,    49, 

And  giving  to  f^' the  values  -        —1,  —2,  —3,     —4, 

the  corresponding  values  of  y  arc         —2,  —5,  —8,  —11, 

the  corresponding  values  of  X  are         +9,  -H,  — 7,  — 15, 

The  additive  values  of  y,  viz.  1,  4,  7,  10,  13,  *. .  .  obtained  by  giving  to  t 

the  successive  values  0,  1,  2,  3,  4,  .  .  .  form  a  series  of  numbers,  eiu^h  term  of 

which  exceeds  that  which  precedes  it  by  3 ;  and  the  corresponding  additive 

yalues  of  X,  which  are  17,  25,  33,  41,  49,  .  .  .  form  a  second  series,  each 

term  of  which  exceeds  the  preceding  term  by  8. 

If  the  values  of  x,  y,  which  are  obtained  by  making  t'  successively  —1, 
—2,  ~3, ...  are  considered,  they  are  found  to  form  for  y  the  series 

"~*2,  —5,  —8,  — '11,  .     , 

and  for  X  the  series  -1-9, +1, —7, -—15,    .    .    . 
in  the  first  of  which  each  term  is  less  by  3,  and  the  second  by  8,  than  the 
preceding  teroL 

95.  A  series  of  numbers  whose  terms  are  increased  or  diminished  by 
constant  increments  or  decrements  (as  in  the  preceding  instances)  forms  an 
arithmetical  progression,  or  progression  by  dinerenoe.  The  constant  inere- 
ment  or  decrement  is  termed  the  ratio. 

The  values  of  x,  y  which  satisfy  the  equation  3x— 8y=s43  form,  therafore, 
progressions  by  difTerence ;  the  ratio  of  one  progression  being  3,  and  that  of 
the  other  8. 

These  numbers  are  the  coefficients  of  x,  y  in  the  proposed  equation ;  and 
it  is  to  be  observed  that  the  ratio  of  the  series  of  values  of  y  is  3,  the  coeffi- 
cient of  X,  and  that  the  ratio  of  the  series  of  values  of  x  is  8,  the  coefficient 
of  y,  but  with  it«  sign  changed. 
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96.  The  general  eauation  aar+^=<r'  •  ^  •        1 

is  capable  of  an  indennite  number  of  integer  solutions,  whatever  be  the  signs 
and  values  of  a,  b,  provided  they  are  prune  to  each  other.  Let  the  corre- 
spM&ding  values  given  by  one  solution  be 

ar=A,  y=B. 
These  numbers  ought  to  satisfy  equation  1 ;  therefore, 

aA-f6B=<?  -  -  -        2 

Subtracting  equation  2  from  equation  1, 

fl(j:-A)-i-6(y-B)=0» 

•whence  y=BH — ^— r — \ 

The  values  off  ought  to  be^int^er,  and  such  that  y  may  also  be  a  whole 
number ;  therefore  a{A — x)  inust  be  divisible  by  b.  Now,  a  is  prime  with 
b ;  therefore  A — x  must  be  a  multiple  of  b  (Fart  I.  Art.  1 1 1). 

Let  A — x=bt  (t  being  capable  of  expressing  any  whole  number). 

a:=A— 6f, 


Cx=. 
Since  bt=A—x  •{       _     axbt 


:BH — p=:B-ha/. 

The  formuhe  x^zA-^bt,  y=B-f  a/,  express  the  law  of  the  values  which 
are  obtained  for  z,  y,  by  giving  to  t  the  successive  int^er  values  0,  1, 
2,  3,  4, 

For  these  values  of  /,  ar=A,  A— J,  A— 26,  A— 3&,  A— 46, 

y=B,  B-ffl,  B-f2a,  B-f 3«,  B-f 4a, 

And  if,  *  is  made  successivehr  equal  to  — 1,  —2,  ^3,  —4, 

the  corresponding  values  of  x  are  A-f6,  A-f  26,  A+d6,  A-f-46, 

the  corresponding  values  ofy  are'B — a,  B — 2a,  B — da,  B— 4a,  .  .  r  .  . 

In  general,  when  t  is  augmented  by  unity  ^  is  augmented  by  a,  and  x  is 
augmented  by  —6;  therefore  the  integer  solutions  of  the  equation  ax-^by^=:c 
are  the  corr^pOnding  terms  of  two  arithmetical  progressions.  In  the  pro- 
gression which  expresses  the  consecutive  values  of  either  of  the  indeterminate 
quantities  x,  y,  the  ratio  is  equal  to  the  coefficient  of  the  other  indeterminate 
quantity ;  but  it  is  necessary  to  take  one  only  of  the  coefficients  with  the 
sign  wmch  it  has  in  the  equation  and  the  other  with  a  contrary  sign. 

It  is  indifferent  whether  it  is  the  coefficient  of  x  or  of  y  which  is  taken  with 
a  contrary  sign;  for  in  the  formulas  which  express  x,  y,  the  signs  of  the 
terms  +6t,  — a/,  may  be  changed,  since  the  inaeterminate  t  may  receive  all 
possible  values,  positive  and  negative. 

This  proposition  gives  the  means  of  obtaining  all  the  integer  solutions  of 
an  equation  of  the  form  ax'\-by^=:c  when  one  solution  is  known. 

Thus,  the  equation  7x— 5y— 9  being  proposed,  it  is  easily  found  by  trials 
that  the  values  x=:2,  y=l,  satisfy  it ;  j 

for  7  X  2—5  X  1=14—5=9.  ] 

Then,  observing  that  -}-7  and  —5  are  the  coefficients  of  x  and  of  y  in  the 
proposed  equation,  the  general  formulae 

x=sA — 6f,    y=B+a^  become 
x=24-5r,     y=lH-7/. 

Making  t  successively       -        -    0,     1,      2,      3,      4, 

the  corresponding  vdues  of  X  are   2,    7,     12,     17,    22, 

the  corresponding  values  of  y  are    1,    8,     15,    22,    29, 

And  making  ^  successively  -     — 1,     — 2,     —3,     — 4, 

the  corresponding  values  of  x  are  —3,     —8,  —13,  —18, 

the  corresponding  values  of  y  are  —6,  —13,  —20,  --27, 

97.  Li  the  equation  ax-\-by^c^  let  c=0, 

then  ox-f  6y=0. 
The  values  x=0,  y=0,  verify  this  equation. 

By  the  substitution  of  these  values  for  A,  B,  the  general  formulae  are 
reduced  to  x=— 6t,  y=-f-a'» 

or  to  x=-f6/,  y= — at 
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These  resvlta  are  dedudble  from  the  equatkm  ttc-f  flf=a 

For  x=— ^ ;  and  sinoe  fr,  a  are  prime  to  each  other,  the  integer  valaes 

of  y,  which  render  x  a  whole  number,  must  be  multiples  of  a.  Whence,  < 
representing  anj  whole  number  whatever,  the  equation  must  be  x= — bt^  and 
consequent  y^-f  of. 

Example :  Let  aix— 22y=0. 

Therefore  x=s22<,  y=81f. 

a.  Suppose  that  c  is  a  multiple  of  one  of  the  coefficients,  b  for  example,  and 
let  c=£^  the  equation  to  be  resolved  is  ax-^-bv^bd. 

Making  ar=0,  jr=y=:ii; 

therefore  the  equation  ai-^by^^bd  is  satisfied  by  the  values  x=sO,  y=i/;  and 
the  general  formulas  are  reduced  to 

b(d^v) 
The  equation  ox +^=M  gives  xs^     a      * 

Whence  d^y  must  be  a  multiple  of  a.  Making  d—jf=atf  the  values 
obtained  for  x,  5f  are  x=bt,  jf:=d—aL 

Example.    Given  5a;— 7y=21,  to  find  the  integer  values  of  x,  jf. 

The  proposed  equation,  6x--7y=21  may  oe  put  under  the  form, 
52— 7Xy=7x8. 

Making  *=0,  5f= 7-=— 8, 

therefore  2=0,  y^^-^By  are  values  of  x,  y. 
Cbnsequently,  the  general  values  are  x=7£,  y=— 3+5/. 

Making  /  successively  -         -        0,  1,    2,    3,    4,  .  .  . 

the  corresponding  values  of  X  are      0,  7,  14,  21,  28,  ...  • 
the  corresponding  values  of  y  are  — 3,  2,    7,  12,  17,  ...  . 

98.  Two  simplifications,  introduced  into  the  following  example,  are  usefiil 
in  similar  instances. 

Let  the  proposed  equation  be  80x— 17y=39 ; 

B0x^S9 
and  therefore  y= — js — . 

Ist.  Dividing  80  by  17,  the  quotient  is  4,  and  the  remainder  12 ;  thb 

remainder  exceeds  half  the  divisor. 

But  80=17  x44-17-17-hl2=17(4+l)-(17— 12), 

or  80=17x5— 5. 

80 
Augmenting,  therefore,  the  quotient  of  js  by  1,  the  remainder,  which  is 

negative,  is  less  than  half  the  divisor.    By  taking  80=17x5—5  instead  of 
80=17  X  44- 12,  the  reduction  of  the  numbers  is  efiected  more  rapidly. 
The  quotient  of  89  by  17  bemg  2,  and  the  remainder  5, 

80X-39     ,      ^    fix-^6 
y=-j5r-=5x-2— ^. 

2d.  The  numerator  Sx-^-S  of  the  firaction   ^y-  can  be  resolved  into  the 

factors  5  and  x+l ;  and  since  the  denominator  17  is  prime  with  5,  it  follows 
that  to  render  the  product  5(x+l)  divisible  by  17  it  is  necessary  to  take 
x+l,  a  multiple  of  17. 
The  auxiliary  equation  may  therefore  be  assumed, 

-j^rs^  orX'fl=17/. 

Consequently  x= 17^—1 ; 
y=5(17*-l)-2-5/=8W-7. 
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Middng  /  snooessively  -  -    0,    1,      2,      8,      4,  .  .  .  . 

the  corresponding  values  of  X  are  —1,  16,    83,    50,    67,  ...  . 
ihe  corresponding  values  of  y  are  —7,  73,  163,  283,  813,  .... 

And'making  t  successively  -  -  — 1|  —2,  —8,  —4,  .... 
the  corresponding  values  of  rr  are  —18,  —36,  —62,  —69,  .... 
the  corresponding  values  of  y  are   —87,  —167,  —247,  —327,  .... 

Resolution  of  thb  Equation  <ix+hy^e  in  Whole  Pobitivb 

Numbers. 

99.  When  ihe  equation  ax-^-hy^c  is  to  be  resolved  in  whole  positive 
numbers,  the  calculation  is  made  as  if  the  numbers  were  to  be  integer  only. 
The  expressions  which  serve  to  satisfy  this  condition  are, 

:=A— W,  y=B-f  erf. 


But,  instead  of  nving  to  ^  all  the  integer  values  possible,  it  is  necessary  to 
select  only  those  which  render  «,  y  positive ;  hence  result  certain  limitations 
of  the  values  which  may  be  assigned  to  t 

Ist.  In  the  equation  ax'\-hy^^c^  let  a,  6  be  of  the  same  sign ;  and  if  this 
siffn  is  — ,  let  the  sigps  of  all  the  terms  be  changed,  to  render  a,  h  positive. 
Also,  since  the  equation  must  be  impossible  in  positive  nimibers  if  c  were 
negative,  let  c  be  positive. 

The  general  values  of  :r,  y  being  put  under  the  forms 

it  is  evident  that  to  render  x  positive  it  is  necessary  and  sufficient  to  take 

f<-y ;  and,  similarly,  that  to  render  y  positive,  it  is  necessary  and  sufficient 

— B 

to  take  /> .    Therefore,  in  order  to  have  positive  and  integer  solutions 

alone,  it  is  necessary  to  assifi^  to  t  only  the  int^^  values  comprehended 
between  the  two  limits,  t>——^  t<  -r-.    It  is,  however,  proper  to  remark, 

that  if  the  first  limit,  for  example,  is  a  whole  number  n,  t  may  be  taken  equal 
to  ft.    The  corresponding  value  of  a?  is  0. 

Since  t  must  be  a  whole  number  chosen  between  two  limits,  it  follows  that 
the  number  of  solutions  of  the  equation  must  be  limited.  Tliis  is  evident 
from  the  equation  itself;  for  a,  o  being  positive,  if  positive  numbers  are 
substituted  for  x,  y,  the  two  terms,  oar,  hy^  must  be  positive ;  and  as  their 
sum  ought  to  be  constantly  equal  to  c,  it  is  impossiole  that  either  of  the 
terms  can  be  augmented  indefinitely. 

It  may  happen  that  there  is  no  whole  number  between  the  limits  assigned 
to  L  when  uiis  occurs  the  equation  is  impossible ;  as,  for  example,  if  the 
limits  are  t>^y  /<4||. 

Beddes,  the  limits  must  not  imply  contradiction,  as  in  the  instance 
/>4J,  /<8j.    For  it  would  be  necessary  that-^<— r,  or,  which  is  the 

same  thin^,  aA+&B<0,  while  at  the  same  time  A  and  B  ought  to  satisfy 
the  equation,  aA-|'^B=c,  in  which  c  is  positive. 

2d.  Let  a^  h  have  contrary  signs,  and  let  ax^bv=:c^  a  and  h  repre- 
senting positive  numbers.    Li  this  case  the  general  values  of  x,  y  are, 

x=A— (— */)  or  x=A+W;  y=B+a/. 

These  expressions  may  be  put  imder  the  form, 
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from  which  it  follows,  that  to  render  Xy  y  poeitive  it  is  necessary  to  have 

—A  — B 

that  is  to  say,  t  may  have  any  linteger  yalue  above  the  greatest  of  these 
limits  (without  excluding  equality  to  the  greatest,  if  that  limit  is  a  whole 
number). 

From  the  preceding  investigadon,  it  appears  that  the  equation  ax — hy=^c 
admits  an  infinite  number  of  integer  positive  solutions,  wnile  the  equation 
ax+btf^=^c  can  never  have  more  than  a  limited  number,  and  may  sometimea 
have  not  one. 

Examples : 

1st.  A  ntmiber  of  men  and  women  contributed  60  £.  to  a  charity ;  each 

man  gave  19  sh.  and  each  woman  1 1  sh.     How  many  men  and  women  were 

contributors  ? 

Let  X  denote  the  number  of  men  ; 

Let  y  denote  the  number  of  women ; 

then  19z  8h.=the  sum  contributed  by  x  men, 

and  11^  8h.=the  sum  contributed  by  y  women ; 

also  50  £.=1 000  8h.= amount  contributed. 

The  equation  which  is  to  be  resolved  in  whole  ix>8itive  numbers   is 

therefore  this,  19z+Uy=1000. 

.an,           _100O— 19ar     ^,     ^    .  3x— 1        , .      3x— 1 
AVhence  y= ^ =91— 2j:H — jj— ,  making  — j j— =/, 

y=91— 2x-f/. 


1— f 

Let  ~3~=''»  the  value  of  x  becomes  «=:4/-h<'. 

.•.-^=^  1— <=3<'  .-.r^l— sr 

Substituting  1  — 3C  for  t  in  the  expression  x^4/+<', 

x=4(l— 30+<'=4— 12<'+f'=4— llf'; 
and  substituting  4 — 11^  for  x,  1— 3/^  for  f,  in  the  expression 

y=91-2a:+f, 

y=91— 2(4— 110+0--30=91— 8f22<'-hl— 3l'==84-fl9/'. 
Consequently  the  formulae  by  which  x,  y  are  expressed  in  terms  of  f  are, 

x=:4— lir;  y=84-f  19r. 
Whence,  in  order  that  x  may  be  positive,  it  is  necessary  that  ll/'<4  or 
^<.^ ;  and  in  order  that  y  may  be  positive,  it  is  necessary  that  19<'>— 84 

orf>-44,orr>-4A. 

The  integer  values  which  f  can  have  between  +.^  and  — 4^  are  <^=0, 
-1,  -2,  -3,  -4. 
To  which  values  of  f  correspond 

x=.  4,  15,  26,  37,  48. 
y=84,  65,  46,  27,    8. 
The  number  of  solutions  is  limited ;  and  since  the  terms  in  x  and  y  are 
df  the  same  sign,  it  ought  to  be  so. 
.  The  solutions  are  Ist.     4  men  and  84  women. 

2d.  15  -  65  - 
3d.  26  -  46  - 
4th.  37  -  27  - 
5th.  48         -  8        - 

The  general  values  of  x,  y  can  be  formed  when  a  single  solution  of  the 
equation  19x-hlly=1000  has  been  obtained  (Art.  96).  Therefore  if,  after 
obtaining  f^l— 3/',  /'  is  made  eqjual  to  zero,  and  the  corresponding  values 
/=1,  ar=4, 3f=84  are  computed,  it  is  evident  that  the  values  35=4,  ^=84, 
form  a  solution.    Whence  the  general  equations  are 

a:=4-ll^;  y=84-hl9f. 
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Otber  examples : 

Problem  2d.  A  fanner  sold  a  part  of  his  live  stock  consisting  of  oxen  and 
liorses ;  for  each  ox  he  received  8  £.  and  for  each  horse  21  £^  and  for  all  the 
oxen  97  £.  more  than  for  all  the  horses.  How  many  oxen  and  how  many 
horses  did  he  sell  ? 

Ajm*  The  number  of  solutions  is  infinite.    The  corresponding  solutions 
are  29  oxen  and  5  horses,  56  oxen  and  13  horses,  83  oxen  and 
21  horses,  &c. 
Problem  8d.  It  is  required  to  find  a  number  such  that  if  it  is  divided  by 
11  the  remainder  is  3,  and  if  it  is  divided  by  17  the  remainder  is  10  F 

Am,  The  number  is  1464*187^;  t  being  an  indeterminate  to  which  may 
be  assigned  an^  integer  positive  value,  beginning  with  0. 
Problem  4th.  It  is  requured,  with  two  measuring  rods,  the  one  6  feet,  the 
other  7  feet,  in  length,  to  measure  a  distance  of  23  feet  F 

Am*  The  equation  which  is  to  be  resolved  in  whole  positive  numbers  is 
5x4-7y=23.  The  limits  of  the  indeterminate  /  are  found  to  be 
/>j^  and  ^<f.  Whence,  there  being  no  whole  number  between 
i  and  f,  the  problem  is  impossible. 

100.  The  determination  of  the  limits  in  Article  99  leads  to  the  inquiry, 
what  are  the  values  of  the  final  indeterminate  t  which  render  positive 
expressions  such  as  A+&^  or  which  are  such  that  A-f6f  >0  F 

The  term  A  may  be  transposed  as  in  an  equation.    This  ^ves  hi> — A. 
If  fr  is  positive  both  members  of  this  inequality  may  be  divided  by  h ;  the 

result  is  '>— t". 

But  if  fr  is  negative  the  division  by  h  will  change  the  sijgns  of  the  two 
members  of  the  inequality,  and  consequently,  firom  the  conventions  of  Articled, 
the  member  which  was  the  greater  becomes  the  less.    In  this  case  the 

conclusion  is  t<  — -r-. 

Suppose,  as  a  more  general  case,  the  inequality 

at-\'h>ct-\-d. 
Transposing,  (a'^c)t>d'-b»     

"   "^  u— ft 

Then,  according  as  a— c  is  a  positive  or  negative  quantity,  t  ^  -^n^* 

The  inequality,  being  reduced  to  this  form,  is  said  to  be  resolved. 

Hie  transformations  which  it  may  be  requisite  to  make  on  inequalities  are 
80  analogous  to  those  made  on  equations,  that  it  is  always  easy  to  perceive  in 
what  manner  they  ought  to  be  made. 

Care  must,  however,  be  taken  to  avoid  errors  with  regard  to  the  signs ; 
and,  to  avoid  such  errors,  it  is  only  necessary  to  attend  to  the  conventions  of 
Article  3. 

ResohUum^  in  whole  numbers  and  in  whole  poeitive  numbers^  of  two 
or  more  equations  of  the  first  degree^  the  number  of  equations 
being  less  than  the  number  of  unhnown  quantities. 

101.  Let  it  be  required  to  resolve,  in  whole  numbers,  the  equations 

2x+14y— 7^=341      .       -      -     1 
10r+4^-f9r=473     -       -      -     2 
If  the  first  equation  is  multiplied  by  5,  and  the  product  is  subtracted  from 
the  second,  an  equation  is  obtained  in  y,  z, 

viz.  66y— 448— 1232, 
or3y— 2z=56        -      -      -     3 
The  integer  values  of  y,  z,  which  satisfy  the  proposed  equations,  ought 
also  to  satisfy  equation  3. 
Applying  to  equation  3  the  method  of  Ai'ticle  93,  it  is  found  that 

y=2/,  «=3/— 28. 
The  integer  solutions  of  equation  3  are  obtained  by  giving  t  all  possible 
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inte^r  values.  But  all  the  integer  values  of  y,  2,  thus  determined,  are  not 
capable  of  verifying  the  proposed  equations ;  for,'  that  this  may  be  accom- 
plished, the  values  of  y,  z  must  be  such  that,  being  connected  with  certain 
integer  values  of  x^  one  of  the  equations  1,  2  shall  be  verified. 

Substituting  the  preceding  values  of  y,  2:  in  equation  1,  it  is  found  that 
2r-fy<=145. 

From  this  equation  are  obtained  x=69+7(',  £=1—2^;  f  denoting  any 
whole  numl)er  whatever. 

If  1— 2f^  is  substituted  for  t  in  the  values  of  y,  z,  the  unknown  oaantities 
X,  y,  z  arc  found  to  be  expressed  in  terms  of  f  by  the  equations  following, 

a:=69+7<',  y=2— 4/^,  r==— 25—6^ ; 
these  equations  give  all  the  integer  values  which  satisfy  equations  1,  2. 

If  it  is  required  that  the  values  shall  be  both  integer  and  positive,  it  is 
necessary  to  choose  f  in  such  a  manner  that 

69+7f'>0,  or<'>— 9f 
2— 4/'>0,  or<'<|, 
— 25— 6<'>0,  or  tf<^A^. 

Whence  the  only  values  which  can  be  given  to  <^  are 

r'rs  —5,  —6,  —7,  —8,  —9. 

Substituting  these  values  of  tf'  in  the  equations 

a?=69+7<',  y=2— 4^  «=:-25— Si', 
five  integer  positive  values  of  x,  y,  z  are  obtained ;  viz. 

a=34,  27,  20,  13,  6 ; 
y=22,  26,  30,  34,  38 ; 
2r=5,  11,  17,  23,  29. 

This  example  may  suffice  to  indicate  the  method  to  be  followed  for  the 
resolution,  in  whole  positive  numbers,  of  any  number  of  equations  of  the  fint 
degree,  which  contain  one  unknown  quantity  more  than  there  are  equations. 

102.  When  the  number  of  unknown  quantities  exceeds  the  number  of 
equations  by  two  or  more,  the  indetermination  is  still  greater  than  in  the 
preceding  cases ;  but  the  condition  that  the  values  shall  be  integer  and 
positive  considerably  limits  the  number  of  solutions. 

To  ffive  an  instance ;  let  it  be  required  to  resolve,  in  whole  positive  num- 
bers, ue  equation 

iar-fl>y+7;r=58. 

Expressing  z   (which  has  the  least  coefficient)   in  terms  of  the  other 

quantities, 

gS-^-lOr                      2-2y-3r 
z —  ^  — 8  — y — z-\ = . 

Since  the  numerator  2 — 2y — Zx  ought  to  be  a  whole  number  divisible  by 
7,  let  2— 2y— 3x=7^ 

n                *i          2-3x~7/    ,           ^     ar-ff 
Consequently  y= ^ —  =1^3^—3/ j- . 

Again,  since  x-^-t  ought  to  be  a  whole  number  divisible  by  2,  let 
x+t=2^. 

Therefore  *=— /-h2/'. 

Returning  to  y  and  z,  these  unknown  quantities  are  to  be  expressed  in 
terms  of  t,  r. 

The  formulsB  which  are  obtained  for  z,  y,  z  are 

a:=— r+2/',  y=l— 2^— 3r,  2:=7+4/-f^. 
To  obtain  all  the  integer  positive  solutions  of  the  proposed  equation  it  is 
necessary  to  give  to  /,  ^  all  the  integer  values  which  at  once  satisfy  the  three 
conditions : 

— *+2r>0,  1— 2/— 3/'>0,  7-f4/+<'>0. 
Hence  result  for  ^,  If  certain  limitations  which  are  discovered  by  performing 
with  these  inequalities  operations  analogous  to  those  of  elimination. 
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For  the  sake  of  exactness,  let  the  signs  ^  exclude  eqnalitj,  which  amounts 

to  the  exelosion  of  the  value  zero,  for  any  of  the  unknown  quantities  ar,  y,  z. 

Multiplying  — /-f  2^>0  by  3,  — 3*-f  6^>0, 
and  multiplying  1— 2/— 3<'>0  by  2,  2— 4/— 6f'>0. 
The  two  first  members  of  these  inequalities  being  each  greater  than  zero, 
their  sum  must  be  greater  than  zero. 
By  the  addition  6^  is  destroyed,  and  the  result  is 

2— TOO,  whence /<f. 
By  a  ramilar  elimination  between  the  second  inequality  and  the  third  it  is 
found  that 

22+10^>0,  and  therefore  that  ^>--2^ 

The  value  of  the  indeterminate  t  is  therefore  comprehended  between  the 
limits  — 2^  and  +|. 
Consequently  tjie  onl^  integer  values  which  ^can  have  are  (= — 2,  —  1,  0 : 
1st.  By  the  substitution  of  —2  for  t, 

— r-f2^>0becomc8  2-f2f>0;         .*.<'>— 1. 
1  — 2/— 3/^  >0  becomes  1  -f  4— 3^  >0 ;   .  • .  I'  >  If. 
7+4^+r'>0  becomes  7— 8+<'>0 ;     .\1f>\. 
Since  there  is  no  whole  number  between  1  and  1|,  it  fbllows  that  the  value 
/= — 2  must  be  rejected. 
2d.  By  the  substitution  of  —1  for  /, 

—*-f2<'>0  becomes  l+2<'>0;         .'.<'>— 4- 
1—2*— Si' >0  becomes  1+2— 8^ >0;   .•.<'>1. 
7+4/+^>0  becomes  7— 4+r'>0;     .'./'>- 3. 
Since  — 3<  — ^  (Art.  3),  the  limits  are  —J  and  +1. 
The  only  expression  between  these  limits  which  is  not  fractional  is  0. 
This  value  is  a  consequence  of  /=— 1.    Therefore  /=— 1,  <'=0,  are  corre- 
sponding values  of  t,  r. 
3d.  By  the  substitution  of  0  for  t,  the  results  obtained  are  f  >0,  f'  <  -J,  ^  > — 7. 
Whence,  since  there  is  no  whole  number  between  0  and  ^  the  value  t=^0 
must  be  rejected. 

The  single  values  of  t  and  f^  to  which  correspond  integer  and  positive 
values  of  ar,  y,  z^  are  /==— 1,  ^=0. 

By  the  substitution  of  these  values, 

a:=— f-f  2/'  becomes  jr=l ; 
y=l— 2*— Sf'  becomes  y=3  ; 
2r=7+4/-f<'  becomes  2:=3 ; 
and  this  is  the  only  solution  of  which  the  proposed  equation  is  susceptible. 
As  a  second  example, 

Let  6x+7y+32:+2tt=100        -  1 

24a:+12y+72r-|-3ti=200        -  2 

By  eliminating  u  the  two  equations  are  reduced  to  this, 

30x+3y-f52:=100, 

which,  resolved  with  regard  to  z,  gives 

3y 
2=20— 6x—y. 

Since  y  must  be  a  multiple  of  5,  make  y=5*  -  3 

.•.z=20— 6a:— 3<  -  4 

Substituting  these  values  of  y,  z  in  equation  1, 

6z-f35*+60— 18x— 9*+2tt=100, 
or  — 12a:+26f+2tt=40, 
and  therefore  tt=20-f  6ar— 13*  -  5 

In  the  equations  3,  4,  5  the  three  unknown  quantities  ar,  y,  z  are  conse- 
quently expressed  in  terms  of  x  and  the  indeterminate  t 

Now,  to  resolve  equations  1,  2  in  positive  numbers,  it  is  evidently  neces- 
sary to  take  X  and  t  positive ;  for  x  is  one  of  the  unknown  primitives,  and 

z  2 


340 


ELEMENTS  OF  ALQEBBA. 


It  18  also  necessary  to  satisfy  tlie  ineqiialities, 

20— 6*— 8I>0,  204-6a:— 18/>0. 

Adding  these  inequalities  together,  x  disi^pears,  and  the  result  is 

40— 16/>0 ;  whence  f<2j. 

The  only  values,  therefore,  which  /  can  have  are 

<=0,  1,  2. 

Ist.  Making  <=0, 

y=0,  2=20—6*,  «=20+6ar. 

Also,  nnce  z  must  be  integer  and  positive,  20— 6x  must  be  the  expresBum 
of  a  whole  positive  number.    It  can  oe  so  for  the  values  of  2=0,  1, 2,  3. 

From  the  systems  of  values,  t=Oi,  x=:0, 1,  2,  3,  result  the  four  solutions 
foUowing: 


<=0,x= 


y=0 

2=20 

«=20 


/=0,  x=l 

f=0,  ar=2 

«=0,  ar=3 

:c=l 

x=2 

x^3 

y=0 

y=0 

Jf=0 

z=14 

z=2 

11=26 

tf=82 

«=38. 

2d.  Making  1=1, 

y=5,  2:= 17— fir,  «=7+6a:. 
In  this  case  the  value  of  j;  is  limited  by  the  condition  that  2=17— 6x 
must  be  a  whole  positive  number  4  z  is  integer  and  positive,  for  ar=0,  1,  2. 

From  the  systems  of  values,  1=1,  z=0,  1,  2,  are  obtained  the  three 
solutions, 


1=1,  x=0 

1:=1,   X=l 

1=] 

I,  4:=2 

x=0 

X=l 

x=2 

y:=5 

y=6 

y=5 

2=17 

2=11 

«=7 

«=13 

«=19. 

Malrinff  *=<L 

y=10,  2=14—6*,  «=— 6+6ar. 
From  tt^ — 6+6f,  x  cannot  be  zero ;  for  thus,  «= — 6. 
From  2=14— 6ar,  x  may  be  0  (excluded  by  the  value  of  n),  1,  2, 
Therefore,  with  1=2,  x  may  be  equal  to  1  or  to  2. 

From  the  systems  of  values,  1=2,  x=l,  2,  are  obtained  two  solutions ;  viz. 


1=2,  x=l 

1=2,  ar=2 

«=1 

x=2 

y=io 

y=10 

2=8 

2=2 

11=0 

11=6. 

The  number  of  solutions  is  nine.  Excluding  those  in  which  the  values  of 
one  or  more  quantities  are  zero,  the  number  of  solutions  is  reduced  to  three ; 
namely,  tiiose  with  1=1,  a:=l ;  1=1,  x=2 ;  1=2,  x=2. 

Additional  problems : 

1st.  Find  two  numbers,  such  that,  if  the  first  is  multiplied  by  17,  and  the 
second  by  26,  the  first  product  shall  exceed  the  second  by  7  P 

Am.    5  and  3,  31  and  20,  57  and  37, 5+261,  and  3+171. 

2d.  In  a  foundry  two  kinds  of  cannon  are  cast ;  each  cannon  of  the  first  sort 
weighs  16  cwt.,  and  each  of  the  second  25  cwt.,  and  yet  for  the  second  kind 
there  are  used  100  lbs.  of  metal  less  than  for  the  first.  How  many  cannons 
are  there  of  each  kind  P 

Am,  Of  the  first  11,  and  of  the  second  7 ;  or,  of  the  first  36  and  of  the 
second  23 ; ....  or,  of  the  first  1 1  +251  and  of  the  second  7+ 16t 

3d.  Divide  the  number  1591  into  two  parts,  such  that  the  one  may  be 
divisible  by  23  and  the  other  by  34  P 

An9.  The  parts  are  1081  and  510,  or  299  and  1292. 
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4th.  It  18  required  to  find  two  nmnbers  whoee  sum  and  product  are 
eqaal? 

Ans,  If  X  and  y  denote  the  two  numbers,  then  x  is  arbitrary,  and 

X 

5th.  Reqaired  three  numbers,  such  that  if  the  first  is  multiplied  by  7, 
the  second  D J  9,  and  the  third  bj  11,  the  first  product  shall  be  I  less  tnan 
the  second,  and  2  greater  than  the  third  P 

Am,  5,  4,  3 ;  or  104,  81,  66 ;  or  203,  158,  129 ; 

6th.  A  farmer  buys  124  head  of  cattle,  viz.,  pigs,  goats,  and  sheep,  for 
400  £.    Each  pig  costs  4  £.  10  sh. ;  each  goat  3  £.  3  sh.  4  d. ;  and  each  sheep 
1  df .  5  sh.    How  man  J  are  there  of  each  kind  ? 
Aju.  17,  99,  8  ;  or  40,  60,  24 ;  or  63,  21,  40. 

7th.  Required  three  numbers  such  that  the  sum  of  their  products  bj  the 
numbers  3,  5,  7,  respectively,  may  be  560,  and  the  sum  of  their  products 
by  the  numbers  9,  25,  49,  respectively,  may  be  2920  P 
Ans.  15,  82,  15 ;  or  50,  40,  30. 

8th.  Find  a  number,  N,  which,  being  divided  by  1 1,  gives'the  remainder  3 ; 
divided  by  19,  gives  the  remainder  5 ;  and  divided  by  29,  gives  the  re- 
mainder 10  P 

Ans.  N=4128-|-606U;  4128  being  the  least  number  which  satisfies  the 
problem. 


SECTION  VL 

FORMATION  OF  THE  SQUARE  AND  EXTRACTION  OF 
THE  SQUARE  ROOT.  CALCULUS  OF  RADICAL  QUAN- 
TITIES  OF  THE  SECOND  DEGREE. 

103.  The  quantity  which,  raised  to  the  square,  reproduces  a  given 
quantity,  is  termed  the  square  root  of  that  quantity.  In  arithmetic  there 
are  no  negative  quantities,  and  the  absolute  values  of  numbers  are  alone 
considered;  a  square  root  can  therefore  have  only  a  single  value.  The 
square  root  of  4,  for  example,  can  be  no  number  but  2.  But  in  algebra, 
into  the  calculations  of  ^which  n^ative  as  well  as  positive  quantities  enter, 
the  case  is  otherwise ;  for  it  follows  from  Article  4,  that  not  only  (-)-2)'=4 
and  (-|-a)*=a«,  but  also  that  (— 2)«=4  and  (— a)*=a*.    Therefore,  if  it  is 

agreed  to  denote  by  ^/c^A  certain  quanti^  of  which  the  square  is  a,  this 

square  root  may  be  either  -\-Va  or—Va,    The  two  values  are  generally 

expressed  thus,  +  y/a^ 

+ Vaand  —  Va  are  the  only  square  roots  of  the  quantity  a.  To  establish 
this  proposition,  let  a^^a.  Then  the  different  square  roots  of  a  are  the 
values  which  satisfy  the  equation  2^=a  or  2^^-a=0. 

Since  o^^V^f  x"— a=a:*— >v/5^=0. 
But  Va  X  >v/a=  ^/cF  (Part  I.  Art.  257), 
and  (x—Va)  («+.\7a)=a:*— >v/ax>v/a; 
r  .a^^a^ix-Wa)  («-Hv'a), 
and  .•.  (x— \/a)  (x+ V^)=0. 
But  this  product  cannot  be  equal  to  zero,  unless  one  or  both  its  factors 
are  equal  to  zero.  _ 

From  X— V'osrO  is  obtained  x=  v^ 
and  firom  x+ v^a=0  is  obtained  x=— v'o'. 
Whence,  once  any  value  of  x  which  is  not  either  +  Voor  — ^/a^cBsmot 
render  either  of  the  factors  x— v'o,  x-)->v/a,  equal  to  zero,  it  cannot  render 

a^— 0=0;  therefore  the  quantity  a  has  no  square  roota  but  +V^— v^flu 
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Conaequentlj  the  square  root  of  an  algebraic  quantity  haa  two  values  wluch 
are  equal  and  of  contrary  signs. 

The  expression  ^a  is  taken  to  signify  +  V'a.    Ther^ore  when  a  n^ative 

or  subtractive  root  is  meant,  it  is  proper  to  write  —  ^o. 

104.  The  gggntity  placed  under  the  radical  sign  may  be  n^ative,  as  in 

the  instances  tj — 4,  V^ — a*.  Now  the  square  of  every  quantity  is  positiye ; 
for  by  the  rule  of  signs  (-|-a)x(4:a)=-Ha*.  Therefore  no  quantity  can 
have  a  negatiye  square,  andno  negative  quantity  a  square  root. 

The  values  of  the  roots  of  V— 4,  >/— a*  are  termed  imaginary  quantities 
or  imaginary  roots.  In  strictness  they  are  not  quantities ;  yet,  being  operated 
upon  by  the  rules  of  the  algebraic  calculus,  this  designation  is  appied  to 
them. 

To  mark  the  difference  between  quantities  which  are  positive  or  n^ative 

and  expressions  such  as  V— a,  the  former  are  termed  real  quantities. 

Every  imaginary  expression  of  the  form  V'— A  can  be  transformed  into  a 

product  of  two  factors,  the  one  real,  the  other  equal  to  V— 1. 

For  the  quantity  A,  if  taken  additively,  must  have  two  square  roots 
which  are  real.  Let  a  denote  one  of  these  roots,  that  which  is  positive ; 
then  >v/ — A  may  be  represented  by  ay,  provided  y  is  determined  in  such  a 
manner  that  (ay)*  may  be  equal  to  — ^A ;  or,  which  is  the  same  thing,  that 
ay=— A. 

But  since  A  is  the  sauare  of  a,  A=a% 

therefore  Ay'=ay, 
Ay«=-A, 

andy=+>v/— 1; 


therefore  «y=-f  av^— 1 ; 


but  ay=:>v/— A  ,;.  >v/— A=+aV'— 1- 

105.  Let  dbc represent  any  product : 

(abc  . . .  .)*=(aftc  . . . .)  X  (ahc  . . .  ,^^=aabhcc  ....  ^a^H^c^ 

Therefore  the  square  of  a  product  is  formed  by  rusing  each  factor  to  the 
square. 

The  square  of  a  factor  a",  which  has  an  exponent  w,  is  (a")'=fl^  x<r=a*". 

Whence,  the  square  of  any  monomial  is  obtained  by  squaring  the  coeffi* 
cients  and  doubling  the  exponents : 

(3        \       9 

Reciprocally,  from  the  preceding  principles  it  is  concluded  that  the  square 
root  of  a  product  is  obtained  by  extracting  the  square  root  of  all  the  factors ; 
and  that  the  square  root  of  a  monomial  is  obtained  by  extracting  the  square 
root  of  the  coefficient,  and  dividing  tiie  exponents  by  2. 

These  rules  give  ^/aSc=^  ^/aX  Vb  x  Vc. 

VESF^=±Sa^b. 

106.  A  quantity  placed  under  the  sign  \/  is  termed  a  radical  quantity, 
or,  simply,  a  radical. 

When  dl  the  factors  of  a  monomial  or  of  a  product  are  not  squares,  the 
extraction  of  the  square  root  is  first  indicated ;  and  the  radical  is  afterwards 
simplified  by  placing  on  the  exterior  of  the  radical  sign  all  the  ftcton 
which  are  squares. 

For  example,  if  it  is  required  to  extract  the  square  root  of  SOt^b^c ; 
Since  50a^b^c^2 x25xa^XaXb^X c=:2gg*y X 2ac, 
since  also  A/gOa^6^c=  A/25tt^b^  x  ^/%acy 

and  A/25^*=5a*J,    

therefore  A/50a*6-c=5a'6\/2ac. 
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In  general,  a  radical  of  the  second  d^roe  i8  simplified  by  decomposing 
the  quantity  placed  under  the  radical  sign  into  two  products,  of  which  the 
one  contains  only  square  factors,  and  the  other,  factors  which  are  not 
squares ;  and  then  extracting  the  square  root  of  the  first  product,  and  indi- 
cating the  extraction  of  the  square  root  of  the  second. 

Hence,  if  a  denotes  the  square  root  of  A, 

107.  Let  a  denote  the  numerator  and  h  the  denominator  of  any  fraction ; 
then,  by  Article  34,  It  I  — h'^Jr^^' 

Whence  the  square  of  an  algebraic  fraction  is  obtained  by  squaring  the 
terms  of  the  fraction. 

Conversely,  the  square  root  of  an  algebraic  fraction  is  obtained  by  ex- 
tracting the  square  root  of  the  terms  of  the  fraction. 

Example.    Required  the  square  root  of  ,g  »  »  ? 

V4^€^^1a^lP,  and  V'T6c«d*=4a/«. 

Therefore  ^  i6c^j4='4^. 

108.  When  the  terms  of  a  fi!'action  are  not  perfect  squares,  the  root  of 
each  term  may  be  indicated,  and,  if  possible,  simplified ;  but,  usually,  the 
denominator  is  rendered  rational.  This  is  accomplished  by  introducing  into 
both  terms  of  the  fraction  the  factors  which  render  the  denominator  a  per- 
fect sauare ;  then  the  square  root  of  the  denominator  is  extracted,  and  the 
radical  remains  only  in  tne  numerator. 

Example.    Extract  the  square  root  of  'Tq^  ? 

The  number  50  becomes  a  square  if  multiplied  by  2  ;  and  the  quantity  e^, 
if  multiplied  by  c. 

3fl*&_8a^ft     2c_ea*bc 

50c'~'50c3^  2C—100C* 


A/6a*6c=a«\/6&c,  and  V'100c*=10c^ 
therefore  ^ _=-j^-^. 

109.  Let  a-\-b-{'C-\-d  be  a  polynomial,  in  which  a^  b^  c,  d  represent  any 
quantities  whatever. 

If  all  the  terms,  excepting  the  last,  are  considered  as  one  term,  and  the 
square  of  the  polynomial  is  formed  as  if  it  were  a  binomial,  m+d^ 

then,  since  (m-f(i)*=»i'-|-2i»d[-|-d', 

in  like  manner  {(a-h6+c)-hrf}«=(a-f  6+c)«+2(a-f  6-hc)£?-f  (i^, 

.  • .  (a+6-|-c-fcO*=aH2aZ»-hft«+2(a-|-ft)c-|-c»-h2(a-f  6+c)rf-f d«. 
As  this  method  may  be  extended  to  include  polynomials  composed  of  any 
number  of  terms,  it  allows,  from  the  result  obtained  b;jr  it,  that  the  square 
of  a  polynomial  consisting  of  any  number  of  terms  is  composed  of  the 
square  of  the  first  term,  plus  the  double  product  of  the  first  term  by  the 
second  term,  plus  the  square  of  the  second  term,  plus  the  double  product  of 
the  sum  of  the  first  and  second  terms  by  the  third  term,  plus  the  stjuare  of 
the  third,  &c.  &c. 

If  the  products  2(a+6)o,  2(a-hA-hc)rf,  &c., 

or2ac+2&c,  2ad-^2bd'\-2cd, 

are  formed,  it  appears  that  the  square  of  a  ix)lynomial  is  composed  of  the 

z  4  ' 
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squares  of  all  its  terms,  plus  the  double  product  of  all  its  terms,  tak^i  two 
by  two. 

110.  Let  it  be  required  to  extract  the  square  root  of  any  pdjnomial 
expression,  P. 

The  terms  of  the  proposed  polynomial  can  be  arranged  in  such  a  manner 
tliat  the  exponents  of  the  same  letter  (x)  are  diminished  from  left  to  right. 

Let  the  terms  be  thus  arranged,  and  suppose 

P=A-|-B-|-C-|-  . . . 

Also,  represent  by  a+^-f  c+  ....  the  square  root  of  P,  arranged  in  the 
same  manner. 

The  square  of  a-hft-f  c-f-  . . .  must  reproduce  P ;  whence,  from  the  order 
observed  in  arranging  the  terms,  and  the  principle  of  Article  12^,  it  follows 
that  among  the  terms  which  compose  the  square  of  a4-&+c+  •  •  •  that  term 
in  which  x  has  the  highest  exponent  is  a' ;  therefore  A  is  the  square  of  a ; 
consequently  the  first  term  of  the  root  is  obtained  by  extractii^  the  square 
root  of  the  first  term  of  the  given  polynomial. 

Subtracting  the  square  of  the  first  term  of  the  root  from  P,  and  denoting 
the  remainder  by  R, 

R=B4"C-|-  •  .  •  . 

K  contains  the  double  product  of  the  first  term  of  the  root  by  the  second 
term,  plus  the  square  of  the  second  term  of  the  root,  &c. 

Now  it  is  evident  that  the  double  product  of  the  first  term  of  the  root  by 
the  second  term  must  contain  x  with  an  exponent  higher  than  in  the  other 
terms  of  R.  % 

Therefore  B  is  this  douole  product ;  therefore  the  second  term  of  the  root 
IS  fotmd  by  dividing  the  first  term  of  R  by  the  double  of  the  first  term  of 
the  root. 

Two  terms,  a,  b,  of  the  root  being  found,  if  6  is  added  to  2a  and  the  sum 
2a+(+&)  is  multiDlied  by  fr,  the  product,  (2a+ft)ft=2aft+fr'«  ia  ecraal  to 
twice  ^e  product  or  the  fix^  term  of  the  root  by  the  second  term  piua  the 
square  of  the  second  term. 

The  product  Qla-\-b)b  being  subtracted  from  R,  a  second  remainder,  R', 
is  obtained,  whicJi  contains  the  double  product  of  the  sum  of  the  first  and 
second  terms  of  the  root  by  the  third  term  plus  the  square  of  the  third 
term,  &c. 

The  term  in  x  of  this  remainder  which  has  the  highest  exix>nent  must  be 
the  double  product  of  the  first  term  of  the  root  by  the  third ;  whence  it 
follows  that  the  third  term  of  the  root  is  obtained  by  dividing  the  first  term 
of  R^  by  the  double  of  the  first  term  of  the  root,  that  is,  by  2a. 

Let  the  third  term  of  the  root  be  c ;  the  terms  a,  &,  c  of  the  root,  and 
R'^,  the  remainder  left  by  the  subtraction  of  (2a-\-^-i-c)c  from  R',  a]Sbrd 
the  means  of  obtaining  the  fourth  term  of  the  root,  in  the  same  manner  as 
a,  fr,  the  first  and  second  terms  of  the  root,  and  R^  the  second  renuunder, 
have  led  to  the  discovery  of  the  third  term  of  the  root  e. 

When  P  is  a  square  all  the  terms  of  the  root  must  be  obtained  by  con- 
tinuing this  series  of  operations,  for  each  division  gives  one  term. 

111.  If  the  process  for  the  extraction  of  the  square  root  of  a  number  is 
compared  with  that  for  the  extraction  of  the  square  root  of  an  algebraao 
quantity,  the  periods  of  figures  of  the  number  being  considered  the  analogues 
of  the  terms,  arran^d  according  to  the  descending  powers  of  x  in  the  use- 
braic  quantity,  it  is  found  that  the  principal  mnerence  arises  from  me 
distinction  between  arithmetical  and  algebraic  quanUties ;  namely,  that  in 
the  former  the  operations  are  executed,  and  in  the  latter  only  indicated. 

Arranging  the  power,  root,  and  divisors  as  in  extraction  of  the  square  root 
of  a  number,  and  proceeding  in  the  manner  pointed  out  by  the  investigation 
contained  in  the  last  Article,  the  square  root  of  any  algebraic  quantity  may 
be  found,  as  in  the  following  example  : 
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Example.    Required  the  square  root  of  4r^+ 122^ +^^**-*&v+ 1  • 

Calculation : 

4fl?*+ 12a:»H-5a«— 6ar-|- 1  (2x«+3x— 1 

4r*-|-3ap)         ISar^+Sa:* 


4««-|-6af— 1)       — 4af«— 6ar-|- 1 

DetaU :    The  first  term  of  P  is  4af*. 

The  square  root  of  4r^  fb j  the  rule  for  monomials)  is  20^ ;  the  first  term 
of  the  square  root  of  P  is  therefore  2a:*. 

Subtracting  the  square  of  22*  from  P,  the  first  term  of  R  is  120:^. 

The  double  of  the  first  term  of  the  root  is  4a:*. 

12ar-4-'4x*=3x ;  therefore  Sx  is  the  second  term  of  the  root. 

(4a:*+3a:)3ar=12x'+9a:*=  the  double  product  of  the  first  term  of  the  root 
by  the  second  term  {dus  the  square  of  the  second  term. 

Subtracting  12a:'H-9x*  from  R,  the  first  term  of  R'  is  — 4x*. 

— 4z*-#-4r*  (the  double  of  the  first  term  of  the  root)  =—1;  therefore 
—1  is  the  third  term  of  the  root. 

(4**+6x— 1)  X  (— 1)=— 4a:*— 6x+l=  the  double  product  of  the  sum  of 
the  first  and  second  terms  of  the  root  hj  the  third  term  plus  the  square  of  the 
third  term. 

Subtracting  — -40:*— 6x-f  1  from  R',  it  is  found  that  R"=0;  therefore 
4ar*+ 1223+506*— 6x+l  is  a  perfect  square,  and  its  square  root  is  2ac*-f 
3«— 1. 

112.  When  a  remainder  =0  is  obtained,  it  is  to  be  concluded  that  the  pro- 
posed jpoljnomial  is  a  square,  and  its  square  root  complete ;  for,  from  the 
manner  in  which  the  calculation  is  made,  each  remainder  which  is  succes- 
siyely  obtained  is  the  given  polynomial,  diminished  by  all  the  parts  which 
compose  the  square  of  those  terms  of  the  root  which  have  been  found  by  the 
part  of  the  calculation  ah-eady  made ;  therefore  when  the  root  is  complete 
the  remainder  must  be  equal  to  zero ;  and,  reciprocally,  when  a  remainder 
equal  to  zero  is  found,  it  is  evident  that  the  terms  written  in  the  root 
compose  the  exact  square  root  of  the  polynomial  proposed. 

On  the  other  hand,  when  P  is  not  a  square,  the  calculation  shows  that  it  is 
not ;  for,  supposing  always  that  the  terms  of  P  are  arranged  according  to 
the  descending  powers  of  a:,  and  observing  that  at  each  successive  subtrac- 
tion the  first  term  of  P,  R,  R' . . . .  is  destroyed,  it  must  happen  that  the 
exponent  of  or  is  diminished  in  the  first  term  of  each  successive  remainder, 
and  by  consequence  in  the  terms  of  the  root. 

This  admitted,  let  K  be  the  last  term  of  P,  that  is,  the  term  in  which  x 
has  the  least  exponent,  and  let  the  square  root  of  K  be  A.  Kow  it  is  obvious 
that  if  P  is  a  square,  k  must  be  the  last  term  of  its  square  root;  consequently 
in  the  course  of  the  calculation  k  ought  to  be  found;  if  it  is  not  the  calcula- 
tion must,  by  the  diminution  of  the  exponents,  as  above  mentioned,  give  a 
term  of  the  root  of  a  degree  inferior  to  A,  in  which  case  it  is  evident  that  P 
is  not  a  square.  The  conclusion  is  the  same  if  the  calculation  gives  the  term 
k  with  a  remainder  not  equal  to  zero. 

113.  The  preceding  explanations  are  accommodated  to  the  case  in  which 
the  terms  of  P  are  arranged  according  to  the  descending  powers  of  x. 

But  when  the  contrary  order  is  adopted  they  still  subsist,  it  being  only 
necessary  to  make  a  slight  modification  in  the  test  by  which  it  is  sought  to 
ascertain  whether  the  polynomial  is  a  square. 

First,  it  is  obvious  that  the  same  process  of  calculation  gives  all  the  terms  of 
the  root,  and  that  when  the  last  remainder  is  0,  P  is  a  square,  and  the  terms 
found  are  those  of  its  square  root. 
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Second.    To  modify  the  test  by  which  it  ib  ascertained  whether  P  is  a 

square,  it  is  sufficient  to  observe  that  the  exponent  of  the  letter  according 
to  the  powers  of  which  P  is  arranffed  increases  in  the  successive  terms  of 
the  root ;  and  that  in  the  case  in  which  P  is  a  square  the  calcuLition  ought 
to  give  a  last  term  equal  to  the  square  root  of  the  last  term  of  P;  Uiererore 
if  such  a  term  is  found  and  the  remainder  is  not  zero,  or  if  a  higher  power 
of  X  is  found,  P  is  not  a  square. 

It  can  sometimes  be  perceived  from  inspection  merely  that  a  poljnomiAl  is 
not  a  square ;  for  if  the  terms  containing  the  highest  and  lowest  exponents 
of  an  J  of  the  letters  which,  enter  into  P  ore  not  squares  P  cannot  be  a  square. 
This  impossibilitj  may  appear  at  once,  or  it  may  be  encountered  in  the 
course  of  the  calculation,  as  when  the  first  term  of  a  remainder  is  not 
divisible  by  the  double  of  the  first'term  of  the  root 

A  binomial  cannot  be  a  perfect  square ;  for  the  square  of  the  most  simple 
polynomial  (namely,  a  binomial)  contains  three  distinct  parts  or  terms  which 
cannot  be  reduced  with  each  other. 

When  the  terms  of  a  polynomial  have  been  arranged  according  to  the 
powers  of  or,  it  may  happen  that  there  are  several  terms  in  which  x  has  the 
same  exponent.  In  this  case  the  arrangements  prescribed  in  the  analogous 
case  of  division  (Art.  20)  are  to  be  adopted.  Then  it  is  evident  that  the 
investigations  and  rules  which  are  applicable  to  the  terms  in  x  must  apply  to 
the  polynomial  coefficient  of  any  power  of  x. 

114.  To  form  the  square  of  any  integer  expression, 

Rule.  Multiply  the  expression  by  itself;  or,  if  the  expression  is  a 
monomial,  square  the  coefficient  and  double  the  exponents  of  all  the 
literal  factors ;  if  a  polynomial,  form  the  square  of  the  first  term, 
the  double  product  of  the  first  term  by  the  second,  the  square  of  the 
second  term,  the  double  product  of  the  algebraic  sum  of  the  first  and 
second  terms  by  the  third  term,  the  square  of  the  third  term,  &c.  &&, 
and  take  the  algebraic  sum  of  these  results. 

To  form  the  square  of  a  fractional  expression, 

Divide  the  square  of  its  numerator  by  the  square  of  its  denomi- 
nator. 

To  extract  the  square  root  of  a  monomial, 

Extract  the  square  root  of  the  numeral  coefficient,  and  divide  the 
exponent  of  every  literal  factor  by  2. 

To  extract  the  square  root  of  a  polynomial. 

Arrange  the  terms  of  the  polynomial  according  to  the  descending 
powers  of  the  same  letter.  Find  the  square  root  of  the  first  term,  and 
subtract  its  square  from  the  polynomial ;  divide  the  first  term  of  the 
remainder  by  double  the  first  term  of  the  root ;  the  quotient  is  the 
second  term  of  the  root.  Multiply  the  algebraic  sum  of  double 
the  first  and  once  the  second  term  of  the  root  by  the  second  term  of 
the  root,  and  subtract  the  product  from  the  first  remainder ;  divide 
the  first  term  of  the  second  remainder  by  double  the  first  term  of  the 
root ;  the  quotient  is  the  third  term  of  the  root.  Multiply  the  alge- 
braic sum  of  double  the  first  and  second  and  once  the  third  terms  of 
the  root  by  the  third  term  of  the  root ;  subtract  the  product  from  the 
second  remainder,  and  proceed  in  this  manner  till  a  remainder  equal 
to  zero,  or  a  remainder  whose  first  term  is  not  divisible  by  double 
the  first  term  of  the  root,  is  found. 

To  extract  the  square  root  of  a  fractional  expression, 

Take  the  square  root  of  the  numerator  of  the  proposed  fraction 
for  the  numerator,  and  the  square  root  of  its  denominator  for  the 
denominator,  of  the  square  root  required. 
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a.  It  is  required  to  form  the  squares  of  the  following  expressions  : 

1st.   6a^b»e? An8.25a^b^c^ 

2d.    j^VfiP? Ans.^^c^^i^, 

3d.    GxTirz? Ans,C^3f^x\ 

^*^    "5?^  ^ ^«*-  2bd^^ 

5th.     3— 2a?-|-a:»? ^iw.  9— 12ar-|-10ar»— 4aJ»+a:<. 

6th.     3ax-^2bi/+cz? 

Ans.  9a2a^H-12a6jy-|-4&V-f6acx«+46cy2r+cV. 

a     b  a^  b* 

7th-     J+^  ? ^^-  ?i+2  +  -, 

^"^    iH2S^ ^'^•a:*  +  4aa;»  +  4a«. 

9th.     3x-.5a— 2^  ? ^iw.  9a«— 30aa:— 3a«xH-25a2-f  5a»+-j 

2iP    3y  4r*  9v^ 

10*-  ^-^? ^«'-  v-^+&- 

b.  Extract  the  square  roots  of  the  following  expressions : 

Ist  4a26*c«? Ans.2ab^c^. 

2d.  36»i*nM  ? Ans.  Sm^n^r. 

3d.  Ca?*"^2!"*? Ans.  Ca^i/^a^. 

4th.  ^^b^€^? Ans.lab^c'. 

^-  64a<^^  .       Sa^b^c 

^^  25^u*z^^ - "^"^'I^^U^i. 

81a«£»^  .       9gVrf8 

^^'    256b^Y^^ 166V. 

7th.     a^^2ab'\'b^? Ans.  a^b. 

b^  ,  b 

8th.     a^^ab-\--T  ? -^»w.  a—^ 

9th.     a«-|-2aH-l  ? -4iw.oVl. 

lOth.  »i«-|-6»i»n*  +  9ii®  ? - -4««.  m*  +  3«^ 

11th.  ar*— a«»+ia2a:»? Ans.x^^^ax. 

,«,     9a8     ^  ,  ,    4n6^  .      3a^     2n^ 

12th.   -j-+2a*n»-}--^  ? -4«*.  -2"  +  '3". 

13th.  l-h&r— 17a?«— 28a:»-f  49ar*  ? Ans. ^-\- 2x^7 x^. 

,,^    a«a?H2aAV-f6*ar*,  .      ar  +  6«a?2 

^^*^-  -S*=T2a'VHhi'-    • ^'"'  a-H^^. 

x'^     x^        sfi 
15th.  a«— a:2? ^'**- ^■'2a""8a3""l655->  ^- 

_a      -**4         <m6 

16th.  a»+a:»? ^'"' <'+2S-85'3+i65'»-'  ^ 

X    x^     x^ 
17th.  1— a:? -4n^.  1—2""8^""T6^*  ^' 

18th.  1  +  a:? -'^'**' ' +2'"F"^16"''  ^' 
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19th.  l-6a?-hl5ar»-20«»-hl5a?*-6«*+aJ<J? 

20th.  ^-^+24--^+-/  ? ^iw.p-4+-^-. 

115.  It  happens  most  frequently  that  roots,  of  whatever  order,  cannot  be 
expressed  exactly  without  Uie  help  of  radicals,  or  c^uantities  under  the 
radical  sign.  Consequently  all  the  calculations  into  which  these  roots  enter 
are  more  or  less  encumbered  with  radicals. 

The  present  purpose  is  to  explain  certain  transformations  and  reductions 
which  can  be  made  on  radicals  of  the  second  d^p?ee. 

Ist.  Since  the  square  root  of  a  product  u  obtained  by  extracting  the 
square  root  of  erery  factor  of  that  product, 

and,  reciprocally,  aVh^  V'a*  x  -/fe  V^?5I 
Hence  the  method  of  removing  a  fiictor  from  under  the  radical  sign,  or 
of  introducing  a  ftctor  under  it. 

2d.  Since  vT=7'6^7S-VF""T;  ' 

3a*-f  5  Va'ft*— 2    i/^  may  be  taken  as  another  example  in  which  the 

radical  can  be  made  to  disappear  from  the  denominator. 

For  5^/^^5^/7?  ^^^^b=Sab^/b ; 

and  2^ij-=2^-p T  ^* ' 

These  examples  show  how  in  certain  cases  radicals  of  the  second  degree 
may  be  made  to  disappear  from  the  denominator  of  a  fraction. 

Since  the  square  root  of  a  product  b  obtuned  by  extraction  of  the  square 
root  of  every  factor, 

^/Hss^/^X^/b; 
and  a/oX  V^ssVoft. 
Also,  since  the  square  root  of  a  fraction  is  obtained  by  dividing  the  square 
root  of  the  numerator  by  the  square  root  of  the  denommator, 


y' 


*J  a        /a 

*  7j=v  I' 

The  mtddplication  and  division  of  radicals  of  the  second  d^;ree  are 
effected  in  this  manner ;  namely,  the  Quantities  which  are  tmder  the  radical 
men.  are  mtdtqplied  toother,  or  dividea  one  by  the  other,  and  the  result  is 
puced  under  the  radical  sign. 

If  the  unknown  quantity  in  an  equation  is  a  radical  of  the  second  d^^ree, 
by  disengaging  the  radiciu  from  the  other  quantities  by  the  role  for  the 
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resolution  of  equations  of  the  first  degree,  the  equation  can  be  reduced  to 
the  formV z^n. 

Whence  ^^X^/x=:nXn; 
or  •=•« 


Wherefore,  to  resolve  an  eouation  in  which  the  unknown  quantity  is  a 
radical  of  the  second  degree  (any  reduction  which  may  be  necessary  being 
previously  made),  transpose  the  quantities  so  that  the  radical  maj  form 
one  member  of  the  equation,  the  given  quantities  the  other,  and  square  both 
members  of  this  equation. 


1st   V'?f+7=10_tofind«P Ans.  x=Sl. 

2d.    ^4r+2=^4r-fg  P Ans.  x=H%%. 

8d.   v'a:— 82=16— V'«P Atu.x=Sl, 

V«-H4      Var+6 


SECTION  vn. 

OF  EQUATIONS  OF  THE  SECOND  DEGREE. 

116.  An  equation  of  the  second  degree  to  one  unknown  quantity  may 
consist  of  two  terms  only ;  the  one  involving  the  square  of  uie  unimown 
quantity,  s*,  and  the  other  composed  of  auantities  which  are  known ;  or  it 
may  consist  of  three  terms,  the  first  involving  the  square  of  the  vmknown 
quantity,  ^ ;  the  second  involving  the  first  power  of  the  unknown  quantity, 
X ;  and  the  third  composed  of  quantities  which  are  knovm. 

The  equation  consisting  of  two  tenns  is  called  an  Incomplete  equation  of 
the  second  degree,  or  a  Pure  quadratic  equation. 

The  equation  consisting  of  three  terms  ^  is  called  a  Complete  equation  of 
the  second  degree,  or  an  Adfected  quadratic  equation. 

117.  The  equation  which  contains  only  o?"  and  known  quantities  can  always 
be  reduced  to  the  form,  x'=:A  (Art.  49).  Theu,  since  the  square  of  x  ought 
to  reproduce  A,  it  follows  that  x  is  the  square  root  of  A.  Now  A  has  two 
square  roots,  and  no  more ;  which  square  roots  are  represented  by  +  VX 
Whence  all  the  solutions  of  the  equation  2*= A  are  contained  in  tEe  two 
values, 

ar=±vT. 

2x*  So:' 

Example  1.  Given  -^ fSh  =  a-f  -j-,  to  find  the  value  of  x. 

Taking  away  tiie  denominators  and  transposing,  (2&— 3a)x^=^a^-f  a'&. 

''•*^""  2ft— 8a  ' 


andx=+y??^±?!*. 
-^      2ft— 8a 

9x — 18       X 
Example  2d.  Given  — 5j~~iX2»  ^  ^^  *^®  value  of  x. 

Taking  away  denominators  and  transposing,  4x'=d6. 

•  •  x^— s#, 

andx=+>v/9=+3. 


118.  The  most  general  equation  of  the  second  d^[ree  contains  three  sorts 
of  terms ;  viz.  terms  which  mvolve  x',  terms  which  involve  x,  and  terms  com- 
posed of  quantities  entirely  known. 

After  transposing  all  the  terms  into  the  first  member,  those  which  involve 
X*  bdng  combined  into  one  term,  those  which  involve  x  into  another  term. 
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and  the  terms  composed  of  known  quantities  into  a  third,  the  equation  takes 
the  form, 

ai*-f-i^x+c=0         -  -        1 

To  disengage  x^  from  its  coefficient,  let  all  the  terms  of  equation  1  be 
divided  by  a  \  then 

.    *       <J 

'a      a 

If  the  term  in  2^  has  the  sign  — ,  the  signs  of  all  the  terms  are  changed,  so 

that  x^  may  always  haye  the  sign  4-* 

h        c 
Then,  to  abridge  the  expression,  making  Zi^^P^z^^t^ 

«*-|-/M:-|-y=0        -  -        2 

Such  is  the  general  form  to  which  equations  of  the  second  degree  are 

reduced;  p  and  q  being  known  quantities,  either  additive  or  subtractive. 

As  an  example  of  the  reduction  of  an  equation  to  this  form, 

8a:    a:* 
Let  -Q  — «=10— 4a:. 

Taking  away  the  denominators,  9x— 2a:'=60 — 2Ax  ; 

transposing,  9x — 2a:'— 60-f  24r=0, 

or  — 2a:«-|-33x— 60=0 ; 
changing  signs,  2a^~33j:-f  60=0  ; 

83 

dividing  by  2,  a*— s^-f  30=0. 

In  this  instance  p^ — -h~9  9=30. 

119.  If  the  general  equation  a^-^px-^q^O  could  be  reduced  to  the  form 
(x-|-m)*=ii  (i»  and  n  being  known  quantities),  its  resolution  woidd  be 
easy. 

for  if  (x-|-m)'=ii,  x-|-ifi  must  be  a  square  root  of  n. 

But  n  has  only  two  square  roots,  denoted  by  the  expression  +>i/a. 

Therefore,  since  (x+m)*=n,  x+iii=+ V»»  and  a:=— m+>/«. 

For  the  purpose  of  reducing  the  equation  z^+px-j-q^b  to  the  form 
(x+m)^=fi,  let  9  be  transposed  to  the  second  member ; 

then  j^-^px^ — q. 

Since  the  square  of  a  binomial  is  composed  of  the  square  of  the  first  term, 
plus  the  double  product  of  the  first  term  by  the  second,  plus  the  square  of  the 
second  term,  it  follows  that  :^+px  may  be  regarded  as  the  first  and  aeoond 
terms  of  (x+^py ;  for  a:*  is  the  square  of  x,  and/w  is  the  double  product  of 
xhy^p. 

The  first  member  can  therefore  be  rendered  the  square  of  ar+j^  by 
adding  to  it  the  square  of  ^/7,  or  4p'* 

Now  ip^  may  be  added  to  the  first  member  of  the  equation,  provided  it  is 
also  added  to  tne  second  member. 

In  this  manner  the  equation  becomes 


ofth( 


Whence,  as  in  the  case  of  the  equation  (x+ffi)*=fi,  it  follows 

that  g-f  jp=±  Vi^^^       -        -    8 

and  that  aP=--Jp+V^— 9        -        -    4 
Two  values  of  x  are  thus  obtained.    It  cannot  have  more  than  two,  for  in 
order  that  (a:-h|j>)*  may  be  equal  to  \j^^q^  it  is  necessary  that  x-\-lp  be  equal 
to  the  square  root  of  ip^—q ;  and  this  root  has  only  the  two  values  expressed 

by  +  ViP^'-Q'    Therefore  all  the  values  of  x  are  ffiven  by  equation  4. 

An  the  values  of  the  unknown  quantity  which  satisfy  an  equation  are 
said  to  be  roots  of  that  equation.  The  values  of  x  in  equation  4  ore  roots  of 
equation  2. 

To  verify  these  values,  it  is  sufficient  to  substitute  them  by  turns  in 
equation  2. 
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SabstituUng  the  first,  in  which  the  radical  baa  the  Bign  +, 

or  ^—p'l/^—q  -h4/>*— 5^— ip*H-;»  VJ;>*— ^+9=0 ; 
Reducinff  the  like  terms,  the  first  member  of  the  equation  becomes  0,  and 
oonaequentlj  the  equation  is  satisfied  by  the  value 

The  second  value  of  x  is  verified  m  the  same  manner,  and  with  no  chansre 
except  that  of  the  sign  —  for  +  before  the  radical  ViJ^—g- 

120.  In  the  equation  a*-|-pa?-|-<7=0,p  is  the  coefficient  of  a:  and  q  the  term 
wholly  known,  transposed  to  the  first  member;  the  solution,  Jt=— ^;>+ 
iv/4g* — q,  may  therefore  be  expressed  in  words  as  follows : 

When  an  equation  of  the  second  degree  is  reduced  to  the  form  3^-\-px-\-q=0^ 
the  unknown  quantity  is  equal  to  hm  the  coefficient  of  x  taken  with  a  con- 
trary sign,  plus  or  minus  the  square  root  of  the  sum  formed  by  adding  to  the 
sc^uare  of  this  half  the  term  which  is  wholly  known,  this  term  being  also  taken 
with  a  contrarv  sign. 

To  apply  this  rule  to  examples : 

1st.  Let  «*— 10j-|-9=0  ;  required  the  values  of  x  ? 

This  example  has  the  form  required  by  the  rule.  The  coefficient  of  z  is 
— 10 ;  therefore  half  the  coefficient  of  x  taken  with  a  contrary  sign  b  +5  ; 
the  term  wholly  known  is  9« 

Therefore  the  rule  ^ves  this  result, 

x=5±  >v/25— 9=5+ ^l6=5+4 ; 
And  the  two  values  of  x  are  consequently  x=54?=9, 

and  x=5 — 4=1. 

2d.  Given  g-f  ~='  o^.    ;  required  the  values  of  x  P 

To  reduce  this  equation  to  the  form  x^+/Kr+9=0,  it  is  necessary  to 
remove  the  denominators;  thus,  3x^-|-18=2x-f  26;  next,  to  transpose  the 
terms  to  the  left  member ; 

whence  3x*—2x-f  18—26=0, 
or  3x«— 2x— 8=0; 

and  lastly,  to  divide  all  the  terms  by  3 ;  making  the  division, 

x«— jx— 1=0. 
Whence  ^=-f  i,  q=-\-h 


and  x=i±  v^i tlf=4±  v^t+  "V" » 
orx=*±W=4±4- 
Consequently  the  values-of  x  are  x=^-4-Ji=g— 2, 


,4 

¥■ 

4x— 9 
3d.  Given  x— 2= ,  required  the  values  of  x? 

Clearing  fractions,  x^— 2x=4x — 9. 
Transposing^  x^~6x-i-9=0.    

Whence  x=-f  3±  V3«— 9=3+  VO, 

or  x=3. 
In  this  example  the  two  values  of  x  are  equal. 
4th.  Given  lOOx^— 100r+41=0 ;  required  the  values  of  x  ? 
Dividing  the  terms  by  100,  x«-~x+t^=0. 

Therefore  x=i±>v/j— ^, 


orx=^i:V^fe--TV7P 
or  x=i  +  \/— iV^, 

or  a:=i±4A/— 1.  

ihe  values  of  x  in  this  example  are  imaginary.    The  expression  V — ^^ 
is  reduced  to  4<v/— 1,  by  Article  104. 
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121.  In  a  preceding  article  (Art  103)  the  first  m^ber  of  tlie_eqnation, 

2^— A=0,  is  decomposed  into  the  two  factors  x — V'A  and  x+js/A»    A  like 
decomposition  can  be  made  in  the  general  equation, 

Replacing  afi+px  hj  the  equivalent  expression  (x-f  ^)*— -{p^,  the  result 
is,  a'+/>g-Hg=(g-i-|p)'— (ip*— y) ;  and  since  jj^—g  can  be  changed  into 
VCiP*— 9)%  ^^  difference  (x-Hp)'— V(ip'— y)*,  becomes 

(x+4p-ViP*-^)  X  (x-f  |p+  ViF^-g). 
which  corresponds  witE  the  result  obtuned  m  the  case  x' — A=0. 

Since  the  yalnes  of  x  ought  to  render  the  last  product  equal  to  zero,  this 
decomposition  furnishes  a  new  process  for  the  resolution  of  equation  2  ;  for 
it  is  evident  that  a  product  b  equal  to  zero  if  either  of  its  factors  is  equal 
to  zero,  but  that  it  cannot  be  zero  if  neither  of  its  factors  is  zero.  There- 
fore the  values  of  x  which  satisfy  equation  2,  ought  to  be  given  bj  the 
equations  

These  equations  give  the  roots  already  obtMned,  viz. 


ne  roots  aireaoy  opiameo,  viz. 


From  these  results  it  b  concluded,  that  the  two  fiustors  of  the  first  member 
of  the  equation  x**f/)ix+7=0  are  the  differences  which  are  obtained  by 
subtracting  the  roots  severally  from  x,  so  that,  expressing  the  two  roots  by 
the  characters  x^,  x^'  respectively, 

x*+/w+5r=(j— y)(j:— a:"). 

If  the  multiplication  indicated  in  the  second  member  of  the  last  equation 
is  performed,  r-|-/Mr+5=z*— (ar'+ar'Ox-l-ar'a:";  and  since  the  two  memben 
of  this  equation  must  be  equal,  term  by  term,  it  follows  that  , 

p^-x'-x" 
q:=zx'x". 

These  relations,  which  can  be  verified  directiy  by  means  of  the  values 
(Equation  4)  are  enunciated  in  words  thus : 

In  every  equation  of  the  second  decree  reduced  to  the  form  a^-^-px-^-q^^O^ 
the  coefficient  p  of  the  second  term  is  equal  to  the  sum  of  the  two  roots, 
taken  witii  contrary  signs;  and  tiie  term  entirely  known,  q,  is  equal  to  die 
product  of  the  roots. 

When  it  is  known  that  the  two  roots  of  an  eauati<»i  of  the  second  degree 
are  real,  the  preceding  relations  immediately  maxe  known  the  nature  of  the 
roots.  For  exaimde,  admitting  that  the  roots  of  the  equation  z*— 2x — ^7=0 
are  real,  it  is  inferred  that  thej  are  of  different  sions,  for  their  product  is 
equal  to  —7,  the  term  which  is  entirely  known ;  uso,  that  the  greater  is 
positive,  for  their  sum  is  equal  to  +2,  the  co^icient  of  x  taken  with  a 
contrary  sign. 

122.  The  general  equation  of  the  second  degree  being  x'+ZMt+^^OI)  the 

general  values  of  the  roots  are  —  o^^y^  4  — 9*  ^  which  the  tenn  ^,  being 
a  square,  is  positive,  whatever  be  the  sign  of  p. 
a.  If  9  is  negative  in  the  general  equation,  the  quantity  jy'— y,  or,  in  this 

case,  j^+g^  is  positive  and  greater  than  ^ ;  therefore  V^'¥g  ia  a  resl 
quantity,  and  greater  in  absolute  value  tluui  ^p;  therefore  ^|p  placed 
before  the  radical  does  not  change  the  signs  of  the  two  values  of  the  radical; 
therefore  the  two  values  of  x  have  contrary  signs. 

It  is,  besides,  evident  that  the  greater  is  of  tiie  same  ngn  as  — )p,  and 
consequentiy  of  the  sign  contrary  to  p. 
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b.  If  9=0,  the  two  values  of  x  are, 


4 
In  Hub  case  the  general  equation  is  reduced  to  a^+px=0,  or  x(x+/))=:0, 


and  it  is  evident  that  its  roots  are  a:=0  and  x=i^p. 

c  If  9  is  positive  and  less  than  j;?',  the  radical  A/\j^—q  is  real,  but  less 
than  ^ ;  therefore  the  two  values  of  x  are  of  the  same  sign  as  the  term 
-^\p  placed  before  the  radical,  that  is  to  saj,  they  are  both  positive  when 
p  is  negative,  and  both  negative  when/>  is  positive. 

d.  If  q=^^y  the  two  values  of  ;r  are  reduced  to  one,  viz.,  x=-- jp. 
In  this  case,  since  q^ip^, 

ar«-f  ar+lp«=0,  or  (f+4p)'=0,  or  (a:H-|j5)(x-h,;/))=0 ; 
the  last  of  which  equations,  it  is  evident,  can  be  verified  by.  the  value 
x= — ^p,  and  by  no  other. 

e.  If  ^  is  jpositive^  and  greater  than  ^%  the  quantity  ^p^ — q  under  the 
radical  sign  is  negative,  and  the  two  values  of  x  are  imaginary. 

Changing  the  signs  of  the  quantity  ip^-^q,  and  making  r  Uie  square  root 

ofq-'U^.if^—q^—f^;       

Therefore  ±Vip^—q^±V'-J^±r^''h 

and  x=— ^p+rV'— -!• 
From  ^p*-^9=— r*  is  oEtained  9=^*-}-r*. 

Whence  the  general  equation  becomes 

x«-hiw-l-+p*H-r*=0,  or  (x+^/>)Hr«=0. 

The  first  member  of  this  equation  is  the  sum  of  two  squares.  Under 
this  form  the  reason  wherefore  the  two  values  of  x  are  imaginary  is  obvious ; 
namely,  that  there  can  exist  no  value,  whether  positive  or  negative,  which 
being  substituted  for  x  can  render  the  sum  of  tncse  two  squares  equal  to 
zero. 

123.  To  resolve,  in  the  ordinary  manner,  the  equation 

ax*-|-&x-|-c^O, 
all  the  terms  are  divided  by  a,  the  coefficient  of  x ; 

then  x'-f- x+-=0. 


Whence,  ^"^±4^  4^- a ' 

b         /&*— 4flc 
or,  ^-25±yj-^  ; 

b   .  ^b^—4ae 
or,  ar=~o:.± o;: — 


2a-^       2a 


Which  may  be  written  x= — ""  ^^ . 

In  this  expression,  according  as  6*— 4«c>0,  or  =0,  or  <0,  the  values  of 
X  are  real  and  unequal,  real  and  equal,  or  imaginary. 

a.  Suppose  that  a,  the  coefficient  of  x^  is  diminished  until  it  becomes 
equal  to  zero,  tibe  two  values  of  x,  taken  separately,  are 

— H-_v^_— iHh6_0 
0       "•     0     ""C 
—b-VV    -b-b     -26 


0  0  0- 

The  first  value  his  the  form  % ;  but  it  does  not  from  this  certainly  follow 
that  X  is  indeterminate  (Art.  38).    The  second  value  is  infinite. 

A  A 
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Resuming  the  general  value  of  the  first  root, 


2a 

If  a  were  a  common  factor  of  the  numerator  and  denominator  of  this 
expression,  by  suppressing  the  common  factor,  and  then  making  €i=0,  the 
true  Talue  of  x  would  be  obtained ;  this,  in  the  present  instance,  cannot  be 
accomplished,  but  the  difficulty  can  beavoided*     Multiplying  tJie  terms 

of  the  firactional  value  of  x  by  ^h—^h^—^ac^  the  result  is 

The  numerator  being  now  the  product  of  the  siun  and  difference  of  the 
Quantities  —h  and  V**— 4ac,  it  is  equal  to  the  difference  of  the  squares  of 
tnese  quantities ;  that  is,  to 

&'—(&' — 4flc),  or  to  4ac ; 

and  the  value  of  x  is  reduced  to 

Aac 


So,  which  is  a  common  factor  of  both  terms  of  this  value  of «,  being 

— 2<? 

suppressed,  7= ; 


Making  a=:0  in  this  expression, 

—2c   _     2c_     c 


c 


and  therefore  — -r  is  the  true  value  of  the  root  which  at  first  appeared 


under  the  form  g. 


—2ft 
With  respect  to  the  value,  ar=-^,  it  is  to  be  observed  that  the  divisor, 

0,  may  be  considered  in  this  case  as  the  limit  of  decreasin|^  magnitudes, 
whether  positive  or  ne^tive ;  and  that,  for  this  reason,  the  mfinite  value 
ought  to  have  the  ambiguous  sign  -f  •  Whence,  the  values  of  x,  deduced 
from  the  equation  a3^-\-bj:-\-c=^0  inlhe  hypotheses  a=0,  are 

—c 

It  deserves  notice  that  in  this  particular  case  x  has  three  values  while  in 
the  general  case  it  has  only  two. 

To  show  that  these  values  satbfy  the  equation  ax'-)-ftir-hc=0  when  a=Oi, 
let  the  equation  be  reduced  to  the  form  — -^ — =0. 
The  problem  consequently  is,  when  a=0,  to  find  values  which  render 

the  firactional  expression  — -s — ^0. 

c  be 

Now  it  is  evident  that  the  value  ar=  — r  renders  the  numerator  +  -j-  ^c=0, 

,  ,  1  .      —ft*— ft     0     ^ 

and,  by  consequence,  the  expression  — ^i — =--j=0. 

*"ftx— c  ft     c 

Again,  — ^ —  can  be  put  under  the  form  — J""  Jf  >  w^d  it  is  evident 

that  these   expressions   become  zero,  for  x=+x    since  — -jr  =  0  and 
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b.  Let  a=0,  i=0,  ' 

In  this  particular  case  the  two  general  values  of  x  become  %. 

It  has  been  already  shown  that  the  first  general  Talue  of  x  can  be  changed 

-2c 
]nto:r= 


Transforming  the  second  value  of  x  in  the  same  manner  it  becomes  first 

'^  2a(— 6-f\/6*— 4ac)  ' 

2e 
and,  by  reduction,  x= — r-; — /..     ,    . 

— o-\-Vl^ — ^ac 

Vftlring  a=X^  6=0,  both  the  values  of  :r,  thus  transformed,  give  a:=X  ; 

and  in  this  case  (as  in  the  preceding)  the  symbol  X  ought  to  have  the  sign 

+  prefixed  to  it. 

124.  An  equation  which  contains  only  two  powers  of  the  unknown  quan- 
tity, the  exponent  of  the  one  power  bemg  double  that  of  the  other,  may  be 
put  under  the  form 

a*" -fox" -1-^=0    -    -    -     -     1. 

Considering  2*  as  the  uiuaiown  quantity,  x^  is  the  square  of  the  unknown 

Quantity ;  consequently  the  equation  can  be  resolved  like  an  equation  of 
be  2d  degree.  

Whence  x*=—^j)-fA/^*—^. 

Denoting  — ^-f  V^*— ^  by  a,  and  — ^— V^— ^  by  6,  the  two  values 
of*"  are  af"=fl,  x"=ft. 

When  these  equations  can  be  resolved  it  is  evident  that  all  the  values  of  x 
are  known. 

The  only  case  which  shall  be  considered  at  present  is  that  of  nt=2. 
Equation  1,  in  this  case,  becomes 

3^-\-p3^-\-q=^0    -     -     -     -    2. 

Making  a*  at  first  the  unknown  quantity. 

Since  each  of  the  values  of  x*  gives  two  values  of  x,  equation  4  has  four 
solutions;  viz.  


Ansuminff  the  particular  instance,  x*~12x'-i^64=0,  it  is  necessary,  in  the 
preceding  fermuia,  to  replace  p  by  -—12  and  q  by  —64 ;  then 

x=^\/6-f\/364-64=±V^6H-\/r00=±  \/6Tro=±  V'l6=±4, 
:=+\/6— V36+64=+V^6— VT00=-|-  V^6— 10=+  >v/IIi=2\/^. 


Whence  the  proposed  equation  has  four  roots ;  two  real,  which  are  x=  -)-4, 
x=—4,  and  two  imaginary,  x=-f  2^^— 1,  x=— 2  V— 1, 

125.  The  principles  by  means  of  which  equations  of  the  first  degree  con- 
taining two  or  more  imxnown  quantities  are  resolved  receive  their  appli- 
cation in  the  resolution  of  equations  of  the  second  degree  also. 

Example.  Let  x-4-y=a,  x*-|-y*=&' ;  required  the  values  of  x,  y  ? 
Prom  the  Ist  ecjuation,  jj=a— x  .' .  v*=(a--x)*=a*— 2ax-f  x*. 
Substituting  this  value,  instead  of  y^,  in  the  2d  equation, 

x*+a«— 2fix-|-x«=6% 

or,  2x*— 2ax=ft*— a* ; 

.•.X*— ax=— 2" . 

.  • .  by  tiie  formula,  x=?±^^^E?. 

Substituting  this  value  of  x  in  the  equation  y=za—x,  the  values  of  y  are, 

a+  a/2&«— a«    a+v26*^«- 

^  2  -  2 

A  A  2 
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X  and  y  hare  each  two  values ;  in  emplo jing  these  for  an  j  puipoae  it  is 
necessary  to  take  toff ether  the  roots  which  have  the  two  upper  signs  and 
also  the  roots  which  nave  the  two  lower  signs. 

The  two  solutions  which  are  thus  obtamed  differ  from  each  other  only 
bj  the  change  of  x  into  y  and  jf  into  z,  a  result  which  was  to  be  anticipated!, 
smce  this  change  makes  none  m  the  equations  x+y^a*  x*-f  y'=&*. 

The  same  obsenration  applies  to  the  following  example,  in  which 
x<-|-yS=aS  and  xy=b\  are  given  to  find  the  values  of  x  and  y. 

Since  xy^l^^  y=]^»M^dy'=y- 

Substituling  thb  value  of  y^  in  the  equation  x^-hy^^c^S 

.•.x*-f6*=aV, 
and  X*— fl*x*-|-5*«0. 

Considering  x*  as  the  unknown  quantity, 

x««^jfl«j:^^/g*— 4^, 

.^  x=±-v/|a*±Jv'<?^^^^. 
This  expression  gives  four  roots  of  x,  substituting  these  values  of  x  in  the 

equation   y^T~  the  four  coxresponding  values  of  y  are, 

y= rzizzzzi^^^^^  • 

To  simplify  this  expression,  let  both  terms  of  the  fractional  value  of  y  be 
multipHed  by  -f-^^a'+^Va*---^,  then 

i^H^ia^TiV^*— 4M 


y= 


The  denominator  of  this  value  of  y  becomes  ±  V^o*— ^(a*— 4fr*)=+i'. 

The  equations  x*-fy*«a*;   xy^l^y  may  be  resolved   more  simply  aa 

foUows : 

To  tiie  first  equation  x»-f  y*=fl*, 
add  twice  the  second  2j^s2^  ; 
thenx*-h2j:y+y«  or  (x-fy)«=fl»-f  2&«, 

.•.x-fy=:±-v/a«-f26«. 

Subtracting  twice  the  second  equation  firom  the  first,  x* — 2xy+y'9  or 
(x-y)«=a«-26«; 

.•.x-y=±v'^^?, 
then  since  x+y=4;  //a'-f2ft*, 

and  x---y=Hh  \/a'— 2^, 

'  by  addition  2x=±  V^'+a^  V^^^2^». 

and  by  subtraction  2y=±  V^J^+V^El?' 
and  y=l(±  -/^TS^Hh  V'a*-2Z^). 

126.  The  four  solutions  obtained  in  this  manner  di£^  from  the  fbnr 
obtained  by  the  peceding  method.  It  can,  however,  be  shown  that  the 
solutions  are  identical. 

For  this  purpose  it  is  necessaiy  to  investigate  a  method  for  the  extraction 
of  the  square  root  of  a  quantity  whidi  is  jMrtiy  commensurable  and  partly 
incommensurable. 


^ » 
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<i^  h  are  ration^  quantities ;  a/o,  ^h  their  sqaare  roots ;  and  if  the 

of  \/a-|- \/&  is  formed,  the  result,  tdhich  is  a+&+2Vai^i  may  be 

^d  by  the  general  expression  A+  VBi  in  which  A,  B  are  rational 


*^^^  \  is  concluded,  conversely,  that  the  square  root  of  an  expres- 

^^  \/A-|- VB  may,  in  certain  cases,  be  reduced  to  the  form 

required  to  effect  this  transformation  when  it  is  possible. 

^*'  oory,  therefore,  to  consider  A,  B  OS  rational  quantities,  VB  as 

onal  quantity,  and  to  determine  for  a,  h  oertain  rational  values 
uiat, 

or  a-f  ft-h  i/4flA=A+  >/B. 
In  the  first  member  of  this  equation  a  -|-  6  is  by  hypothesis  a  rational  number 
and  only  the  part  ^Adoib  irrational. 

A  being  rational  and  VS^  irrational, 

it  is  to  be  proved  that  q-h6==A         .        •        .        i^ 

and  that  ^/4db^^<x  Adb^B    •        -        2. 
For  suppose  that  these  equalities  do  not  snbnst,  and  transpose  the  terms 
of  the  equation,  

So  that  V4aft=A— a— 6-1-  -/B,  where  a+ft  is^  by  supposition  not  equal 
to  A,  or  A — a — h  is  not  equal  to  zero.  To  abridge  this  expression  make 
A— a— fr=A;  then,  

Squaring  both  members,  4ii&=A'-f  B-f  2A  v^9  and  transposing,  4a&— i^— 
B=2A>v^,  an  absurd  equality ;  for  a  rational  cannot  be  equal  to  an  irra- 
tional  quantity. 

The  absurdity  can  [be  removed  by  alone  making  A=0,  or  a-|-5=a.  Then 
the  last  equality  is  reduced  to  4ii&— B=0,  or  4a6=B. 

Since  aH-ft=A,  (a+ft)«=A*,  or  fl«-h2a6+6«=A«. 

Subtracting  4a6=B, 
therefore  a»— 2a&-f  6*  or  (q—5)*=A«— B, 
anda— ft=VA«— B*  ...  3. 
But  a-f  ftrsA^ 

therefore  a=fA+^V^A*— B, 

ft=iA-iV'A«-B. 

The  question  requires  that  the  values  of  a  and  h  shall  be  rational.    Now 

in  order  that  this  condition  may  be  fulfilled,  it  is  necessary  that  A'-*B  shall 

be  a  square.    Let  A*— B^C*. 

f^  A+C     ,      A-C 

Thenar  -^;  5=  — tt-: 


A-fc    ^      /x=xr 


.     /-^     /A-fC        -         / 


2 


But  Va-h^6=\/A-h^/B; 

Since  ^^/Whsa  been  tacitiv  supposed  positive,  the  radicals  of  the  second 
member  ought  both  to  be  taken  with  the  sign  -|-  or  both  with  the  sign  —- ; 
otlunwise,  if  this  member  is  raised  to  the  second  power,  —  v^and  not  + 
VB  is  reproduced. 

*  It*tB  assmned  that  a  is  greater  than  &,  and  fbr  this  reason  the  radical  V^A»-B 
18  taken  with  the  sign  ■¥, 
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This  explanation  of  itself  proves  that  If  the  expression  is  -/A— v^it  is 
necessary  to  take  the  two  radicals  with  contrary  signs ; 

and    consequently    that     v'A— VB=  V  — f V  T^  •  •  ^• 

As  a  particular  case,  let  Vk  +  ^'=^*^Vl  +-  Vi40"; 
then  A=12,  B==140,  A«— B=144— 140=4=:C«. 
Therefore  0=^4=2.      

As  a  second  particular  case,  let  V^A— V&sV^l— 2x\/r^^ 
In  this  case,  A=l,  B=:4x'— 4t^. 

A'~B«l-4c«-f4g*=(l— 2j')«=C,  and.-.C=l— 2*». 


Whence  y^  i,2.^T:i?=yiHjEg)-,y  I-(l-^\ 

When  A*— B  is  not  a  square,  the  yalues  of  a,  &  are  irrational ;  yet  by  substi- 
tnting  them  in  Va+\/^»   the  result  is  still  an  expression  equivalent  to 

v'a-i-v'b;  _  _ 

When  /y/B  is  imaginary,  if  B  is  changed  into  — B*,  AH-  a/^  becomes 
A+BV' — 1.  It  deserves  notice  that  the  square  root  of  A-j-BV — 1  is 
reducible  to  an  expression]  of  the  form  o-f)3>v/— 1,  in  which  a,  /3  are  real 
quantities  which,  as  well  as  A,  B,  need  not  be  rational.  This  proposition  is 
rendered  evident^  by  the  substitution  of  — B^  for  B  in  the  investigation  con- 
tained in  this  article.  

By  this  change  0  becomes  equal  to  VaH-B*  instead  of  VA*— B ;  there- 

A+\/A«4-B*     .       A— ^/A«-|-B«      ^        ^.    ,    tt^—to  ,    . 
fore  a=  g ;  ft=  g   ^     .     The  radical  v'AHB*  bemg 

greater  than  A,  the  value  of  a  is  positive  and  that  of  h  negative.    

Denoting  these  values  by  a*  and—/?,   ^/a=='-\jx^    Vi=Hhj3V — l ;  and 

consequently  V'A-HBV— l=+(a-f-/3v'— 1)»  ^ ...  6 ;  in  which  expression 
a,  /3  are  both  taken  with  the  sign  -f ,  or  both  with  the  sign  —  ;^  because  the 
product  2a/3  ought  to  be  equal  to  B  which  is  assumed  to  be  positive. 

If  the  sign—  precedes  Bv^— 1,  it  is  evident  the  expression  must  be, 

\/A— B>/~l=j^(a— gyCIi) 7. 

If  the  expression  ^Hh>/^  is  compared  with  VA±Bv^--i, 

A=0.  B=l,  ,=A+VAHg^^Ui 
'  '  2  2      2 

*—  "        2       _  2  2' 


.-.  V^±V-l=±(^/4±V'4^/^. 
K  formulae  6  and  7  are  added  together  (taking  only  the  upper  sign  where 
+  occurs)  the  imaginary  parts  destroy  each  other,  and 

VA-hB^^  +  V'A— B>v/^=2a. 

A4-a/A*4-R2  . 

Buta«=fl=  2  ^       •'•   2a=v'4a=v'2A-|-2^/A«-fB«; 


.-.  -v/A4-Bv'-l+V'A-B>v/-l='v/2A-f2v'A«-fB*. 

Whence,  in  the  particidar  case,  A=0,  B=l. 
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127.  As  a  third  example,  let  it  be  required  to  find  two  numbers,  such  that 
the  sum  of  their  products  by  the  numb^s  a,  h  respectively  may  be  equal  to 
2«,  and  the  products  of  the  numbers  to  p. 

Let  X,  y  denote  the  two  numbers. 

Then,  by  the  question,  £u;+^=2«       -  -  -    li 

xy=p  -  -  -    2. 

_         ,     ,  .  2«— ax 

From  the  1st  equation  y= — r — • 

Substituting  this  value  of  y  in  tlie  2d  equation  -^ — r — ^=/>. 

Whence  ob* — 2«x=— ftp, 

a  a' 

*-l 


y=J+jV'«*-ai!p. 


Since  s  is  greater  than  ^/^^abp  x  has  two  values  affected  with  the  same 
sign ;  for  the  same  reason  y  has  two  values  also  affected  with  the  same  sign. 
Wlien  t^Kdbp  these  values  are  imaginary. 

Ka=ft=l,  «=«+V«*~P?  y^'^-V^— i>- 

In  this  case  the  first  value  of  « is  equal  to  the  second  value  of  y,  and  the 
second  value  of  X  to  the  first  value  of  y. 

The  equations  from  which  these  values  are  deduced  are 

rr-f  y=2«,  xy=p. 

If  x+y  or  2«  is  considered  the  sum,  and  xy  orp  the  product  of  the  roots 
of  a  quadratic  equation  (Art.  121),  two  corresponding  values  of  x  and  y  are 
given  by  the  equation 

«*— 2*xH-j}=0; 

and  these  values  are,  as  above, 

a:=*+  ^/s^^p. 

4th  problem.  Given  2^,  the  sum  of  the  extreme  terms  of  four  propor- 
tional numbers,  2m,  the  sum  of  the  mean  terms,  and  4«^,  the  sum  or  the 
squares,  to  find  the  four  proportional  numbers. 

Let  o,  X,  y,  z  represent  the  four  proportionab. 

Then,  by  the  question,  o+ar=2e,  x-f-y=2in,  o*-f  x*-f  y*-f  x*=4»' ;  and  by 
Article  332,  Part  I,  vz=^xy. 

To  simplify  the  solution,  let  vz  or  xy^u  (u  being  a  quantity  which  is 
unknown  for  the  present)^  then  the  equations 

And  in  like  manner  the  equations 

x-f  y=2m  1 .  .       r  x=m+  Vm^—u 
xy=z  u  f^       ly=m— v'm*— ti. 
Substituting  these  values  of  r,  x,  y,  z  in  the  equation  i^-f  a?*-fy*-h**=4»*, 

Squaring  the  terms,  and  reducing 

4«* + 4i»*— 4tt=4«*, 

Introducing  this  value  of  u  into  the  expressions  of  the  values  of  v,  x,  y,  x 

g=g-f  Vs^—m%    x^=m-\-j^^ — e\ 

x=e— //«^— »»*,    y=sm— >v/«*— e*. 

Verification.    »x=(tf -h  ^s^^m*)  x  («—  a/^*— m^)=g»— j^-f  mS 

ary=(m+  V**— e*)  X  (m— \/««— e«)=m«— j«-|-c«. 

A  A  4 
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The  solution  of  thb  problem  ia  much  facilitated  hj  the  emplo jment  of  the 
imknown  auxiliary  v. 

128.  The  most  general  equation  of  the  second  degree  oontaining  one 
unknown  quantity  has  been  reduced  to  the  form 

ax*-|-&r+c=0. 
In  Uke  manner  the  most  general  equation  of  the  second  degree  containing 
two  unknown  quantities  is  i^ucible  to  the  form 

in  which  a,  &,  c,  d!,  e^ff  are  known  quantities,  numerical  or  algebraic. 

Since  two  eqiutions  are  required  for  the  determination  of  two  unknown 

quantities,  let  two  proposed  equations  of  the  second  degree  in  a:,  y  be 
aj:*+6yx-fcy*-fcfcr-|-ey-f/=0       .         -         -         -         1, 
arx+yyx+cy'\-(rx+/yj'/'z=zO  -        .        -        2; 

and  from  these  equations  let  it  be  required  to  determine  the  values  off,  y. 
Arranging  the  terms  of  equations  1,  2  according  to  the  powers  of  «, 
ai^+(«y4-cOx+cy*+cy4/=0     -        ...        8, 
aV-f(fr'y+<f)*-|-c'yH«>-h/;=0        ...        4. 
Next,  multiplying  the  terms  of  equation  3  by  o^,  and  the  terms  of  equa- 
tion 4  by  a,  and  subtracting  the  second  product  firom  the  first, 

((b(^'-ah')y + (da'-acn)x-h  (ca'-acOy*+ (etf'-aOy +/a'-^/'=0 ; 

If  this  expression  of  x  is  substituted  m  either  of  the  ec^uations  1,  2,  the 
result  is  an  equation  involving  only  the  unknown  quantity  y ;  but  it  is 
evident,  without  making  the  substitution,  that  since  the  numerator  of  the 
value  of  X  is  of  the  form  my^-^ny+p^  the  expression  of  afi  must  be  of  the 
fourth  deopree  in  y.  Now  this  expression  of  sfi  forma  a  part  of  the  result  of 
this  substitution. 

Whence  in  general  the  resolution  of  two  equations  of  the  second  degree 
involving  two  unknown  quantities  depends  on  the  resolution  of  one  equation 
of  the  fourth  d^ree  containing  one  unknown  quantity. 

129.  The  analysis  of  the  second  degree  in  those  cases  in  which  the  number 
of  unknown  quantities  exceeds  the  number  of  equations  is  not  sufficiently 
elementary  to  be  considered  in  this  treatise.  The  subject  is  discussed  in  the 
"  Th^orie  des  nombres"  of  Legendre. 

130.  To  resolve  an  equation  of  the  second  degree. 

Rule.     Reduce  the  equation  to  the  form  a^+px=:q;  add  to  both 

members  the  square  of  half  the  coefficient  of  x^  (^) ;   extract  the 

square  root  of  both  members,  prefixing  to  the  second  the  ^gn  +,  and 
deduce  the  value  of  x  from  the  new  equation. 

Additional  equations  and  problems  of  the  second  degree : 

Ist.     ax^—b? Ana.  ar=±^-. 

2d.  a^+6ar=r27? Ans.  ar=:3  ;  «=— 9. 

3d.  3a?— ar2=2? Ans.  a:=2;  «=L 

4th.  ar2— 7a? -1-3^=0? Ans.  ar=6^;  x=^. 

6th.  3ar^— 2ar=65? Am.  x=z5;  x:=:^^. 

10a: 
6th.    a?>+  -3-=19  ? Ans.  xz=:S  ;  a?=— 6^. 

^  6     «*«  ' 

7th.     a?=Q+To? ' -^w*.  a?=10;  a?=2. 


'3     12 

^^      7x^    2x    lla?-|-18^  ,        .  « 

8th.     "fy^3-=  — 33 — ? ^ Ans.  xsz2;  a=— f 
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^^      ar+22    4    ftr— 6^ 

9th.     -3 i=-2~^ ^^-  ^2;  a:=if. 


_.  ,       a?     ,  «+!     13  ^ 

10th.  iqpi+-ir'^"6  ^ ^'"-  *=2'  ir=-3. 


X  7 

^^^  ^760=^3^=5^ ^^'  ^^4;  ar=-10. 

ar  20 

^^*^-  ;rr2"^=3S^ ^'*'-  ^=ioj  *=-*• 

lot.      48  _    165        ^- 

^^^^'  ;HP3""5rfl0~^- ^iM.a?=5|;  ar=5. 

14th.  ar«— 8ar=14? ^«*.  ar=9-4772-f  ;  a?=— 1-4772  +  . 

15th.  ar^+a?=7? -4iw.  Ar=:l-3699+ ;  anz— 1-7032  +  . 

16th.  6x— 30=3a?a? Ans.  af=l±3vA=ir 


17th.  cx+,-f^=(a+*).«? ^^£i^^^. 

^^^  it$Zl}^ Ans.  ^±^;  ^±v/«-=-*. 

Ant*  V  2 


■c 


22(L    a?*— 13a:24-36=0? -4w*.  a:=  +  3;  ar=±2. 

23d.    («»— 2)2=s^ira-|.  12) ? Ans.x=:±2i  x=:±^. 

24th.  (x^- 1  X«»-2) + (x>-3X«^-4)=:a^  +  5  ? 

^/w.«=±l;  ar=±3. 

25th.  It  is  required  to  find  a  number  such  that,  if  its  half  is 
multiplied  by  its  third  part,  the  product  shall  be  864? 

Ans,  72. 

26th.  Find  two  numbers  whose  product  is  750,  and  the  quo- 
tient obtained  by  dividing  the  greater  number  by  the 
less  3^? Ans,  50  and  15. 

27th.  The  product  of  two  numbers  =iiy  their  quotient  =6; 
required  the  expressions  of  the  numbers  in  terms  of 

a,  A?.^..* 0,..Ans,  i/aS'and  v/ t-, 

28th.  The  sum  of  the  squares  of  two  numbers  is  13001,  and  the 
difference  of  their  squares  is  1449 ;  required  the  num- 
bers ? Ans.SS  and  76. 
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29ih.  The  sum  of  the  squares  of  two  numbers  being  expressed 
by  Of  and  the  difference  of  their  squares  bj  b^  it  is 
required  to  express  the  two  numbers  in  terms  of  a^b? 

An.,  v/^;  ^^. 

30th.  If  two  numbers  are  to  each  other  as  3  to  4,  and  the  sum 
of  their  squares  is  324900,  what  are  the  numbers  ? 

Ans.  342  and  466. 

31st  The  sum  of  the  squares  of  two  numbers  is  by  and  the  first 
number  is  to  the  second  as  m  is  to  n ;  what  are  the 

°™"^^ ^"'•;^+^':;;^+r«- 

32d.  The  difference  of  two  numbers  is  8  and  their  product 
240 ;  required  the  numbers? Ans.  12  and  20. 

33d.  The  difference  of  two  numbers  is  a,  and  their  product  b ; 
required  the  numbers  ?  

.      a-f-'v/a*-f4i     a— V^o«-f46 
Ans.  2 ; 2 . 

34th.  Find  a  number  whose  square  exceeds  the  number  itself  bj 
306? Ans.  18. 

35th.  A  charitable  person  distributes  36  £.  in  equal  shares 
amongst  the  poor  of  a  village ;  six  of  those  whom  be 
intended  to  relieve  needing  no  assistance,  each  of  the 
remaining  paupers  receives  10  sh.  8d.  more  than  he 
otherwise  would  have  had;  how  many  paupers  were 
there  at  first  ? Am.  54. 

36th.  A  horse-dealer  pays  a  certain  sum  for  a  horse,  which  he 
afterwards  sells  for  144  £.,  and  gains  exactly  as  much 
per  cent,  as  the  horse  cost  him ;  how  much  did  the 
horse  cost? Am,  80  £. 

37th.  The  sum  of  two  numbers  being  41,  and  the  sum  of  their 
squares  901 ;  what  are  the  numbers  ?....^iw.  15  and  26. 

38th.  Divide  the  number  16  into  two  parts,  such  that  the  squares 
of  the  two  parts  augmented  by  their  product  shall  be 
208  ? Ans.  The  parts  are  4  and  12. 

39th.  A  grazier  bought  a  certain  number  of  oxen  for  240  £. ; 
after  losing  three  he  sold  the  remainder  for  8£.  a  head 
more  than  they  cost  him,  and  thus  gained  59  £.  by  the 
bargain ;  what  number  did  he  buy? Am,  16. 

40th.  It  is  required  to  find  two  numbers  such,  that  if  they  are 
multiplied  respectively  by  the  given  numbers  a,  by  the 
sum  of  the  products  shall  be  a  given  number,  p ;  and  if 
their  squares  are  multiplied  respectively  by  the  same 
numbers  a,  by  the  smn  of  the  new  products  shall  be 
equal  to  another  given  number,  q. 


^^  ^_<y ±  \^^a+b)q-^p^2^_bp  +  ^abl{a+b)q^p^ 


a{a-j'b)  "  b{a'\-b) 


JOBMATION  OF   POWERS.  363 

SECTION  vn 

OF  THE  FORMATION  OF  POWERS  AND  EXTRACTION 

OF  ROOTS. 

131.  Let  abc  ....  be  a  product,  and  n  any  positiye  whole  nmnber. 
(abc  .  .  .  ,y=abc  . . .  xabc  .  .  .  .x<dfc  .  .  .  .X  &c.  to  n  repetitions  of 

the  quantity  abc  .... 
=^aaa  .  •  •  to  n  repetitions  of  the  factor  axbbb  ....  to  n 
repetitions  of  the  factor  bxccc  .  .  .  ton  repetitions  of 

the  factor  ex =(fb^tf  ..... 

Whence  a  product  is  raised  to  any  power  by  raising  each  of  its  factors  to 
that  power. 

Let  it  be  required  to  raise  a"  to  the  power  n,  m  and  n  being  whole  and 
pOflitiTC  numbers. 

^-)-=a-  X  a"  X  fl" : . .  to  11  repetitions  of  the  quantity  tf"=flr +"+"-=<r". 

Consequently  a  quantity  which  is  affected  wiUi  an  exponent  is  raised  to 
a  power  by  multiplying  its  exponent  by  the  degree  of  that  power. 

If  it  b  required  to  raise  any  monomial  to  a  power,  regarding  the  mono- 
mial as  a  product,  all  its  factors  must  be  raised  to  the  required  power. 
This  is  accomplished  by  rabing  the  coefficient  to  the  required  power,  and 
multiplying  all  the  exponents  by  the  degree  of  that  power. 

When  a  quantity  is  positive,  all  its  powers  are  positive ;  when  negative 
it  must  have  -|-  before  the  second  power,  —  before  the  third,  -f  before  the 
fourth,  &c.  (Art.  4.  c).  Whence,  in  general,  whatever  be  the  sign  of  a  quan- 
tity, the  even  powers  of  that  quantity  have  the  sign  +,  and  the  odd  powers 
have  the  same  sign  as  the  quantity. 

Hence  (±2a36W=-f.i6a«ft«><;*. 
l±2a^b^cy=±32a^^b^c^. 

132.  By  reversing  these  rules  the  following  rules  for  the  extraction  of 
roots  are  obtained : 

Ist.  The  root  of  a  product  is  obtained  by  extracting  the  required  root  of 
each  factor  of  that  pz^uct. 

2d.  The  root  of  a  quantity,  which  has  an  exponent,  is  obtained  by  dividing 
that  exponent  by  the  exponent  or  index  of  the  root. 

Sd.  The  root  of  any  monomial  is  obtained  by  extracting  the  root  of  the 
coefficient,  and  dividing  the  exponent  of  each  letter  by  the  index  of  the 
root. 

4th.  When  the  index  of  the  root  extracted  is  even,  the  root  ou^ht  to  have 
the  ambiguous  sign,  +  ;  and  when  the  index  of  the  root  is  odd,  tne  root  has 
the  same  sign  as  the  power.  

Hence  V8i?fiF»=+3fl^y. 

V32a^oy=2a«^. 

V~32a*&«*=— 2a^. 

133.  When  the  coefficient  of  a  monomial  is  not  an  exact  power  of  the 
order  marked  by  the  index  of  the  root  which  is  to  be  extracted,  or  when 
the  exponents  of  the  different  factors  are  not  divisible  by  that  index,  the 

root  of  the  monomial  is  first  indicated  by  means  of  the  sign  V    ;  then  the 
radical  is  simplified,  as  has  been  already  done  in  the  case  of  extraction  of 
the  square  root. 
As  an  illustration  let  it  be  required  to  extract  the  5th  root  of  96a^b^c^K 

96=2^  X  3  ;  a^—t^Xa^;  c^^=c^o  X  c«. 

.-.  V96tf''^V«=V2Vft5cWx3aV=2aic*y3aV. 
Whence  to  simplify  any  radical  it  is  necessary  to  decompose  the  quantity 
under  the  radical  sign  into  two  factors,  of  which  the  one  involves  exact 
powers  of  the  same  order  as  the  root  which  is  to  be  extracted,  and  the  other 
mvolves  no  exact  powers  of  that  order ;  then  to  extract  the  root  of  the  first 
factor,  and  to  indicate  the  root  of  the  second. 
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134.  No  real  quantity,  whether  posittye  or  n^^ative,  when  nuaed  to  an 
even  power,  can  ffive  a  negative  result.  Conaequentlj  ever^  expresBion 
composed  of  a  radical  of  an  even  degree  placed  over  a  negative  quantity 
represents  an  imaginary  quantity. 

Supposing  a,  (j  positive  magnitudes,  the  ezpresnons   */ — o,    V — a*, 

V— 2ai^6*,  are  imaginary. 

But  expressions  such  as  these  may,  like  ima^nary  radicals  of  the  second 
d^ree,  be  transformed  into  products  in  which  the  only  imaginary  quantity 
IS  a  root  of  —1.     __       

For  example,  i/  —ar^i/ax  — 1= VaX  \/— 1. 

135.  In  the  same  manner  as  division  has  led  to  the  use  of  negative 
exponents,  the  extraction  of  roots  leads  to  the  use  of  fractional  exponents. 

ay  the  preceding  rule  the  5th  root  of  a^°  is  obtained  b^  dividing  the 
exponent  of  a  by  5,  and  the  root  required  is  a*.    But  the  division  may  be 

indicated  only,  and  the  expression  written  either  thus,  v^o^  or  thus,  ap 

If  the  exponent  of  a  is  not  divisible  by  5,  the  root  cannot  be  extracted, 
but  nothing  prevents  the  indication  of  the  division  of  the  exponent,  which 
in  such  a  case  obtains  for  denominator  the  index  of  the  root.  This  conven- 
tion has  been  adopted  by  algebraists,  and  in  consequence  the  two  expres- 
sions ^/c^  and  a »  are  considered  equivalent. 

THEOBT  of  ABRAlfGEMENTS,  FERMUTATIONSy  AND  COMBXKATIOIIB. 

136.  To  form  any  power  whatever  of  a  binomial,  it  is  incidentally  found 
to  be  necessary  to  investigate  the  theory  of  arrangements,  permutations, 
and  combinations. 

Many  letters,  a^hyC^dy  «••. being  given,  suppose  them  taken  two  by  two 
in  all  manners  possible,  in  such  sort  that  each  assemblage  of  two  letters 
differs  from  the  others  either  by  the  letters  which  compose  it,  or  by  the 
order  in  which  iJiey  are  written ;  there  are  thus  formed  wnat  are  named  the 
arrangements,  two  by  two,  of  the  given  letters.  When  the  letters  arc,  in 
like  manner,  taken  three  by  three,  four  by  four,  &c.,  the  arrangements  three 
by  thi«e,  four  by  four,  &c.  are  obtained. 

It  is  easy  to  form  these  arrangements  and  to  determine  their  number.  In 
forming  them  it  is  convenient  to  follow  an  order  by  which  no  one  of  the 
terms  will  be  repeated. 

Thus  in  arranging  the  terms  two  by  two  it  is  sufficient  to  annex  in  torn 
to  each  letter  all  the  other  letters. 

In  this  manner  are  obtained  arrangements  such  as 

aby  ac,  ady  ae^  aft . .  . .  i 

boj  be,  bdy  he^  if, 

ca,  cb,  cd,  ce,  cf, 

and  it  is  manifest,  if  the  number  of  letters  ei,b,c,d is  fii,  and  the  number 

of  arrangements  two  by  two  is  A„  that  each  horizontal  row  contuns  one 
arrangement  fewer  than  there  are  letters  (or  m — 1),  and  that  there  are  as 
many  norizontal  rows  as  there  are  letters  On) ;  and  therefore  diat  die  whole 
numW  of  arrangements,  or  As,=m(m— 1). 

The  arrangements  three  by  three  of  the  letters  a,  5,  e,  d^  e, . . . .  can  be 
fbrm^  from  the  arrangements  of  the  letters,  takeh  two  by  two,  by  annexing 
to  each]  of  the  fft(m^l)  arrangements  in  turn  each  of  the  m^-3  lettars 
which  do  not  enter  into  the  arrangement. 

Thus  from  ah  are  formed  abc,  abd,  abe,  abf, 

from  ao  -  achy  acd,  ace,  acf, 

frtun  ba         •         bac^  bad,  bae,  bqf, ...... 

from  ca         •         cab,  cad,  coe,  eqf, 
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If  these  arrangements  are  represented  at  leneth  in  a  tabular  form,  it  is 
evident  that  there  are  As  horizontal  rows,  and  that  the  number  of  arrange- 
ments in  each  row  is  m— 2.  Therefore,  making  A«  the  expression  of  the 
whole  number  of  arrangements  of  m  letters,  taken  three  by  tnree, 

Ae=A,x  (ot— 2)=m(m— l)(m— 2). 

The  arrangements  four  b j  four  of  the  letters  a,  6,  c,  cf,  e. . . .  are  formed 
from  the  arrangements  of  the  same  letters  taken  thj^e  bj  three,  by  ftnTiATmg 
to  each  of  the  m(m— l)(m— 2)  arrangements  in  turn  each  of  the  m— 3 
letters  which  do  not  enter  into  the  arrangement. 

Denoting  by  A^  the  whole  number  of  arrangements  of  m  letters,  taken 
four  by  four, 

A4=AeX  (m--3)=m(m— l)(iii— 2)(m— 3). 

For  every  additional  letter  introduced  into  the  arrangements,  it  is  evident 
that  another  factor  must  be  introduced  into  the  formula,  and  that  this  &ctor 
must  be  less  by  1  than  the  factor  which  precedes  it. 

Whence  the  general  expression  of  the  number  of  arrangements  of  m 
letters,  taken  n  by  n,  must  involve  n  factors,  taken  consecutively  in  the 
series  m,  m — I,  in— 2,  &c.,  the  last  factor  being  wi— (n— 1)  or  m— n+1. 

Consequently,  denoting  by  A.  the  number  of  arrangements  of  tn  letters, 
taken  n  by  n, 

A,=m(m — 1)(to— 2)(in— 3) (m— n+l)     -     1 

If  fi  is  made  successively  2,  3,  4,... the  last    factor  m — n+l  becomes 

fit — 1  in  the  first  instance,  m — 2  in  the  second,  m — 3  in  the  third ; 

and  the  values  of  A^  A,,  A«, ....  are  recovered. 

137.  If  any  letters,  abcde ,  are  written  consecutively,  and  the  order 

of  these  letters  is  changed  in  every  possible  manner,  their  permutations  are 
obtained. 

For  example,  ihe  permutations  of  the  three  letters  abc  are, 

abc^  acb,  bac^  bcoj  cab^  cba. 
The  permutations  of  n  letters  are  consequently  the  arrangements  of  these 
n  letters  taken  n  by  n. 

Whence,  if  m  is  replaced  by  n,  and  the  number  of  permutations  of  n  letters 
is  denoted  by  F«,  formula  1  gives 

F,=:n(n— n(n— 2)rii— 3) («— n+l), 

or  P,=»(n— l)(n— 2)(n— 3) X 1 ; 

or,  by  reversing  the  order  of  the  factors, 

P.=  lx2x3x xn  .        -    2 

Formula  2  can  be  obtained  as  follows,  without  deduction  from  formula  I : 
With  two  letters  only  two  permutations,  ab^  boy  can  be  formed.  The  per- 
mutations of  three  letters  are  obtained  by  writing  successively  after  eacn  of 
the  three  letters  the  permutations  of  the  two  others ;  this  gives  3  X  2  or 
2  X  3  as  the  number  of  permutations  which  can  be  formed  with  three  letters. 
Similarly  for  4  letters  the  number  of  permutations  is  2  x 3  X4,  and  for  n 
letters  it  is  1x2x3 x Xn. 

138.  Of  the  arrangements  of  m  letters,  taken  n  bjr  ^  some  differ  from 
others  only  in  respect  that  the  same  letters  are  taken  in  different  orders,  as 

abcy  acb,  bac^  bca ;  while  others  differ  from  each  other  in  respect  that, 

although  the  number  of  letters  is  the  same,  one  or  more  of  these  letters  are 
different,  as  abc^  abd,  acd^  bed .... 

The  latter  arrangements  are  distinguished  by  the  niune  of  Combinations  or 
Products. 

It  is  to  be  observed  that  the  six  arrwoff ements,  abc^  aeb^  bac,  bca,  cab^  cfto, 
form  only  one  combination  or  product  (^u*t  I.  Art.  73). 

Among  the  arrangements  of  m  letters  n  by  n,  it  is  evident  that  each  com- 
bination of  n  letters  must  be  repeated  as  many  times  as  there  are  permuta- 
tions of  the  n  letters  of  that  combination.  Therefore,  if  the  total  number  of 
arrangements  which  can  be  formed  of  m  letters,  taken  n  by  n,  is  divided  by 
the  number  of  permutations  which  can  be  formed  with  n  letters,  the  number 
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of  combinations  of  m  letters,  taken  n  b  j  n,  must  be  obtained.    Denoting  this 
number  of  combinations  bj  C^ 

_  A,  _m(m~l)(m-2) (m-n-f  1) 

^•""P.""  1X2X3X Xn  •         •  ** 

If  the  number  of  combinations  of  m  letter  taken  2  by  2^  3  bj  3, . . . . 
is  required,  it  is  necessary  to  make  ft=2,  3, ....  in  formula  3, 


m(m — 1) 
then  Cf=-^-2~* 

_iii(m-l)(m~2) 
^»~         1, 2, 3.        • 


The  hypothesis  n=l  gives  Ci=m,  and  it  is  evident  that  the  combinations 
of  m  letters,  taken  1  by  1,  can  only  be  the  m  letters  taken  individualiy. 

The  number  of  combinations  which  can  be  made  with  any  ^ven  letters 
being  necessarily  int^er,  it  follows  that  the  division  indicated  m  formula  3 
is  exact. 

Whence  a  product  of  n  consecutive  whole  numbers  is  divisible  by  the 
product  lx2xdx....Xn. 

Binomial  Theorem  ;  the  Exponent  being  a  Whole  Positivb 

NUMBEB. 

139.  Every  binomial  may  be  represented  by  a; -fa ;  anid  the  problem  is  to 
find  a  eeneral  formula  by  means  of  which  any  power,  m,  of  x-fa  may  be 
obtained  without  the  necessity  of  forming  all  the  m— 1  preceding  powers. 

The  investigation  is  usually  made  b)r  forming  several  consecutive  powers 
of  x+a  by  actual  multiplication,  and  inferring  from  the  results  a  law  which 
nves  the  means  of  forming  any  power  whatever  without  forming  the 
mferior  powers. 

a: -ha 

x-f-a 

x*-faa: 
ax-|-a* 


(x-fa)«=x*-f-2ax-ha« 


ar»-f2ax«-|-a«x 

(x+a)3=x»+3ax«-f3a«x-fa» 
x-fa 


X* -f  3ax'-f  3a*x*-f  o'x 

gx^-fSaV-fBa^g-fg^ 

(x+a)*=x*-f  4ax3-f  6a«x*+4a3x -l-o* 

x-fa 

x*-|-4ax*-f6aV-|-4a'x*-fa*x 

ax*-f-4aV-f6a^x»-f4q»x-fag 

(a:-|-a)5=a:5-)-5ax*-f  10a«x»-f  lOo'x^+fia^x+aS 

The^  general  law  of  the  exponents  is  evident ;  it  is  also  apparent  that  the 
coefficients  of  the  first  and  last  terms  are  equal  to  1 ;  that  the  coefiicients  of 
the  second  term  and  the  last  but  one  are  equal  to  the  exponent  of  the 
binomial ;  and^  with  respect  to  the  intermediate  terms,  that  the  coefficients 
equally  distant  firom  the  extremes  are  equal ;  but  their  composition  is  not 
distinetiy  seen. 

These  coefficients  arise  from  the  reduction  of  the  like  terms. 

^  Now  if  binomials,  such  as  x+o,  x-f  ft,  x-fi?, whose  second  terms  ars 

different,  are  multiplied  together,  tiiese  reductions  of  like  terms  cannot 
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be  made>  and  the  composition  of  the  terms  of  the  product  may  tlien  be 
perceived. 

Forming  the  successive  products  of  these  binomiab, 


(x-|-a)(x-f6) 
(x-fa)(x-fft)(ar+c) 


+C 

(x+a)(x-|-ft)(ar-fc)(ar+rf)=«*-fa 


+5c 
-foe 


x-fa5c 


■\-abd 


x+aftcrf 


+ccf 

Considering  as  one  all  the  terms  which  involve  the  same  power  of  a:,  the 
same  law  is  observed  to  hold  good  for  the  exponents  of  x  in  tiie  products 
(x-|-a)(x-f-&),  (x-f  a)(x-f  6)(x-f-c),  .....  as  in  the  powers  of  x+a.  It  is 
this :  in  the  first  term  the  exponent  of  x  is  equal  to  the  number  of  binomial 
factors ;  and  it  is  diminished  progressively  n-om  term  to  term  by  unity  to 
the  last  term,  in  which  it  is  0. 

The  law  of  composition  of  the  multipliers  of  the  descendiii£  powers  of  x  is 
equally  obvious ;  viz.  the  highest  power  is  multiplied  by  1 ;  the  power  whose 
exponent  is  less  by  1  is  mxdtipliea  by  the  sum  of  the  second  terms  of  the 
binomials ;  that  whose  exponent  is  less  by  2  is  multiplied  by  the  sum  of  the 
different  products  obtuned  by  combining  the  second  terms  two  by  two ;  that 
whose  exponent  is  less  by  3  is  multiplied  by  the  sum  of  the  dmerent  pro- 
ducts obtained  b^  combining  the  second  terms  three  bv  three ;  and  so  on 
to  the  last  term  (in  which  the  exponent  of  x  is  zero)  which  is  equal  to  the 
product  of  aU  the  second  terms  of  the  binomials. 

These  laws  of  the  composition  of  the  exponents  and  coefficients  of  the 
powers  of  a  binomial  are  derived  by  induction  firom  a  certain  and  not  very 
great  number  of  multiplications. 

To  prove  them  true  for  any  number  of  binomials,  or  power  of  a  binomial, 
let  it  be  assumed  that  they  are  true  for  the  product  of  a  certain  number,  m, 
of  binomials. 

Then,  if  it  can  be  proved  that  they  are  true  for  the  number  m+1)  the 
general  proposition  will  be  established. 

Let  therefore  x*+Ax— ^-f  Bx*-«+Cx*-s-f -f  Y,  be  the  product  of 

m  binomials,  x+o,  x+&,  x-\-c^ 

And  let  this  product  be  multiplied  by  another  binomial,  x-f  ^;  the  result  is 


x"+i+A 


x"+B 

+/A 


x"^+ 


-^-l^. 


x*-^-fC 
-f-ffl 

In  this  result  the  law  of  the  exponents  is  evidently  the  same ;  for  the 
exponent  of  x  in  the  first  term  is  equal  to  the  number  of  binomial  factors ; 
and  it  is  diminished  successively  by  1  in  each  term  down  to  the  last  term 
which  does  not  contain  x. 

The  law  of  the  coefficients  also  holds  good ;  for, 

1st.  The  coefficient  of  the  first  term  is  1. 

2d.  In  the  second  term,  ia  which  the  exponent  of  x  is  less  by  1  than  in  the 
first  term,  the  coefficient  is  A+Z. 

Now  A  bdng  the  sum  of  the  second  terms  of  the  m  binomials  x-f  a,  x-f  6, 
x-\'C^ ....  it  follows  that  A-f  ^  is  the  sum  of  the  second  terms  of  the  m+l 
binomials  x-f  a,  x-f-^,  «-f  c, x-f /. 

Sd.  In  the  third  term,  in  which  the  exponent  of  x  is  less  by  2  than  in  the 
first  term,  the  coefficient  is  B+/A. 

Now  B  expresses  the  sum  of  the  products  of  the  m  second  terms  taken 
tw6  by  two,  and  lA,  is  the  sum  of  the  products  of  these  m  terms  by  / ;  therefore 
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B-|-^  u  the'siun  of  all  the  products  which  can  be  formed  wiih  the  m+l 
second  terms  a,  &,  c, .  .  . .  ^  taxen  two  by  two. 

4th.  In  the  fourth  term,  in  which  the  exponent  of « ia  less  by  S  thaa  in 
the  first  term,  the  coefficient  is  C-f /B. 

Now  C  expresses  the  sum  of  the  products  which  can  be  formed  with  the 
m  quantities  a,  6,  c,  • . . .  taken  three  by  three,  and  B  is  the  sum  of  the  pro- 
ducts of  these  m  quantities  taken  two  by  two ;  therefore  IB  is  the  sum  of 
these  products  multiplied  by  L 

Whence  C-f  iB  is  the  sum  of  all  the  products  which  can  be  formed  with 
the  m-h  1  second  terms  a,  &,  c, .  . . .  ^  taken  three  by  three. 

This  reasoning  may  be  extended  to  all  the  other  terms,  including  the  lost, 

rST,  which  is  evidently  the  product  of  the  m+ 1  second  terms  Oyb^c^ Ij 

since  Y  expresses  the  product  of  the  m  quantities  a,  5,  c, 

Therefore,  the  law  of  composition  supposed  true  for  a  number  of  bino- 
mials, m,  is  also  true  for  a  number  m-^\. 

Now  by  actual  multiplication  this  law  is  proved  to  be  true  in  the  case  of 
two  binomial  factors,  therefore  it  is  true  for  2+1  or  3.  Being  true  for  3,  it 
is  also  true  for  3+1  or  4,  and  so  on,  whatever  the  number  of  factors. 

Therefore  the  law  of  composition  of  the  exponents  and  coeffidenfs  is 
general. 

To  return  from  the  product  of  m  binomial  factors  z+o,  x+&,  ar+c, 

to  i^e  mth  power  of  the  binomial  a; + a,  it  is  sufficient  to  make  each  of  the 
second  terms  a^b^  c^ equal  to  €u    Then, 

1st.  It  is  evident  that  the  powers  of  ar  contained  in  the  sttooessive  terms 

are  x",  af^S  a:""*, a:*,  and  that  the  first  term  is  ^ply  a". 

.  2d.  In  the  second  term  of  the  product  of  the  m  binomials  the  multiplier 
of  2*^^  is  the  sum  of  the  m  secona  terms  of  the  binomials ;  therefore,  in  the 
development  of  (x-f  o^",  this  multiplier  must  be  mot  and  consequently  the 
second  term  is  majf^K 

3d.  In  the  third  term  of  the  product  of  the  m  binomials  the  diffisrent 

products,  two  by  two,  by  which  :^'^^  is  multiped,  beoome  eaeh  equal  to  ^. 

Their  sum  is  equal  to  as  many  repetitions  of  a*  as  it  is  possible  to  €brm 

biChi    1 ) 
combinations  of  m  letters  taken  two  by  two.    This  number  is  — j-5 — 

(Art.  138). 

Whence  the  third  term  of  the  development  is 

m(m — 1)  . . 

4th.  In  the  fourth  term  of  the  pnroduct  of  the  m  binomials,  the  multiplier 
of  x'^~*  is  the  sum  of  the  combinations  of  m  quantities  taken  three  by  three. 
When  all  the  second  terms  6,  c,  (2,  .  .  .  .  are  equal  to  a,  each  of  the  com- 
binations is  equal  to  o^ ;  and  the  number  of  combinations  of  m  quantities 

.    w(w»— l)(»i— 2)       ,       *         ,      *       , 
taken  three  by  three  is  — ^ — 7-5-g ;  thereforo   the  fourth  term  of 

,        .     .    m(tn — l)(i»— 2)  . 
(a:-f  a)-  is  -^ ^^^-^3 ^a«ar— . 

5th.  In  like  manner,  in  the  fifth  term,  the  difierent  products  by  which, 

taken  four  by  four,  ar**^  is  multiplied»  become  each  equal  to  c^ ;  and  their 

.    m(m — l)(m— 2)(ot— 3)     ,^  ,     ««., 

number  is  — ^ ^234 Whence  the  fifth  term  is 

m(iw^l)(iw-2)(w-3)  , 
1.2.3.4  ^ 

The  sixth,  seventh, m— -Ith  ....  terms  are  formed  in  the  same 

manner.    Whence 

X    .    v..      -  .  TO  _-_!  .  »n(m— 1)  _  __,  .  m/m^lXm— 2)  . 

(jF-ffl)"=ar-h-j-cur-'-h-  \^    «*    +""0:^ Vjr^+ -fir. 


BINOICIAL  THEOBEK.  36d 

140.  The  law  of  the  terms  is  so  evident  that  anj  term  maj  be  written  at 
|>leasure;  for, 

Ist.  Each  coefficient  has  for  denominator  the  series  1^  2,  3,  ...  .  con- 
tinned  to  that  number  which  marks  the  number  of  preceding  terms,  and  for 

immerator  the  product  of  the  decreasing  factors  m,  m— 1,  m— 2, 

continued  to  that  factor  in  which  m  is  diminished  bj  the  kst  factor  but  one 
of  the  denominator. 

2d.  The  exponent  of  a  in  any  term  is  always  equal  to  that  number  which 
marks  the  number  of  the  preceding  terms,  and  that  of  x  is  equal  to  m 
diminished  by  the  same  numoer ;  so  uiat  the  sum  of  the  exponents  of  x  and 
a  is  constantly  equal  to  m. 

Denoting  by  T»  the  term  whose  rank  is  n,  the  term  T.4.1,  or  that  which  has 
» terms  before  it,  is 


_w(iw~l)(m~2)  ....  (m-n-i-l) 
^■+»'^  1.2.3  ....  n        ^ 


This  expression  is  called  the  general  term  of  the  formula.  It  is  so  named 
because,  by  maldng  successivdy  »=1,  2,  3,  .  .  .  .,  all  the  terms  of  the 
formula,  beginning  with  the  second,  may  be  deduced  fxom  it.  To  find  the 
mxth  term,  for  example, 

Make  n=5;  ihen  T-K"-P(^-^^-3)("'-^,^. 

To  find  the  last  term  it' is  to  be  kept  in  mind  that  the  formuls  eontaiss 
«+l  terms,  and  that  for  the  last  term  it  is  necessary  to  put  n=i».    Whence 

_m(m-l)(w-2) Qn-m-hl)  .^^ 

-^-+»-"        1.2.3  m        ^^      • 

Now  the  numerator  of  this  expression  contains,  in  a  contrary  order,  the 
same  ftctors  as  the  denominator,  and  af^~**=2'^=  1 .  Therefore  tiie  expression 
is  reduced  (as  it  ought  to  be)  to  «r. 

If  a  were  taken  greater  than  m,  there  would  be  among  the  factors  of  the 
general  term  one  equal  to  m — m  or  0,  which  would  serve  to  intimate  that  all 
the  terms  beyond  m+1  are  e^ual  to  zero ;  in  other  words,  that  the  formula 
of  the  binomial  Ix-^-a)^  contains  no  more  than  m-f  1  terms. 

141.  In  the  formation  of  any  particular  power  of  a  binomial,  it  is  con- 
venient to  employ  successively  each  term  in  calculating  the  term  which 
follows  it. 

The  development  of  (a: -fa)"  gives  this  general  rule  for  passing  from  any 
term  to  the  following  term : 

Multiply  the  numerator  and  denominator  of  the  coefficient,  respectively, 
by  the  exnonent  of  x,  and  that  number  which  marks  the  rank  of  the  term  \ 
add  1  to  tne  exponent  of  a,  and  subtract  1  from  the  exponent  of  x. 

This  rule  may  be  obtained  by  changing  n  into  n-f  1  in  the  expression  of 
the  general  term ;  thus  the  term  of  the  radk  n+2  is 

rp     _w(ot— l)(m~2)  ....  (m— n-f  l)(m--n) 
■^•+*~  1.2,3  ....        n  (n+l) 

And  if  this  expression  is  compared  with  that  of  T.^„  it  becomes  evident 
that  T.^s  is  formed  from  T»+i  by  the  rule  which  has  been  given. 

The  first  term  of  any  power  of  x-\-a  is  known  when  the  power  is  given, 
and  the  second  term  can  be  formed  from  the  first,  the  third  term  from  the 

second, by  the  preceding  rule.    For  example,  if  it  is  required  to 

raise  x-f  <<  to  the  fifui  power, 

7^  is  the  first  term  of  the  development ; 

5 

jfl«^*  or  ^fu^  is  the  second  term ; 

5X4 

-._^i+ 1^4-1  ^  iOa*x'  is  the  third  term  ; 
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— g— a*+'jt*-'  or  10a*jB*  la  the  fourth  term ; 

— - — tf+^a^  or  5a*x  is  the  fifth  term ; 
4 

_^^4+i^i-i  Qf  jg»  ig  the  sixth  term, 
o 

The  exponent  of  x  in  the  sixth  term  being  0,  (=.1—1),  the  coefficient  of 
the  seventh  term  inyolves  a  factor  equal  to  zero ;  the  sixth  is  consequent! j 
the  last  term,  and  the  deyelopment  of  (x+a)'  is 

x*+5at*+ 10fl«r»+ 10tf»x*-f  5a*x-|-«'. 

a.  In  this  example  the  coefficients  of  the  terms  which  are  equaUj  distant 
from  the  extremes  are  equal.  This  must  alwajs  be  the  case;  for,  the 
expression  (r+o)*  being  composed  in  the  same  manner  of  a  and  or,  tiie 
deyelopment  of  (x-^-a)"  must  be  composed  in  the  same  manner.  Therefore 
if  the  development  contains  a  term  of  the  form  Aa"x*~",  it  must  contain 
another  equal  to  ibfo"***,  or  Arf*^x". 

These  two  terms  are  evidently  equally  distant  from  the  two  extremes  of 
the  development ;  for  the  numl>er  of  terms  which  precede  any  term  what- 
ever being  marked  bj  the  exponent  of  a  in  that  term,  it  follows  that  the 
term  AdTx"""  has  n  terms  before  it,  and  that  the  term  AflT^x"  has  m^n  terms 
before  it,  and  consequently  n  terms  after  it,  since  the  whole  number  of 
terms  is  in-f-l*  Therefore  in  the  development  of  any  power  of  a  binoniiai 
the  coefficients  at  equal  distances  firom  the  two  extremes  are  equal  to  each 
other.* 

b.  If  the  binomial  is  (x— a)",  it  becomes  necessary  to  replace  4-a  by  — a 
in  all  the  terms  of  the  deyelopment  of  (x-ha)".  xim  amoittta  to  the  pre- 
fixing of  the  sign  —  before  all  the  terms  which  contain  odd  powers  of  a ;  that 
is,  before  the  second,  fourth,  sixth,  and  in  general  all  the  tenns  of  an  even 
order. 

142.  In  the  developments  (x-fa)*,  (x— a)",  let  a=l  and  x=l 

•  2— 14-'"-4-"*^"'^^V'"^'^^^^^'"""^^4-  Ac 
..^— i-f-ji-      J  2      i-  12.3  -^y^c, 

m    m(m-^l)    m(m-.l)(m-2) 

^-^~T+      1.2 17273 -^^  *^ 

.  Whence,  in  every  power  of  a  binomial,  the  sum  of  the  coefficients  (includ- 
ing those  of  the  extreme  terms)  is  equal  to  a  power  of  2^  indicated  by  the 
exponent  tn,  of  the  binomial ;  and  the  sum  or  the  ooeffiicients  of  the  even 
terms  is  equal  to  the  sum  of  the  coefficients  of  the  odd  terms. 

143.  As  an  example  of  the  application  of  the  binomial  theorem,  let  it  be 
required  to  expand  the  expression  (20^ — 3&x')^. 

The  most  convenient  method  is,  first,  to  expand  (x~a^),  by  Articles  139- 
141,  and  then  to  replace  ^  by  2a^  and  a  by  Sox'. 

(x— a)6=x6— Gox*-!-  15a«x*— 200^x5 -f  15a*x*--6a*x-fa«. 

Changing  x  into  2a^,  and  a  into  3dx^, 

(2a'-36x«)6=(2a')«-6(36x«)(2a>)5-hl5(3i^x«)«(2a')*-20(3&t«)»(2«»)5-h 
16(36x«)*(2a»)*— 6(3te«)5(2a3)  4-  (3&t«)«. 

Making  the  calculations, 

(2o»-36x»)«  =  64a»-576a«fcx«  -h  21 60a»6«x*— 4320a9i»x6  4-  4860«<»V— 
2916a'ft*xio-|-729ft6x«. 

*  In  the  terms  Aa-x*-*,  kar-^x^,  the  two  coefficientB  express  the  number  of 
different  combinations,  n  by  n  and  m— a  by  m^it,  which  can  be  fonned  with  m 
quantities;  therefore  it  is  to  be  concluded  that  the  number  of  combinations  of 
m  quantities,  taken  n  by  n,  is  equal  to  the  number  of  combinations  of  m  quantitifs 
taken  m^n  by  m-^n. 
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144»  The  developinent  of  the  powers  of  any  binomial  ean  be  reduced  to 
the  development  of  the  powers  of  a  binomial  whose  first  term  is  I, 

forar+(i=x(l+^; 

making  -=^i  a:-|-a=x(l+2r), 
,-.(x-fa)-=af'(l+«)-. 

Now  (i+*)-=i+T'+-i:2«*+-i:2^ — ^*"+ 

Thb  formula  gives  the  following  rule  for  the  expansion  of  expressions 
such  as  (l-f-*?)".      Having  formed  with  the    exponent  m  the  fractions 

-j->  — 2"*  Q  >  &c.,  take  one  for  the  first  term  of  the  development ;  mul- 
tiply 1  bj  the  first  fraction  and  also  bj  z ;  multiply  the  result  by  the  second 
miction  and  again  by  z ;  multiply  the  new  result  by  the  third  fraction  and 

i^iun  by  z ;  lastly,  add  all  these  results  to  the  first  term,  I.    The 

result  is  the  development  of  (1  -j-z)". 

145.  If  two  terms  of  a  trinomial  are  considered  to  form  only  one  term,  the 
fbrmfttian  of  the  powers  of  the  trinozaial  is  reduced  to  the  formation  of  the 
powers  of  a  bincMuial. 

Thus(a+&Tcr=(a+(J+c))-=a-+x(ft+c>'--»+-^^~^^ 
+t  Bet. 

The  powers  of  polynomiab  which  contain  more  terms  than  three  can  be 

formed  in  the  same  manner. 

Applications  of  the  binomial  theorem : 

1st.  (a±6)6? Ans.  a«+6a*6+15a*6«+20fl5ft3+15a«fi-^+6a&5-hftfi. 

2d.    (5— 4x)*  ? 'ins.  625— 2000a;+2400j^— 1280jr3+256ar*. 
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Sd.    Q*+2y)' ? Ana.  ^^x'^  4-32^y4- -g ^/  +  '^'^f  +  rOx'^  + 

168a:«y*+224a:/+128y''. 

4th.  (^/a±Vby? Ans.  a«-i-6aZ>-hi»^±(4a+4&)v'J^ 

5th.  (a-f  *)"+(«-&)"? • ^iw.2|a-+'^^^^a-«&«4- 

6th.(a-f5)--(a-5)-? ^nf.2|^tf-^ft-f"^"    ^^^    ^^a'^6»4- 

n(n^lXn^2Xn-^SXn^i)  i 

1.2.3.4.5  ^     <>^-+-,&c.  I 

7th.  Required  the  third  term  of  (a+ftV*  ? Arui.  105a"A'. 

8th.  Required  the  fifth  term  of  (a«— 5«)«  ? Ans.  495a}^\ 

9th.  (a-i-b-^cy  ?...iliM.ii9+8fl«ft-h8d«c+3a&«-f  6a*c-h3ac«+ft^+3ft*c-f 

36c«-fc». 
10th.  (a+6+c4-rf)*?—-^«*-  a*+2a6-|-2ac+2<wi-|-&*+26c+26rf+c2-f  2cd 

Extraction  or  Roots. 

146.  In  Part  I.  Section  VITL  are  given  rules  for  the  extraction  of  the 
square  and  cube  roots  of  numl)ers.  It  may  be  useful,  as  a  supplement  to 
these  rules,  to  generalise  the  process  of  extraction  of  the  roots  oi  numbers. 

BB   2 
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With  this  view  let  it  be  required  to  find  the  nth  root  of  a  whole 
number,  N. 

If  N  cont^ns  n  figures,  its  root  contains  one  figure  which  can  be  obtained 
by  forming  the  nth  powers  of  the  numbers  1«  2,  3 9 ;  for,  since  KT 

contains  n-^1  figures,  it  is  evident  that  N<  10*  and  that  \/N  cannot  be 
expressed  bj  a  whole  number  greater  than  9« 

if  N  contains  more  than  n  figures  its  nth  root  contains  more  than  one 
figure.  This  root  maj,  therefore,  be  regarded  as  composed  of  tens  and 
units.  Denoting  the  tens  bj  a,  the  units  by  b^  and  employing  the  binomial 
theorem^  it  is  found  that 

or  that  the  given  number  N  is  composed  of  the  nth  power  of  the  tens  con- 
tained in  it,  plus  n  times  the  product  of  the  (n— l)th  power  of  the  tens  bj 
the  units,  plus,  &c. 

Now  the  nth  power  of  the  tens  cannot  give  unite  of  an  order  inferior  to  1 
followed  bj  n  zeros.  Therefore  the  n  last  figures  of  the  number  can  make 
no  part  of  the  nth  power  of  the  tens.  It  is  necessary,  therefi>re,  to  point  ofiT 
n  figures  firom  the  right  of  the  number,  and  to  extract  the  root  of  the  greatest 
nth  power  contained  in  the  number  expressed  by  the  remaining  fi^ires  of 
N,  and  so  on. 

The  number  N  being  in  this  manner  separated  into  periods  of  n  figures 
each  (but  the  extreme  period  on  the  left  contuning  any  number  of  figures 
between  1  and  n  inclusive),  the  root  of  the  greatest  nth  power  contained  in 
the  first  period  on  the  left  is  extracted.  This  g^ves  the  figure  which  ex- 
presses the  units  of  the  highest  order  contained  in  the  root,  or  the  figure 
which  expresses  the  tens  of  the  nth  root  of  the  number  formed  by  the  first 
and  second  periods  of  K. 

Subtracting  the  nth  power  of  this  figure  firom  the  first  period  of  N,  a 
remainder  is  obtained  wmch,  with  the  second  period  of  N,  contains  n  times 
the  product  of  the  (n— l)th  power  of  the  first  figure  of  the  root  by  the 
second  figure,  plus,  &c. 

Since  die  (n— l^th  power  of  the  first  figure  cannot  ^ve  units  of  an  order 
inferior  to  10*~^  the  n— 1  last  figures  of  Uie  second  period  cannot  make  any 
part  of  t^e  (n— l)th  power  of  the  first  figure.  It  is  therefore  sufiicient  to 
annex  the  first  figure  of  the  second  period  to  the  first  remainder ;  then  form- 
ing n  times  the  (n — l)th  power  of  the  first  figure  of  the  root  and  dividing  by 
it  the  nxunber  composed  of  the  first  remainder  and  the  first  figure  ot  the 
second  period,  the  quotient  is  the  second  figure  of  the  root,  or  a  figure 
greater  than  the  second.  To  make  trial,  the  second  figure  is  annexed  to  the 
first ;  the  number  thus  formed  is  raised  to  the  nth  power,  and  the  result  is 
subtracted  firom  the  number  composed  of  the  first  and  second  periods  of  N. 

If  the  result  cannot  be  subtracted,  the  second  figure  is  too  great,  and  the 
next  less  must  be  tried ;  if  the  nth  power  of  the  number  composed  of  the 
first  figure  and  this  second  figure  can  be  subtracted  firom  the  first  and  second 
periods  of  N,  the  figures  obtained  are  the  first  and  second  of  the  required 
root. 

Next,  the  first  figure  of  the  third  period  of  N  is  annexed  to  the  second 
remainder,  and  the  number  thus  formed  is  divided  by  n  times  ihe  (n*-l)th 
power  of  the  number  composed  of  the  first  and  second  figures  of  the  root ; 
the  result  is  the  third  %ttre  of  the  root,  or  a  figure  greater  than  the  third 

This  series  of  operations  is  continued  till  all  the  periods  of  N  are  brought 
down. 

147.  When  the  index  of  the  root  which  is  to  be  extracted  is  a  number 
which  can  be  resolved  into  prime  factors,  the  required  root  ma^  be  obtained 
by  the  successive  extraction  of  roots  of  the  d^rees  of  which  these  prime 
Actors  are  the  indices. 
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For  Vir*=rf»;  Vcr^(f\  Vrf^=fl  (Art.  182). 

Now,  if  it  were  required  to  extract  the  miipth  root  of  a***,  this  root  is 
evidentl J  a ;  that  is,  it  is  the  same  as  that  which  is  found  by  first  extracting 
the  mth  root  of  oT*,  then  the  nth  root  of  a^,  and  lastly  the  pCb.  root  of  of ; 

Consequently  "^rf^^  W^ir^ 

The  fourth  root  of  a  number  can  hence  be  obtained  hj  two  extractions  of 
the  square  root,  the  eighth  root  by  means  of  three,  the  sixth  root  by  extrac- 
tion (Kf  the  square  and  then  of  the  cube  root,  &c. 

Although  the  successive  roots  may  be  extracted  in  any  order,  it  is  prefer- 
able to  extract  first  the  root  whose  index  is  leasts  because  then  the  extraction 
of  a  root  whose  index  is  greater  (and  which  is  a  more  complicated  operation) 
is  performed  witi^  a  smaUer  number  of  figures  than  the  number  proposed. 

By  means  of  these  principles  it  is  found  that 

v^2985984=4^>/298598i=Vl728=12, 

Vl679616=  4^1296=  V^36=6. 
la  practice  it  is  convenient  to  extract  roots  of  a  high  d^ree  by  means 
of  logarithms. 

148.  When  the  whole  number  whose  nth  root^  is  required  is  not  an  nth 
j^wer,  the  process  indicated  in  the  last  Article  gives  the  root  to  the  nearest 
whole  number  only. 

The    firaction   which  ought  to  complete  the  root  cannot  be  exactly 

obtained^  for  tiie  nth  power  of  a  fraction  r,  expressed  in  the  lowest  terms, 

being  -jpri  tlus  new  number  cannot  be  reduced  to  a  whole  number. 

The  root  can,  however,  be  determined  to  any  degree  of  approximation 
required. 

Let  it  be  required  to  extract  the  nth  root  of  the  whole  number  a  to  within 
the  -  part  of  1,  that  is,  to  such  a  degree  of  accuracy  that  the  error  com- 
mitted may  be  less  than  -. 

P 

FutUng  a  under  the  form  r,  and  multiplying' both  terms  of  this  fractional 


expression  by  fT^  a=y=-^. 


Let  r= V^  to  the  nearest  unit,  then  -^  or  a  is  comprehended  between 


P^  P^ 


But  X/^^.  and  ."/£p='±l 


^  ft  f*^~l  f 

Therefore  Vo  u  comprehended  between  -  and  -— -,  and  conaequently  - 

IB  the  nth  root  of  a  to  the  d^ree  of  approximation  required. 
Whence,  to  extract  the  nth  root  of  a  whole  number  to  within  the 

1 

-part  of  1, 

Rule.    Multiply  the  number  byp",  extract  the  nth  root  of  the  product 
'  to  the  nearest  umt,  and  divide  the  result  by  p, 
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149.  Next,  let  ^  be  a  firactional^number  of  which  it  is  required  to  extract 
the  nth  root. 

K  both  terms  of  the  fraction  are  multiplied  by  Ir^, 

Let  r  be  the  nth  root  of  aJ^*  to  the  nearest  whole   number;  thep 

J  or  -yr  18  comprehended  between  j-  and  ^^L  -;  therefore  \/  y  is 

r         (r+l) 
comprehended  between  r  and      »       » 

Whence,  to  extract  the  nth  root  of  a  fracUoi^al  expression, 

Kule.  Multiply  the  numerator  of  the  fraction  by  the  (n— l)th  power  of 
the  denominator,  extract  the  nth  root  of  the  product  to  the  nearest  whole 
number,  and  divide  this  root  by  the  denominator. 

150.  If  a  closer  approximation  than  that  indicated  by  the  fraction  ^  is 
required,  the  nth  root  of  the  whole  number  ajbT'^  is  extracted  to  the  required 
degree  of  approximation,  -  (Art.  148). 

Let  r'-f  —  bo  that  root ;  then  -J"*'-  is  the  expression  of  the  n|Ji  root  of  j 

to  a  degree  of  approximation  marked  by  —r* 

The  general  principles  of  the  extraction  of  roots  by  approzimati<Mi  have 
been  already  applied  to  the  extraction  of  the  square  and  cube  roots  of  whole 
numbers  and  fractional  expressions  (Part  I.  Sect.  VIII.). 

As  an  instance  of  the  application  of  these  principles  to  the  extraction  of 
a  root  of  a  higher  decree,  let  it  be  required  to  e:9^tract  the  stxtfa  root  of  23 
to  a  degree  of  approximation  marked  by  the  fraction  y^  or  '01. 

^„     23000000000000     23x100^ 

TOOOOOOOOOOOO  *~     1006     • 


23000000000000 
100^ 

V       \^^  100 

Other  examples : 

1st.    V473  to  3jV  ? ^«-  «,V=7*^5- 

2d.    a/79  to  0001? iln«. 4-2908. 

3d.     */13  to  0-01  ? Ant,  1-58. 

4th.  '^21035-8  ? Ans,  4-14539+. 

5th.  ^2? Am,  1090508-fr. 

6th.  V21035;8  ? Jbvi.  3*022239+. 

7th.  \^39?....: An«. 2-0807. 

8th.  1/108  ? Am.  1*95204. 

EXTRA€TI0K  OF  RoOTS  OF  POLTI^QHIAL  Esj^BESSlONS. 

151.  Let  a  given  polynomial^  P,  be  the  mth  power  of  an  unkacHm  poly- 
nomial, J9  ;  it  is  required  to  find  p. 

Regarding  the  polynomials  P,  />  as  arranged  according  to  the  decreaaiag 
powers  of  the  same  letter,  x,  and  denoting  by  a,  ft,  c, ... .  tJie  unknown  terms 
of  the  root  />,  these  quantities  ought  to  be  such  that  if  the  root  a^-^+C-f 
....  is  raised  to  the  power  m,  the  terms  of  P  are  reproduced. 
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-  Now,  if  the  mth  power  of  a-h& -f  c+ •  •  •  •  is  formed  bj  successive  lAultiplica- 
tions,  it  is  evident  that  in  the  result  the  term  in  x  which  has  the  highest 
exponent  must  be  the  mth  power  of  a. 

Therefore  the  first  term  of  the  root  p  is  obtained  by  extracting  the  mth 
root  of  the  first  term  of  the  given  poljiiomial  P. 

Knowing  the  first  term  of  the  root,  it  is  not  difficult  to  obtain  the  second ; 
but,  instefMi  of  finding  the  terms  consecutively,  it  seems  preferable  to  show 
in  what  manner,  when  manj  successive  terms  of  the  root,  beginning  with  the 
first,  are  known,  that  term  which  immediately  follows  the  last  known  term 
can  be  obtained.  For  thb  purpose  let  k  denote  the  sum  of  the  terms 
which  are  known,  and  u  the  sum  of  the  terms  which  are  unknown ;  then 
P=(A-fii)-. 

Developing,  P=A--|-mA— i«+^ji^A--«tt«-|-  .... 


or 


-        .         /      „                  .    1    «     wi(m — 1)  m(m — l)(m — 2)      . 
(putting  m ,  m  . . .  respectively  for       ,  ^ — -^  -^ — —^ ^,. . .) 


P=A--j-mA^itt-i-m''A--2i««+»»''*"~V+. . . 

Transposing  the  term  Am, 

P— A"=mA— Hi+w'A— *tt«-|-m'''A"^V-|- .... 

Now  the  first  member  of  this  equation,  P — A"*,  is  a  quantity  which  can  be 
obtained  by  forming  the  mth  power  of  the  known  quantity  A,  and  subtracting 
it  from  P,  and  the  second  member  is  a  sum  of  products  by  means  of  which 
it  is  easy  to  assign  the  composition  of  the  first  term  of  the  remainder  P— A", 
and  by  consequence  to  discover  the  first  term  of  the  unknown  part  of  the 
root ». 

For  if  A""*  IS  developed,  it  follows  from  the  rules  of  multiplication,  that 
the  first  term  of  the  development,  or  the  term  which  involves  the  highest 
power  of  X,  must  be  a"~' ;  tnerefore  denoting  the  first  term  of  w  by  ^  the 
first  term  of  the  product  mA"~'  x  w  must  be  ma*~y. 

By  similar  reasoning  it  is  foimd  that  the  first  terms  in  the  developments 
of  tne  other  products  are,  respectively,  m'a"'~y*,  tn!'cr~^f\  ....  These 
terms  (making  abstraction  of  the  coefficients  which  have  no  infiuence  on  the 
degree  of  x)  may  be  deduced  from  the  term  mor~Yt  ^7  suppressing  in  it 
one  or  more  factors  equal  to  a,  and  replacing  them  by  as  many  factors  each 
equal  to/. 

The  degree  of  z  involved  in  /being  inferior  to  the  degree  of  a:  involved 
in  a,  these  changes  can  only  give  terms  in  x  of  a  degree  inferior  to  mar~]f. 
Therefore  after  the  subtraction  of  the  mth  power  of  k  (the  part  of  the  root 
already  found)  from  the  given  polynomial  P,  the  first  term  of  the  remainder 
is  equal  to  the  product  of  m  times  the  (m — l)th  power  of  a,  the  first  term 
of  the  root,  by  the  first  of  the  terms  wluch  remain  to  be  found. 

Therefore,  in  conclusion,  if  the  first  term  of  the  remainder  is  divided  by 
m  times  the  (m— l)th  power  of  the  first  term  of  the  root,  the  quotient  is  a 
new  term  of  the  root. 

This  conclusion  mves  the  means  of  finding  successively  all  the  terms  of 
the  root  when  the  first  term  is  known.  To  obtain  the  second  term,  b,  the 
mth  power  of  the  first  term  of  the  root  is  subtracted  from  P,  and  the  first 
term  of  the  remainder  is  divided  by  mar~\ 

To  obtain  the  third  term,  c,  the  mth  power  of  (fl-f  J)  is  subtracted  firom  P, 
and  the  first  term  of  the  second  remainder  is  divided  by  ma'^\ 

152.  This  process  shows  whether  the  given  polynomial  is  an  exact  pjower 
of  the  degree  m ;  for  the  first  term  ot  each  remainder  contains  x  with  a 
less  exponent  than  the  first  term  of  the  preceding  remainder ;  therefore,  at 
last  either  a  remainder  =0  is  found  (in  which  case  P  is  the  mth  power  of 
the  quantity  obtained,  as  VP))  or  a  remtunder  is  found  whose  first  term  is 
iK>t  divisible  bv  mit^\  in  which  case  it  is  certain  that  P  is  not  an  exact 
power  of  the  degree  m. 
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Likewise,  if  P  is  a  power  of  ^e  degree  m,  the  mth  root  of  its  last  term 

ought  to  be  the  last  term  of  VP.  Therefore,  if  the  ealcuktion  leads  to  the 
placing  in  the  root  of  a  term  of  an  inferior  degree  to  this,  it  is  again  certain 
that  P  is  not  an  exact  power  of  the  degree  m. 

If  the  terms  of  P,  j>  are  arranged  according  to  the  ascending  powers  of  r, 
the  preceding  reasomngs  are  equally  applicable.  In  this  order  the  exponent 
of  X  in  the  first  term  of  the  successive  remainders  goes  on  increasing* 
This  cannot  be  a  hindrance  to  the  effecting  of  the  diTisions  which  giro 
the  terms  of  the  root.  But  as  the  root  of  the  last  term  of  P  ought  bIwhjs 
to  be  the  last  term  of  the  root  p,  it  follows  that  the  calculation  cannot  gire 
top  a  term  of  a  higher  degree  in  r,  except  in  the  case  in  wMch  P  is  not  an 
exact  power  of  the  degree  m. 

Examples  of  the  extraction  of  roots  of  polynomial  expre8noB»: 

1st.    -^(8a»— 84a«x+294aF«— S43a:3) P Ans.^a—rz, 

2d.    ^^^aJ^— ecaH^-flScV-Sc***)? Ans.a^—Qcr. 

8d.    ^^o*-— 6o8-+>a:--hI2a*+«x^— 8a5x3-  )  ? Ans.  a"— 2aa-. 

4th.  V  (16a*-96a3ft-|-216<<«&*— 2I6a^-h81^) ? An8.2aSb. 

5th.  ^(243aV-810a*c*W  +  lOSOo^c^ft^cP— 720oV6'<P  4-  240ac6*d*— 

82A*d5)  ? Am.  3ac—2bd. 

6th,  'v^729-2916ir«-h4860j:*-4320xff4-2160a:*--676xro+64x«)  ? 

Ant.  3— 2a* 

Calculus  of  Radical  Expressions. 

153.  When  the  quantity,  monomial  or  polynomial,  whose  mth  root  » 
required,  is  not  a  power  of  m,  the  operation  is  indicated  by  writing  the 

radical  sign  on  the  left  of  the  quantity,  and  connecting  with  the  si^  a/"' 
that  number  wUch  marks  the_degree  of  the  root  to  be  extractea ;  thus 

the  mth  root  of  a  is  written  ^a. 

The  number  m  i9  called  the  index  of  the  radicaF. 

When  the  positive  Tidues  alone  of  radical  quantities  are  considered)  the 
radicals  are  termed  arithmetical ;  and  when  their  values  are  considered  as 
being  positive,  negative,  or  imi^nary,  the  radicals  are  termed  algebraic. 

It  is  proved  (Art.  131  and  132)  that  a  product  is  raised  to  a  pow^r  by 
raising  each  of  its  factors  to  that  power ;  and  that  the  root  of  a  product 
is  extracted  by  extracting  the  root  or  each^tor  of  that  product. 

Whence  Vtrh^VdTx  ^h=aVf7 
Wherefore,  if  the  exponent  of  any  factor  of  the  quantity  under  the 
radical  sign  is  equal  to  or  a  multiple  of  the  index  of  the  radioal,  the  root  of 
that  factor  may  be  made  a  coefficient  of  the  radical ;  and,  conversely,  the 
coefficient  of  a  radical  may  be  introduced  imder  the  radical  sign  by  raising 
the  coefficient  to  the  power  marked  by  the  index  of  the  radicaL 

154.  Radicals  which  have  the  same  index  and  the  same  quantity  under 
the  radical  sign  are  termed  like  or  similar. 

a.  An  expression  composed  of  like  radicals  connected  by  the  signs +,  — -» 
can  be  simplified. 

For  example,  the  radicals  a^^,  h^Wc^  being  ^e,  if  connected  by  the 
sign +9  their  sum  is  equal  to  a  repetitions  of  ^ft'c,  plus  h  repetitions  of 
i^h^c\  that  is,  to  a-\'h  repetitions  of  the  common  quantity  ^h^c\  and  if 
connected  by  the  sign—,  the  result  is  equal  to  a  repetitions  of  ^ft'c,  minus  6 
repetitions  of  ^6*c,  that  is,  to  a— (  repetitions  of  the  common  quantity 
^W.  _  _  

Wherefore  a^h^c±h4fV'c—(a±h)Vb'^c. 

b.  If  the  proposed  radicals  are  not  like,  but  admit  of  reduction  to 
equivalent  radicals  which  are  like,  the  same  simplification  can  be  made. 


£XTBAOTK>lf  OF  SOOTO*  377 

Let  ibe  expremofa  8^y5a5]^^54^64flW— T^JSP;  be  proposed. 
Smce^2fli»6=3^^x2a3&==8<^^2ir»^ 

7.J^5s5Ii==7^5io3^2?fc7&«^2a5J,  

the  proposed  expression  becomes  Sa^^2<i^i—lOab\^^b—7b'^^2a?b^ 

or  (3a«~10a*— 7t*)^*'2?F. 

Whence,  to  find  the  sum  or  the  difierence  of  any  like  radical  quantities,  it 
is  necessary  to  form  the  alsebraio  sum  or  difference  of  their  coefficients, 
and  to  make  this  sum  or  difference  the  coefficient  of  the  common  radical 
quantity. 

c  The  addition  or  subtraction  of  unlike  radicals  is  indicated  by  means  of 
the  proper  signs. 

156.  liet  the  radicals  v^o^  Vb^wlnck  have  the  same  index,  be  proposed, 
.and  let  it  be  required  to  multiply  or  divide  \^hy  a/ST 

The  product  Vox  \^b=!!y^;  for,  if  Vox  ^v^and  Va&  ore  raised  to  the 
mth  power,  the  products  are  equal,  boUi  being  cib. 

In  like  manner  v'o^ -TT* or ■;;;-===  i/  ^» 

Whence,  to  find  die  product  or  the  quotient  of  two  radicals  which  have 
the  same  index,  it  is  necessary  to  form  the  product  or  quotient  of  the 
quantities  under  the  sign,  and  to  place  it  under  tiie  sign  of  the  common 
radical. 

If  there  are  coefficients,  these  must  be  multiplied  or  divided  separately. 
Examples: 

Ist.     VSH- a/50— a/18  ? ..An»,  4^/2*. 

2d.     >Va+cJC^— dv'aP ^.* Am.  {b'^C'-d)Va. 

Sd.     2V|-f  a/60— A^-j-A/f? Am.  yg'^l^' 

4th-    4a^^^+^'^8a6S'— ^126a<^&^  ? Am.  M^b, 

«th.    A/(8^f  8adc+M^)  ? Am.  (a+6)'/3c. 

6th.    ViS?- A/SO^-f  a/5?cP ....*Am,  (a'-c)V6c. 

7th.    V^xVbx Ve^ .....ilfi*.  VSi. 

8th.    aJVxxbVyy^cjyi} ....Am.  abeVxyz. 

9th.    4x2v^8X^72"? Am.  8a/6. 

10th.  c^/axd^a? • Am.  acd. 

11th.  Va^Vb? Am.  %*/-? 

12th.  cVa-^dVF? .Am.  jC/ J. 

, m  fW 

13th.  a^m'vb^ Am.  y/  y^ 

14th.  a-^Vfl"? , Am.  a/oI 

15th.  ^^64-1-2? Am.  Vs. 

16th.  cA/?^^+.A/a^Px"P Am.  cVa—x. 

17th.  A/?=5«-4-a-a?P Am.  ,J^^ 

18th.  A/aft»— i^c-i-v'a^?... «.. • *Am.  b. 
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155.  If  it  is  required  to  form  the  nth  power  of  X^ 

(t'o^-ssiv^X  Vox  ^cT.  ....  to  n  factors, 
^/c^X  VaX  Va  ...  to  n  factors  =-\faaa  ...  to  «  factors, 
and  Vaaa  ....  to  n  factors  '=^V<t. 

Wherefore  ( Va)-=  VcT, 

Whence  a  radical  is  raised  to  a  power  bj  nusing  the  quantity  under  the 
radical  sign  to  that  power. 

a.  When  the  index  of  die  radical  is  a  multiple  of  the  power  the  ezpresuon 
can  be  simplified. 

For  example,  if  it  is  required  to  raise  the  radical  *Va  to  the  power  n, 

To  proTC  this :  since  (jVa^r*^=^a^  it  follows  that  "Va  is  a  quantity  which 
is  vm  times  a  factor  in  a.  Now  the  whole  number  «m  of  faotora  may  be 
arranged  in  a  tabular  form,  thus, 

"Va  .  "v^ .  v^. . .  •  to  »  factors, 
"Va  .  ^  o .  Va 


to  m  factors ., 

there  being  m  horizontal  lines  and  n  factors  in  each  line.    Kow  each  hori« 

loutal  linegires  a  product  equal  to  (v^a)",  and  m  such  products  are  equal 
to  a ;  thereibre  one  of  the  products  must  be  the  mth  root  of  a,  that  is, 

fVa);=V^. 
b.  If  the  exponent  of  the  power,  without  being  a  divisor  of  the  index,  has 
one  factor  in  common  with  it,  as  ("Vo)"',  the  quantity  v^a  may  be  raised 
first  to  the  power  n,  and  the  result  to  the  power  ^ 

Now  (^0)'=^^  and  (Viy=A/^; 
therefore  ("Va)•»=Va^ 
Examples: 

Ist.  (V4a')«P..., -4iM.  20-^^. 

ad.  (3^2^)«  ? Am,  AA^^n^, 

3d.  (i^)«  ? ^ * ..Am.  v^ 

4th.  (V3&)«? Ana,  ^^IBI 

5th.  (  V4?)«? Amm,  a^. 

6th.  (3^^)5? -4w.486«^4?: 

156.  To  extract  any  root  of  a  radical  it  is  only  necessary  to  reverse  the 
rules  for  the  formation  of  powers. 

Furst.  If  the  quantity  under  the  radical  sign  is  affected  with  an  exponent 
which  is  equal  to  or  a  multiple  of  the  index  of  the  root  which  is  to  be  ex- 
tracted ;  for  example,  if  the  radical  is  VcT,  and  the  nth  rooHs  required. 

The  nth  root  of  V?'=  V  V?=  VoT 
For  if  Vo^is  nused  to  the  power  n,  the  quantity  vrf*  is  reproduced. 
^  Second.     Suppose  that  the  exponent  of  the  quantity  under  the  radical 
Kgn  is  not  divisible  by  the  index  of  the  rootwhidi  is  to  be  extracted,  in  this 
ease  the  extraction  can  only  be  indicated. 

Thus  the  nth  root  of  Va  is  v'Va; 

but  since  v  Va*^  VoJ^ 
and  (Va)*agya^ 

it  follows  that  VV^'VZ 
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^Vhence  the  root  of  a  radical  is  extracted  either,  first,  bj  extracting  the 
root  of  the  quantity  which  ia  under  the  radical  sign,  or,  second,  by  multiply- 
ing the  index  of  the  radical  by  the  index  of  the  root  which  is  to  be  extracted. 

The  second  is  the  method  more  generally  employed.  Each  of  the  rules 
shows  that  the  order  in  which  two  successive  roots  arc  extracted  is  wholly 
indifferent,  and  it  is  evident  that  this  conclusion  extends  to  any  number  of 
successive  roots. 

If  the  exponent  of  the  quantity  under  the  radical  si^  and  the  index  of  the 
root  which  is  to  be  extracted  have  a  common  factor,  mis  factor  may  be  can- 
celled in  the  index  of  the  root  and  the  exponent  of  the  quantity ; 

for  Vrf^=VvV)-=v^. 

Examples : 

Ist.    V>^3^? An$.  ^3c. 

2d.    VVsi^'? Ans.  Xf^. 

3d.    VV9^=V^^? ^iM.  i/Za, 

4tiL  VVtn AnsrV^, 

157.  K  any  number  of  radicals  which  have  the  same  index  are  multiplied 
together  the  product  is  a  single  radical ;  and  if  one  radical  is  divided  by 
another,  both  havinff  the  same  index,  the  quotient  is  expressed  by  a  single 
radical ;  but  if  radic&  which  have  different  indices  are  multiplied  or  divided 
%  each  other,  the  expressions  are  more  complicated.  As  a  means,  therefore, 
of  simplifying  the  products  and  quotients  of  radicals  it  is  useful  to  reduce  the 
radicals  to  a  common  index. 

Since  a  radical  is  raised  to  a  power  by  raising  the  quantity  which  is  under 
the  radical  sicn  to  that  power,  and  the  root  of  a  radical  is  extracted  by  mul- 
tiplying the  mdex  of  uie  radical  by  the  index  of  the  root  which  is  to  be 
extracted^  it  follows  that  the  value  of  a  radical  is  not  changed  when  its  index 
is  midtiplied  by  a  number,  provided  at  the  same  time  the  quantity  under  the 
radical  sign  is  raised  to  the  power  expressed  by  this  number. 

Whence  any  proposed  radicals  may  be  reduced  to  a  common  index  by  the 
rules  for  the  reduction  of  fractions  to  the  same  denominator.  In  this  case 
the  indices  of  the  radicals  carrespond  to  the  denaminators  of  the  fractionj. 

Taking  the  example  P=  V5^  X  v^SPx  ^/^^i^ 
Since  the  indices  3,  4,  5  are  prime  to  each  other,  their  least  common  mul- 
tiple is  equal  to  their  continued  product,  or  to  3  X  4  X  5=60 ;  it  ia  therefore 
to  the  inaex  60  that  it  is  necessary  to  reduce  these  radical  factors. 

Now  60+3=20,  and  V^«y=^*^(a^6«)«o=^i^o&40, 
60+4=15,  and  Vi^=^''  V(a»63)i5=eo^^3og4r 
60h-5=12,  and  1/^^=*'' V^6^«=^^6fr«. 
Therefore  P=®V?^  X  ^?^*  X  ^^f^^. 
Effecting  the  multiplication  (Art.  155),  _ 

or  P=^^oS^°  X  ^ii^^=a6*^?«6»5: 

Examine  2.  Let  P=>l/32S*A*^X  {/128a^*X  ^^i^\ 
In  this  example  the  least  common  multiple  of  the  incfiees  ia  24. 
Also  the  numerical  factors  under  the  radical  sign  are  32=2^  128=2'', 
64=2^.    Making  these  subsUtntions,  and  reducing  the  radicals  to  the  com- 
mon index  24,         

P=  5^30^18^  X  !!/2*»a««ft*  X  V2>«a^]>^V=^2''%*9^*. 

.  • .  P=2VJ'^a*a5^=8a«ft«yl6a5^. 
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Calculus  of  Fractional  and  Negative  Exfokekts. 

158.  A  fractional  exponent  is  the  sTmbol  of  the  extraction  of  a  root  which 

I  M 

cannot  be  executed*    The  [expressions  a\  a*  indicate,  respectiveljrf  that  the 

nth  root  of  a  and  the  nth  root  of  the  mth  power  of  a  is  to  be  extracted. 

—  *"  __ 

a"  is  equivalent  to  /C^o,  and  a"  to  V^'^ 

a.  A  n^^tire  exponent  is  the  sjmbol  of  a  division  which  cannot  be  exe- 
cuted. Thus  the  expression  cr**  indicates  that  a  certain  power  of  a,  (a",  for 
example)  is  divided  bj  a"'*'',  a  higher  power  of  the  common  root  a.    The 

true  value  of  or*  is  ^,  which  is  the  quotient  of  unity  divided  by  a  affected 

with  the  exponent/),  taken  positively. 

b.  From  the  combination  of  the  extraction  of  a  root  and  a  division,  neither 
of  which  can  be  execiited,  is  derived  another  symbol,  the  negative  frac- 
tional exponent. 

Thus,  if  it  u  required  to  extract  the  nth  root  of  ^,  the  root  is  indicated 
by  the  expression V/  ^' 


But  since  --z^cr^  and  the  nth  root  of  d~*  is  yfcr^^=u  "  ,  the  expresnotw 


_.  and  a  »  are  considered  equivalent. 


It  is  consequently  to  be  considered  that  the  expressions 
are  the  respectiye  equivalents  of 

and  that  each  may  be  used  for  its  correspondent  accordingly. 

159.  The  origin  and  meaning  of  fractional  and  negative  exponents  beii% 
explained,  it  remains  to  investigate  rules  for  the  calculus  of  quantities 
.arocted  with  such  exponents. 

M 

a.  Multiplication.    Ist.  Let  it  be  reqmred  to  mult^ly  cFhj  of.    • 

e?  =^flr ;  and  by  Articles  154  and  157,  JV'cry.tt^J^'K  -yS'; 

•+at 


In  like  manner,  in  the  following  examples, 

1      ti"^ 

Sd.  flrxa-*=;flrxj;=^=4 
4th.  a-"xcr"=-iX':i= 


a"    flT    rf*xa""~d*' 


6tLa-xir*==^flrx5r=Vrf*XY/a"^=y  55.=^  •  • 

6th.  a--%V=^Ixa^=^|x-^^^ 
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•      "^       i»         q  /'x'       nq  /X    ^  /oT*        

a  -*  , 


The  product  of  two  integer  positive  powers  of  the  same  root  is  obtained 
bj  adding  the  exponents  together,  and  affecting  the  root  wi^  an  exponent 
equal  to  the  sum. 

If  this  rule  is  applied  to  the  preceding  examples,  the  results  already  found 
are  obtained ;  for 

M     '^         «  n     a         nq    ' 

8d.  m'\'{^n)^:^m'^n,  4th.  (—!»)+(— «)=—m—n. 

5th.  ^(-p)==^.  6th.  (-^)+p=S=!?. 

This  rule  consequenUj  holds  good  for  negative  and  firactional  as  well  as 
whole  positive  exponents.  Whence,  in  multipljing  two  monomials  affected 
with  an  J  exponents,  int^er  or  fractional,  positive  or  negative,  it  is  necessary 
to  add  togetner  the  two  exponents  of  the  same  letter. 

b.  Division.  If  two  monomial  quantities,  which  have  any  exponents  what- 
ever, are  divided  one  bjr  the  other,  the  exponent  of  each  letter  m  the  quotient 
ought  to  be  such  that,  if  added  to  the  exponent  of  the  same  letter  in  the 
divisor,  the  sum  shall  be  equal  to  the  exponent  of  that  letter  in  the  dividend. 
Whence  the  exponent  of  the  quotient  is  equal  to  the  difier»EK>e  between  the 
exponents  of  the  dividend  and  divisor. 

*      t      ?  t      "^  '<' 
Example,    a"-4-a«/=tf'"«=a  "•    . 

c.  Formation  of  powers.  The  mth  power  of  a  monomial,  affected  with  any 
exponent  whatever,  is  obtained  by  forming  a  product  of  whicfa  the  monomial 
is  m  times  a  factor.  The  exponent  of  this  product  is  oompofled  of  m  rqietitioiis 
of  the  exponents  of  the  monomial  factor. 

Whence  to  form  the  mth  power  of  a  monomial,  affected  with  any  exponents 
whatever,  it  is  necessary  to  multiply  the  exponent  of  each  letter  by  the  ex* 
ponent  m  of  the  power. 

Example)  \<t )  =a  "  • 

d.  Extraction  of  roots.  In  the  nth  root  of  a  monomial,  the  exponent  of 
each  letter  ought  to  be  such  that,  if  multiplied  by  n,  the  index  of  the  root 
extracted,  the  exponent  with  which  the  letter  b  affected  in  the  monomial 
diall  be  reproduced.  Whence  the  exponent  of  the  letter  in  the  root  ought 
to  be  equal  to  the  quotient  obtained  by  dividing  the  exponent  of  that  letter 
in  the  proposed  monomial  by  n,  the  index  of  the  root. 

Whence,  to  extract  the  nth  root  of  any  monomial,  it  is  necessary  to  divide 
the  exponent  of  each  letter  by  n,  the  index  of  the  root. 

Example,  Ka")"  or  ^  oP ^oT*, 

160.  The  preceding  rules  for  the  division,  the  formation  of  powers,  and  the 
extraction  of  roots  of  quantities  affected  with  fractional  and  n^^tive  ex- 
ponents are  derived  from  tiie  rule  for  the  multiplication  of  such  Quantities ; 
It  is  equally  easy  to  deduce  them  from  l^e  rules  for  the  calculus  of  radicals. 


or- 
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a.  If  it  18  required  to  dWide  a^}rja  *.  

-       _  r*      9/l_ 

ayzJ^cT^  anda<  =Y/^  «p' 

— -    M /IT   ^/         1        - ■=i±s 

But  Va"^-*-W  ^=\/«"*-^^ir=y^*^Xa^=Vflr«-^'»=a  -«   . 
Now,  if  the  exponent  of  the  diyieor  is  subtracted  from  the  exponent  of  the 

dividend,  the  same  result  is  obtained;  for  7i"~(~'^)=^^     •    Whence  it 

IB  to  be  inferred,  that  the  rule  for  the  division  m  monomials  having  whc^e 
positive  exponents  is  likewise  applicable  to  the  division  of  monomiala  which 
nave  fractional  and  negative  exponents. 

m 

b.  Next,  let  it  be  required  to  raise  a""  ■  to  a  power,  />. 

.•.(a-')'=<r?. 
If  _?,  the  exponent  of  the  proposed  monomial,  is  mnltqplied  by  />,  die  ex- 

ponent  of  the  power,  the  product  """i^P— ~"^  J  *^^  result  obtained  by  the 
rules  for  liie  cakulus  of  radicals. 
a  Laatljflet  \%  be  required  to  extract  the^rth  root  of  the  quantitj  a  ". 

But  'C/^C^?^  V?==«7. 

I"  y  m  m 

The  exponent  —  of  the  rth  root  of  a «  is  the  rth  part  of  the  exponent  —  of 

the  propoaed  monomial.  This  is  the  result  given  by  the  rule  for  the  extrac- 
tion of  the  rth  root  of  a  monomial  whose  exponent  is  integer  and  poaiuve. 
The  rule  ^*  Divide  the  exponent  of  the  proposed  quantity  W  the  index  of 
the  root  whidi  is  to  be  extracted,**  may  therefore  he  considered  perfectly 
generaL 
The  inTeatigationa  b,  c  of  this  Ajrticle  may  be  combined ;  for  the  exprea* 

slon  Va"^)''  signifies  that  the  power  p  of  the  quantity  a*  is  to  be  ibrmed, 
and  the  rooty  r,  of  the  result  extracted. 

M  

Nowfl^ss^rf', 
and  (^5=)'=VV^)'^VS=«'===i?=:a^^'. 

Ifr=l.f=f=;,; 
and  Ka"  J  =a"       =a  "  . 
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and  {a^y^a"     ^  =zcr. 

Wltenoe,  regarding  a  soofe  as  a  fbidioaal  power  whose  ezponent  is 
expressed  by  the  reciprocal  of  the  index  of  the  root,  the  rule  for  the  formation 
of  Dowers  and  the  rule  for  the  extraction  of  roots  of  monomials  maybe 
included  in  one ;  yia.  **  Multiply  the  expouevit  of  the  monomial  by  the 
integral  or  fractional  exponent  of  the  power/' 

d.  An  expression  which  involves  fractional  and  negative  exponents  can 
always  be  transformed  into  another  which  involves  only  positive  exponents 
and  radicals. 

Assuming  as  an  example,  a:=\  v  a  '  )    , 

First,  a-^^'^^. 

Third,  (VS^)-<=":j/-L=^. 

.     1 

161.  It  follows  from  Articles  159  and  160  that  the  only  difference  between 
the  calcidus  of  mononual^  baying  integral,  positive  e:rponents  and  mono- 
mials having  exponents  which  are  fractional  or  negative  consists  in  this, 
that,  in  the  first  mstanc^  multiplication  requires  the  addition,  division  the 
subtraction,  the  formation  of  powers  the  multiplication,  and  die  extraction 
q£  roots  the  division  of  integer  expressions. 

While,  in  the  second  instance,  these  operations  require,  respectively,  the 
addition,  the  subtraction,  the  multiplication,  the  division  of  fraction^ 
expressions. 

162.  Li  applying  the  rules  of  Articles  159  and  160  to  inconuneBsurable 
and  imaginary  exponents,  it  is  to  be  observed. 

First,  that  to  render  an  incommensurable  exponent  intelligible,  it  is 
necessary  to  sujmose  it  replaced  by  a  oommensurabie  exponent  idiieh  differs 
fifim  it  by  less  than  any  assigned  quantity. 

Hence  a  fbrmula  involving  incommensurable  exponents  is  considered  as 
the  limit  of  the  values  which  are  obtained  by  substituting  for  the  incommen- 
surable exponents  commensurable  numbers  which  difier  from  these  exponents 
by  less  than  any  assigned  niunber ;  and  in  this  sense  it  is  understood  that  the 
proposed  formula  wm  represent  exactiy  the  same  limit,  s^r  the  required 
operations  have  been  executed  on  the  incommensurable  exponents  which  it 
contains,  in  tiie  same  manner  as  if  these  exponents  were  commensurable. 

For  example,  m  and  n  being  incommensurable,  tTXaT  ought  always  to  be 
e<}ual  to  flr+". 

In  eflfect,  if,  instead  of  m,  n^  oomm^isurable  numbers,  m%  n%  tnf%  vt^^  which 
u>prioach  indefinitely  near  to  m,  n,  are  substituted. 

The  first  members  of  these  equalities  tend  to  the  same  limit  as  the  second. 

Now  a"Xfl!"  represents  the  limit  of  the  quantities  a"^xa!^,  «*''xa""; 
and  o^"*-*  represents  the  limit  of  the  quantities  a"<+"',  a"^'+"''.  Therefore 
a*xrf'=a*^". 
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Second.  With  respect  to  imaginary  exponents:  that  when  imaginary 
quantities  are  introduced  into  a  calculation,  a  tacit  conyention  must  uwajs 
subsist ;  and  this  is,  to  regard  as  eauivalent  the  expressions  in  which  certain 
letters,  as  a,  6,  c, . . .,  are  replaced  o j  imaginary  quantities,  wheneyer  it  can 
be  demonstrated  that  these  expressions  must  be  equal  if  rod  yalues  are  sub- 
stituted for  the  symbols  of  imaginary  quantity. 

Taking,  for  example,  the  expression  drxciT;  this  expesnon  haying  no 
meaning  when  m,  n  are  imaginary,  it  is  eyident  that  witnout  an  express  or 
implied  conyention  cTxcT  cannot  be  regarded  as  equiyalent  to  0"***". 

Examples :  Articles  158-162. 

Ist     o*Xa*? Ans.  a^ssi€^xa^=ia*%ri?i 


2d,     -3  X  a*  Xo^  ?...... Am^a^s^a^a. 

Sd.     a^Xa^  f ,.....ilju.  a'^^-rz 

4tii.    V3*X  V?X  V?"P Am.  a***=^i-^i« 

5th.    -7=X  Va?X-2~r  ?. Am.  — 5-. 

va  Vb  a* 


J5L     £  

6Ui.    «r-*-a»? Am.  a  ■•  . 


7tii.    ar-*-a   «?.. Am.  a   *^ 

8th.    a  •-♦.«•? Am.  a"    ■•  . 


9tii.    a  •-♦-a  «P JLM.a"  ■« 

J(Hh.  ea*^ifa*P Am.  g*^ 

llUi.  ah^^a^'^e? Am.— 

c  * 

12tL  »*5^  ? An.  ^. 

IStiL  (a*-i*)+(a*— 6*)  ? ilM.  a*+iir+(aAX 

14tfi.  (a-)»  ? Am.  a^. 

15tii.  (a"^)  •  P Am.  ^ 

i6tiL  (a^Hp .:.;..iiiir  i. 

a"* 

17th.  {a"^)"^  ? Am.  a^. 

IStii.  (a*ft*)*? il„.  aM=(i^i»>Ar. 

19tii.  (a«J"*c*>^? ^.  -^ 

2(Hh.  C(a»)*]-*? ^ ^.  -1^ 
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? Ans,  ah*. 


22d.    a'^b^^^+cV^^-'d^^? Ans.  a-h(*+c— d)V^^. 

23d.    axV^f Ans.  aV'a^'^. 

24th.  a^*^^/a^/^? Ajis.  — ^oV^. 

Of  the  Multiple  Values  of  Algebraic  Radicals. 

163.  The  radicals  hitherto  considered  are  arithmetical,  or  those  whose 
values  are  real  and  positive ;  it  remains  to  consider  algebraic  radicals,  under 
which  description  are  included  all  the  values  which,  being  raised  to  the 
power  marked  hy  the  index  of  the  radical,  reproduce  the  quantity  placed 
under  the  radical  sign. 

Let  any  radical,  VA,  be  assumed,  and  let  A  be  supposed  successivelj 
positive,  negative,  and  imaginary. 

When  A  ia  positive,  a  positive  quantity,  a,  can  be  found,  either  exactly  or 
to  any  required  degree  of  approximation,  whose  mth  power  shall  be  equal  to 
A  (Art.  146-148) ;  and  since  every  other  quantity  raised  to  this  power 
must  evidently  give  a  result  either  greater  than  A  or  less  than  A,  the  value 
a  is  an  arithmetical  determination  of  the  radical,  and  the  only  one  of  which 
it  admits. 

When  A  is  negative,  since  there  exists  no  positive  magnitude  whose 
powers  are  negative,  the  radical  can  have  algebraic  determinations  only. 

When  A  is  imaginary,  as  it  is  evident  that  the  powers  of  a  real*  magni- 
tude, whether  positive  or  negative,  are  themselves  real  magnitudes,  it  follows 
that  all  the  determinations  of  the  radical  are  algebraic,  ana  also  imaginary. 

164.  The  index  m  of  a  radical  may  be  an  even  or  an  odd  number.  If  m 
is  even  all  the  values  of  the  radical,  taken  two  bv  two,  are  equal,  and  of  con- 
trary signs;  for,  if  a  is  one  value  such  that  a"=  A,  since  m  is  an  even  number, 
Q— a)*=ir= A,  whence  —a  is  also  a  value  of  the  radical.  All  the  values  of 
uie  radical  may  therefore  be  represented  by  a  series  of  quantities  affected 
with  the  sign  +,  such,  for  example,  as  +a,  +6,  -f-c,  &c. 

When  m  is  even  and  A  positive,  the  radical  Has  one  real  positive  value. 
Supposing  this  to  be  a,  it  is  evident  that  —a  is  also  a  real,  but  negative,  value 
of  the  ramcaL 

With  respect  to  the  other  values,  Hh^  +0,  &c.,  they  can  be  only 
nnaginary. 

In  the  case  of  the  index  m  odd ;  if  the  sign  of  A,  the  Quantity  under 
the  radical  sign,  is  changed,  the  values  of  the^  radical  are  also  changed  in 
req>ect  of  their  signs ;  for  if  a  is  a  value  of  ^A,  it  is  evident  that,  m  being 
odd,  (— a)"=  — (r=  —A.  Therefore,  supposing  that  the  values  of  Va. 
are  o,  5,  c, . . . .,  the  values  of  V — A  are  — a,  — ft,  — c, .... 

If  A  is  a  real  quantity,  one  of  the  values  of  the  radical  is  real,  and  of  the 
same  sign  as  A ;  that  is  to  say,  it  is  positive  when  A  is  positive,  and  negative 
when  A  is  negative. 

The  other  values  are  imaginary. 

165.  It  has  been  proved  (Art.  103)  that  a  radical  of  the  second  degree  has 
two  different  values  or  roots,  and  it  admits  of  proof  that  any  radical,  VA^  haa 
m  values  or  roots. 

The  only  manner  in  which  the  general  proposition  can  be  established  in 
this  place  is,  by  proving  it  true  in  many  particular  cases,  and  inferring  the 
general  proposition  by  analogy.  __ 

Taking,  first,  a  radical  of  the  third  degree,  ^A ;  every  quantity  which  haa 
A  for  cube  is  for  this  reason  a  value  of  ^A.    Therefore  the  values  of  thia 

C  C 
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radical  are  precisely  the  same  as  the  yalttes  which  satisfy  the  equation 
ar'sA,  or  a:'— A=0. 

For  the  sake  of  precision  suppose  A  positive ;  then  there  exists  a  positiTe 
£^uantity  of  which  the  cube  is  A,  and  which  can  be  calculated  either  exactly 
or  with  any  required  degree  of  approximation. 

Denoting  this  quantity  by  a,  and  replacing  A  by  a',  the  equation 
a*— A=0  becomes  ar* — «'==0. 

The  binomial  je^—o^  is  divisible  by  x — a  (Art  22).  Performing  the  divi- 
sion (i^ — a^)-i-(ar — a)=2a*+ax+a*. 

Therefore  a' --a'=(x—a)(a:*  H-aj:+a*)=0. 
Now,  in  order  that  a  product  may  be  equal  to  aero,  it  is  necessary  and 
sufficient  that  one  of  its  &etors  be  equal  to  aero ;  therefore  all  the  solutiooa 
of  the  equation  x^^cfl  must  be  obtained  by  making  suocesttvely  a — a=0 ; 

a*-f-aa-f-a*=0; 
and  deducing  the  values  of  a  from  these  equations. 

The  first  gives  a=a, 
the  second  gives  x^=^ay       —     ^  ]. 

Consequently  «.  a(=±t^),  a{=l=^)  «re  the  tl«e  cbe  ««t. 

of  o'  or  A. 

Amongst  these  roots  the  value  a  is  re-obtained,  and  this  was  to  be  expected, 
since  a  is  by  hypothesis  a  cube  root  of  A.  But,  besides  <i,  two  other  values  are 
obtained  by  the  preceding  analysis  ;  and  this  analysis,  let  it  be  observed, 
must  subsist,  whatever  be  the  quantity  A,  jHrovided  that  a  expresses  a  value 
of  ^A,  whether  real  or  imaginary. 

Similarly,  if  a*=A  and  v^A^c,  a*=fl*,  or  a*--fl(*=0. 
Bttta*-tf*=(a«-a«)(a«+a«) ; 

.  • .  a«— <i^=0,  a*-f  a*=0.  

Now  a*— <i'=0  gives  a=4:  Vc,  and  a*+a*=0  gives  a=+ttV^— I. 

Whence  four  (Hfferent  algebraic  expressions  are  obtained  for  the  fourth 
root  of  the  quantity  A. 

The  proposition  is  easily  extended  to  every  radical  whose  index  is  a  power 
of  2  or  of  3,  or  a  number  composed  of  the  factors  2,  3. 

Suppose  that  a^*= A  or  a=  ^  A,  the  index  12=2  X  2  X  3. 

The  quantity  A  has  therefore  two  square  roots,  each  of  which,  again,  has 
two  square  roots ;  this  makes  four  dinerent  quantities.  Then  each  of  these 
quantities  has  three  cube  roots,  which  makes  twelve  different  quantities;  each 

of  the  twelve  is  a  value  of  ^^A. 

Let  a  be  one  of  the  two  square  roots  of  A, 
a\  one  of  the  two  square  roots  of  a, 
(/ ,  one  of  the  three  cube  roots  of  of, 
it  is  evident  that  af^  is  one  of  the  twelve  quantities  under  consideraticm. 

For,  since  (d'')'=</,  and  (<jQ*=a, 
.  • .  (a'y^a  and  (0"=fl*- 
Butfl«=A    .\(a^y^=A    .-.o^'isavalueof  ^!JX 
Whatever  the  radical  v^Xmay  be,  the  determination  of  its  different  values 

is  always  reducible  to  the  resolution  of  an  equation.  In  effect  VA*repre- 
sents,  indifferently,  all  the  quantities,  real  and  imaginary,  which,  nused  to 
the  power  m,  reproduce  A.  Consequently  these  quantities  are  the  halves  of 
a,  which  satisfy  the  equation  a"=A. 

It  appears,  therefore,  that  the  general  proposition  which  forms  the  subject 
of  this  Article  requires  it  to  be  provea  that  in  the  equation  a"'=sA  the 
"•"^^^wn  quantity  a  has  m  different  valuea. 
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166.  Denoting  b/  a  one  Taiue  of  ^A^  it  has  been  found  (Art  165)  that 
^A  has  the  three  Taluesi  

.,_(=H^),.(=l^»). 

Making  A=l,  €p=i^1=s1,  eonAeqoently  the  three  valnea  of  ^1  are 

,     — l  +  V— 3     — 1— V— 3 
^»  2 '  2 _ 

Comparing  the  Tallies  of  ^Twith  the  ralues  of  ^Ay  this  consequence  is 
obtained :  the  three  cube  roots  of  any  quantity  are  fotmd  by  multiplying  any 
one  of  the  three  by  the  three  cube  roots  of  unity. 

This  property  belongs  to  radicals  of  every  order. 

For,  representing  by  a  a  value  of  any  radical,  VX^  and  by  1,  a,  /?,  y  ,  . .  the 
m  values  of  ^1,  the  products  of  the  root  a  by  1,  a,  /9,  y  . . . .  are 

aXl,  aXa,  aXjdl,  aXy  .  .  .  . 
and  if  these  products  are  raised  to  the  power  m,  the  results  are 

a",  cC^a"^  a*/^»  a**y"  .... 

Now  a",  rf'a"',  a■•^5*,  &c.  are  aQ  equal  to  A ;  for  it  is  evident  that  «*= A, 
and  that,  a  being  the  mth  root  of  1,  a''=l ;  that  |3  being  the  mth  root  of  1, 
0"=1,  &c    Therefore  the  products  a,  aa,  a,%  a;,  .  .  *  .  are  the  m  values  of 

VA. 

Whence  the  roots  of  every  order,  of  any  quantity  whatever,  are  formed 
by  multiplying  one  of  the  roots  by  ^e  corresponding  roots  of  1. 

What  has  Men  proved  of  the  roots  of  any  quantity  may  be  applied  to  the 
roots  of  unity.    Thus  (taking  the  cube  roots  of  l\ 

-l-j->/-3^,_~l-hV~3 

_  H]  __    2     _'  _ 

— 1  +  a/-~3     — l-i-V— 3_1+2>/~8+(V^— 8)»_1— 2V^— 3— 3 
2  ^     _2  4  4 

— 2— 2V— 3     —1— >/^ 


— l-fV~3     -^l-^/--3_l--.(>/-3)«_l-(-3)_.l-h3_4_ 
2  ^  2  4  *"       4  4        4""'' 

Whence  this  property  :  the  different  roots  of  unity  reproduce  each  othei* 
in  a  different  order  when  each  of  them  is  multiplied  m  succession  by  all  the 
other  roots. 

If  this  theorem  is  verified  (as  above)  by  means  of  the  cube  roots  of  1,  it 
will  be  found  that  the  two  imaginary  roots  are  each  the  square  of  the  other, 
and  that  the  real  root  is  the  piquet  of  the  two  imaginary  roots. 

Calculus  op  Algebraic  Radicals. 

167.  Expressions  which  contidn  algebraic  radicals  may  have  many  values, 
which  ought  to  be  preserved  in  any  calculation  performed  with  the  expres- 
sions vk  which  they  are  contained. 

The  simplifictttion  of  arithmeticalradicals  is  founded  on  the  equality. 

Since  the  seeond  member,  oonsidered  as  an  algebraic  radical,  has  m  values 
the  mth  power  of  each  of  which  is  cTb^  the  expression  aV  b  represents  all  the  m 
values  of  a/^.  Therefore  algebraic  can  be  simplified  in  the  same  manner 
as  arithmetical  radicals. 

166.  Va^Vb^hemg  arithmetical  radicals  which  have  the  same  index, 
yflX^&=;/flr(Art.  165). 

'V^o,  v^6,  considered  as  algebraic  radicals,  have  each  m  values ;  and  ifeach 
of  the  m  values  of  Vo"b  multiplied  by  each  of  the  m  values  of  Vb^  the 
number  of  products  is  »w(m— 1). 

c  c  2 
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Kow  VaS  has  only  m  values.  Therefore  before  it  can  be  admitted  that 
Va  X  V6=Va6,  itjnust  be  proved  that  tibe  numb^  of  different  products  of 
the  m  values  of  Va  by  the  m  values  of  \^b  is  fn,  and  that  these  are  equal  to 
the  corresponding  values  of  Va^. 

Let  o^  be  the  arithmetical  value  of  Vo,  1/  the  arithmetical  value  of  Z^^ 
and  1,  a,  /3,  y, .  .  .  the  m  values  of  Vl. 

If  a%  V  are^  each  multiplied  by  the  m  roots  of  ^/l7  the  results  are  the  m 
values  of  ^o,  V6.  Therefore  the  different  products  of  the  m  vahiea  of 
Va  by  the  m  values  of  VF^are  expressed  by  the  product  of  the  quantities, 

a%  €^a^  afp^  (/y^ to  m  terms, 

by  b\  I/a,  b'jSy  ft'y, to  m  terms ; 

or  of  rt'(l,  or,  0,  y, )xft'(l,  a,  ft  y,  .  .  .   .)- 

Now  the  product  of  a'  (1,  a,  ft  y,  .  .  .  .  to  m  terms)  by  ^  X 1  is, 

(/¥  X  1(1,  <r,  ft  y, .  .  .  .  to  fit  terms)  ; 
and  the  product  of  0^(1,  a,  ft  y,  .  .  .  .  to  m  terms)  by  ft' X  a  is 

(/y  X  a(l,  <r,  ft  y,  .  .  .  .  to  fit  terms). 

But  since  the  different  roots  of  1  reproduce  each  other  in  different  orders 
vrhen  each  of  them  is  multiplied  bv  all  the  other  roots, 

the  m  products  a'o'  by  1  x  (1,  a,  ft  y, ), 

and  the  m  products  afb^  by  a(l,  a,  ft  y,  .  .  .  .  .), 
must  be  the  same  m  quantities  differently  arranged. 

lu  the  same  manner  the  m  products, 

a'ft'x/5(l,  «r,  ft  y, to  m  terms), 

c^b' Xy(l,  ti,  ft  y, to  m  terms), 

contain  only  the  same  m  distinct  products.    Therefi^re  tiie  whole  number  of 

difiRsrent  values  obtained  by  multiplying  each  of  the  m  values  of  Va  bj  eadi 

of  the  m  values  of  V6  is  m. 

The  values  of  Va&  being  idso  in  number  m,  and  equal  to  the  difierent 
products  of  one  value  of  'Vab  (the  arithmetical  value,  for  example,  which 
may  be  denoted  by  a'b^  by  the  m  values  of  Vl,  it  follows  that  the  values  of 
Vox  V^lure  the  same  as  the  values  of  Vab,  and  therefore  that  Vox  V&= 
Vaft. 

It  is  proved  in  this  investi^tion  that  if  the  m  values  of  a  radical  are 
multiphed  by  one  of  the  m  values  of  another  radical,  the  m  results  compre- 
hend all  the  distinct  products  which  can  arise  from  the  multiplication  of 
each  of  the  m  values  of  iJie  one  by  each  of  the  m  values  of  the  other. 

169.  When^  V  o^  V&,  express  arithmetical  rascals,  it  is  proved  that 

VT     V    b^ 

Let  Vo,  V6  be  algebraic  radicals.  Then  the  values  obtained  by  dividing 
the  m  values  of  Va  byjhe  m  values  of  ^/b  ought  to  be  such  that^muhiplied 
by  the  m  values  of  V6,  the  product  shall  be  the  m  values  of  Va ;    whence, 

by  the  last  Article,   the  quotient  ought  to  have  m  values.    But  1/  y 

y  a  -  **  /a 

has  also  m  values ;  whence  »7^  nas  the  same  nimiber  of  values  as  \/  t' 

170.  Va  being  an  arithmetical  radical,  and  n  the  exponent  of  a  power  to 
which  Vols  raised,  it  b  proved  (Art.  155),  that  ( Va5"= V?,  This  equality 
IS  to  be  demonstrated  for  algebraic  radicals. 

Three  cases  may  be  distinguished : 
Ist.  Let  m,  n  be  prime  to  each  other. 
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^''""og  (V«)"  to  the  power  m, 

[(V«)-]-=(V«r=[(Vi)-]-=a-. 

Prom  this  it  is  to  be  inferred  that  all  the  yalues  of  the  expression  (Vay 
are  found  among  the  values  of  VoT.  It  remains  to  be  proved  that  the 
number  of  the  values  of  ( Va)"  is  m. 

Let  a',  a'',  a''' be  J^e  m  values  of  VoT   Then  a'",  a"",  t/'^" 

....  are  the  m  values  of  (Va)" ;  it  is  to  be  shown  thattf'",  a''",  a'''^  are  all 
different. 

Suppose  that  all  the  values  are  not  different,  and  that  ci'^^szc^^''  .    i 

Then,  since  both  a',  d'  are  mth  roots  of  a,  ^'■ssa''"  -  -    2 

Let  m  be  greater  than  n,  and  let  m=^nii^r ;  therefore 

since  «''"=</'■•,  fl^ +•'=«''"•+•'        -        -  .  .3 

But  (j^'^—fi^'* ;  .• .  (a'-)'=(0',  or  a'-«=a''"t        -        -         -  -    4 
Whence,  if  equation  3  is  divided  by  equation  4,  c^'=z</". 

Dividing,  next,  n  by  r,  let  the  quotient  be  q\  and  the  remainder  r',  so  that 
Ji=r9^+r .    Substituting  r^-\-r^  for  n  in  equation  1, 

and  since  a''=za"^ ;  a'''=a'''» ; 
therefore  by  division,  d^'^=.a"^. 
By  continuing  this  process  a  result  is  always  obtamed  of  the  form  a''^€^'\ 
in  which  the  exponent »  is  one  of  the  remainders  obtained  by  applying  to 
m  and  n  the  process  for  the  discovery  of  their  greatest  common  measure. 

Now,  as  fit,  n  are  prime  to  each  other,  the  last  remainder  must  be  1 
Therefore  d^€^\ 

That  is,  «',  €^'  are  not  two  different  values  of  VoT which  is  contraiv  to  the 
hypothesis.  Therefore  the  values  of  o^,  o'^  are  different,  and  (  \/a)"  has 
m  different  values. 

2d.  Let  wn,  the  index  of  the  radical,  be  a  multiple  of  «,  the  exponent  of 
the  power,  it  is  to  be  proved  that    _ 

(Va)-=V5r 

Let  a'  be  a  value  of  "Vo,  then  c^'^-=^a^  or  (d'")"=a. 

Therefore  the  values  of  a'"  are  those  of  Vol 

^  But  flr-=C5'5j-.  .-.  (v^-=v5: 

8d.  Let  njp,  the  index  of  the  radical,  and  n/>,  the  exponent  of  the  power 
have  a  common  factor,  p,  the  other  factors,  m,  n,  being  prime  to  each  other ' 


For,  from  the  preceding  cases  1  and  2, 


171.  The  rule  which  relates  to  the  extraction  of  the  roots  of  algebraic 
radicahi  is  contained  in  the  formula. 

For,  making  x=  V  v^ ,  0:"= Voi  and  ar"=a. 
Therefore  x  has  the*same  values  as  ^^ 

Op  Ibcaginart  Expressions  op  the  Second  Degree. 

171'.  If  two  or  more  imamnary  expressions  of  the  form  a-fft v^HT  (in 
which  a,  6  are  real  quantities)  are  combined  together,  the  result  is^  always 
redudble  to  the  form  a+JV'— I. 

Let  a+ft\/^,  a' 4^'/^  be  expressions  of  this  form.    Then, 

(a-|-ft>v/-l)-(a'+ftV-l)=a-.a'+(ft-ftO^^- 

0  C  8       . 
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+(ay+a'6)v'— 1. 
a^bV—\      (a^bV-^i)  (a'-^b*^y^^  ^aa'-^-by    a'b-^ab' 

Consequently  the  results  obtained  by  the  four  fundamental  opemtuma  are 
of  the  form  a-^bV—l. 

172.  The  powers  of  ^/^  are  expression*  which  occur  frequently. 
Of  these,  {^/^iy=+^/^h 

(-v/:ZT)3=(V^l)«x  V— l==-x  X  ^/^=— V— 1. 
(^~l)*=(V'-i)«x  (Vl-(«=-l  X  -1=+1. 
Denoting  by  e  any  whole  positive  number  whateyer, 

(V3)*'=[(v^ir^)7=+r=-fi.        _  _ 

(V-l)^+i==(V'-^)*'x  V--a=4-l  X  V-1==H- V'-i. 

(7--l)*'+*=('/--l)«'x(v^-l)*=  +  lX~l==--l.  _ 

('/-l)**+3=(V~i)**x  (V-i)»=+l  X  --/-.is-y-i. 

WTbence  it  follows  that  for  any  power  whaterer  of  V— 1  one  or  other  of 

the  results  -f  V— 1»  —1,  —  v^— 1,  +1,  is  obtained. 

'liicse  formulas  ought  to  be  employed,  respeottvety,  acoordmg  as,  on  divid- 
ing the  exponent  of  V--1  1>7  ^  the  remiunder  is  0,  1,  2,  3;  and  tfaey 
evidently  comprehend  sdl  cases. 

Considering,  next,  the  expression  (a+J^/— I)",  in  which  n  is  any  whole 
positive  number ;  by  the  binomial  formula 

n(n-l)  (»-2)i»  n(n-l)  («-2)  (n-3)M  1 

~i.    2.  "    s:    <»»'*'_    J"  2;  8.         4.    a*"*"'**^/' 

Combiuing  the  terms  in  <%/ — 1, 

Since  the  quantities  o,  &,  are,  by  hypothesis,  real,  uds  result  is  of  the  form 
A-f  Bv^— 1,  A  and  B  being  also  real  quantities. 

To  develope  (a — b^/ — 1)"  it  i^  sufficient  to  change  b  into  — b  in  the  pre- 
ceding result ;  by  this  substitution  no  change  isproauced  except  that  of  +B 
into  ~B,  for  b  enters  by  even  powers  (whicn  are  -f*)  iuto  all  the  terms  of  A, 
and  by  odd  powers  (wJiich  are  — )  into  all  the  terms  of  B. 

Making,  therefore,  for  the  sake  of  abbreviatioB, 

A_^/,     "("-py  ■  n(n-l)  (.-a)  <it-8)y  \ 

„_^/2:*  »("-!) ("-2)^.,  to, \ . 

(a^b^—iy=A+BV—l      ...        -      1 

(a— *-•— 1)"=-A.— B-/— i        -  -  -     2 

To  pass  to  negative  powers,  it  is  to  be  obserred  that 

(a+b^—l)  (a-i^^)=a»+i«, 

whence  (,a+bV=l)-^=~~=-:^^, 

Wherefore, .!«,,  («+JV=T)-;=^^:^:j^7=y=^2g^^. 
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Consequently  by  fonnuls  1  and  2, 

A--B\^ 

(a-f  ft  ^— !)-»-=   (^s^j«y  -         -         -  3 

(a-'W-l)    -  (aHi*)"  .        -         .         4 

In  Article  175  it  is  proved  that  the  binomial  theorem  is  true  for  any 
exponent  whatever ;  the  transformations  1,  2,  3,  4,  are  therefore  true  for 
every  value  of  n ;  but  when  n  is  negative  or  fraction^,  the  values  of  A,  B, 
are  composed  of  an  infinite  number  of  terms. 

173.  When  it  is  required  to  reduce  the  radical  expression  'v  a-f-j^ZTi 
to  the  form  A+By/^l  the  radical  is  replaced  by  the  fractional  power 

(a+^V— 1)",  which  is  developed  in  the  manner  already  mentioned. 

Algebra  supplies  no  other  general  method  for  thb  transformation ;  but 
when  n  is  a  power  of  3  the  trabsformation  can  be  effected  without  the  help 
of  series.  

Taking,  first,  the  two  radicals  ^a+b^-—!^  \/a — ftV— 1. 

Making  v'fl'f  ft V'-^l'4-V'fl—&>v/—l=«        -        -        -      5 

^+6V^— V^a— 6\/-^l=y      -        -        .        6 
and  forming  the  squares,  the  results  are 

2fl+2>v/a'-hft^=g'» 

2a— 2v'a*+6*=yS 
in  which,  whatever  be  the  sign  of  a,  the  value  of  a^  is  positive,  and  that  of 
y*  negative.  


Now,  since  a«=2a+2A/a*+*%  x=±v'2a+2  v^a«H-&» 


.}■ 


and  since  y«=2a— 2>v/a«+ft*,  y=±v'— 2a^-2^/a*+ft«A/- 
Again,  by  adding  together  equations  5  and  6, 

And  if  equation  6  is  subtracted  from  equation  5, 

i =  J =       * — 9 

2va—b^/'-'l=:X'—y  .'.  va— ft>/— 1=-2^. 

Substituting  for  z,  y  in  these  expressions  tiie  values  of  x,  y,  from 
equation  7,  

V^g4-ft^/^=4V'2g+2>/^Tft'4"jV^~2o+2V^iH^  -     -     8 

V^fl— ftV^^=|^2a-h2v^gT^-iV^-2g4-2VgH^v^^    -     >    9 

If  the  radical  ea^ressions,  ^^0+ ft >v/—l,  ^a+bV—lj  ^a+b^—l^  &c. 
are  considered,  it  is  evident  that  the  extraction  of  a  root  whose  index  is  a 
power  of  2,  may  be  replaced  by  successive  extractions  of  the  square  root ; 
and  that,  by  consequence,  the  repeated  employment  of  formulse  8  and  9 
must  always   reduce   expressions   such    as   the  preceding  to   the    fwm 

A+B-v/^. 

BnroioAi.  Theorem,  the  Exfoxent  being  Fractional  or 

Negative. 

174.  Let  the  expressions  A-f-Bz+Cx*-f  Dar*+  .... 

A'+B'z+(r;c*-Hl)V+ (in   which  A,  A', 

B,  B',  &c.  do  not  contain  x)  be  equal  to  each  other,  whatever  the  value  of 
X,  then,  if  ;r=0,  the  terms  which  contain  x  are  reduced  to  zero,  and  A=A'. 

Again,  since  A=A^ 

Bx+Cx«+D*5+  ....  =B'xH-CV-f  DV-h  .... 

c  c  4 
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Dmding  all  the  terms  of  this  equnlity  by  ar, 

B+Cx+Bx^^  .  .  .  =B'-fC'fl:+iya:«-h     ... 
Therefore,  if  x=0,  B=B'; 
and,  similarly,  C=C',  D==D'. 
Wherefore,  if  two  polynomial  expressions,  which  are  arranged  according 
to  the  powers  of  or,  are  eoual,  whatever  be  the  value  of  x,  the  coefficients  of 
the  same  powers  of  a;  in  tne  two  expresuons  are  eqaaL 

175.  a+x  being  a  binomial,  and  — *  a  positive  fractional  exponent, 

Then,  since  the  first  and  second  terms  of  the  nth  root  of  the  quantity 

-   m  "_i 
under  the  radical  sign  are  a"*  —a"    x,  and  the  succeeding  terms  are  of  the 

■-«  •'-3 

form  Aa*    x*,  Ba"   x',  &c.  (A,  B,  .  .  denoting  coefficients  which  oontam 

neither  a  nor  x),  the  development  of  (a  4*')"  u  of  the  form 

■5     tn  --1           --«            "-^ 
a'-j'-a"    x+Aa-    x*+Ba*    x»-f 

When  the  exponent  is  any  negative  number,  intend  or  fractional, 

1 1 

^^"^^^"*'"(a+x)*'~a"+mflr-^x4-ffl(m~l)a*-^x',  &c. 

1.2 
Performing  the  division  indicated  in  this  expression,  the  first  and  second 
terms  of  the  quotient  are  a~",  — iiKr~*"'x ;  and  the  quotient,  which  is  com- 
posed of  an  indefinite  number  of  terms,  is  of  the  form 

a-"— mo— ix+Atf— «x*-|-Bflr-^x»+  .... 
The  first  and  second  terms  of  the  development  (0+')"  bdng  a*  and 
nuT^^Xj  and  the  third,  fourth,  &c.  being  of  the  form  Ao^^x*,  Ba""^x',  &c., 
it  appears  that  if  m  denote  any  exponent,  positive  or  negative,  xnt^ral  or 
fractional,  the  development  of  (a+x)"*  may  be  put  under  &e  form 

a"+iiia*-ix+Afl-^x«H-Ba-^x3+  ..... 
in  which  the  first  and  second  terms  are  determined ;  and  it  is  necessary  to 
find  the  coefficients  A,  B,  .  .  . 

To  render  the  investigation  more  general,  let 

(a-|-x)-=fl-+ma'^x+ -f  Mn— af+Nfl'*-^V+^+  .  .  ^ 

Mrf"^x",  N«"  "  *x""*"*,  being  two  consecutive  terms  of  any  rank. 

If  X  is  changed  into  x-^y  (as  the  indeterminate  coefficients  contain  neither 
a  nor  x)  the  result  is 

(a+x+w)-=a«-ffiia— i(x-f-y)+ +Mijr-(x+y)"+ 1  , 

Na— i(^-fy)-+i+ J    * 

And  if  d  is  changed  into  a+y,  the  result  is 

(a+x-|-tf)-=(a+y)--|-K«+y)"~'*+ +M(«+y)~x--f  1  « 

N(a+y)-^^»x-+i-|- J^ 

The  first  members  of  equalities  1,  2  are  identical,  therefore  the  second 
members  must  be  equal,  whatever  the  values  of  x,  y,  and  also  identieali  if 
arranged  according  to  the  powers  of  y.  The  second  members  involve  certain 
powers  of  the  binomials  x+y,  a-^-v ;  but  tiie  first  and  second  terms  of  each 
of  these  binomials  are  known,  so  that  the  polynomial  coefficient  of  the  first 
power  of  y  can  be  formed  in  both  the  second  members,  and  this  is  soffident. 

The  parts  of  the  binomials  which  contain  the  first  power  of  y  are, 
Equation  1.  nuC^^y      -      -      from  the  term  ffia'^*(x+y). 

Mna— a--iy      -'       .'        1        ."    Md— *(x+y)\  ' 
N(ii4-l)<r^«x-y  -  .        No— ^(x-ey)*+>. 
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Equation  2.  nuf^^    ....    from  the  term  (a+y)"* 

M(m— n>i^*-^>«^      .        -       '-      'M(a-fy)"^«*. 
N(fii— n— l)a*^^a;-+V     -        -        NCa+y)*"-**-* '. 

Denoting  the  assemblage  of  these  parts  by  Ty,  Y^y  respectivelj, 
Yy=(fiia— »+ -hMiMr^«— i-f-N(n-fl)rf-— V+....)y» 

These  quantities,  being  the  coefficients  of  the  same  power  of  y,  are  equal ; 
and  since  thej  must  be  equal,  whatever  be  the  value  of  x,  the  coefficients  of 
the  same  powers  of  a;  in  each  of  the  expresnons  Yy,  Y^y  are  also  equal 
(Art.'  174)  ;  therefore  N(ii-|-1)  the  coefficient  of  a"  "  }3f  in  the  first  expres- 
sion b  equal  to  M(in — n)  the  coefficient  of  a"  ■  *«"  in  the  second. 

And  since  N(»-|-l)=M(m— n), 

M(iii-n) 

-"""    n+l     • 

Kow  M,  N  axe  the  coefficients  of  two  consecutire  terms ;  m — n  is  the 
exponent  of  a,  and  n  the  exponent  of  z,  in  the  term  whose  coefficient  is  M ; 
it  therefore  appears  that  the  coefficient  of  any  term  is  formed  from  the 
co^cient  of  the  preceding  term  by  the  rule  (Art.  141)  for  the  case  of  an 
integer  positive  exponent.  Whence,  since  the  first  and  second  terms  of  the 
devdopment  are  composed  in  the  same  manner,  whatever  be  the  exponent, 
it  follows  that  the  coefficients  of  all  the  terms  of  a  binomial  are  formed  by 
the  rule  of  Article  141,  whether  the  exponent  be  positive  or  negative, 
int^er  or  fractional.    That  is, 

,    ,    .         ^  ,  m ,      m(tn—l) .  .  .  »i(m— l)(m—2)      .  , 

(a-f  ar)-=a-+ya^»x+-\2~~<^^a:*+  -^^ ^^^ ^cr^x'+,  &c. 

When  m  is  integer  and  positive,  the  last  term  of  the  formula  is  x" ;  in  all 
other  cases  the  number  of  terms  is  infinite. 

176.  Writing  the  development  of  (jr-fa)"  as  in  Article  144, 

^,  .  w*  a  .  ni(m—l}  a*  .  m(m— l)(m— 2)  a*   .    ^ 

1  1  ,/  — 

and  replacing  m  by  -,  (ar-|-a)"  becomes  (a: -fa)"  or  var-fa. 

«, i„      la.  U-1  a«  .1  J— li— 2  «»«       , 

.-.  A/x+a=ar (1  +^-i+S-2-l?+n*'T~-"ar':?+'  ^^' 

1  ^-1 
Reducing  the  coefficients,  -  ^2""'  *^* 

-y-i—    J/i.l«     ln-1  a«     lM-12n-.l  a*.     ^. 
Vx-ha=af  (1  4------^.^+-.^-— — .-,^.,  &C.) 

The  fifUi  term  of  this  expression  is  evidently  obtained  by  multiplying  the 

fourth  by  —7 —  and  by  -,  the  sixth  by  multiplying  the  fifth  by  ■  g      »-,  &c 

As  an  application  of  the  binomial  formula  thus  reduced,  let  it  be  required 
to  find  the  cube  root  of  31 : 

31=27+4=334-4. 

Making  in  the  fi^rmula  n=3,  7=27,  a=4 ; 
^31= V27T4=27*(1+^)* ; 

•/oT-Q/i^lA    llje     116_6£_ 
^  -        '*^^^— ^Cl+3-27^3'8-729**"3'3'9*19688""»*^' 

.--4       16         320 
or  ^31=3+2^-218^+53^41-.  &c. 
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In  this  partloular  case  the  fifth  term 

320       Sn—la       320        2     4         2560 


^531441  ^    in    •ar'"581441  ^  3  ^  27""'48046721 ' 

und  the  sixth  term— jg^^g^  X  j^  X  27""  17433922005 ' 

Reducing  the  terms  to  decimals,  and  forming  their  algebraic  sum, 
+3  -    c=     +800000 

+^  -     =     +014815 


27 

16 
218? 


— 0-00731 


820 
+7^iTn     '     =     +0-00060 


^  _  r  +814875 
^  ""  \  — 0-00787 


531441 
2560 
'43046721 


-     =     —0-00006 


jy$l      -      .      =         8-14188 

To  determine  the  degree  of  approximation  obtiuned  by  taking  anrmimber 
of  terms  of  a  series  like  the  preceding,  in  which  the  terms  are  alternately 
positive  aiid  noirative,  and  the  absolute  value  of  each  term  is  less  timn  that 
of  the  preceding  term, 

Let  the  series  be  expressed  by  a— 6+^— rf+c-r/+^-- ^ and  let  jr 

denote  the  value  of  the  series. 
Taking  the  two  cpnsecutive  sums, 

a— i+c— <£, 
a — 6+0 — tf+*i 
the  terms  which  come  after  a— 6+ c—cT  are  +(*—/)  4*  (g" — *)+(*—/)+,  &c. 
and,  sinoe  the  series  is  deereasiiig,  the  iiifereiioes  e— ^  ^—A,  4*4,  Ike.  are 
positive  numbers ;  whence,  to  obtain  the  complete  valuA  of  jt,  it  la  aeocntiy 
to  add  an  absolute  number  to  the  sum  a^b-\-c — d ; 

therefore  a — b-^c-^Kx. 
Again,  the  terms  winch  follow  +tf  are  (— /+^),  (—/+«),  &c. ;  and  the 
differences  g—f,  m—l  are  negative.    C!onsoquentlv,  to  obtain  the  true  value 
of  X  it  is  necessary  to  add  a  negative  quantity  to  tue  sum, 

a — 6+c — rf+c, 
or  to  diminish  this  sum  by  an  absolute  number ; 

ouerefore  a — 6+c — d+e>a:. 

Consequently  the  numerical  value  of  x  is  comprehended  between  any  two 
consecutive  sums  of  the  terms  of  the  series. 

Since  the  numerical  value  of  the  difference  of  the  sums  a — 6+c — d  and 
a^b-^C'—d-^e  is  «,  it  follows  that  the  ^ror  committed  by  takine  a  certain 
number  of  terms,  a-^b'^c^d,  for  the  value  of  x  is  numericallyless  than  e, 
the  term  which  follows  the  Uat  i&m.  taken.. 

Hence  the  error  of  the  value  V3 1=8*14138,  to  fcnm  which  five  termt 

112640 
have  been  taken,  is  less  than  the  slt^th  term  jf^^g^^JQ^^O-OOOOOS^'k'* 

Other  examples : 

1st.  V39? • .ilM.  Vd2+7=2*0607. 

2d.    !l/65P ,.., ^ JLn$.  V64+l=4-02073. 

3d.   V^O? .iliw.  1^256+4=4-01553. 

4th.  \/i08  ?.,..• JtM.  iv/128-20=l -95204. 
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SECTION  vm. 

OF  ARITHMETICAL  PROPORTION,  RATIO,  GEOMETRI- 
CAL PROPORTION,  VARIATION,  ARITHMETICAL  AND 
GEOMETRICAL  PROGRESSION,  AND  PILES  OF  BALLS. 

Of  Arithmetical  Profobtiok. 

177.  K  the  difference  between  two  quantities,  a,  5,  is  equal  to  the  difference 
between  two  other  quantities,  c,  ef,  the  four  quantities  a,  ft,  c,  d,  form  an 
arithmetical  proportion  or  e^ui-difference. 

This  relation  of  the  quantities  a,  ft,  c,  i^  is  expressed  thus,  -«-a.ft.c.cf ;  or  by 
the  equation  a — ft=c — d, 

Bj  transposing  the  terms  ft,  d^  this  equation  becomes 

Consequently  the  sum  of  the  extreme  terms  of  an  arithmetical  proportion 
is  equal  to  the  sum  of  the  mean  terms. 

a.  Again,  from  a-^d^^b-i-e  or  ft+c=a+<f  is  obtained,  hy  transposing  the 
terms  a, «, 

ft— a=rf — c. 

Therefore,  when  four  quantities  are  such  that  the  sum  of  any  two  is  equal 
to  the  sum  of  the  other  two,  the  first  two  are  the  extremes,  and  the  second 
the  means ;  or  the  first  two  are  the  means,  and  the  second  the  extremes  of 
an  equi-difference  or  arithmetical  proportion. 

Also,  from  ft— a=c?— c,  is  obtained,  by  transposing  ft,  c, 

c — a=^a—h. 

Whence  the  extreme  and  mean  terms  may  be  interchanged  without  des- 
teoying  the  equi-difference. 

b.  When  ft^c,  the  proportion  is  termed  contimied. 
In  this  case  the  eqm-dmference  a— ft=c—<i  becomes 

a^-ftssft—cJ,    .  • .  a4-d=ft4-ft3i2ft. 

Whence,  in  a  continued  arithmetical  proportion,  the  sum  of  the  extreme 
tenos  la  equal  to  twice  the  mean  term. 

Op  Ratios. 

178.  The  term  Ratio  is  employed  to  express  the  relation  which  exists 
between  two  quantities  of  the  same  kind  with  respect  to  magnitude.  The 
first  quantity  is  termed  the  antecedent,  and  the  second  the  consequent,  of  the 
ratio.  As  in  arithmetic  (Part  I.  Art.  329)  a  ratio,  that  of  a  to  ft,  for  example, 
is  expressed  by  the  symbols  a  :  ft,  or  by  writing  the  antecedent  and  consequent 
as  the  numerator  and  denominator  of  a  fraction.  The  theory  of  ratios  becomes 
thus  reduced  to  the  theory  of  fractions. 

179.  Since  all  fractions,  whose  terms  are  like  multiples  or  like  parts  of  the 
terms  of  a  prtmosed  fraction,  are  equal  to  that  fraction,  it  follows  that  if  one 
antecedent  is  me  same  multiple  part  or  parts  of  its  consequent  that  another 
antecedent  is  of  its  consequent  the  ratios  are  e^ual.  Consequently,  if  the 
terms  of  a  ratio  are  both  multiplied  or  both  divided  by  the  same  quantity, 
the  ratio  is  not  altered. 

Batios  are  compared  with  each  other  by  comparing  the  fractions  by  whidi 

they  are  denoted.    The  ratios  of  3  to  5  and  of^7  to  ft  are  expressed  by  the 

3  7 

fraotioiis  7  and  g.    These  fractions  are  eompared,  in  respect  of  their  magni- 

3    24        7     85 
tude,  by  reducing  them  to  the  common  denominfitor  40,  <=7q  a^^d  g^^In* 

The  second  being  the  greater,  the  ratio  of  7  to  8  is  greater  than  the  ratio  of 
3  to  5. 
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According  as  the  antecedent  of  a  ratio  is  greater  tlian  the  consequent,  less 
than  the  consequent,  or  equal  to  the  consequent,  the  ratio  is  termed  a  ratio 
of  greater  inequality,  less^inequalitj,  or  equality.  The  first  of  these  ratios  is 
expressed  hj  an  improper  firaction,  the  second  bj  a  proper  fraction,  and  the 
tlurd  hy  umtj. 

Since  the  value  of  an  improper  fraction  is  diminished,  and  the  value  of  a 
proper  fraction  increased,  by  the  addition  of  the  same  quantity  to  both  its 
terms  (Art.  39),  it  follows  that  a  ratio  of  greater  inequality  is  dimmished,  and  a 
ratio  of  less  inequality  increased,  by  adding  the  same  quantity  to  both  its 
terms. 

Conversely,  a  ratio  of  greater  inequality  is  increased,  and  a  ratio  of  leas 
inequality  duninbhed,  by  subtractii^  from  the  terms  a  quantity  less  than 
either  of  them. 

A  ratio  of  equality  is  not  altered  by  adding  the  same  quantity^  to  both  its 
terms,  or  by  subtracting  frtun  both  its  terms  a  quantity  whidi  is  less  than 
either  of  them. 

180.  If  the  antecedents  of  any  ratios  are  multiplied  together  for  a  new 
antecedent,  and  the  consequents  for  a  new  consequent,  the  resulting  ratio  is 
said  to  be  compounded  of  tlie  ratios  whose  corresponding  terms  are  multiplied 
together.    It  is  also  called  the  sum  of  the  component  ratios. 

The  sum  of  two  or  more  ratios  is  consequentiy  the  product  of  the  fractions 

--_  o  c 

which  express  these  ratios.    Thus  the  sum  of  the  ratios  r ,  ^,   (or  the  ratio 

oc 
which  is  compounded  of  these  ratios,)  is  r> 

The^sum  of  the  ratios  t*  x  is  ts-     The  ratio  p  is  called  the  double  or 

duplicate  of  the  ratio  r.    Hence  the  sum  of  two  equal  ratios,  or  the  duplicate 

of  any  ratio,  is  the  ratio  of  the  square  of  the  antecedent  to  the  square  of  the 
consequent. 
In  like  manner  the  triple  or  triplicate  of  any  ratio  is  the  ratio  of  the  cobe 

of  i.  «.^entto  the  cube  of  it.  con.q«ent ,  for  the  productfxM 

is  u  ;  and  generally  the  sum  of  m  times  any  ratio  t  is  the  ratio  t^.,  for  the 

ji    X   o,    o    a    ti  •    c^ 

product  ^x^XgX^  torn  factors  is  gs- 

fl*    a*  a"  , 

The  ratios  ?-,    r*  «  *  •  •   r  ^^^  twice,  three  times,  .  .  .  .  ti  times  tlie 

ratio     I  or  a  :  1.    In  these  ratios  the  exponents  2,  3,   .   .  .  •  n  show  what 

multiple  or  part  of  the  ratios  j-^   |-,  .  .  .  .   r-  the  ratio  v  is  t  on  this  ac- 

count  the  exponents  1,  2,  3,  .  .  n  are  called  measures  of  the  ratios  y*    r* 

^         «r 

I    •  •  •  !• 

If  the  consequent  of  each  ratio  is  the  antecedent  of  the  following  ratio,  the 
sum  of  any  number  of  such  ratios,  or  the  ratio  which  results  from  thdr  oom<* 

position,  is  that  of  the  first  antecedent  to  the  last  consequent    Let  "V  "'*'>  Z 

-     .,        ,.        ..        a    h    c     d    abed    a 
be  the  ratios;  then  jX-x^x-=5^=-. 


r 
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A  rado  of  greater  ineqiiality,  compounded  with  onotlier  ratio,  increases 
that  other  ratio ;  and  a  ratio  of  less  inequality  diminishes  it.  For  a  ratio  of 
ffreater  ine(|uality  being  expressed  by  an  improper  fraction,  'and  a  ratio  of 
kss  inequality  by  a  proper  fraction,  it  follows  (Fart  I.  Art.  209)  that  in 
the  first  instance  the  product  is  greater,  and  in  the  second  less,  than  the 
ratio  or  fraction  which  forms  the  multiplicand. 

Of  Geometrical  Fhoportion. 

181.  Proportion  consbts  in  the  equality  of  two  ratios. 

A  proportion  is  consequentiy  composed  of  four  terms,  of  which  the  first 

and  thira  are  the  antecedents,  and  the  second  and  fourth  the  consequents,  of 

o         c 
the  two  ratios  which  are  required  to  be  equal  to  each  other.    If  t  and  ^ 

denote  the  ratios  'which  constitute  a  proportion,  the  proportion  is  written 
(Part  L  Art.  330) 

a  :  b:\e  :  d. 

But  since  the  fractions  which  express  these  ratios  must  be  equal,  the  pro- 
portion can  be  also  expressed  by  the  equation 

a    c 

The  equality  of  the  ratios,  and  by  consequence  the  proportionality  of  the 

o  c 
quantities  a^byC^d^  depends  on  the  equality  of  the  fractions  t,  ^;  therefore 

when  tiie  equality  of  the  fractions  can  be  established,  the  quantities  must 
compose  a  proportion. 

A  proportion  of  this  kind  is  termed  a  geometrical  proportion  or  eqm* 
quotient,  to  distinguish  it  from  the  arithmetical  proportion  or  equi-difference* 

a  c 

182.  If  the  equal  firactions  r,  ^  are  reduced  to  the  common  denominator 

btLf  £>=o*     Suppressing  the  common  denominator,  ad^zzbc. 

Whence,  if  four  quantities,  a,  6,  c,  d!,  compose  a  proportion,  the  product 
of  the  extreme  terms,  a,  (2,  is  equal  to  the  product  or  the  mean  terms,  6,  e. 

a.  Again,  if  od^  6c  are  two  equal  products,  and  each  is  divided  by  bd, 
ad     be        a     c        c a 

that  is,  a  :b::c  :  d^ 
ore  :  d::a  :  b. 

Wherefore,  if  the  product  of  two  quantities  is  equal  to  the  product  of 
two  others,  the  four  quantities  are  convertible  into  a  proportion  of  which 
the  multiplicand  and  multiplier  of  either  product  form  the  extreme 
terms,  and  the  multiplicand  and  multiplier  of  the  other  product  the  mean 
terms. 

b.  If  the  consequent  of  the  one  ratio  is  the  antecedent  of  the  other  ratio 

the  product  of  the  extremes  is  equal  to  the  square  of  the  mean ;  for  if  r =-, 
a  :  6::ft  :  c  and  ac=5*. 

c  If -.^^  and  1  is  divided  by  each  of  these  equal  fractions,  the  quotients 

4i      b  ^      ^      ^        j»  b      d 

are  equal.    Now  l-^g=^  w*^  ^'*"d^i'  therefore  -=^  orb  :a::dx  c. 

Consequentiy,  ]£  a  :  b\:c  \  d^b  '.  a::d :  c\  that  is,  if  the  first  of  four  quan- 
tities is  to  the  second  as  the  third  is  to  the  fourth,  then  also  the  second  is  to 
the  first  as  the  foturth  is  tQ  the  third ;  or  the  quantities  are  proportional 
when  taken  inversely. 


(I)"=©' 
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Q     c  ,  itd     he        a    h  ^    J^ 

Whence,  if  a  :  ft : :  tf  :  (2,  then  also  a:  e::b:d;  which  is  exprened  by  sftTiag, 
that  if  finir  quantities  are  proportional,  they  are  also  proportional  when 
taken  ahematelj,  or  that  the  fint  is  to  the  third  as  the  second  is  to  the 

fourth. 

e.  Smce  ^=^=1,  andr=^»  it  follows  that,  if 

III     11      '         n      i»  ' 

then  •**<>  J^rf^^TJ— ^<^^  •  oV,mc  :  mo, 
a     m    c     m  .  . 

a     m    c     m  ,  , 

•5  X-r=:/X-r»  orina  :  n6::fiic  :  no. 
o     n     a     n 

Whence,  if  four  quantities  are  proportional,  and  like  multiples  or  parts 
are  taken  of  corresponding  terms  or  of  all  the  terms,  the  results  are  pro- 
portional. (In  this  and  &e  following  expression  m,  it  maj  denote  whole 
numbers  or  fractions.) 

A       C 

f.  If  the  ratios  u   ^  <^i^  equal,  and  both  are  raised  to  the  power  im, 

therefore  1^  :  iTiKT  :  rf". 

Whttkoe,  if  four  quantities  are  proportional,  the  same  powers  or  roots  of 
these  quantities  are  proportional. 

^|,  ors:/::^:*, 

->=— ,  orA  : /::fii :  a, 

a    «    *_c    ^    w        atk_cgm    ' 
jXy-X^-jX^x  ^,or  J^— ^in^t 

or  aek  :  bfl::cgm  :  d^n. 

Whence,  if  any  nimiber  of  proportions  is  taken,  and  the  corresponding 

terms  are  multipked  together,  the  products  are  proportional. 

a     c  b    d 

h.  If  T= >  then  also  r=''* 

Let  1  be  added  to  and  subtracted  from  each  m^nber  of  these  equalities ; 
the  suras  are  equal,  and  also  the  difierences. 

e.  «ift     C±rf     «±ft      *       fp  u--.      *v  •  m  •     t. 

Since  -j-=-2-,  jT—rrg.    Takmg  the  upper  signs  together  snd  the 

1  •       A      .1       fl-f-i    ft       ,  a — ft    ft 

lower  mgns  together,  ^^^-^  and  ^-::3=^ 

a-i-ft_g— ft 
•'•jqp3— ^Hrf*"***^*  •^+^''''^*-^*^^  ^'^  «+ft  :a— ft::c+d: 

Agam,  since  -^ ^,   ^^  or  ^^3=^ ; 

flift   ft  •    I  , 

h«t  ^q3-^r=j;  consequently  a±b  :  a  or  ft::c±rf  :  c  orii 
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Whenoe,  if  a  :  d::c  :  dy  the  nun  of  the  two  terms  of  the  first  ratio  is  to 
their  difference  as  the  sum  of  the  two  terms  of  the  seoond  ratio  is  to  their 
difierence,  also  the  sum  or  the  difference  of  the  two  terms  of  the  first  ratio 
is  to  the  antecedent  or  to  the  consequent  of  the  first  ratio  as  the  sum  or  the 
difference  of  the  two  terms  of  the  second  ratio  is  to  the  antecedent  or  to  the 
consequent  of  the  seoond  ratio. 

k.  Let7=^T.=C  &c.,  or  a:  b::c:  d::e  :f::g  :  A,  &c. ; 

Also  let  L=9f  ftnd  therefore  3=9*  7=9i  A~9  *  * ' 

.\a=zbq,  eszdq^  e=:fg, g:sthq 

and  a+tf+'+^T  •  •  •  -^C^-f rf+/-f*  •  •  ^* 

Whenoe  in  eTcry  series  of  equal  ratios  the  sum  of  all  the  antecedents  is 
to  the  sum  of  all  the  consequents  as  one  antecedent,  a,  is  to  its  consequent 
ft,  or  as  a  sum  of  antecedents,  a-^-c^  a+c+tf,  &c.,  is  to  a  like  sum  of  corre- 
sponding consequents,  6+4  ft-h<2+/9  &e. 

L  If  three  terms  of  a  proportion  are  given  to  find  the  fourth  term ;  that 

a 
is,  if  the  antecedent  a  and  conseqtieBt  b  of  one  ratio  t,  and  the  antecedent 

e  of  a  second  ratio  -,  are  given  to  determine  the  consequent  x  of  the  second 

St 

ft     c  be 

ratio,  since  l="»  the  required  value  is  found  to  be  x= — • 

Let  it  be  supposed  that  the  fraction  which  expresses  the  ratio  of  a  to  ft  is 
in  the  lowest  terms,  or  that  a,  ft  are  prime  to  each  other ;  then, 

1st.  If  c  is  a  multiple  of  a,  the  value  of  x  is  expressed  bj  a  whole  number, 

which  (since  -  is  a  whole  number)  is  a  multiple  of  ft. 

2d.  If  c  is  prime  to  a,  since  ft  is  by  hjpoUie^  prime  to  a,  the  product  be  is 
prime  to  a  (rart  I.  Art.  114),  and  there  is  no  whole  number  which  exactly 
eniresseB  the  value  of  x ;  but  if  the  divison  of  ft<;  by  a  is  made  decimally,  ih& 
value  of  X  can  be  determined  in  such  a  manner  that  it  shall  ^SEsr  from,  the  exact 
value  of  the  fourth  proportional  to  a,  ft,  <s,  by  less  than  any  assigned  a  uantity, 
how  small  soever ;  consequently  three  numbers,  a,  ft,  c,  being  given,  it  is  always 

possible  to  find  a  fourth  number,  x,  such  that  the  fraction  -  shall  differ  firom 

the    fraction  r  by  less  than  any  assigned  quantity,  however  small.    But  two 

quantities  which  differ  by  less  than  any  quantity  which  can  be  assigned  are 

a    e  i    cb\ 

considered  equal ;  whence  T=^)  or  a  :  ft : :  c  :  x(  =~  i ,  and  consequently  the 

inx>perties  which  have  been  proved  to  belong  to  proportionals  belong  also  to 
quantities  such  as  the  preceding,  a,  ft,  c  andx. 

Of  Vabiation. 

182.  Let  a  denote  a  constant  quantity,  and  x  a  variable,  or  quantity 
which  is  increased  or  diminished. 

Ute  product  of  the  quantities  a,  x  beiajg  denoted  by  X,  it  is  evident  diat 
if  X  is  increased  or  diminished  X  is  increased  or  diminished  in  the  same 
proportion ;  so  that  if  x,  x^  are  two  values  of  x,  ahd  X,  X^  the  corre- 
sponding values  of  ox,  ox^,  ox  :  ox' : :  X  :  X^ 

or  X :  y ::X  :  X'  (Aft.  181.  e). 

Under  these  circumstances  X  is  said  to  vary  difeetly  as  x. 
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The  gymbol  of  vamtion  is  oc  ;  and  thc'emreaflion,  X  ▼aries  direody  u  «, 
18  indicated  by  the  combination  of  symbola,  A  oc  x. 

a.  If  the  product  of  x  and  y  is  constant,  and  x,  y  are  both  variable,  since 

x:x':.Y:y  or  a: :  a/:;- : -?  (Art-lSl  e). 

In  this  case,  since  z  varies  as  the  reciprocal  of  y,  x  is  said  to  vary  inversely 

.      .  1 

as  y,  and  the  symbolical  exprestdon  is  x  oc  --. 

b.  Ifay=X,  anda?'/=X',      ^,  ^^ 

The  variation  of  X  depends  in  this  case  on  the  variation  of  the  two  quan- 
tities ar,  y.    Whence  X  b  said  to  vary  as  x,  y  jointly,  which  is  expressed 

thus:  ^ 

X  ocxy. 

c.  When  x=y,  X  oc  xx,  that  is,  X  oc  x*. 

d.  Ifxy=X,  andx'y'sX', 

x=—,  and  ar=--r; 

\  X  .  X: 

.••xrx^::^  .  ^. 

In  this  case  x  varies  as  X  directly,  and  as  y  inversely ;  the  symbolical 

X 

expression  of  wlucb  is  x  oc  — -. 

X      y 

e.  Let  X  ocy,  that  is,  let  x  :  x^::y  :  /,  or  ^^i 

y     X 
andyocz,  that  is,  let  y  :/::x  :  x',  orJ>=p; 

x__^y z  X z 

•  '   x'     /     x^   •  •  x'    i^' 

or  X  :  a/::x  :  y. 

.'.  xocx. 

Whence,  if  one  quantity  vary  as  a  second,  and  the  second  as  a  third,  the 
first  quantity  varies  as  the  third. 

In  like  manner,  if  x  oc  y  and  y  oc  j,  it  oc  j. 

f.  Letxocy  andxoey,  xocxorx  :  x'irx  ix'. 

.*.  X  :z::x^ :  7f  and  x+x  :  x::x'±x' :  x', 
orx+x  :  if±?\\z  \2f, 

Butx:x'::y  ly'.    .-.  *±«  :  *'±^::y '-y'- 
That  is,  y  oc  x+x. 

Agun,  since  x  ocy,  x  :  x^ ::y  :  y^, 
and  since  z  oc  y,  x  :  x'iry  :  y'; 

.*.  xx;x'x^::y'  :y^. 

And  Vxx  :  'Jjfs^wy  :  /, 

or  y  oc  vxx. 

Whence,  if  two  quantises  vary  respectively  as  a  third,  their  sum  or 

difference,  or  the  square  root  of  their  product,  varies  as  the  third  quantity. 

g.  If  X  oc  y  and  m  is  a  constant  quantity,  integer  or  fractional,  once 

xocy,  x:x^::y :/; 

.%  x:  x'::my  :  wiy'  (Art.  181.  e). 
That  is,  X  oc  niy. 

WTience,  if  one  quantity  vary  as  another,  it  will  also  vary  as  any  multiple 
or  part  of  that  other  quantity. 
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h.  When  z  ocy,  then  also  z  oc my,  or  x  i  aif ',\my  \  i»t/; 

.  • .  ar :  iwy : :  x' :  my'. 
Consequentlj  if  m  is  so  assumed  that  x=^nuf,  then  in  all  cases  3f=-my\ 

Whence,  if  x  vary  as  y,  x  is  equal  to  y  multiplied  by  some  constant 
quantity. 

In  general,  if  X,  T  are  two  corresponding  values  of  or,  y, 

X=mY. 

Whence," since  from  X^mT  is  obtained  may-,  it  follows  that  when  two 

corresponding  values  of  x,  y  are  known  the  constant  m  can  be  determined. 

k.  Let  X  oc  y,  and  let  m  denote  any  exponent,  integer  or  fractional. 

Since  ar  oc  y,  x  :  a/ :  :y  :  y'; 
.*.  ar"  \7f*\\y^  :y^;  that  is,  aT  ocy". 

Whence,  if  one  Quantity  vary  as  another,  any  power  or  root  of  the  first 
quantity  yaries  as  tne  same  power  or  root  of  the  second  quantity. 

1.  Let  a;  oc  y,  and  let  t  be  another  quantity,  either  variable  or  constant, 
and  of  which  ^,  d  are  either  different  or  equal  values ; 

Then  since  a:  oc  y,  x  :  a/ : :  y  :  y^, 

and  i\t\\t\if  ^whether  t  is  variable  or  constant), 

xt\xt\\yt\ y'fy  orxtccyt, 

X       nf     y       rf  X       y 

t  '  f  "  t  '  e'      t     t' 

Whence,  if  one  quantity  vary  as  another,  and  if  each  of  them  be  multi- 
plied or  divided  by  any  quantity,  variable  or  constant,  the  products  or 
quotients  will  vary  as  each  other. 

Consequently  if  x  ocy,  -  cc-,  or  -  oc  1. 

X 

Whence,  if  x  ocy,  -  is  constant. 

m.  Let  xy  oc  X,  that  is,  let  xy  :  x^y^ : :  X  :  X' ; 

.• .  by  alternation  xy  :  X : : x'y^ :  X' ; 

X      ^    X' 
.'.y:-::/i^> 

X  X 

Consequently  y  oc  -~ ;  and,  similarly,  xo^~. 
X  y 

Whence,  if  two  quantities  jointly  vary  as  a  third  quantity,  each  of  the  two 
quantities  varies  as  the  third  direcitly  and  the  other  of  the  two  inversely. 

n.  IfX=X^=constant.    xy  :  1  ::a//  :  I. 

Whence,  if  the  product  of  two  'variable  quantities  is  constant,  these 
quantities  vary  inversely  as  each  other. 

o.  Let  a  be  a  constant  and  x,  y,  z  variables,  and  let  a  :  x :  :y  :  x,  a  :  a/ : ; 
y' :  x',  &c. 

.*.  az:=^xy^  az^^=x'y'y  &c. 
.*,  ox  :  az'iixy  :  xy,  orx  :  z'lixy  :  xy . 

.•.  xocxy. 
Consequently  if  four  quantities  are  always  proportional,  and  one  or  two  of 
them  are  constant,  tiie  others  being  variable,  it  can  be  found  how  the  latter 
vary. 

p.  Let  X,  y,  X  be  three  quantities,  of  which  x  oc  y  when  x  is  constant  and 
X  oc  z  when  y  is  constant ;  it  is  required  to  determine  the  variation  of  x  when 
y,  X  are  both  variable. 

Suppose,  first,  that  x  is  made  to  vary  as  y,  and  that  when  y  becomes  y\ 
X  becomes  x', 

P  D 
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INText,  that  x'  (varied  from  x  by  the  variation  of  y)  is  made  further  to  vary 
as  Zy  and  that  when  z  becomes  zf^  if  becomes  zf'. 

Then  since  x\zf\\y\y\ 

andx^  \3f'\\z  :  zf\ 

.•.  xzf  :  z^zf^wyz  i/z', 

or  X  :  zf'wyz  :  %fz!\ 

.'.xccyz. 

Therefore  if  x  vary  as  y  when  z  is  constant,  and  aa  z  when  y  la  oonatani, 

when  yz  are  both  variable  x  varies  as  the  product  yz* 

Similarly,  it  can  be  proved  that  if  t  varies  as  v,  x,  y,  z  singly,  the  otliera 
being  constant,  when  o,  x,  y,  z  are  all  variable  ^  varies  as  the  prodact 
vxyz. 

Of  Akithhetical  F&ogression. 

183.  If  the  continued  arithmetical  proportion  a—h^h — c  is  prolonged 
indefinitely,  the  scries  of  equidififerences  composes  an  arithmetical  progres- 
sion, or  progression  by  difference. 

An  arithmetical  progression  is,  consequently,  a  series  composed  of  an 
indefinite  number  of  terms,  such  that  the  difference  of  any  two  consecutive 
terms  is  a  constant  quantity.  The  constant  difference,  when  the  series  is 
increasing,  is  additive ;  and  when  the  series  is  decreasing,  subtractive.  This 
difference  is  termed  the  ratio  of  the  progression. 

The  notation  a— J=^ft— c=c— d=flf— c  ....  is  replaced  by 

-i-a.     h     ,     c     .     d    ,    e 

which  has  the  same  meaning. 

H-    3  .    7  .  11  .  15  .  19  .  23  .  27  .  31,  &c. 
-^  45  .  41  .  37  .  33  .  29  .  25  .  21  .  17,  &c. 
are  examples  of  arithmetical  progressions.    In  the  first  the  ratio  is  4,  and  in 
the  second  — 4.    The  first  is  an  increasing,  the  second  a  decreasing  series. 

184.  Let  •*-  a  ,b  .  r  .  d .  e  ,  ...  be  an  arithmetical  progression  whose 
ratio  is  d.  Then,  since  by  the  definition  each  term  is  equal  to  the  preceding 
term  plus  the  ratio, 

b=a-\-?,  r=ft-f  (^=a-f  2?,  rf=c+5=a-f  3?,  &c. 
Therefore  the  corresponding  terms  of  tibe  series 

•*•  a ,    b     .    c       ,    d      .     e.... 
-•-  a  .  fl-f  ^  .  a-\-2S  .  a-f  35  .  a-|-45  .  .  .  are  equal. 
Since  the  second  term =a+l  x^  .  (1=2— 1\ 
the  third  term   =a-|-2x^  .  C2=3— 1), 
the  fourth  term=ia-h3x^  .  (3=4—1); 
it  follows  that  the  nth  term  (which  may  be  denoted  by  2,  and  which  has  n — 1 
terms  before  it,)  is  expressed  by  /=a-|-(n — 1)5;  and  generally,  that  any 
term  whatever  is  equal  to  the  first  term  plus  as  many  times  the  ratio  as 
there  are  terms  before  it. 

Since  the  expression  Z2=a-|-(«— *1)5  is  changed  into  the  first  term  by 
making  n=l,  into  the  second  by  m^ing  it=2,  into  the  third'  by  makixig 
11=3,  &o.,  it  is  called  the  general  term. 

By  8uh«tituting  —5  for  S  in  /,  the  general  term  of  a  decreasing  serks  la 
obtained ;  viz.  l=a^(n — 1)5. 

The  formula  /=a4-(n— 1)5,  ezpresang  a  relation  between  a,  ^,  n,  I,  ia 
sufficient  for  the  resolution  of  questums  in  which  any  three  of  these  qoantitiea 
are  given  to  find  the  fourth. 

For  example,  if  a,  /,  n  are  given  to  find  9, 

Since  /=aa-|-(n— 1)5, 

5= r   -  -  -  *   1. 

n— 1 

Whence,  to  find  the  ratio,  it  is  necessary  to  subtract  the  first  term  fhxn 
the  last,  and  to  divide  the  remainder  by  the  number  of  meim  terms 
augmented  by  1. 
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As  an  illastration  of  the  use  of  this  formula,  let  it  be  required  to  insert  m 
Arithmetical  means  between  the  two  given  numbers  a,  / ;  m  other  words,  to 
find  m  quantities  comprehended  between  a,  I,  and,  forming  with  a,  /,  an 
arithmetical  progression  beginning  with  a  and  ending  with  L 

In  this  question,  the  given  quantities  are,  the  first  term  a,  the  last  term  I; 
the  number  of  terms  which,  including  a  and  /,  is  m+2,  and  the  quantity 
which  is  required  is  the  ratio  S ;  for  when  6  is  known,  the  other  terms  of  the 
progression  can  be  formed  by  successive  additions. 

In  formula  1,  n  denotes  the  number  of  terms,  making  n=m-h2,  and  by 
consequence  n— 1 =m  -|- 1 . 

_/— a 

1'j 2     15 

If  fl=2,  /=17,  f?i=4,  g=  ...  =-g-=3,  and  the  four  arithmetical  means 

between  2  and  17  are, 

2-1-3,  2-h2x3,  2+3x3,  2-f-4x3, 
or   5,  8,  11,  14. 

Whence  the  m-f  2  terms  of  the  series  beginning  with  2  and  ending  with 
17  are -h2  .  5  .  8  .  11  .  14  .  17. 

This  particular  case  is  a  solution  of  the  problem ;  to  insert  four  arith- 
metical means  between  2  and  17. 

It  is  to  be  inferred,  firom  the  preceding  example  and  conclusion,  that,  an 
arithmetical  profession  being  given,  if  the  same  number  of  arithmetical 
means  is  inserted  between  each  term  and  the  following,  the  new  series  will 
still  be  an  arithmetical  progression.  For  partial  progressions  will  then  bo 
formed,  of  which  all  will  have  the  same  ratio ;  and  as  the  last  term  of  each 
successive  partial  progression  is  also  the  first  term  of  the  foUowing  progres- 
sion, the  whole  of  these  partial  progressions,  taken  in  order,  must  form  an 
arithmetical  progression. 

185.  Let  it  be  next  required  to  find  the  sum  of  the  terms  of  an  arith- 
metical progression  -t-a  ,o  ,  c  .  d  ,  .  .  .  t.A.Z,  the  number  of  terms  being 
Ji,  and  the  ratio  S, 

Denoting  the  required  sum  by  S,  and  arranging  the  terms  consecutively, 
first,  from  a  to  /,  second  from  /  to  a, 

5=a-f  ft-hc-f  rf-f -i-i+k+l, 

S^l^k-^-i+h-^ -hc-f  ft+a. 

Adding,  2  ^=(a-f /)-!-(&+ A)+(c+0+(^+^)+  &c. 
Now,  a-h^=ft,  l—i=k  .•.(a-h^)+(/-^)=ft+*  or  a-^l=h-\-k, 
fr-f  ^=c,  *— 5=1  .• .  (*-H5)  +  (*— ^)=c-|-i  or  6-|-*=c-hi, 
c+£=d,  i— 5=A  .-.(c-fO-i-O*— 0=^-1-*  orc+i=d+*, 

•  •«•••* 

Wherefore  a-|-/=6-f  A=c-f  f=rf-|-A= ;  that  is,  the  sum  of  any 

two  terms,  which  are  equally  distant  from  the  extremes,  is  equal  to  the  sum 
of  the  extremes.  Consequently,  the  sum  of  all  the  terms,  in  both  series,  is 
equal  to  the  stun  of  the  extremes  as  often  repeated  as  there  are  terms  in  one 
series.  The  sum  of  the  extremes  being  a-f-/*  and  the  number  of  terms  n, 
fch^  sum  of  all  the  terms  in  die  two  equal  series  is  (a-^r)n.    The  sum  of  all 

the  terms  of  the  progression  -*•  a  ,b  .  c  ,  d t .  A  .  2  is,  therefore^ 

(fl-fO» 
2      * 

Therefore  5=^  ^  ^       -  -  -    2. 

In  words,  the  sum  of  the  terms  of  an  arithmetacal  progression  is  equal  to 
half  the  sum  of  the  extreme  terms  multiplied  by  the  number  of  terms. 

186.  Five  quantities,  a,  5,  /,  n,  jS,  enter  into  the  formula.  Whence,  as 
two  ec|uation8  are  sufficient  for  the  discovery  of  two  unknown  quantities,  it 
15  possible  to  find  any  two  of  the  quantities  a,  ^,  /,  n,  S,  when  the  three 

D  D  2 
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others  are  gt^en.    FormulsB  1,  2  give,  therefore,  the  solutioiia  of  as  muij 
distinct  problems  as  there  are  combinations  of  five  qnantitiesy  taken  two  by 

5X4 

two.    The  number  of  such  combinations  is —a~= 10. 

In  order  that  these  problems  may  be  possible,  it  is  neoessaij  thst  the  Talae 
of  ft  be  not  only  real,  but  also  int^^  and  positive,  fixr  the  number  of  tennB 
can  neither  be  fractional  nor  negaUre. 

The  ten  problems,  with  their  solutions,  are, 

1st.  Given  a,  ^,  n,  to  find  /;  S?.Ans.  l=^a+(n—l%  5=^ii[2a+0i— 1)^]. 

2d.    Given  i,  ^  n  to  find  a,  S?.Ans.  a=i— («— 1)?,  iS=in[2/— (w—  1)^]. 

I— a    « 
3d.   Given  a,  n,  Z  to  find  ?,  S? Am.  ^=^^^4'  'S^=i"0»+0* 

,    ^.        .       «      ^    ,      .«  ^           2iS'— n(ii— IV   .    2i9+n(n— ly 
4th.  Given  ^,  «,  5  to  find  a,  l?AnM,ep=z ^ ^,  ^  ^ — -- 

2Cfi/— jSI    ,    25 
5th.  Given  a,  m,  5  to  find  ^  I? Am.  i=s=-;V — =^  *=-- — «. 

6th.  Given  /,  n,  .9  to  find  a,  ^? A^.a^^-^—lj  a=s  A  ^^v« 

7th.  Given  a,  ^,  /  to  find  «,  iS  P Am.  «=-^4-1,  5=^^"^'')^^"^"^\ 

«i^^.            .«^^.«  ^*     f/+a)(/— a)  25 

8th.  Given  a,  /,  5  to  find  n,  ^  ?.••.••• Am.  ^=25— (/4-gV  "^^o-PI* 

9tlL  Given  a,  ?,  5  to  find  i,  n  ?  

i4jw.i=a+(n— 1)^,  «= -* — ^^J ^ — ' 

10th.  Given  ^,  /;  5  to  find  a,  n? 

^iw.  a=<— (n— l)f,  w= — — 5*05 — ^ • 

Examples : 

1st.  Find  the  13th  term  of  the  series  3,  9,  15,  &c.? Aju*  75. 

2d.   Find  the  8th  term  of  the  series  —5,  —3,  —1,  &c.? Am.  9. 

3d.   Find  the  7th  term  of  the  series  ji  -J^  i>  &c.? Am,  —I. 

4th.  Find  the  sum  of  3-|-9-|-15-|-,  &c.  to  11  terms  ? Am.SQS. 

5th.  Find  the  sum  of  —5—3—1—,  &c.  to  8  terms? Ans.  16. 

6th.  Find  the  sum  of  ^— i— Jy^  — ,  &c.  to  13  terms  ? Am.  —84^. 

7th.  Insert  9  arithmetical  means  between  3  and  9  ? 

Am.  3J,  4i,  4$,  5§,  6,  6|,  7*,  7^,  8f. 
8th.  Insert  8  arithmetical  means  between  — 3  and  — f  ? 

Am.  -21,  -2 J,  -21,  -2,  -IJ,  -1^,  -1*,  -1. 
9th.  Insert  7  arithmetical  means  between  —13  and  3  P 

Am,  -11,  —9,  -7,  -5,  —8,  —1,  +1. 

Of  Geometrical  Progression. 

187.  If  the  continued  geometrical  proportion  a :  b  ::  b :  e  is  extended 
indefinitely,  the  series  of  equal  ratios  forms  a  geometrical  progressionf  or 
progression  by  quotient. 

In  writing  the  geometrical  progression  the  terms  which  are  consequent 
and  antecedent,  in  succession,  are  not  repeated  as  in  the  continued  geo- 
metrical proportion,  the  notation  of  whicn  a  :  b  ::  b  :  c  ::  c  :  d  ::  d :  e^  &c. 
ia  replaced  by  the  following  -a:  b  :  c  i  d  :  e^  kc.  Both  forms  of  expression 
have  the  some  meaning. 

The  geometrical  progression  is  hence  composed  of  a  series  of  tenns  vnch 
that,  if  each  term  is  divided  by  the  term  which  precedes  it,  the  quotient  is  a 
constant  quantity ;  this  quotient  is  the  ratio  of  the  progression.    Denoting 
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the  ratio  by  7,  when  g>l  the  series  is  increasing,  and  when  q<  1  the  series 
is  decreasing. 

^r  2  :  6  :  18  :  54  :  162  :  486  : ,  &c. 

-fM80  :  60  :  20  :  i^p.  :  J\j>-:  ^f  : ,  &c. 

are  examples  of  geometrical  progressions  in  numbers.    The  ratio  of  the  first, 

which  is  an  increasing  series,  is  S,  and  the  ratio  of  the  second,  which  is  a 

decreasing  series,  is  ^. 

188.  Let  ~a  :b  :  c  :  d  : :A!/,  be  the  general  expression  of  a  geo- 
metrical progression  whose  ratio  is  q. 

Since  b=^aq  and  e=bq  .  * .  c=^a^, 
d=-cq=^h^^a^  :  e^=dq=a^ 

The  exponent  of  g  in  the  first  term  a,  which  has  0  term  before  it,  is 
0«1— 1. 

The  exponent  of  9  in  the  second  term  aq  or  ft,  which  has  1  term  before  it, 
is  1=2—1. 

The  exponent  of  9  in  the  third  term  af^  or  e,  which  has  2  terms  before  it, 
is  2=3—1. 

The  exponent  of  9  in  the  fourth  term  a^  or  d^  which  has  3  terms  before 
it,  is  3=4—1. 

The  exponent  of  9  in  the  nth  term  a^^  or  2,  which  has  n— 1  terms  before 
it»  is  n — 1. 

Whence  the  exponent  of  9  in  any  term  is  indicated  by  the  number  of 
preceding  terms,  and  any  term  whatever  is  eaual  to  the  first  term  multiplied 
Dy  the  ratio  raised  to  a  power  marked  by  tne  number  of  the  terms  which 
precede  the  term  proposea. 

The  formula  l^agf^^  -  -  -  -  1 

IS  called  the  general  term  of  a  geometrical  progression. 

If  a  and  /  are  the  extremes,  and  n  the  number  of  terms  of  a  progression, 
-7T a  :  b  :  c  :  d  :  e  :/ :  , ,  *  k  :  I,  whose  ratio  is  q. 

Since  ^=09,  c^=ag^ . . .  A=aj'*~',  l=^af*~'\  the  same  progression  may  be 
expressed  also  thus,  -::-  a:aq  :  aq^  :  axf  ....  og"^  :  o^"*"*. 

Tf  it  is  required  to  insert  m  geometrical  means  between  a  and  l^  since  the 
progression  is  to  consist  of  two  extremes,  a,  2,  and  m  mean  terms,  the  whole 
number  of  terms  is  m4-2.     Substituting  m-f  2  for  n,  in  formula  1, 

2=a9«+i.-.^+^, 

2. 

Hence  the  determination  of  the  constant  ratio  by  means  of  which  the 
second  and  following  terms  are  formed  from  the  first  term  and  from  each 
other  (or  from  the  general  term,  formula  1)  depends  on  the  extraction  of 
thent-l-lth  root;  an  operation  which,  in  particular  cases,  is  much  facilitated 
by  the  use  of  logarithms. 

From  formula  2  it  follows  that  if  the  same  number  of  geometrical  means 
is  inserted  between  the  Ist  and  2d,  the  2d  and  3d, ....  the  (n— l)th  and  nth 
terms  of  a  geometrical  progression,  the  series  composed  of  these  partial 
progressions  is  a  geometrical  progression. 

For   if   -   is  replaced,  in  formula   2,    successively   by    1  «♦  term^^ ' 

3d  term      -         nth  term  ,      ,         , ,  ■ij.i>~~7    v 

2dtoE=g^-  •  •(n-l)th  term=g^ '  *"'**  *  w  constant,  q=  V/,  the  ratio 
of  ^  the  partial  proeresaions  must  be  constant ;  and  as  that  term  which  is 
the  last  01  aay  one  of  the  partial  progressions  is  also  the  first  term  of  the 
following  progression,  it  is  evident  that  the  series  composed  of  these  partial 
progressions  is  a  geometrical  progression. 
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189.  Let  the  fum  of  all  the  ternui  of  the  series  -raib  :c  :d:  . . . . :  A  :  2t 
be  denoted  by  S;  that  is,  let  <S^=«4-*+c-|-</-f  ....  -|-*+/. 

Then,  if  all  the  terms  are  multiplied  by  7, 

qS!=qa+qb'\-qC'{'qd4- +qk+qL 

But    qarsby  qb^=c,   qe=d, 9^=^;    tbemore,    by    subetitation, 

qS=ib'^C'^d+ '{'l-^ql 

From  this  equality  subtract  jS'=a+ft+cH-rf-f- -f  I ; 

.'.qS^S^ql—Oy  or  (g— 1)5'=^/— a, 

and^^        .  .    8. 

Whence  the  sum  of  the  terms  of  a  geometrical  proeression  is  obtained  by 
multiplying  the  last  term  by  the  ratio,  subtracting  uie  first  term  from  the 
product,  and  dividing  the  remainder  by  the  ratio,  less  1. 

190.  l£  lis  replaced  by  its  value,  a^\  formula  8  becomes 

^    ^-1  *• 

In  formula  4,  suppose  Ist  9>1,  which  is  the  case  of  increasing  pro- 
gressions. 

In  this  case  the  quantity  f  is  great  in  proportion  as  n  is  great.  There  is  no 
limit  even  which  it  may  not  exceed  if  a  sufficiently  considerable  value  is  given 

to  n.     For   making    9=l+a,   ^'^=(1 +«)-=! +««+-jT^a'-*-,  &c.  .-. 

f>l'\-na.     Now,  however   small  the  quantity  o,  it  is  evident  that,  by 
taking  n  sufficiently  great,  l+na  can  be  made  to   exceed  any  assigned 

Quantity  however  great;   therefore,  k  fortiori,  this  must  be  true  of  f, 
[ence  when  9>1,  by  taking  a  sufficient  number  of  terms  of  the  progres- 
sion a,  119,  ctg^ .,..S can  be  made  to  exceed  any  assigned  quantity. 

Suppose,  2d,  g<  1,  which  is  the  case  of  decreasing  progressions. 
If  the  signs  of  the  numerator  and  denominator  are  changed,  formula  4 
may  be  written  thus ; 

In  this  expression  the  quantity  f  is  small  in  proportion  as  n  is  great ;  it 
can  even  be  rendered  less  than  any  assigned  quantity.    To  prove  this,  let 

5r=-g-,  j3  being  greater  than  1 ;  then  f^^~ffr ;   now  if  n  is  made  greater 

and  greater,  /3"  may  be  augmented  to  infinity,  and  by  consequence  ^  or  ^, 

reduced  to  zero ;  by  which  means  Tziz  is  also  reduced  to  zero.    Heooe  it  is 
evident  that  the  sum  S  must  increase  as  n  is  increased,  and  that  it  can  never 
exceed  the  limit  ^=13—,  from  which  it  may,  however,  be  made  to  differ  in 
defect  by  less  than  any  assigned  quantity. 
Consequently  making  »=  oc ,  |-—  is  reduced  to  zero,  and 

That  is  to  say,  the  sum  of  the  terms  of  a  decreasing  geometf  ical  progres- 
sion, continued  to  infinity,  is  equal  to  the  quotient  of  the  first  term  divided 
by  unity,  less  the  constant  ratio. 

To  obtun  the  sum  of  the  terms  of  the  series  1+i-f  i+^+9  ^  rxak^ 
0=1  and  q=^ ;  then, 

C— _i_ JL— .a 
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Suppose,  Sd,  9=1.  In  this  case  formula  4  gives  S=%^  an  indeterminate 
result.  But  the  tndetermination  is  apparent  only,  for  if  g" — 1  is  divided  by 
q — 1,  the  expression  is  reduced  to  S=^a  (j^*+fl^+  .  • .  -\-q-{-l\  which  for 
the  hypothesis  ^=1  gives  <$=an.  That  this  must  be  the  result  is  evident  k 
priori,  for  the  ratio  }^ng  1  each  of  the  n  terms  of  the  progression  is  equal 
to  the  first  term  a. 

The  division  of  9?— 1  by  9— 1  reproduces,  in  a  contrary  order,'  that 
progression  of  which  formula  4  represents  the  sum. 

Writing  tlie  formida  thus,  S=    ,  __^   ,  and  ejecting  the  division  of  1—^ 

by  1  — Of  the  terms  of  the  progression  are  obtained  in  the  original  order. 

In  like  manner  formula  5,  which  expresses  the  sum  of  the  terms  of  a 
decreasing  progression  prolonged  to  innnity,  may  be  made  to  reproduce  the 
progression  -^^a:  aq  :  aq^  :,  &c.  '- 

Dividing  a  by  1^9,  as  follows, 

l—q\a        (a-\-aq-\-aq'^-\-aq^+',  &c. 

aq^ 
Off' — axf 

it  appears  that  according  as  the  division  is  ended  at  the  1st,  th^  2d,  the 
3d . . .  .  remainder,  it  is  necessary,  in  order  to  complete  the  corresponding 

quotients,  to  add  to  them  respectively  the  fractions  v~»  f^  \^'  •  *  • 

Now  ^  being  less  than  1,  these  fractions  have  decreasing  values ;  and  since 
the  division  may  be  continued  until  the  exponent  of  9  in  the  reminder  is 
greater  tJian  any  assigned  number,  and  the  value  of  the  numerator  of  the 
complementary  fraction  by  consequence  less  than  any  assigned  number,  it 
follows  that,  supposing  the  t^rms  of  the  quotient  continued  indefinitely,  the 
complementary  Eraction  or  remainder  ought  to  be  regarded  as  zero,  therefore 
the  series  of  these  terms  continued  to  infinity  is  the  exact  value  of  the 
quotient. 

This  conclusion  is  legitimate  only  in  the  hypothesis  q<\.  If  9 >1,  the 
complementary  fractions  or  remainders,  instead  of  approximating  to  zero, 
increase  to  —  oc . 

191.  In  geometrical  as  in  arithmetical  progression  all  the  questions  which 
can  be  proposed  are  reducible  to  ten.  The  ten  questions,  with  their  solu- 
tions' (which  are  deduced  firom  the  two  equations  fcag^*,  5=*^_|J,  are, 

1st.     Given  a,  9,  »,  to  find  /,  S^ Am.  l=^a^' ;  iS'=|^=^^p 

I  '(^—1) 

2d.      GivenZ,^,  n,  tofinda,  iSP An8,a=^^^\  S=^i.      y. 

3d.      Given  a,  Z,  ?i,  to  find  9,  S  ?...-4im.  9=  \/  —  ;  5=;^^  -_^-^ 

Siq—l)    ,    Sf-^q-'j 
4th.    Given  ft,  q^  5,  to  find  a,  I? Aiu. a^—^rzZi' '      — (f*—l — . 

5th.    Given  a,  n,  i9,  to  find  l,q? 
6th.    Given  Ln.  S,io  find  a^q? 

-.■(r^(^)---+'-f^"='(r. 
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7tL    Given  a,  ^  5-,  to  find  ^9,  n?..,AM8.  S^^^^;  w^l-f  ^^'4      ^'^ 

S — a  loff.  I — loe.a 

8th.     Giyen  a^l,  S,  to  find  q,  n ?„..Aitt. 5=^^^  ;  »=1  -f--^i       ^° 

9th.    Given  a,  ^  5,  to  find  i^  n  ? 
10th.  Given  l,q^  S,to  find  a,  n? 


Remarks.    In  case  5,  /  la  eliminated  between  the'eqnations  l^^af~*  and 
ql — a 
S=^- — V-,  the  result  is  an  equation  in  9  of  the  degree  n — 1,  which,  unless 

in  the  particular  case  n=3,  cannot  be  resolved  by  anjr  of  the  preceding 
rules.  The  value  of  the  ratio  q  being  determined,  I  is  found  from  the 
equation  l^=xuf^ 

In  case  6,  -  instead  of  9  is  made  the  unknown  quantity.    The  preceding 
remark  respecting  case  5  applies  to  case  6  also. 

In  cases  7,  8,  9, 10,  the  equation  ^5'=:^^^^  gives  each  of  the  quantities  a, 

i^  ^,  j9,  in  terms  of  the  tiiree  others.  Tlie  onlj  difficnltj,  therefore,  in.  tlieae 
cases  lies  in  the  determination  of  the  unknown  quantity  n  from  the  equa^ 
ti(m  /=rag^\  in  which  n  is  an  exponent.  The  solution  given  depends  on 
certain  properties  of  logarithms,  for  which  see  Section  2^ 

Examples : 

1st.     Find  the  7th  term  of  the  series  I,  4^  16,  &c.  ? Jbu,  409$. 

2d.      Find  the  8th  term  of  the  series  81,  —27,  9,  &c.  ? Ans.  — ^ 

3d.      Find  the  5th  term  of  the  series  4,  —12,  36,  &c.  ? Am,  324. 

4th.    Find  the  6th  term  of  the  series  3,  -},  ^^,  &c.  P Ant.  ^^^' 

5th.    Find  the  sum  of  3+6+12+,  &c.  to  6  terms? Ant.  189. 

6th.    Find  the  sum  of  1— 4-|-16— ,  &c.  to  7  terms? iliw.3277. 

7th.    Find  the  sum  of  i+i+tV+f  ^^'  ^  ^  ^^^^^°^  f '^^-  ^• 

8th.    Find  the  sum  of  S—^-h^^—,  &c.  to  5  terms  ? An$,  2)4f 

9th.    Find  the  sum  of  the  series  l+-J+i+)  &c.,  continued  to  infinity  P 

Ant.  2. 

10th.  Find  the  sum  of  the  infinite  series  4+24-1+)  &c.  ? ^Ans,  8. 

11th.  Find  the  sum  of  the  infinite  series  1— i+J— >  &c.  ?....«....^itf.|. 
12th.  Find  the  sum  of  the  infinite  series  — 3J+1|— ^+,  &c.? 

Ans.  — 2^. 
13th.  Insert  3  geometrical  means  between  2  and  32  ?.ilfu.  +4,  8,  +16. 
14th.  Insert  4  geometrical  means  between  —^^  and  3^  ? 

15th.  Insert  3  geometrical  means  between  ^  and  128  fAns.  +2,  8,  +32. 
16th.  What   is   the    sum   of    the    infinite    geometrical    progression 

Of  the  Numbeb  of  Balls  in  a  Pile. 

192.  If  all  the  terms  of  a  geometrical  progression 

'.'ra  :  aq  :  a^  :aq^  : ,  .  .  ,  af^^ 
are  raised  to  the  same  power,  m,  the  result  is  the  seriea, 


I'lLfiS  OF  BALLS.  409 

which  is  a  geometrical  progresaion,  of  which  the  furcrt  term  is  a*,  the  ratio 
9",  and  the  nmaber  of  terms  it. 

Whence,  if  all  the  terms  of  a  geometrical  progression  are  raised  to  the 
same  power,  the  result  is  another  geometrical  progression. 

a.  Next,  if  a,  a+^1  ?'^?^f  a +3^)  ai^  consecutive  terms  of  an  arithmetical 
progression  whose  ratio  is  i,  and  if  each  of  these  terms  is  raised  to  the 
power  Illy  and  the  differences  of  the  mth  powers  of  the  consecutire  terms  are 
taken;  since 

(a+3^)-=flr+fiia-»3a+  ^^-=11  a-^a«+,  &c, 

(a+2a)"-(a+^)"=ma— »^+-5^=^  a-*3^+,  &c. 

the  difierences  are  not  constant ;  therefore  the  same  powers  of  the  terms 
of  an  arilJnnetioal  progression  are  not  in  arithmetical  progression. 

If^  however,  ail  the  tenns  of  an  arithmetical  progression  are  raised  to  the 
same  power,  m  (m  being  integer  and  positive),  the  sum  of  ^e  new  series 
can  be  found. 

Let  -4^0.  b,  c.  d,  .  ,  k  :  l^  be  anj  arithmetical  progression,  and  let  the 
common  ratio  be  denoted  bj  i. 

Raising  these  equalities  to  the  power  m+l, 

c-+l=i-+l+(ln^-l)ft-^-h^^±5^^— ia*-f,  &c. 

Adding  these  equalities  member  bj  member,  suppressing  the  common 
terms  J""*^',  c^+^  &c.,  and  transposing  fl!""*"\ 

f+»— a-+>=(iii+l)e(a"+6--f +A") 

To  abridge  this  expression,  let  n+i-f  c4-  ....  -hA+^=='S^i ; 


The  value  of  iS^  deduced  from  this  series  is 

The  law  of  the  unwritten  terms  is  sufficiently  apparent,  and  the  series 
must  evidently  end  with  the  term  preceding  that  which  contains  the 
factor  m — m,  or  0. 
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By  fcNnxrala  1  tlie  sum  6L  can  be  fanad  when  the  inftrior  stuns  ere 
known;  for,  making  m=0,  the  formula  gives jS^;  making  111=  1,  it  gires 
JSi ;  making  iii=2,  it  gives  St,  and  so  on  to  the  snm  which  is  required. 

b.  If  the  progression  -i-a  .  a-^S  .  a-^^S  .  a-^Sd is  replaced  by 

-4-1.2.3.4 N  (or  the  series  of  numbers  from  1  to  N),  a=l, 

^:=1,  2=N,  and  formula  1  becomes 

If  fR=0,  formula  2  becomes 

QriS;=sN.        •  .  -  .8 

If  fn=l,  formula  2  becomes 

I^i+i— 1      1  N*— 1      1 

OTiS— — 2~"* 2 •    ^         •         -  -    4 

If  ifi=2,  formula  2  becomes 

«^N»+?^-(5.-N)— g-(^«-N-);  or 

«     -vT,.^'     1     N«    N     ^^     N  .1 
^.=N«+-3 -y- 2— y+N-y+y;  or 


_N^ .  yg .  y  __2y»+8N»-fy 


or 


y(N+i)(2y+i)  - 

ifi^— g .         -         -  -  -  -     o 


If  111=3,  it  is  found  in  the  same  manner  that 

„  _y4^2y3+yg_N«(y-Hiy 

St  —  A  —  I  • 


-    6 


Formula  3   expresses   the    sum  of  l*H-2*-f  3^+  •  •  •  •  to  N  terms,  or 

T+T+T"^ "^N'  or  1+1+1  +  1+ toNterma;  orN. 

Example :  If  m=0  and  N=10,  /S',=N=10. 
Pormula  4  expresses  the  sum  of  1  +2+3+4+ +N. 

Example:  If  m=l  andN=10,  5,=i5^i~tl)=r^=55. 

Formula  5  expresses  the  sum  of  l«+2'+3*+4*+ +N*,  or  the 

sum  of  the  squsres  of  the  series  of  natural  numbers  from  1  to  N  inclusive. 

Example:                 N(N+1)(2N+1)     10x11x21     ^^^ 
If  m=2  and  N=:10,  Sr=^  -^ ^ — -^—^z=z g =385. 

Formula  6  expresses  the  sum  of  I'+23+33+43+ .  +N',  or  the  sum 

of  the  cubes  of  tne  series  of  natural  numbers  from  1  to  N  inclusive. 

,      x^        «      ^^^           «     10«(10+1)«     100x121     ^^, 
Example:  If  m=3andN=10,  5^= — \^         = j =3025. 

193.  In  arsenals  balls  of  the  same  size  are  arranged  in  piles ;  and  it  is  hj 
means  of  these  formtdse  (Art.  192)  that  the  nimiber  of  Wis  in  a  pile  is 
computed. 

Tnese  piles  are  either,  1st,  triangular ;  or,  2d,  quadrangular ;  os, 
3d,  rectangular. 
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let.  The  trianguiar  p>ile  is  fbnned  thus :  A  layer  of  balls  is  {daced  hori<* 
zontally  on  the  ground  in  such  a  manner  that  tne  centres  of  the  balls  which 
are  at  the  aneles  form  an  equilateral  triangle.  On  this  layer  is  arranged  a 
second,  each  boll  of  which  is  placed  in  the  noUow  between  three  balls  of  the 
first  layer.  This  second  layer  has  also  the  form  of  an  equilateral  triangle, 
but  its  side  contains  one  ball  fewer  than  the  side  of  the  first  layer. 

Laver  is  placed  upon  layer  in  this  manner,  the  side  of  each  containing  one 
ball  fewer  than  the  side  of  the  layer  on  which  it  rests,  imtil,  by  successive 
diminutions  of  one,  the  side  of  the  last  or  uppermost  layer  (and  by  conse- 
quence that  layer  itself^  contains  only  one  boll. 

The  pile  thus  formed  is  a  pyramid,  having  an  equilateral  triangle  for  its 
base ;  and  it  is  evident  that  smce  the  uppermost  layer  of  a  pyramid  of  this 
form  contains  one  ball,  the  side  of  the  second  layer  must  coxftain  two,  the 
side  of  the  third,  three, and  the  side  of  the  nth,  n  balls. 

Denoting  by  N  the  number  of  balls  contained  in  one  side  of  the  eqid- 
lateral  triangle  which  forms  the  base  of  a  triangular  pile,  and  by  Y  the 
number  of  balls  in  the  base,  it  is  evident  that  T=l  4*2+3+ +N. 

But  this  is  the  sum  Sy  of  formida  4  (Art.  192) ; 

Therefore  Y=??^^±^. 

If,  in  this  expression,  K  is  snocessivel^r  replaced  by  the  numbers  1,  2, 

3, the  number  of  balls  in  the  successive  layers,  beginning  from  the  top 

of  the  pile,  will  be  obtained. 

^  .     ,     ^  l*-fl     2 

These  are,  m  the  first,         »    ^^"T^^l* 

.     ^  ,  2«-h2     6     ^ 

-    m  the  second,  — ^ — =-2-=8. 

•    m  the  third,    — 5— =:-5-=6. 

.    in  the  fourth,  ^^=^=10. 

Whence  the  sum  X  of  the  whole  number  of  balls  contained  in  the  pile  is 

y^l^l     2«-h2    8H3  NHN 

2     "*"2     "'"2"'" "^      2      * 

Which  expression  may  be  otherwise  arranged  thus, 

^_l'-f2'+3*+ -HN^  .  1+2+3+ -f N 

A—  2  H 2  • 

The  numerator  of  the  first  term  of  the  second  member  of  this  equation  is' 
the  sum  jS^  (formula  5,  Art.  192),  and  the  numerator  of  the  second  term 
the  sum  Si  (formula  4).    Therefore 

^2N^+3N'+N      I^+y_y»+3N^+2N 
A— i  g  +J      2      "~  6 

Which  by  reduction  becomes 

^_N(y+l)(N+2)  ^ 

A—  g  -         -  -     7 

The  number  of  balls  contained  in  a  triangular  pile  is  found  by  this 
fbrmula  (7). 

Example :  How  many  balls  are  contained  in  a  triangular  pile,  the  side  of 
whose  base  contains  35  balls  ? 

Substituting  35  for  K  in  formula  7, 

^     35(35  +  l)(35+2)     35x36x37     ^^^^ 
X=: g = g =7770. 

2d.  Quadrangular  pile.  Li  the  pile  of  this  form  the  layer  of  balls  which 
composes  the  base  is  arranged  in  a  square ;  the  other  layers  are  also  squares. 
Each  layer  has  one  ball  fewer  in  its  side  than  the  layer  which  is  immcoiatdy 
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below  it,  and  the  layers  are  continued  until  tlie  last  is  composed  of  one  ball 
onljf  which  forma  the  top  of  the  pile. 

The  quadrangular  pile  is,  therefore,  a  pyramid  with  a  square  base. 

Denoting  br  N  the  number  of  balls  in  a  side  of  the  base,  and  bj  X  the 
number  of  balls  in  the  pile,  it  follows  from  the  construction  of  the  pile  that 
the  uppermost  lajer  contains  1*=1  ball;  the  second,  2'=4,  the  third, 
««=9 ; the  Nth,  N*. 

SothatX=l*+2H8*-h +N«. 

This  sum  u  that  of  jS;  (formula  6,  Art.  192). 

^^^^m±nmtii    ....  8 

Example :  If  a  side  of  the  base  of  a  quadrangular  pile  contains  35  balls  the 
whole  number  of  balls  in  the  pile  is 

8d.  Rectangular  pile.  In  this  pile  the  balls  in  all  the  layers  except  the 
uppermost  are  arranged  in  rectangles. 

Each  side  of  the  layer  resting  on  the  base  contains  1  ball  fewer  than  the 
corresponding  side  of  the  base ;  and,  similarly,  the  sides  of  every  layer  con- 
tain each  one  ball  fewer  than  the  corresponding  sides  of  the  mmiediatel/ 
inferior  layer. 

When  the  number  of  layers  is  equal  to  the  number  of  balls  in  the  smaller 
side  of  the  base,  a  layer  is  encountered  which  consists  of  only  a  single  row 
of  balls. 

This  row  forms  the  top  or  ridge  of  the  pile. 

Representing  by  p+l  the  number  of  balls  in  the  single  row,  the  layer 
below  it  (or  the  second  layer)  must  contain  2  rows  of  p+2  balls  each ;  the 
third,  3  rows  of /»+3  hBUs  each ;  . . .  the  ath,  n  rows  otp-f »  balls  each. 

If,  therefore,  n  be  the  number  of  balls  in  the  smaller  side  of  the  base,  and 
X  Ihe  number  in  the  pile, 

X=l(p+l)+2(/>+2)-h8(p-h3)-h -fii(i>-hn) ;  or 

X=sp(l 4-2+3+ -|.«)+(it-f.2«+3«+ ««)=piS',+iSi.  or 

pxn(n+l)     n(n+l)(2n+l) 

-^'"         2  "*"  6  ' 

or,  reducing  to  the  same  denommator,  and  observing  that  Sp  and  2ii+l 
have  the  common  factor  fi(R+l), 

^_n(n+l)  (8;>+2n+l) 

In  tills  formula/)  is  the  number  of  balls  less  one  in  the  single  row  which 
forms  the  ridge  oi  the  pile,  n  is  the  number  in  the  smaller  side,  and/>+a 
the  number  in  the  greater  side  of  the  base. 

To  express  X  in  terms  of  the  number  of  balls  contained  in  the  sides  of 
the  base,  let  p+ii=N,  and  therefore  p^N^n^  3p+2n=3N— a;  then,  by 
substitution, 

^     ii(«+l)(3y--n+l) 

JL-  g  ....  9 

Example :  If  the  greater  side  of  the  base  of  a  rectangular  jule  oontain  SO 
balls  and  the  less  side  35,  how  many  balls  are  contained  in  the  pile  ? 

^     35x36(150-35  +  1)     35x36x116    «,^^ 
X=: ^-g ^— ^= g ==24360. 

4th.  Each  kind  of  pile  may  be  truncated,  that  is,  terminated  by  an  upper 
layer  composed  of  several  rows  of  balls ;  in  this  case  the  pile  is  the  diflerenoe 
of  two  complete  piles. 
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Examples ; 

1st.  How  manj  balls  are  contained  in  a  triangular  pile,  the  side  of 
whose  base  contains  10  balls  ?  Ans.  220. 

2d.  How  many  balls  are  contained  in  two  quadrangular  piles,  the  sides 
of  whose  bases  contain  9  and  12  balls  respectiTclj  r 

Ans.  First  28^,  second  650. 

3d.  If  the  greater  side  of  the  base  of  a  rectangular  pile  contain  19  balls 
and  the  less  side  10,  how  many  balls  are  contained  in  the  pile  ? 

Ans,  880. 

4th.  The  side  of  the  base  of  a  truncated  triangular  pile  contains  15  balls 
and  the  side  of  the  top  7,  required  the  number  of  balls  in  the 
pile  ?  Ans,  625. 


SECTION  IX. 
OF  CONTINUED  FRACTIONS. 

194.  The  name  Continued  Fraction  is  given  to  an  expression  of  the  form 

d+,  &c., 

in  which  the  letters  a,  &,  c,  d^ . .  .  express  any  whole  positive  numbers,  the 
series  of  which  may  be  limited  or  not. 

An  expression  whose  numerators  and  denominators  are  any  quantities 
whatever  may  have  the  form  of  a  continued  fraction  ;  but  continued  frac- 
tions of  which  the  numerators  are  1,  and  the  denominators  whole  positive 
numbers,  are  those  whose  properties  are  most  deserving  of  attention. 

The  numbers  a,b,  c  .  .  .  are  termed  incomplete  quotients,  or,  simply, 
quotients ;  the  com{>lete  quotients  are  obtained  by  taking  each  incomplete 

auotient  together  with  the  whole  of  the  quantity  which  is  joined  to  it  by 
lie  sign  -h  ;  such  is  .  .  1 

c-f ,  &c. 
The  firactaons  t,  -  ....  are  called  partial  or  integrant  fractions. 

195.  If  in  a  continued  fraction  the  first  partial  fraction,  the  first  and 
second  partial  firactions,  the  first,  second,  and  third  partial  fractions,  &c.  are 
successively  taken,  different  expressions  are  obtained  which  are  reducible  to 
the  form  of  vulj^  fractions ;  these  fractions  are  distinguished  by  the  name 
of  Converging  Fractions  or  Convergents. 

In  the  preceding  expression  of  a  continued  fraction  the  first  term  or 
partial  fraction  is  a  or  r,  and  the  first  convergent  is  t  ;  the  expression 

composed  of  the  first  and  second  terms  or  partial  fractions  is  a-f  t,  which 

.    o^-fl    ab+l 
reduced  to  the  fonn  of  a  vulgar  fimction  is  — r — ;  — r —  is  the  second 

convergent. 

The  expression  composed  of  the  first,  second,  and  third  terms,  or  partial 
fractions,  is     .     1 


'+} 
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c             c 
,• .  a+ — i      ~~&c4^i ♦  ^ — be-Ci —  **        ^^  oonTcrgent. 


c 


In  like  manner  a+ 


crf-hl 


b(cd-^l)-\-d 


c 

m 


= fc  d4-bA^d '  "^  expression  which,  being  arranged  thoB, 

abcd+cd+ad+ab+l   ,        ,     ., ,          ,     ,        {(aft4-l)c+a}rf+aft+l 
j^^^^j ,ifl  reducible  to  the  form (^+1)^^.^ ; 

"^ Cbc-\~l^d^b **        fourth  convergent. 

The  5th,  6th, ....  mth  conrergents  may  be  formed  in  the  same  manner ; 
but  the  process  becomes  ver j  laborious  when  the  number  of  partial  fraction! 
is  considerable.  Any  convergent  can  be  found  by  this  method  of  reduction, 
without  the  help  of  the  prec^ling  conveigents. 

If  the  convergents  are  formed  consecutively  in  the  order  second,  third, 
fourth,  &c.,  the  second  being  found  by  the  rule  for  the  reduction  of  a  mixed 
quantity  to  an  improper  fraction,  the  third  can  be  obtuned  by  changing  h 

into  &+ -  in  both  terms  of  the  second  convergent,  and  making  the  necessary 

c 
In  the  same  manner  the  fourth  convergent  can  be  deduced  finom  the 

third  by  changing  c  into  c-f  ^  the  fiflh  firom  the  fourth  by  changing  d  into 

d-^-,  &c.    To  obtain  any  convergent  by  this  process  it  is  necessary  to  form 
all  the  preceding  convergents. 

If  the  first,  second,  and  third  converscnta  are  compared  it  is  found  that 
the  third  can  be  formed  from  the  second  and  first  by  multiplying  ab-^l  and 
&,  the  terms  of  the  second  by  c,  the  third  qjuotient,  and  adding  a  and  1,  the 
lerms  of  the  first,  to  the  products ;  and  if  the  second,  third,  and  fourth 
conveigents  are  compared  it  will  appear  tiiat  the  fburth  can  be  formed  from 
the  third  and  second  convergents  and  the  fourth  quotient  in  the  same 
manner. 

To  determine  whether  every  convergent  of  a  series  can  be  formed  in  this 
manner  from  the  two  prece<&ng  convergents,  and  the  quotient  of  the  same 

rank  with  itself,  let  tj,  ^/,  -.tt/  be  three  consecutive  convergents,  m  the  qn^ 

N"         1 
tient  of  the  same  rank  as  the  convergent  '^,  and  -  the  partial  fraction  whk^ 

follows  ~,  and  let  N''=N'm4-N,  D"=D'm-hD. 
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N"  1 

The  conyergent  which  follows  -^  is  formed  by  substitatiiig  nt-f--  for  m, 

in  the  terms  of  the  conrergent,  TF^n^m-i-D' 

Making  this  substitution,  and  denoting  the  new  convergent  by  vw ; 

D'''"~t>Xm-hl)-fD""  (D'mH-D)n+D'""D''n-fD'" 
Whence,  if  the  convergent-jy>  is  formed  by  this  law  from  the  convergents 

Ij,  jy,  and  the  quotient  m,  it  follows  that  the  conyergent  jy^T-  is  formed 

from  the  convergents  ^/,  -^77,  and  the  quotient  n,  by  the  same  law. 

Now  it  has  been  shown  that  the  third  convercent  is  formed  from  the  first 
and  second,  and  the  fourth  from  the  second  and  third,  by  it ;  therefore  the 
law  is  general.  Whence  the  (n — l)th  and  nth  convergents  of  a  series  and  the 
n-f*l  quotient  being  given  to  find  the  (»-|-l)th  convergent,  multiply  the 
terms  of  the  nth  convergent  hj  the  (n4-i)th  quotient,  and  to  the  products 
add  the  corresponding  terms  of  the  (n — l)th  convergent. 

In  applying  thb  rale,  it  is  convenient  to  arrange  all  the  quotients  a,  6,  c, 
...  in  a  horizontal  line,  and  to  place  under  them  the  corresponding  conver- 
gents as  they  are  formed.    If,  for  example,  the  continued  fraction  is 

ar=3-h-JL 

5+ 1 

the  arrangement  of  the  quotients  and  convergents  is  made  as  follows : 

quotients,  -    3,  5,    2,     7, 

3   16  35  261 
convergents,      -    j,  y,  jj,  -^. 

When  the  continued  fraction  is  not  terminated  (that  is,  when  it  k  prolonged 
indefinitely)  it  follows,  frt)m  the  law  of  formation  of  the  convergents,  that  the 
numerators  and  denominators  form  two  series  which  increase  to  infinity. 

196.  The  convergents  are  alternately  less  and  greater  than  z,  the  value  of 
the  continued  fraction. 

For  the  first  convergent  is  equal  to  a ;  and  as  the  fractional  part,  which  is 
added  to  a,  is  neglected,  a<z. 

The  second  convergent  is  equal  to  a-f-r ;  and  since  the  divisor  of  1  is  &,  a 

quantity  less  than  ft-f- ,  the  divisor  in  the  continued  fraction,  it  follows  that 

c 

the  second  convergent  is  greater  than  x. 

The  third  convergent  is  equal  to  a+ jjrrj  in  which  the  divisor  ^  +-  i« 

too  great ;  Uierefore  the  fraction  jrx  is  too  small,  therefore  a-h  jTT<ir. 

The  same  reasoning  may  be  continued  indefinitely. 

197.  The  difference  between  any  two  consecutive  convergents  is  equal  to 
t,  divided  by  the  product  of  the  denominators  of  die  two  convergents. 

Let  -^,  jy^  jy^  be  three  successive  convergents,  and  m  the  quotient  of 
the  same  rank  as  the  convergent  -^'-y  then  N"=N'to+N;  D''=D'f»-f  D. 
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„     N'    N     DN'-D'N 

But5>"-£j^= 557—       -         -       -    1 

"D'(D'm-hD)"     D'D''  -       -       -    2 

The  differences  1,  2  have  numerators  whick  are  equal,  bat  of  contrary 
signs,  and  denominators  which  are  the  products  of  the  denominators  of  tlie 
two  convergents  whose  difference  is  taken;  hence  the  numerator  (making 
abstraction  of  its  sign)  is  a  constant  number.    To  determine  this  constant 

from  the  aecond  convergent  ^,  subtract  the  firrt  p 

g^-f  1     a ab-{-l — ab 1 

b     ""I^     ixb     ^Txd' 

The  numerator  of  the  difference  of  any  two  consecutive  conTergeats  being 
constant,  and  that  of  the  difference  of  the  first  and  second  oonversents  being 
1,  it  follows  that  the  constant  di£[erence,  DN'— D'N,  D'N-^DN^+l,  md 

N'  n;_±i    n^  n"_  +1 


The  sign  of  the  numerator  of  the  difference*^  is  +  or  —,  according  as  la 
convergent  of  an  odd  rank  is  subtracted  from  a  convergent  of  an  even  rank 
or  the  contrary,  for  the  convergents  of  odd  rank  are  less,  and  the  convergents 
of  even  rank  greater,  than  the  value  of  the  continued  firactiom 

198.  Since  the  denominators  increase  to  infinity  it  is  evident  thai  it  is 
possible  to  assign  two  consecutive  convergents  whose  difference  shall  be  less 
than  any  assigned  number.  Wherefore,  as  two  consecutive  conveigents 
comprehend  l^tween  them  the  value  of  the  continued  fraction,  it  is  to  be 
concluded  that  a  convergent  can  be  found  whose  value  shall  di£fer  frt)m  that 
of  the  fraction  by  less  than  any  assigned  nimiber. 

For  example,  if  it  is  reauired  to  find  the  value  of  a  continued  firaction  to 
within  the  riAnrth  part  or  1 ;  the  calculation  of  the  convergents  must  be 
continued  till  the  product  of  the  denominators  of  the  last  but  one  and  the 
last  is  at  least  equal  to  1000 ;  then  the  last  convergent  but  one  has  the  degree 
of  approximation  required. 

199.  The  convergents  are  fractions  in  the  lowest  terms ;  for  if  a  conver- 

common  measure  of  N  and  D.  Whence  q  must  also  be  a  measure 
of  DN'— ND'  (Part  L  Art  104-106).  Now  this  is  impossible,  since 
1)N'-ND'=+1  (Art  197). 

900.  Each  convenient  is  a  nearer  approximation  to  the  true  value  of  the 
continued  fraction  than  the  preceding  convergent 

Let  j5^7=TQ^„  .  Tx  be  a  convergent  m  which  :ii  is  the  last  quotient 

employed ;  then,  if  the  complete  quotient  "*+-+»  &c.  is  denoted  by  y,  and 

y  is  substituted  for  m  in  the  expression  of  -07>,  it  is  evident  that  (enjoying 
x  to  denote  the  value  of  the  fraction) 
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N  •  N' 
Sttbtrftcting  each  of  the  oonyergents  g-,  rp  from  thia  value  of  x. 


The  numerators  (DN'— Niy)y,  ND'— DN'  of  these  diflferences  have 
eontraiy  signs  (Art.  4),  and  the  iJ>solute  value  of  DN'— ND'  or  ND'— DN' 
is  I  (Art.  197);  therefore 

*'"Er-D(DyfD) '  '""D'""D'(D'y-l-D)* 

But  since  y  is  a  complete  quotient,  and  D^  the  denominator  of  the  con- 
vergent which  comes  after  D,  y>l  and  D^>D. 

Therefore  D'(D'y+D)>D(D'y+D),  and   (making  abstraction  of  the 
•  ±y        .  4-1 

««">  t>(ir/+D)  >D'(D'y-f  D)- 

N'.  .      .  N 

Whence  ^  is  a  nearer  approximation  to  the  value  of  x  than  jx, 

IVom  this  property,  the  results  -tt,  ^/  receive  their  name,  convergents  or 
converging  fractions. 

201.  The  complete  quotient  y  is  comprehended  between  m  andm+1; 

therefore,  if,  in  the  denominator  of  the  difference,  t)Yt)'»4-DV  ^  ^  replaced 

bj  m  the  fraction  is  too  great,  and  if  y  is  replaced  by  m-f  1  the  fraction  is 
top  smalL    Consequently  (abstraction  being  made  of  the  sign  -|-) 

N'  1  N^  1 

*""D'<iy(iym-hD)  M^a«^--B>>D'(iym-f  D'+D)  • 

or  since  D'm-|-D=iy, 

N'     •!  _       N'  1 

11  N' 

57577*  jy /f)/^p//N  are  liyats  of  the  difference  «— jp 

The  first  (which  is  that  of  Art.  197)  shows  that  the  error  committed  by 
taking  any  conver^nt,  as  the  value  of  «,  is  less  than  1  divided  by  the  pro- 
duct of  the  denommators  of  that  and  the  following  convergent.  jUie  second 
shows  that  the  error  is  greater  than  1,  divided  by  the  product  of  the  denomi- 
nator of  that  convergent  into  the  sum  of  the  denominators  of  that  and  the 
following  convergent. 

202.  Every  convergent  approaches  x  more  nearly  than  any  fraction  whose 

denominator  is  less  than  that  of  the  convergent. 

N  N' 
Let  5*  5>  be  two  consecutive  convergents ;  and  let  it  be  supposed  that 

the  irreducible  fraction  g  is  nearer  x  than  57  is. 

Since  x  is  between  the  convergents  5*  57,  and  differs  less  from  «y  than 

N  .  .      w  N        N' 

from  TT,  therefore  by  the  supposition  ^  must  also  be  between  5  and  jj. 

Whence  (considering  only  the  absolute  values  of  the  differences) 

n    N    N'    N 

D«~Nrf       1 
^^  '  n'd     ^DD" 

E  E 
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Now  Dn— NJ  must  be  equal  at  least  to   1,  therefore,  in  order  Uiat 

— gT —  may  be  less  than  jvg''  *^®  denominator  Dd  must  be  greater  ihaa 
DD',  that  is  d  must  be  greater  than  D''.  Conseouendj  that  a  fraction 
2  may  be  nearer  in  value  to  x  than  the  convergent  ^,  it  is  necessary  that 

the  denominator  of  the  fraction  n  be  greater  than  the  denominator  of  the 

N' 
convergent  ^. 

203.  Every  periodic  continued  fraction  is  equal  to  one  of  the  roots  of  an 
equation  of  the  second  degree  with  rational  coefficients. 

Let  a,  6,  .  .  .be  the  quotients  which  form  the  non-periodic  part  of  the 
continued  fraction ;  and/>,  ^^  .  .  .  the  following  quotients  which  are  periodic. 
Then  making 

1  1 

it  is  evident  that  in  these  expressions  the  part^^H — -f ,  &c.  may  be  replaced 
by  y ;  or  that 

Considering  these  continued  fractions  to  terminate  witii  the  partial  &it- 
tion  -,  and  deducing  the  convergents  (Art.  Id6),  two  equations  of  the 
following  form  are  obtained. 

The  value  of  y  given  by  the  first  equation  is 

eubstituting  this  value  of  jf  in  the  second  equation,  and  reducing 

P-Qg  _R^(P-Qg)-hR((yar~PO 

Q';r-F'"  8'(P-<iO+S(Q'x-F)' 
which  is  an  equation  of  the  second  degree  in  x, 

204.  The  process  of  developing  any  quantity  x,  in  a  continued  fim^tion, 
consists  in  making  successively  x^za-^-^  x'=d-f  p,  x"=r:c-|-^  &c.,  a  being 

the  greatest  whole  number  contained  inx;  b,  the  greatest  whole  number 
ontained  in  x' ;  c,  the  greatest  whole  number  contiuned  in  x^%  &c. 

The  numbers  a,  6,  c,  &c.  being  found,  it  is  evident  that  if  x^,  ^r^'  are 
replaced  by  their  values,  the  required  development  is  obtained,  vis. 

x=a+^  1 

h-h  —  &c. 

c-t 

When  X  is  an  incommensurable  quantity  the  continued  fitu:tion  is  pro- 
longed indefinitely ;  for  otherwise  the  convergents  are  limited  in  number, 
and  the  last  is  an  exact  value  of  x.  Therefore  x  is  not  incommensurable. 
On  the  other  hand,  when  x  is  commensurable  the  continued  friK^on  always 
terminates.  ^ 
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N  .  •       . 

Let  it  be  required  to  convert  the  vulgar  fraction  ^=j^  into  a  continued 

firaction,  and  to  form  the  convergents. 
Dividing  ibrst  N  by  D,  denoting  the  quotient  by  Of  and  the  remainder  by 

Divitog  ne^D  by  R,  denotin|  the  ^quotient  by  b  and  the  remainder 
by  R' ;  g=*+ "ri  a^d  therefore  p= — g>. 

Dividing  agun  R  by  R^,  denoting  the  quotient  by  c  and  the  remainder 
by  R'' ;  r^^^^+rT"*  *^<i  therefore  j7-= — g??. 

Continuing  this'series  of  operations  (which  is  the  same  as  that  for  finding 
the  greatest  common  measure  of  N  and  D)  a  remainder  equal  to  zero  is 
necessarily  obtained;  since  the  successive  remainders  are  decreasing  whole 
numbers. 

R'  R''    1 

Supposing  therefore  that  m^dj  and  therefore  tFr=^ ; 

,^     N          R              1                  1  .1 

then  p=:a-f  jj=aH r>=«+ T    ~^  "*" 


*+R        *+?W       *+-! 


By  means  of  the  quotients  a,  b,  c,  &c.  the  convergents  are  calculated  as  in 
Article  195. 

Example.    Let  «=20929' 

The  quotients  are  found  in  the  following  manner : 

20929)86400(4 
83716 

2684)20929(7 
18788 


2141)2684(1 
2141 


543)2141(3 
1629 


512)543(1 
512 


31)512(16 
81 

202 
186 


16)31(1 
16 


15)16(1 
15 


1)15(15 
15 
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Consequently  the  continued  fraction  b 


7+. 


1+1 


»+i 


1+i 


16+1 


1+1 


The  quotients  being  4,  7,    1,     3,     1,       16,     1,        1,        15. 
_  4,  29  33   128   161  2704  2865  5569  86400 

The  conTergents  "^  i  y  T*  IT'  39 '  655^  "694 '  134?  20929- 

The  given  fraction,  which  is  expressed  by  large  numbers,  may  be  replaced 
by  one  of  these  convergents ;  then  it  is  certain  that  no  fraction  whose  terms 
are  expressed  by  smiUler  numbers  can  approach  so  nearly  in  value  to 

86400       V  J  A 

Q0929  **        assumed  convergent 

If  the  convergent  -qK-  is  taken,  the  error  committed  is  less  than  39x^^55 


or 


25545' 

Let  it  be  required  to  reduce  the  irrational  quantity  v^a'-f-l  (in  which  a 
is'any  whole  number)  to  a  continued  fraction* 

The  greatest  whole  number  contained  in  >v/a*-|- 1  being  a,  let 

1         1 

then  p=v^a«+l-^  and  «'=^^^i_^. 

Therefore  a:'=a-f  >v/a«-|-l. 
The  greatest  whole  number  contained  in  v^^+T  being  a,  the  integer  part 

of  the  value  of  x^  is  2a ;  let  the  irrational  part  be  denoted  by  -^    then   a/= 

1 


or  a-h^/fl^-f-l=:2a-hr7; 

X 

. '  .-!?/=  \/«* + 1 —a,  and  x^'=z- 


. « 


The  value  of  x'^  being  equal  to  the  value  of  x^,  it  follows  that  v^a'-f-l  is 
expressed  by  the  continued  periodic  fraction 

1 


V^a«+l=a-f 


=^+t+*<'- 


The  square  root  of  any  whole  number  which  is  not  an  exact  iiquare  can 
be  reduced  in  this  manner  to  a  continued  periodic  fraction. 

205.  A  property  of  convergents  may  be  employed  in  the  resolution  of 
indeterminate  equations  of  the  first  d^pree. 
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To  explain  the  manner,  let  it  be  required  to  resolve  in  whole  numbers  the 
indeterminate  equation 

ax-f"^=<?i      -  -  -  -     1> 

in  which  a,  ft,  c  are  whole  numbers ;  and  a,  b  prime  to  each  other. 

a  , 
Suppose  that  the  ratio  -r-  is  reduced  to  a  continued  fraction,  and  that  all 

the  convergents  are  calculated,  the  last  must  be  the  ratio  -r-  itself.    Sub* 

tracdng  from  -r-  the  last  conyergent  but  one  (which  may  be  denoted  by 

a'  \ 

p- j,  the  numerator  of  the  difference  is  ab'-^ha! ;  and  bj  Article  197, 

aft'— fta'=-f-l      -  -  -  -    2. 

Multipljing  the  terms  of  the  equality  STby  +<?, 

a  X  ±yc'\-h  X  -f-a'c=c. 
Whence  equation  1  is  satisfied  by  taking_ 

*=H-ft'c,  y=:-|-a'c. 
This  solution  being  known,  all  the  oUiers  are  giyen  by  the  formula 
(Art.  96),  _ 

t  being  any  whole  number. 

The  upper  or  lower  sign  is  to  be  taken  according  as  the  convergent  -^ 

is  of  the  even  or  the  odd  rank. 

Example.  Let  the  equation  2614?— 82y=  117  be  given  to  find  the  integer 
values  of  a?,  y. 

Reducing  go~  to  a  continued  fraction, 

the  quotients  are  3,      5,     2,      7, 

3      16    35     261 
and  the  convergents,  ^,   -^,   jj,   -^, 

Taking  the  numerator  of  the  difference  'go'''" iT»  *"^^  observing  that  -^ 

is  of  the  even  rank, 

ay— &a'=261  X  11— 82X35=+!. 
Multiplying  by  c=  117, 

261X11X117—82X35X117=117. 
Consequently  the  proposed  equation  is  satisfied  by  making 

a:=llx  117=1287,  v=35  x  1 17=4095  ; 
and  the  general  values  of  x  and  y  are 
ar=1287-h82<;  y=4095-h26U. 
If  1287  is  divided  by  82,  and  4095  by  261, 

1287=82x15+57,  4095=261x15+180. 
Whence,  as  /  is  any  whole  number  whatever,  the  general  values  can  be 
more  simply  expressed  by 

ari=57+82«,  y=180+261f. 
Examples.  It  is  required  to  reduce  the  following  expressions  to  continued 
fractions,  and  to  form  the  convergents. 

251 ,  .        r«,  .  1 

^? .....ilfW4  The  quotients  are  *^,  22,    1,      4,       2. 

.    ,   .  ,     1     22    23     114    251 

And  the  convergents, -J,   ~    ^   g-    — . 


1st. 


2d     ^^? 
^'    5537^ 


An»,  The  quotients  are  -o**    7,     1,     2,      4,  5,  1,         2. 

_L2.A??15?  i?§.  -5??  ^^^^ 

And  the  convergents,  g ,  22*  25*  72'  313'  1637'  1950»  5537' 

E  E  3 
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31415926535 

^^'    10000000000 

^iw.  The  quotients  are  3,   7,    15,     1,      292,  1,  1,      &c. 

3    22  333  355  103993  104348  208341 
And  the  convergents,  y,  y,  j^,  ^3,  33102 '  33215 '  66317 ' 

4th.  v^? ilw.  The  quoaenta  are  5,     3,     2,      3,       10,     &c 

5      16     37     127     1807   . 
And  the  convergenta,  y,    3-,  y,  -gj,   -5^,  «c. 

5th.  V3l  ?.........ilji*.  The  quotients  are  5,      1,     1,     3,      5,       3,    &c 

5       6      11     39    206    657   . 
And  the  convergents,  y,   y,   -^^   y,   -3^-,   jjg*  &c. 

6th.  V^? 

Ant.  The  quotients  are  6,      1,     2,     2,      2,       1,        12,  &c. 

^    ,   ^  6       7      20    47     114     161     2046 

And  the  couTergents,  y,   y,  -g-,   y»  -jy,   -^fy    305  * 


SECTION  X. 

OF  LOGARITHMS. 

206.  Let  -1-0 .  1  . 2  .  3  .  4  .    5    .    6    .     7     .     8     .      9      1 

%:  1  :  3  :  9  :  27  :  81  :  243  :  729  :  2187  :  6561  :  19683  : 2 

be  two  progressions,  the  first  arithmetical  and  beginning  with  0,  the  second 
geometrical  and  beginning  with  1.  If  any  terms  of  the  second  progression, 
27  and  243  for  example,  are  multiplied  together,  and  the  corresponding 
terms,  3  and  5,  of  the  first  progression  are  added  together,  the  product,  6561, 
of  the  terms  of  the  second,  and  the  sum,  8,  of  the  terms  of  the  first,  are  corre- 
sponding terms  of  the  two  progressions ;  and,  generally,  the  number  which 
expresses  the  product  of  anj  terms  of  the  geometrical  progression  and  the 
number  which  expresses  the  sum  of  the  corresponding  terms  of  the  arith- 
metical progression  are  corresponding  terms  of  the  two  series. 

Since  the  product  of  any  terms  of  the  second  series  is  obtained  by  forming 
the  sum  of  the  corresponding  terms  of  the  first  series,  and  taking,  in  the 
second  scries,  the  number  which  is  the  term  corresponding  to  that  sum,  it 
follows  that  the  multiplication  of  numbers  contained  in  the  second  series  is 
reducible  to  the  addition  of  numbers  contained  in  the  first  series. 

207.  Numbers  through  every  change  of  magnitude  may  be  considered  as 
the  terms  of  a  geometrical  progression ;  for  in  the  series 

-::  1  :  1+a  :  (l-h«)'  :  (1-f  a)'  :  (1-f  a)*  : 

if  a  is  supposed  a  very  small  quantity,  the  terms  increase  by  very  small 
increments  ;  and  since  a  may  be  diminished  indefinitely,  the  terms  may  be 
considered  in  this  case  to  vary  in  a  continuous  manner.  A  progresnon  in 
which  continuity  exists  cannot  indeed  be  written ;  but  the  understanding  is 
capable  of  conceiving  such  a  progression,  and  this  is  sufficient.  All  numbers 
greater  than  1  may  therefore  be  considered  as  comprised  in  the  geometrical 
precession. 

If  again  an  arithmetical  progression, 

-+•  0  .  /3( .  2/3  .  3/3  .  4.3 

is  taken,  the  terms  of  which  begin  from  0  and  increase  by  very  small  diffe- 
rences, and  the  terms  of  this  series  are  considered  in  connexion  with  the 
terms  of  the  geometrical  prc^gression,  the  former  are  called  the  logarithms  of 
the  latter. 
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Wheace,  the  lo^^arithms  of  numbers  are  the  terms  of  an  arithmetical  pro- 
gression commencmg  with  0,  which  correspond  to  other  numbers  considered 
as  forming  the  terms  of  a  geometrical  progression  which  commences  with  1 . 

No  logarithms  appear  to  be  assigned  by  this  definition  to  numbers  less 
than  1.  In  order,  nowever,  that  the  geometrical  |)rogres8ion  may  include 
such  numbers^  it  is  sufficient  to  conceive  the  progression  prolonged  below  1. 
This  is  accomplished  by  dividing  1  by  the  successive  powers  of  the  ratio 

If  the  geometrical  progression  is  decreasing,  as, 

--....(!+«)«  :I-f.a:l:j^:.... 
the  corresponding  terms  of  the  arithmetical  prog^ssion, 

are  obtained  by  subtracting  the  ratio  /3  from  each  term  to  form  the  suc- 
ceeding term.  When  from  /i  (which  is  the  term  corresponding  to  1  -fa)  /3  is 
subtracted,  the  remainder,  which  is  the  term  corresponding  to  1,  is  0.    The 

next  term  of  the  geometrical  progression  is  t-^  or  (1-f-a)"*,  and  the  cor- 
responding term  of  the  arithmetical  progression  is  0 — /3  or  — /3. 

The  corresponding  terms  of  the  decreasing  progressions  are, 

-+-0  .  — /3   .    — 2.i3     .     —3)3 

J_  1  1 

••^  =  l-fa-(l-ha)«-(l+a)3- 

Negative  terms,  therefore,  being  employed,  the  arithmetical  progression  is 
made  to  descend  below  zero ;  and  these  negative  terms  are  the  logarithms  of 
numbers  less  than  1. 

K  the  descending  terms  are  written  on  the  1^  the  two  series  may  be 
exhibited  thus, 

-H  .  .  .  — 3j3       .  —2/3      .    — /3       . 0  .     /3     .      2j3       .     3/3     ....     3 

and  the  first  gives  the  logarithms  of  the  corresponding  terms  of  the  second. 
It  is  an  essential  condition  in  the  definition  of  logariUims  that  the  terms  1 
and  0  must  always  correspond  to  each  other;  in  other  words  that  the 
log^thm  of  1  must  be  0. 

Trhe  ascending  part  of  both  the  series  3,  4,  augments  to  infinity ;  but  in  4 
the  descending  part  tends  indefinitely  towards  zero,  while  in  3  it  augments 
to  negative  infinity.    Therefore  log.  oc=  oc  ;  and  log.  0= —  oc. 

It  appears  from  a  comparison  of  the  series  3,  4,  that  if  any  number,  n,  is 
situated  at  a  certain  distance  from  I  in  the  ascending  part  of  4,  the  number 

--  ought  to  occupy  the  same  rank  in  the  descending  part.  Therefore  this 
last  number  has  the  same  logarithm,  but  taken  negatively ;  that  is, 

log.  -=— log.  n. 

208.  The  fundamental  property  of  logarithms  is  this.  The  logarithm  of 
a  product  is  equal  to  the  sum  of  the  logarithms  of  the  factors  of  that 
product. 

To  give  a  general  demonstration  of  this  theorem, 

1st.  Let  Ojhhe  two  numbers  in  the  ascending  part  of  progression  4 ;  for 
example,  let 


a=(14-«)*;  b-Q-^ay. 
iZ>=(l-|-a)2x 


Then  aZ>=(H-a)2x(l-hay=(l-fa)5+V 

Now,  in  progression  3,  the  logarithms  of  a,  5,  are  2/3,  5/3 ; 
therefore,  log.  a+log.  6=2/3-|-5^=(5+2)/3. 

But  (5+2)/3  or  7^  is  the  logarithm  of  (1-f  a)5+«  or  (l+a)^• 

therefore,  log.  a*=log.  a -j- log,.  6. 
E  £  4 
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2d.  Let  a  be  in  die  descendmg  pwi,  6  in  t^  nsoendiiig  pari  of 
snd  b  more  remote  than  a  from  the  term  1. 

Suppose  a=  (j^^ ;  *=(1  +«)* ; 

then  «*=(i:p^.X(l+a)^^}±^= 

But  log.  a=— 2,3;  log.  6=5/3;  therefore  log.  <i+log.  J=(5— 2)^. 

Whence,  as  (5—213  is  evidently  the  logarithm  of  (1  +a)^~',  it  is  oondvded 
again  that  log.  od^log.  a+log.  b, 

3d.  Let  a  be  in  the  descending  part,  b  in  the  ascending  part  of  series  4, 
b  being  nearer  than  a  to  the  term  1. 

Suppose  a=.^^  v5 ;  i=(l  +n)« ; 

then  a*=(-nf:i)-5  X  (l+a)'=(Yq::;53=(i+^)5-*. 
But  log.  ass— 5^;    log.  &=?,3;   therefore  log.   a+log.  6=— (5--2)A 

which  is  the  lag.  of  >,  .    n5_£. 

Whence  log.  a5=log.  a+log.  b. 
4th.  Let  a,  6,  be  both  in  the  descending  part  of  series  4. 

Suppose  a=(i^« ;  *=(h:^*  ? 

,        ^         1  1 1_ 

then  aft=^jq:^8  X  (j:f^-(i^^^6.«. 

In  this  case  log.  0=— 23 ;  log.  5=— 5/3.  Consequently  log.  a+log.  6= 
— (2+5)/3,  which  is  the  log.  of  the  product  ab  \  therefore  log.  a6=log.  a+ 
log.  b. 

The  equality  log.  a5s=log.  a+log.  b  being  true  in  all  cases  if  ft  is  changed 
into  be, 

log.  (aXftc)=log.  <i+log.  be. 

But  log.  (aXftc)=loff.  oftc,  and  log.  ftc=loff.  fr+loff.  «; 

Uierefore,  log.  a6c=log.  a -flog,  ft + log  c. 

This  process  may  be  extended  to  any  number  of  factors. 

Wherefore  log.  abed .  .  .  .=log.  a-flog.  ft+log.  c+log.  d-f*  .... 

209.  Let  g^Tt  and  therefore  bq^:^a. 

Then  (Art.  208)  log.  ft+log.  9=log.  a ; 
and  transposing,  log.  Q'^log.  a— log.  ft. 

Whence  the  lo^.  of  a  quotient  is  eqiud  to  the  log.  of  the  dividend  less 
the  log.  of  the  divisor. 

210.  If  a  product  is  composed  of  n  factors,  each  equal  to  a, 

axaxax  ....  to  n  factors  =a"; 
.'.log.  (aXaXaX  ....  to  n  factors)  =log.  d". 

But  log.  (axaXax  ....  to  n  factors)  =2log.  a+log.  a+log.  o  ....  to  a 
repetitions  =»  log.  a. 

Therefore  log.  (t=^n  log.  a. 

To  extend  this  formula  to  fractional  exponents,  let  ';r=a  "; 
.  * .  sif*=-€r ;  log.  2"=log.  oT ;  n  log.  x=m  log.  a ; 

and  log.  «=~  log.  a. 

If  a  is  affected  with  a  negative  exponent,  as  or", 

Let  jr=tf-"=-j;.    .; .  xrf'=l ;  and  log.  («i")=log.  1=0. 
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But  log.  (dKr)=:log.  x+log.  oTsslog.  ar-l-n  log.a. 

rherefore  log.  x+n  log.  a=0,  and  log.  a?=— n  log.  a. 
Consequently,  log.  <r"":= — n  log.  a. 
Whence  the  logarithm  of  any  power  whatever  of  a  number  is  equal  to 
the  product  of  the  logarithm  of  tne  number  by  the  exponent  of  the  power. 

211.  Let  r^^Qy  and  therefore  r^=a. 

Then,  by  Article  210,  n  log.  r=log.  a. 

Dividing  by  n,  log.  r=— -^— . 

Whence  log.  r=log.  (V^=-^^. 

Wherefore  the  logarithm  of  the  root  of  a  number  is  obtained  by  dividing 
the  logarithm  of  the  number  by  the  index  of  the  root. 

212.  In  the  geometrical  series  -ff  1  :  1+a  :  (1-f  a)*  :  (l-fa)',  &c.,  a  may 
be  assumed  so  small  that  the  difference  of  any  two  consecutive  terms  shall 
be  less  than  any  assigned  number.  Then,  as  1  +a  is  greater  than  1,  and  the 
series  may  be  indefinitely  prolonged,  it  is  evident  that  each  term  is  greater 
than  the  preceding,  and  that  a  term  may  be  found  which  shall  exceed  any 
given  number. 

Since  the  series  can  be  prolonged  until  a  term  greater  than  2  is  found, 
then  either  one  of  the  terms  must  be  equal  to  2,  or  2  must  fall  between 
two  consecutive  terms.  The  difference  of  these  terms  being  less  than  any 
assigned  number,  and  the  difference  between  2  and  either  term  being  less  than 
the  difference  of  the  two  terms,  either  term  may  be  considered  equal  to  2. 

Li  the  same  manner  it  can  be  made  to  appear  that  other  terms  of  the  series 
are  either  equal  exactly  to  3,  4,  5  ...  or  differ  from  them  by  less  thim 
any  assigned  numbers.  Consequently  certain  terms  of  the  series  are  eqtial 
respectively  to  the  numbers  2,  3,  4,  5,  ...  10,  .. .  100, . . .  1000,  &c. 

An  arithmetical  series  -hO  .  /3  .  2/3 .  3/3 .  4^*3 ... .  whose  ratio  /3  is  a  very 
small  quantity,  beins  connected  with  the  preceding  geometrical  series  by 
the  conditions  that  we  terms  0  and  1  shall  correspond,  and  that  the  expo- 
nent of  any  terms  of  the  geometrical  and  the  coefficient  of  the  correspond- 
ing term  of  the  arithmetical  series  shall  be  the  same  number,  the  terms  of 
the  arithmetical  series  corresponding  to  those  terms  of  the  geometrical 
series  which  are  considered  equal  to  uie  numbers  2,  3,  4, .  . .  are  the  loga- 
rithms of  the  numbers  2,  3,  4,  ... . 

213.  Another  condition  may  be  imposed  on  the  series,  viz.,  that  between 
the  simultaneous  increments  of  1  and  0,  the  first  terms  of  the  geometrical 
and  arithmetical  series,  an  arbitrary  ratio  must  subsist ;  as,  for  example, 
that  the  one  increment  shall  be  equal  to  M  times  the  other. 

Then,  if  the  increment  of  the  term  1  of  the  geometrical  series  is  denoted 
hj  w,  that  of  the  term  0  of  the  arithmetical  series  b  Af  w,  and  the  progres- 
sions become, 

-H-l  :  l-fo;:  (l-f-*')«:(14-«)':     -  -  -    1, 

-H  0  .    Mia  2Muf     .     ZAfia     .       -  -  -     2. 

According  as  different  particular  values  are  given  to  My  different  systems 
of  logarithms  are  formed. 

The  ratio  M  is  termed  the  modulus  of  the  S3r8tem  of  logarithms. 
Assuming  3/ =1,  the  second  of  the  preceding  series  becomes, 

-H  0  •  w .  2tu .  3«ii     -        -         -  -  -        -    3. 

By  means  of  the  hypothesis  ilf=l,  the  multiplications  by  ilf  are  avoided. 
In  the  system  published  by  Napier,  the  inventor  of  logarithms,  Jlf=l.  To 
chanse  the  series  3  into  2,  it  is  only  necessary  to  multiply  the  terms  of  3  by 
M,  Wherefore,  to  change  the  loguitfams  of  Xapier  into  logarithms  of  any 
other  system,  it  is  sufficient  to  mmtiply  Napier*s  logarithms  by  the  modulus 
of  that  other  system. 
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214.  A  system  is  rendered  determmste  by  fixing,  arbitrarily,  tbe  nmnber 
to  which  a  particular  logarithm  is  to  correspond ;  as,  for  example,  by 
assigning  the  number  whose  logarithm  shall  be  1. 

In  every  system  the  number  whose  logarithm  is  1  is  called  the  base  of  that 
system. 

In  Napier*s  systeuL,  the  base  or  number  whose  logarithm  is  1  is 
2*718281828.  The  base  of  the  system  of  the  common  tabular  logarithms 
is  10. 

Let  Napier*s  logarithm  of  the  number  a  be  denoted  by  Z  a ; 
and  the  logarithm  of  a  in  any  other  system  by  Log.  a ; 

then  MX  La=  log.  a,  and,  therefore,  mJ^. 

Whence  the  modulus  of  any  system  of  logarithms  is  obtained  by  dividing 
the  logarithm  of  any  number  a  in  that  system  by  Kapier's  logaritnm  of  the 
number  a. 

Therefore  the  logarithms  of  Napier  being  given,  if  the  logarithm  of  one 
number  in  any  other  system  is  known,  the  modulus,  and  by  consequence 
the  logarithms  also,  of  taat  system  can  be  found. 

Since  the  logarithm  of  the  base  of  every  system  is  1,  if  the  base  of  any 
system  is  denoted  by  a,  the  formula, 

M^—f^  becomes  Jtf=x—  * 

Consequently  the  modulus  of  any  system  is  equal  to  the  reciprocal  of 
Napier*s  logarithm  of  llie  base  of  that  system.    Napier*s  log.  of  10  beang 

2*302585092,  2^02585092  ^^  "434294481  is  the  modulus  of  the  common 

tabular  logarithms.    The  tabular  logarithm  of  any  number  can  consequently 
be  obtained  by  multiplying  Napier*s  log.  of  that  number  by  '434294481. 

215.  In  the  system  whose  base  is  10,  the  logarithms  of  10,  100,  1000,  && 
are  1,  2,  3,  &c.,  and,  in  general,  the  log.  of  10^*==m. 

Of  numbers  falling  between     1  and      10,  the  logs,  fall  between  0  and  1, 

10  and    100         -  -         -     1  and  2, 

100  and  1000         -  -  -    S  and  3, 

«  •  •  •  •  •  • 

The  integer  part  of  a  logarithm  is  named  the  characteristic,  and  the  decimal 
part  the  mantissa. 

It  may,  therefore,  be  concluded  that  in  this  system  the  characteristic  of 
the  log.  of  a  number  contains  as  many  repetitions  of  1,  less  one,  as  the 
number  contains  figures. 

If  a  number  is  multiplied  by  10, 100,  1000,  ...  its  log.  is  augmented  by 
1,  2,  3,  .  .  .  and  if  a  number  is  divided  by  10,  100,  1000,  ...  its  logarithm 
is  diminished  by  1,  2,  3  .  .  .  Therefore,  if  a  number  is  multiplied  or  divided 
by  a  power  of  10,  so  long  as  the  result  is  greater  than  1  the  mantissa  is 
constant,  and  the  characteristic  only  varies. 

Taking  the  number  658,  the  log  of  which  is  2*818226, 
Log.  (658  X 10)=  log.  658+ log.  10=2*81 8226 -f- 1=3*818226. 
Log.  (658X  100)  =  log.658  +  log.lOO=2*818226-f  2=4*818226. 
Log.  (658  X 1000)=  log. 658-f  log.  1000=2-818226+3=5*818226. 

Log.  (658-HlO  or  65*8)=  log.  658— log.  10=2-818226—1=1*818226. 
Log.  (658-4-100  or  6*58)=log.658— log.  100=2*818226—2=0*818226. 
Log.(658-i.l000or*658)=log.658—log.l000=2*818226—3=— 0*181774. 
Log.(658-«-10000or0658)=log.658—log.l0000=2*818226—4=— 1*181774. 

•  *  .  .  •  a  a 

From  these  instances  it  appears  that  when  the  divisor  is  a  power  of  10, 
and  the  result  of  the  division  is  less  than  1,  the  log.  becomes  n^ative,  and 
all  the  figures  are  changed.  In  this  case,  instead  of  subtracting  the  whole 
log.  of  the  dividend  firom  the  log.  of  the  divisor  and  afiecting  the  remainder 
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with  the  sign  — ,  it  is  usual  to  subtract  only  the  characteristic  of  the  log.  of 
the  dividend  from  the  log.  of  the  divisor,  and  to  consider  the  remainder  as  a 
negative  characteristic.  The  negative  sign  is  not  prefixed  to,  but  placed 
oyer,  the  characteristic,  thus,  _ 

2-818226— 3  is  written  1-818226; 

2-818226—4     -        -    2-818226; 
expressions   which    are  to  be  considered   as  abbreviations,   the  first   of 
0-818226— 1  or  of  —1-f 0818226,  and  the  second  of  0-818226—2  or  of 
— 24-0'818226. 

By  admitting,  in  this  manner,  logarithms  whose  characteristics  alone  are 
negative,  it  becomes  permissible  to  say  that.,  a  decimal  number  .being  given, 
the  place  of  the  decimal  point  may  be  changed  at  pleasure  without  change  of 
the  decimal  part  of  the  logarithm. 

216.  In  the  system  whose  base  is  10,  the  logarithms  of  the  series  of  whole 
numbers,  from  1  to  10000,  for  example,  may  be  computed  in  the  following 
manner. 

Since  1  and  10  are  two  terms  of  the  geometrical  progression,  and  0,  1  the 
corresponding  terms  of  the  arithmetical  progression,  if  a  great  number  of 
geometrical  means  is  inserted  between  1  and  10,  and  the  same  number  of 
arithmetical  means  between  0  and  1,  and  the  two  progressions  are  extended 
until  the  first  reaches  10000 ;  then  certain  terms  of  the  first  progression 
differ  fi-om  the  numbers  2,  3,  4,  ....  by  less  than  any  assigned  number 
(Art.  212). 

The  corresponding  terms  of  the  second  progression  differ  from  the  loga« 
rithms  of  these  numbers  by  less  than  any  assigned  number.  For,  let  N 
be  a  whole  number  which  falls  between  two  terms  n,  fi'  of  the  geometrical 
profession,  and  let  the  corresponding  terms  of  the  arithmetical  progression 
or  uie  logarithms  of  n,  n''  be  /,  ^ ;  then  if  the  number  of  geometrical  and 
arithmetical  means  is  more  and  more  augmented,  the  terms  of  the  two  pro- 
gressions are  made  nearly  to  increase  continuously;  and  the  number  N 
lallinff  between  n,  it'  is  found  to  have  a  corresponoing  term  L  between  / 
and  f. 

Now,  since  L  falls  between  I  and  r,  L^lKl'-^l  and  r— Z<r— /;  there- 
fore the  error  committed  by  taking  either  /  or  ^  for  the  logarithm  of  N  is 
less  than  the  difference  V — /,  which  can  be  rendered  less  than  any  assigned 
number. 

If  the  ratio  of  the  arithmetical  progression  is  Jqqqqqqj  ''—'^^iooOOOO 

=-000001  ;  and  the  progression  gives  logarithms  with  six  correct  decimal 
figures.  That  a  geometrical  progression  may  correspond  with  an  arithmetical 
possessing  this  degree  of  accuracy,  10  must  have  1000000  terms  before  it. 
To  obtain  the  ratio  of  this  progression  it  is  necessary  ta  extract  the  1000000th 
root  of  10.  Since  1000000=10^=26  x  5«,  the  extraction  of  the  millionth  root 
may  be  afiected  by  repeated  extractions  of  the  2d  and  5th  roots. 

217.  There  is,  however,  a  method  of  calculating  logarithms  without 
extracting  a  higher  root  than  the  second. 

Let  n  be  the  number  whose  logarithm  is  to  be  computed,  n  being  between 

1  and  10.  

The  geometrical  mean  between  1  and  10=  v/l  x  10,  let  this  be  denoted  by 

A ;  the  arithmetical  mean  between  0  and  1=— ^=~,  let  this  be  denoted  by 

a.  Suppose  that  n  falls  between  1  and  A,  let  the  geometrical  mean  between 
1  and  A=B,  and  the  arithmetical  mean  between  0  and  a=5.  Suppose  next 
that  n  falls  between  A  and  B,  find  C,  the  geometrical  mean  between  A,  B, 
and  c,  the  arithmetical  mean  between  a,  b. 

This  series  of  operations  being  continued  until  n  is  contained  between  two 
geometrical  means,  to  which  correspond  two  arithmetical  means,  of  which  the 
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first  six  decimals  are  the  same,  it  is  certain  that  one  of  these  means  is  the 
logarithm  of  n  with  the  degree  of  approximation  required. 

To  attain  the  maximum  of  approxmuttion  with  six  dernmals  it  is  necessarr 
to  calculate  the  seventh  decimal  figure,  and  in  the  case  in  whioh  the  seventa 
figure  is  6  or  greater  than  5  to  add  1  to  the  sixth  decimal  figure  of  the  loga- 
rithm ;  by  this  means  the  error  in  excess  or  defect  is  rende^d  less  than  the 
half  of  one  millionth  part  of  1. 

The  logarithms  ot  prime  numbers  need  alone  to  be  computed,  for  the 
logarithms  of  other  nimibers  are  obtained  by  adding  together  the  logarithms 
of  the  prime  factors  of  which  these  numbers  are  composed. 

The  error  in  the  logarithm  of  a  composite  number  majr  by  these  additions 
be  increased  to  more  than  the  half  of  one  millionth.  It  is,  nowerer,  easy  to 
fix  the  maximum  of  error  which  can  be  produced  by  this  means. 

In  the  present  hypothesis  the  highest  number  in  the  tables  is  10000; 
now  the  least  prime  number  is  2,  and  2^''=  131072;  therefore  a  number 
which  is  less  than  10000,  being  less  than  2^'',  cannot  have  more  than  seren- 
teen  factors,  consequently  the  error  of  each  logarithm  bdi^  less  than  the 
half  of  one  millionth  of  1,  the  sum  of  the  errors,  eren  when  they  are  either 
all  in  excess  or  all  in  defect,  must  be  less  than  seventeen  half  miuiondis. 

By  calculating  the  logarithms  of  the  prime  numbers  to  eight  decimal 
figures  the  maxunum  of  error  in  the  logarithm  of  the  greatest  composite 
number  in  the  tables  cannot  exceed  two  units  of  the  seventh  order  of  deci- 
mals, and  consequently  it  must  be  less  than  one  unit  of  the  sixth  order. 

218.  When  systems  of  logarithms  are  determined  by  their  bases  the 
transition  from  one  system  to  another  is  ea^ ;  for,  denotii^  by  a  a  very 
small  quantity,  the  series  of  numbers  is  given  bjrthe  geometrical  progresiiofi 
-rf  1  :  1+a  :  (1-f  a)*  :  (1-f  a)^  &c.;  and  supposing  /3  and  y  to  be  abo  very 
small  quantities,  the  logaritmns  of  the  two  svstems  which  are  compared  may 
be  taken  respectively  in  the  two  arithmetical  progressions : 

•4-0  .  j3  .  2a3  .  3,3  .  4^3  .  .  .  . 

-hO  .  7  .  2/  .  3/  .  4/  .  •  .  . 
It  is  evident  that  the  Warithms  of  the  same  number  in  the  second  system 
and  in  the  first  have  to  eacn  other  a  constant  ratio,  so  that  denoting  by  x',  x 
the  two  logarithms,  and  by  K  the  constant  ratio^ 

With  respect  to  the  ratio  K,  to  obtain  it  it  is  sufficient  that  the  logarithms 
of  a  single  number  are  known  in  the  two  systems.  Now  in  the  first  system 
the  logarithm  of  the  base  in  the  second  is  supposed  to  be  known,  and  in  the 
second  system  the  logarithm  of  its  own  base  is  1 ;  making,  therefore,  a^  the 
second  base,  and  denoting  by  logarithm  of  the  logarithm  of  the  secood  base 
in  the  first  system, 

1=K  log.  a',  and  K=i^;-^. 

219.  Resuming  the  two  progressions : 

-*-...    — 3j3     .    —23    .    — /3  . 0  .       P      .      2/3      .       3.3      . . . . ; 
if  ff,  /3^are  indefinitely  small  quantities  the  terms  of  the  progressions  may  be 
considered  to  vary  continuously,  and  consequently  the  second  series  must 
contain  a  multiple  of  /3,  which  is  equal  to  1.    Letfi/3  be  this  multiple,  and 
let  the  corresponding  term  of  the  first  series  be  equal  to  a, 

then  simultaneously  /a/3=  1,(1+ aY^=^a. 

1  1 

Wherefore /3=-,  and  1-|- 0=0^=0*; 

.-.  (l-h«)«=a«^,  (H-«)»=i|S^  &c.; 
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Making  these  substitutions  the  two  progressions  become, 

^  .  .  .  —3)3  .  —2/3  .  — /3  .  0  .  /3  .  2/3  .  3)3 ; 

ivoin  the  comparison  of  which  it  is  eyident  that  if  any  term  of  the  second 
progression  is  denoted  by  x  and  the  corresponding  term  of  the  first  progres- 
sion by  y^  the  relation  ysa'  must  subsist  between  these  terms. 

The  logarithms  of  numbers  may  hence  be  defined  as  the  exponents  of  the 
powers  to  which  it  is  necessary  to  raise  a  constant  quantity  (called  Base)  in 
order  to  deduce  from  it  all  these  numbers. 

In  adopting  this  definition  it  is  to  be  imderstood  that  the  base  is  a  real  and 
positive  quantity.  Under  this  limitation  the  base  may  be  any  number 
dififerent  m>m  1. 

To  establish  this  proposition^  it  is  necessary  to  prove  that  if  in  the  expo- 
nential equation,  y^a*,  all  possible  values,  negative  as  well  as  positive,  are 
given  to  Uie  exponent  x,  the  corresponding  vahies  of  y^will  comprehend  all 
the  numbers  continuously  between  zero  and  infinity. 

1st.  Let  a  be  grea1;er  than  1.  If  to  ar  are  given  positive  and  increasing 
values  (be^nning  from  zero)  such  as  jq,  j^,  &c.,  then, 

y=aO,  a^,  a^,  aA  •  •  • 

or  making  Vti^^af^ 

y=l,  a',  o^,  a'', 

€^  being  a  ouantity  greater  than  1,  this  series  increases  to  infinity ;  and  it  is 
further  eviaent  tiiat  if  x  is  made  to  increase  by  very  small  increments  the 
consecutive  values  of  y  may  be  made  to  differ  m)m  each  other  by  less  than 
any  given  number. 

Making  a:=— z,  y=a~'=^.' 

It  has  been  proved  that  if  is  is  made  to  pass  through  all  positive  values, 
beginning  from  0,  a*  increases  continuously  from  1  to  oc ,  therefore  the  quo- 
tient — ;  must  decrease  firom  1  to  0 ;  whence  it  is  inferred  that  the  negative 

values  of  x  between  0  and  —  oc  make  y  to  take  all  descending  values  firom 
1  toa 

2d.  Let  a<  1,  and  make  a=^-^ ;  then  y=i7i- 

Since  a<  1,  a^>l,  therefore  according  as  x  is  made  to  increase  positively 
or  negatively  a^'  will  increase  fr^m  1  to  oc  or  decrease  from  1  to  0,  and 
consequently  y  will  decrease  firom  1  to  0  or  increase  firom  1  to  oc  . 

It  is  to  be  concluded,  therefore,  that  every  number  except  1  may  be  taken 
for  the  base  of  a  system  of  logarithms. 

The  preceding  discussion  also  shows, 

1st.  That  in  every  system  of  logarithms  the  logarithm  of  1  is  0  and  the 
logarithm  of  the  base  is  1. 

2d.  That  in  systems  whose  base  is  greater  than  1,  log.  oc=  oc  and 
log.  0=—  oc. 

3d.  That  in  systems  whose  base  is  less  than  1,  log.  oc=—  oc  and 
log.  0=  oc . 

220.  By  the  second  definition  of  logarithms  (Art.  219),  the  properties  of 
logarithms  are  derived  immediately  from  those  of  exponents. 

For  if  y,  y',  y'',  .  .  are  numbers,  and  x,  x'  x'' . .  the  logarithms  of  these 
numbers,  by  the  definition  y=a'y  y^=a"»  y''=a"' ... 
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And  bj  the  rules  for  the  calculus  of  exponents, 

yyy =0'^'^'' .  . .  =ra-+-'+"'+ ; 

But  by  the  definition  (Art.  219),  the  exponents  of  a  in  the  expressions 
^+ «/4  *//. .  .^  ci*-«'j  flf^j  a" ,  are  the  logarithms  of  y^jf^f'  •  •  •  i  ^  y*»  Vjr  re- 
spectively; whence,  as  has  been  already  proved  (Art.  208 — ^211),  the 
logarithm  of  a  product  is  equal  to  the  sum  of  tne  logarithms  of  the  factors  of 
that  product ;  the  logarithm  of  a  quotient  is  eqim  to  the  excess  of  the 
logarithm  of  the  dividend  over  the  logarithm  of  the  divisor ;  the  logarithm 
of  a  power  is  equal  to  the  product  of  the  logarithm  of  the  root  by  the  ex- 
ponent of  the  power ;  and  the  logarithm  of  a  root  is  equal  to  the  quotient 
of  the  logarithm  of  the  power  by  the  index  of  the  root. 

221.  Let  it  be  required  to  calculate  the  logarithm  of  a  given  number  h  in 
the  system  whose  base  is  a  given  number  a. 

This  problem  involves  the  resolution  of  the  equation  a'=5,  in  which  the 
unknown  quantity  is  an  exponent. 

To  resolve  it.  Suppose  that  the  numbers  a,  h  are  both  greater  than  1 ;  by 
giving  to  X  the  values  0,  1,  2,  3,  &c.  two  powers  of  a,  which  may  be  repre- 
sented by  a"  and  a"'^^  can  be  found  between  which  h  is  comprehended ;  then 
X  is  between  n  and  n-f-  !• 

Making  x=n+-7,  the  equation  af^sft  becomes 

1 
a"+7=&,  and  therefore 

h 
To  abridge  the  expression  make  2p=tf ;  then, 

€l'^=-c ;  and  therefore  c^=a. 

In  this  expression  c>l  andc<<i,  for  ft>a"  and  h<(f^^^  consequently  in 
forming  the  powers  c\  c%  c'  . .  .  .  it  is  found  that  a  is  comprehended  between 
two  consecutive  powers  c^  and  c^+\  and  that  vf  is  therefore  between  ti 
and  n'+l, 

Making  xf^nf-^-p^ 

i  *      a 

c»'+«*  sr:a,  and^therefore  c*^=^. 

a  » 

Again,  making  -^=s£{^c~^=:(/; 

and  therefore  e^^". 

Operatinff  in  the  same  manner  on  this  equation,  it  is  found  between  what 
whole  numbers  n'^  and  n^'+l,  x^'  is  compi>ehended ;  thendr'^bdng  made 

equal  to  it'^-f  p??)  the  pro9ess  may  be  repeated  as  often  as  necessary. 
The  results  obtained  are  of  the  form, 

x=n-fp,«'=n'+p?,   x"=n"+p??,  &c.  ^ 
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Consequentlj  the  value  of  x  may  be  expressed  by  the  continued  fraction, 


n'''-h,  &c. 

From  the  theory  of  continued  fractions  it  is  known  that  the  greater  the 
number  of  terms  taken  the  more  exact  the  approximation,  and  that  the 
error  may  be  rendered  less  than  any  assigned  number. 

CaLCXTLATION  of   Tfi£   LOGABITHM  OP  A  NUHBER. 

Let  a=10,  &=2 ;  therefore  a'=&  becomes  10'=2,  and  x  is  the  logarithm 
of  2  in  the  system  whose  base  is  10. 

Since  log.  1=0,  and  log.  10=1,  x  falls  between  0  and  1. 

1         1  

Making  x=--,    10^=2  and  10=2-. 

Now  2^=8  and  2^=16,  therefore  the  value  of  a  is  greater  than  3  and 

less  than  4. 

10     2^x2^ 
Let  a=3-f ^  .'.  10=25x2^  and  -3=     ^3      or  125=2^; 

1 

'''^=sVp      -        -.        -         -         1. 

Next,  to  satisfy  the  equality  1*25=2^,  it  is  necessary  that  ^<1,  let 

1  i  

t=-;  .•.  1-25=2^  or  l-25»'=2. 

r 

Substituting  successively  3  and  4  for  y,  1'25^<2  and  1*25^  > 2. 

AVhence  the  value  of  y  falls  between  3  and  4 ;  let  7=3+^- 

1*25^x1*25'         2 
.-.  l*25»x  1*25'=2,  and ^^ — ~T255  ^'  1-25'=1*024. 

Beplacing  /3  in  the  expression  x^^-^jrh  by  "'=3X31 

1 
1 


3+ 


34-5        -  -  -        2. 


In  the  same  manner  in  the  equality  1*25'=  1*024,^  is  fractional  or  of 

the  form -7-;  whence  1*25=1  •024';   e=9+^  and  1  0249  X  1024^=1*25    or 
1-024^=  1-0097. 

Replacing  d  in  equation  2  by  -:=:- — 

1 


3+. 


34-  -^ -  ■  3. 

9+? 


Similarly  the  equality  1*024'=  1*0097,  by  the  substitution  of  -  for  ?,  gives 
1*024=1*0097';  from  which  are  obtained  i|=2+0  and  1  0097*=  1*0044. 
The  equality  1'0097*=1*0044,  by  the  substitution  of  j^  for  e,  gives  1*0097= 
1*0044\  X=2+M  and  1*0044^=  1*00087. 

And  the  equality  1*0044'*=  1*00087,  by  the  substitution  of  -  for  ft,  gives 
v=5+«;  1*00087-=1*000042;  whence 
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8-f 


8-h 


9^. 


2-j-. 


2+ 


5-f 


The  quotients  being  r  .  3  .  9    .   2    .    2     .    5,    &c. 

_  1      8    ,28      59     146     789     . 

The  convergents  are  5  •  io  •- 93  *  196    Iw  *  2641'  ^^' 

789 

Taking  the  convergent  ngTT    &8  a  sufficiently    accurate    approximation 

789 
=log.  2=22jTT='0*3010301y  a  result  of  which  the  six  first  decimals  are 

correct. 

222.  When  the  base  is  10,  10i=:10,  10*s=100,  lO'^lOOO;  .  .  .  therefore 
the  logarithms  of  the  numbers  10,  100,  1000, . . .  are  1,  2, 8  ... ;  and  in 

genenu  the  logarithm  of  1000 A  (that  is  1  followed  bj  k  zeros,  or 

10  raised  to  a  power  A)  is  A,  or  log.  10^=A. 

To  obtain  the  logarithms  of  the  numbers  2,  8,  5, 7, ....  it  is  necessair  to 
resolve  the  equations  10*^2,  10'=3,  10'=:5,  10'=7  . . .  . ;  the  logariUnas 
of  the  numbers  4,  6,  8,  and  in  general  of  composite  numbers,  are  obtained 
from  the  logarithms  of  the  prune  factors  of  these  numbers  bj  addition 
(Art.  217). 

The  logarithms  of  numbers  may  be  computed,  with  great  labour,  by  the 
methods  of  Articles  216,  217,  221 ;  more  expeditious  {otioesses  are  derired 
from  the  integral  calculus. 

223.  Logarithms  being  considered  as  exponents,  and  calculated  for  a  par- 
ticular  base,  it  is  easy  to  transform  them  into  logarithms  which  shall  haTe  a 
different  base. 

Let  a  denote  the  base  of  an  existing  system  of  logarithms, 
a',  the  base  of  a  new  system, 
2^  the  log.  of  any  number  y,  in  system  a', 
then  a"'=^y. 

Taking  the  logarithms  of  both  members  of  this  equation  in  the  system  a. 

Log.  (a'")=log.  y  or  a/  log.  a'=log.  y, 

«'  1 

•*•  l^=k^=*  constant  quantity. 

Now  jf  is  the  logarithm  of  y  in  the  system  c^  and  los.  y  is  the  logarithm  of 
y  in  the  system  a;  therefore  whaterer  be  the  number  y  there  exists  a 
constant  ratio  between  its  two  logarithms  taken  in  the  two  systems. 

When  logarithms  are  deduced  m>m  progressions,  this  consequence  is  pre- 
sented by  the  progressions  themselTes. 

Let  -^hihq'.hf  :h^  :h^  I  , ,  . ,  be  any  geometrical  progression ;  the 
logarithms  of  the  different  terms  are. 

Log.  A.  log.  A+log.^,  log.  A+2  log.^,  lo^.A+8  log.  9,  &c 
Therefore  if  numbers  are  in  geometrical  progression,  their  logarithms  are  in 
arithmetical  progression. 

Making  A=l,  the  two  progressions  become, 

%:-  1    :    ^      ;      5*      :      ^      :      o*  :  . . .  . 
-♦-  0  .  loff.  q  .  2  log.  q  .  3  log.  ^  .  4  log.  a. .  .  ., 
which  correspond  with  the  geometrical  and  arithmetical  series  of  Article  219* 
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Of  Tables  of  Logarithms. 

224.  The  base  of  the  tabular  lo^ithms  is  10. 

Some  tables  contain  the  logarithms  of  numbers  from  1  to  10000,  others 
from  1  to  108000  .  .  .  .,  the  logarithms  being  variouslj'  given  to  5,  6,  or  7 
decimal  figures. 

The  problems  to  be  worked  with  the  tables  are  two : 

1st.  To  find  the  logarithm  of  a  given  number. 

2d.  To  find  the  number  corresponding  to  a  given  logarithm. 

The  resolution  of  these  problems  depends  on  the  arrangement  of  the 
tables  employed,  which  is  far  from  uniform.  The  arrangement,  however, 
and  manner  of  usin^  any  particular  set  of  tables  are  generally  explained  in  an 
introduction,  to  which  it  se3ms  best  to  refer  the  reader. 

225.  Applications  of  logarithms. 

a.  Multiplication.    Log.  (abc  .  .  .)=log.  a-f-log.  6+log«  c-\-  .... 

Ex.  Let  a=497-86,  J=76-897,  c=-67948 ;  required  the  product  abc? 

Log.  497-86     =2-6971072 1 
log.  76-897     =l_-8859094  ►add. 
log.  -67948     =1-8321767. 

log.  26013-17=4-4151933 

The  sum  of  the  tenths  is  24=2-4. 

The  sum  of  the  characteristics  is  2  -|- 1 — 1=2.  Whence,  since  the  2  carried 
from  the  sum  of  the  decimal  parts  of  the  logarithms  is  positive,  the  charac- 
teristic of  the  log.  of  the  product  is  2+2=4;  the  log.  of  the  product  is 
4-4151933,  and  the  product  nearly  26013*17. 

b.  Division.    Log.  (a-t-6)=log.a — log.  &. 
Let  a=87946,  6=9842. 

Log.  87946      =4-94421611      , 
log.  9842        =3-9930834  J  ^i^^^^^- 

log.  8-935784=0-9511327 

The  difference  of  the  logs,  of  the  numbers  is  0*9511327,  and  the  number 
corresponding  to  this  log.  is  8-935784,  which  is  the  quotient  required. 

The  method  of  subtraction  by  arithmetical  complements  is  explained. 
Part  L  Art.  42.  The  process  is  the  same  with  decimal  fractions  (and  by 
consequence  with  logarithms)  as  with  whole  numbers. 

Taking  the  last  example  as  an  instance. 

Log.  87946=4-94421611     ., 

The  arithmetical  complement  of  the  log.  of  9842=6-0069166  J  ^^^' 

} 

The  log.  of  the  result,  as  before,  is        -         -        0-9511327 

Since  log,  (ii-t-6)=log.  f  r  J=log.  a — log.  b,  the  logarithm  of  a  fraction  is 

obtained  by  subtracting  the  log.  of  the  denominator  from  the  log.  of  the 
numerator. 

As  an  example  in  which  multiplication  and  division  are  combined,  let  it 
be  required  to  find  the  product  of  the  fractions  f  J,  -J-J,  and  J  J  ? 

Log.  31      -       -       =1-4918617 

log.  13       -        -     =11139434 

log.  47     -         -     =1-6720979 

log.  75,  arith.  comp.  8-1249387 

log.  12         -         -      8-9208188 

log.  48         -         -      83187588 

29-6419193 
for  3  arith.  compts.  subtract  30] 

log. -438449    -     =  16419193 

F  F 


10-9511327  .      ,  .      . 
10-0000000  ''  ^^^^^^c'^- 
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Otherwise  the  logftrithms  of  the  numerators  may  be  added  into  one  sum, 
the  logarithms  of  tbe  denominators  into  another ;  and  the  latter  subtracted 
from  tne  former. 

c.  Formation  of  powers.    Log.  (a")=m  X  log.  a. 

Let  0=25-4,  and  m=:S ;  then  a"=(25-4)^  ancl  m  X  log.  a=3x  log.  25-4? 

log.  I6S87-07=4-2145011 

2d.  Ex.    Let  ^=U)  ?  .'.  1<«.  (a-)=8(log.  3— log. 5), 

Log.  3=0-4771218 
l<)g.  5,  arith.  comp.=9'3010300 

.•.log.j=I-7781543 
Multiply  by  exponent  8,  8 

log.  (|V=2-2252344 

But  2*2252344  is  the  log.  of -0167971,  which  number  is,  therefore,  the 
8th  power  off. 

When  a  is  a  large  number,  and  m>2,  tables  which  give  the  logarithms  of 
numbers  to  6  or  7  figures  afford  only  a  rough  approximation  to  me  value  of 
<f*.  Gardiner's  and  Callet*s  tables  contain  supplementary  tables  of  the  logs, 
of  numbers  to  20  figures ;  with  the  help  of  these  a  near  approximation  can 
be  obtained. 

d.  Extraction  of  roots.    Log.  (v^^=— ^^. 

loa  1162049 

Let  .y^^^l  162049 ;  then  log.  (^1162049)=-^^^-^ ? 

Log.  1162049=60652254. 
^  of  this  log.  b  0-8664607. 
The  number  corresponding  to  this  quotient  is  7*352932 ; 

therefore  >>^1 16204^=7-352982. 
2d  Ex.  Required  the  Talue  of  the  expression  x=  V-Jf  ? 
Log.x=log.  (yi»=AOog.  13-log.  27). 

Log.  13     -        -     =111394341     ,, 
log.  27,  arith.  comp.  8-5686362  J  "***• 

r-6825796 


To  render  the  negative  characteristic  of  this  log.  divisible  by  1 1  without 
altering  the  value  of  the  expression;  since  —  10-f  10=0;  if — 10  is  added 
to  the  characteristic,  and  +10  to  the  mantissa, 

1-6825796=11 + 10-6825796. 
Dividing  by  11,  11)11  +  10-6825796 

ihelog.  of  theroot=  1*9711436 
and  the  root,  or  x=    -9357149 

e.  Algebnuc  expressions : 

be 
Let  a  :  h::c  :  z,  ax=bc,  andar=— P 


a 
the 


•:.  log.«=log.  (■^)=log.  J+log.c— logo. 
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Let  a=-0963,  ft=-24958,  c=-008967. 

Log.  a(=:-0963),  arith.  comp.  H -01 63737 

log.  J(=-24958)     -  -       1/3972098 

log.  (?(— 008967)   -  -       3-9526472 

log.  x= -0232897     -  -      23662307 

Hence  the  loff.  of  a  fourth  proportional  to  three  ^yen  numbers  is  obtained 
by  adding  togemer  the  logs,  of  the  second  and  third  terms,  and  subtracting 
the  log.  of  the  first  term  from  the  sum. 

2d  E,.  Let  .=4^^? 

V(a+*)Vcrf  


Log.  ar=log.  ^(a«— 6«)3a— log.\/(a-f-ft)A/a/. 

But  log.  ^(a*-62)3a=:^log.  [(a«-ft«)3a]=i[log.  (a+i)-hlog.  (a— ft) 
-flog.  34-log.  a\ ^ 

and  log.  v'(a+6)\/cei=  jQog.  (a-f  &)+^  log.  c-^-^  log. rf]  ; 

.•.log.ar=:i[log.  (ii-f-6)-hlog.  (a-ft)-hlog.3-f  log.a]--J[log.  (a-h6)+ 
Jlog.c-f  Jlog.rf]. 

Let  0=60,  ft=15,  c=16,  d=^9.    The  numerical  yalue  of  j;  is 

log.  a:=4[log.  (60-f-  15)+log.  (60—15) 4-log.  3-f  log.  60]— 
iPog.  (60-f-15)-f  i  log.  16+4  l«g.  9], 
orlog.ar=4[log  75-f log. 45+ log. 3 -flog. 60]— ^ [log. 75 +4 log.  16-hilog.9]. 
Log.  75=1-8750613                              tog.  75=1-8750613 
log.  45=1-6532125                             4  log.  16=0-6020600 
log.  3  =0-4771213                              i  log.  9=0^77 12JI 2 
log.  60=1-7781513                                           2)29542425 
3)5-7835464                                               1-4771212 
1-9278488  

Whence  log. x=l-9278488— 1-4771212=0-4507276, 
and  2=2*823108,  the  yalue  required. 

f.  Exponential  equations.    The  eauation  o'sft,  in  which  the  unknown 
quantity  is  an  exponent,  is  termed  an  Exponential  equation. 

By  the  resolution  of  the  exponential  equation  a'=ft,  the  logarithm  of  the 
number  ft,  in  the  system  whose  base  is  a,  is  obtained  (Art.  221). 

Conyersely,  tables  of  logarithms  afford  the  means  of  resolving  any  ex- 
ponential equation  in  which  a,  ft  represent  numbers : 

For  since  a'=ft  log.  (a')=log.  ft, 

1      «  log.  ft 

or  a: log. a=log. ft,   •'.*=wri- 

If  a=2  and  ft=lO,  ar=.3Q^Q3QQ=3-8219813-f . 

oT^zb  is  an  exponential  equation  of  the  first  order. 
0*^=0,  ab'^^:=a, ....  are  exponential  equations  of  the  2d,  3d,  .  .  .  order. 
The  expression  af^  signifies  that  ft  is  raised  to  the  power  z,  and  that  a  is 
then  raised  to  the  power  ft'. 

Since  0**=^,  log.  (a*')=log.  c ; 
or  ft'  log.  a=Iog.  c. 
Therefore  log.  (i^  log.  a)=log.(log.  c)  ; 
or  loff.  (ft*) -f- log.  loff.  a=log.  log.  c, 
Now  loff.  (ft^)=a:  log.  0 ;  and  since  log.  a,  log.  c  are  decimal  fractions, 
their  logarithms  can  be  taken  like  the  logarithms  of  any  other  numbers. 

Therefore  z  log.  ft+log.  log.  a=log.  log  c ; 

log.  log.  c — log.  log.  a 
and  ar=  j^j-      ^-. 

If  the  value  of  an  algebraic  expression  is  negative,  the  calculation  cannot 
be  made  by  logarithms  without  changing  the  signs  of  the  terms  of  the  quan- 

F  p  2 
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tity,  in  order  that  it  m&y  be  rendered  poddye,  for  a  negative  nninber  has  no 
logarithm. 

This  appears  from  these  considerations : 

Ist.  The  base  of  a  system  of  logarithms  cannot  be  an^;ative  number^  for, 
the  even  powers  of  such  a  base  being  positive  and  the  o£i  powers  negative, 
the  whole  numbers  equal  to  certain  terms  of  the  geometrical  series  must  he 
some  positive  and  others  negative.  These  whole  numbers  cannot  therefore 
be  consecutive,  as  is  required  by  the  definition. 

2d.  No  power  of  a  positive  number  can  be  negative.  Consequently  the 
logarithm  of  a  negative  number,  like  the  2d,  4th,  2iith  root  of  a  negative 
quantity,  is  an  absurd  or  imaginary  expression. 

The  value  of  an  algebraic  expression  which  is  negative  can,  however,  be 

rendered  positive  by  changing  tne  signs  of  all  the  terms.    The  logaritlunic 

calculation  being  niade  on  this  hypothesis,  the  result  is  to  be  taken  with  the 

sign—. 

a*— ^ 
Example.  Let  «= — - — .    This  expression  being  negative  when   b   is 

greater  than  a,  if  the  signs  are  changed,  the  value  x= — - —  is  posidve. 

Taking  the  logs,  of  both  members,  log.  a:=log.*(*+a)-|-log.  (6— a)— log.  c, 
the  value  of  the  second  member  of  this  equation  being  calculated,  the 
result  is  to  be  taken  with  the  sign  — . 

g.  Geometrical  progressions.  The  calculation  of  the  formuIsB  of  Article 
191  is  rendered  easy  by  the  employment  of  logarithms.    Thus, 

Formula  3,  or  S=-,    ~ — ^,  heine  reduced  to 


5=«xV  w 


n/ 


i-i 

a 


then  log.^  y/  (i)"=iZriGog.  l-log.  a)  ;  (let  this  =x) ; 

log.  (  y^) = -riGog-  '-log. «)  ;  Get  this  =y) ; 

(x— 1) 
Therefore  5=0  x  7~:ZTv  *^  expression  which  is  equal  to 

log.  a-hlog.  (x— 1)— log.  (y— 1). 
Kext,  in  the  formula  a^^=l^  let  the  exponent  n  (which  denotes  the 
number  of  terms)  be  the  unknown  quantity. 

Taking  the  logarithms  of  both  members  of  this  equation, 

log.  a+(n — 1)  log.  5'=log.  /. 

.   „_^og'  g+log'  '-log,  a 
•  -"^  log.  9 

^'»-l+      log.y      • 
Example.  Required  the  number  of  terms  of  a  geometrical  progression,  of 
which  the  first  term  a=:d,  the  ratio  ^=2,  and  the  last  term  Z=6144  ? 
^  __,  .log-  6144~log.  B        ,  3'7884gl2~'4771213^ 
*-!+  1^2  -1+  =3010500  -1  +  11-12. 

The  number  of  terms  of  the  geometrical  progression  is  12. 
h.  Compound  interest.  A  given  principal  is  lent  for  a  certain  time  at  a 
fixed  rate  of  interest,  and  subject  to  the  condition  that  the  interest  of  each 
year  shall  be  combined  with  the  principal  of  the  preceding  year;   it  is 
required  to  find  the  amount  at  the  expiration  of  the  given  time  P 


LOGARITHMS. .  437 

Let  p^ihe  principal,  t  the  number  of  years,  t^  the  interest  of  1  £.  for 
1  year,Y  K= j^j  ;  and  let  the  amount  be  denoted  by  A. 

Since  the  interest  of  1  £.  for  1  year  is  K,  the  interest  of  p  £.  for  1  year  is 
pr^ ;  therefore  at  the  end  of  the  first  year  ©  becomes  p+,pr  =/>(!+ r^* 

Let  />(l-|-r')=ro'.  This  new  principal  at  the  end  of  the  second  year 
becomes  p\l+/).  But  /=;>(l+0-  Therefore  at  the  end  of  the 
second  year;?  has  become j9(l-fT')(l+r^=:;)(14.r')^ 

In  like  manner,  at  the  end  of  Ae  third  year,  the  amount  is  p(l-hrO' ; 
and  at  the  expiration  of  the  time  /  it  is  />(! -f-K)*. 

Therefore  A=p(14-r')'. 

Replacing  r^  by  y^^  this  formula  is  that  found  in  Article  357,  Part  L 

When  the  value  of  t  is  considerable,  the  calculation  of  A  from  this 
formula  without  the  aid  of  logarithms  is  laborious.    Employing  logarithms, 

log.  A=log.  »-ff  log.  (1+fO. 
Example.  Let  p=500£.,  r'=-04/.,  /=3  years ;  required  A  P 
1-|-^=1+04=104;  Mog.  (l-fO=3xlog.  104. 

Log.  500=2-6989700 
3  X  log.  1  04=  -01 70333  X  3=00510999 

log.  562*432=2-7500699 
562-432  £.  =562  £.  8  sh.  74- d.=the  amount  required. 
The  expression  A=/)(l-|-r^'  involves  four  quantities,  of  which  each  may 
be  considered  in  turn  as  an  unknown  quantity,  and  its  value  deduced  from 
the  other  three. 

1st.  p,  r',  t,  may  be  given  to  find  A. 
2d.  A,  r\  t,  may  be  ^iven  to  find  p, 
3d.  A,/>,  <,  may  be  given  to  find  t^, 
4th.  A,  />,  r',  may  be  given  to  find  L 
1st.  The  first  case  has  been  already  resolved. 
2d.  Given  A,  r',  ^  to  findjp  ? 

Since  A=p(l  +0',  i>=  (i  ^^y, 

and  log.  jo=log.  A— fxlog  (1-f  r'). 
Example.  What   is  the  present  worth  of  1000  £.  payable  in  4  years, 
allowing  compound  discount  at  5  per  cent,  per  annum  ? 

A=1000,  te4,  l-|-r'=l-05. 

Log.  1000=300000001      ,  .       . 
4  Xlog.  l-05=-021 1893  X 4=0*0847572  J  suDtract. 

log.  822-7025=2-9152428 
The  present  worth  is  822  £.  14  sh.  0  d.  2-4  qr. 
3d.  Given  /),  A,  t,  to  find  /  ? 


Since  A=p(l+rO',  1+K=y/~, 
therefore  log.  (1+/)=  ^^' ^7^"^^^. 


This  equation  gives  1  -hf^,  and  therefore  r^  and  r. 
Example.  At  what  rate  per  cent,  compound  interest  will  500  £,  auinnent 
to  1000  k  in  20  years  ? 

A=1000,  p=500,  t=20. 
Log.  1000=3-00000001      ,         . 
log.  500=2-6989700  J  s^^wac^^- 

20)0-3010300" 
log.  1  •0327=00155 150 

Therefore  r'=-0327  and  f^  x  100=r=3-27=rate  per  cent. 

F  F  3 
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4th.  Giyen  A,  p,  /,  to  find  f  ? 

Since  A=;>(l+rO', 
log.  A=log./)-hf  xlog(l+0 ; 
.    .log.  A-log.  /> 
•  •*=  log.(l-hO* 
Example.  In  what  time  will  500  £,  be  doubled  at  5  per  cent,  per  annum 
compound  interest  ? 

j9=500,  AsslOOO,  H-r'=l-05. 

Log.  1000=3-0000000 1  „  r  ♦^.n* 
log.  500=2-6989700  J  ^P^^^' 

.  • .  Log.  A— log.  p=  '3010300 

Log.  105=  -0211893. 
.    log.  A-log.  p__3010300_ 
•  •    log.  (l+rO  "  211893  ""^^  ^  years-t. 
When  it  is  required  Uiat  A  shall  be  double  of  p,  as  in  the  example,  or 
triple  of />, or  equal  to  m  times  p,  the  formula  A=p(l  +r^)'  becomes 

mp=p(l-hr'y,  or  TO=tl+r')'- 

log.  m. 

•••^log.(H-rO: 
Whence,  in  this  case,  the  value  of  /  is  independent  of  the  piincipaL 

It  is  required  to  find  what  sum  must  be  inyested  to  entitle  the  lender  to 
receive  a  nxed  annuity,  a,  such  that  the  capital  (or  sum  invested),  the  inte- 
rest of  the  capital,  and  the  interest  of  the  interest  shall  be  repiud  at  the 
expiration  of  t  years,  the  rate  of  interest  being  r^  per  annum  for  l£,  or  r£. 
per  cent  ? 

Let  C  denote  the  capital  invested ;  at  the  end  of  t  years  the  amount 
isC(l+rO'. 

Again,  the  amount  ofa£,  paid  is 

at  the  end  of  the  1st  year  aH-fO*""* » 
at  the  end  of  the  2d  year  a(l  -i-/)*^ ; 


at  the  end  of  the  t  years    a. 
Therefore  the  sum  of  the  values  of  the  yearly  payments  is 

a(l-f  fO'"*+a(l+rO'^-f  .....  +a. 
This  sum  (reversing  the  (Nrdcr  of  the  terms)  is  that  oi  a  geometrical  pro- 
gression whose  first  term  is  a,  ratio  1 +'^>  and  number  of  terms  t ;  and  wnich 
IS  equal  to 

But,  by  the  question,  this  sum  is  also  equal  to  C(l  +r^' 


thenrfbre  C(l +0'=-^^^^^7^^=^. 


This  formula,  like  the  preceding,  contains  four  quantities,  C,  a,  r^,  ^  any 
three  of  which  being  given  the  fourth  can  be  found. 

Ist.  a,  r',  /  may  be  given  to  find  C. 
2d.    C,  r^,  <    -         -        -         -    a. 
3d.    C,  a,  ^     -        -        -        -    r^. 
4th.  C,  a,  K  -        -        -        -    f. 
1st  If  0, 7^,  t  are  given  to  find  C, 

a[(l-frO>-l3 
^-    7^(1 4- r')*     • 

Taking  the  logarithms  of  both  members  of  this  equation. 

Log.  C=log.a+log.  [(l-|-rO-l]-log.  K-Hog.  (l+O- 
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Example :  What  sum  must  be  paid  to  purchase  an  annuity  of  100:8.  for 
twenty  years,  the  interest  of  money  being  four  per  oent^  P 

In  this  example  a=100,  l-f^=l'04,  <=20. 

Log.  1-04=  00170388 
20 

20xl<)g.  1-04=2'191 12=0-3406660 

.-.  (l-f/y—l=219112— 1=1-19112 

Log.  100=  2*0000000 

log.  M9112=log.  [(l-j-r')'-l]=  0-0759555 

log.  -04  arith.  comp.=  l  1-6020600 

log.  2-191 12=log.  (l+O*  arith. comp.=  96593840 

log.  2174-45=  38373495 

The  sum  required  is  2174  £.  9  sh. 

2d.  Given  C,  r',  <,  to  find  a  ? 

Since  °':<^-^;?^-^J=C(l^r7; 

.    ^_Cr-(l-hrO' 
•  •  «— (i^rO*-l' 
and  log.  a=log.  C+log.  r'+Zxlog.  (l-j-iO— log.  [(l+rO'— 1]. 

Example :  Let  C=1000:£.,  r'=-05 £,^  e=10  years.    Bequired  a  ? 

l+r'=l-Q5. 
Log.  (l-hrO'=10xlog.  105=0'21 18930. 

Now  0*2118930  is  the  logarithm  of  1-6289 ; 
therefore  (1+0'=  (1*05)10=  1-6289,  and  (1 -fr')'— 1=0-6289. 

Log.  1000  or  C=  3M3000000 

log.  -05  or  r'=  2-6989700 

log.  1*6289  or  txlos,  (l+r')=  0-2118930 

log.  -6289  or  log.  [(l-hO'— 1]  anth.  comp.= 10-20141 84 

log.  129*554=  2-1122814 

Whence  the  annuity  is  129:^.  ll-08  8h. 
3d.  Given  C,  a, «,  to  find  f'  ? 

The  equation  C(l-f O-"*'^^'^^'^*""^'*  ^  reducible  to 

a(l+r7-Cr'(l-|-rO'=a,  or  to  (l+ry(a— Cr)=a, 

from  which  the  value  of  r^  cannot  be  determined  otherwise  than  by  the 
resolution  of  an  equation  of  the  order  f+1. 

As  a  particular  case,  let  ^=2 ;  then 

(l+fO«(ii-Cf^)=a,  or  (l+2r'-fr'2)(a-CfO=a; 
this  is  a  cubic  equation. 

4th.  Given  C,  ii,  r',  to  find  /  ? 

From  C(l-hO -^^^^^-*^p— ^  '^  obtained  (1-f  rO'(a-CrO=a ; 

therefore  fxlog.  (1-f  O+log.  (a— CrO=log.  a, 

log.  a-log.  (a--Cr9 

""  log.  (1-hfO 

If  the  sum  a£,  is  invested  at  the  beginning  of  each  year  for  t  consecutive 
years,  and  all  the  investments  bear  compound  interest  at  the  rate  of  r^£.  per 
pound  or  r£.  per  cent.,  what  is  the  amount  of  the  accumulation  in  /  years  ? 

The  amount  of  a£.  for  t  years  at  r^  per  pound  compound  interest  is 
a(l-hr^';  the  amount  of  a£,  for  /— 1  years  at  K  per  pound  compound 
interest  is  a(l+r^y~S  &c. ;  and  so  on  to  the  last  investment  a,  which  heart 
interest  for  one  year  only,  and  of  which  the  interest  therefore  is  a(l-|-r^. 

p  F  4 
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Denoting  the  sum  of  these  accunralationB  by  S^ 

iS=a(l+r')'-ffl(l-f-rO*-»+a(l-hO'"^-H 4-a(l-|-r0;  or 

5^a(H-K)[l-f  (H-r0-i-0+O'+ +0+*0*-*];  or 

^_«(l-hrO[(l+Ky~l] 

From  this  relation  any  three  of  the  quantities  Syajt^^t  being  given,  the 
fourth  can  be  found. 

Example  1st.  Suppose  tliat  the  yearly  investment  a=50£.,  that  9^^*03, 
and  that  f=20  years ;  required  S? 

Log.  iS=log.  a-f  log.  (1-l-rO-l-log.  [(l+rT— 1]— log.  i/. 
=log.  50+lo«?.  1-03-hlog.  0-8011— -log.  (H>3. 
=log.  1375-221.        .\S=^\375£,  48h.  504d. 

Example  2d.  What  must  a  person  whose  expectation  of  life  is  ten  years 
pay  yearly  to  secure  1000:^.  to  his  heirs  at  his  death,  the  rate  of  interest 
oemg  five_per  cent.  ? 

Log.  a=log.  5— log.  (1-f  K)— log-  [(l+O'— l]-flog.  r'. 
=log.  1000— log,  1'05— log.  0-628S5-f-log.  0O5. 
=log.  75724.        . • ,  a=75  £.  14sh.  5 d.  d*04qr8. 

Several  sums  of  money  being  payable  at  different  times,  it  is  required  to 
find  what  sum  must  be  paid  at  a  given  time  so  as  to  be  equivalent  to  these 
other  sums  P 

Let  a  £.  be  payable  at  the  end  of  m  years, 
b  be  payable  at  the  end  of  n^ears. 

X  the  unknown  sum  which  is  to  be  paid  in  t  years  to  discharge  the 
debts  a,  b. 

By  a  preceding  part  of  this  Article  the  present  worth  of  a  £•  payable  in  m 

a 
years  at  r  per  cent  is  /^     ^\» ; 

b 

the  present  worth  of  b,  in  like  manner,  is  dtf/y » 

X 

and  the  present  worth  of  z  is  TTXTTv' 

X  a  b 

Whence,  by  the  question,  n  ^f^y  "^(i  -f-K)«"^(i  ^r^f 

or  x(H-rO"'=«0+0""-|-*(l+0~*- 
.•.a?=a(l+r0'^-f6a+O'-- 
Additional  examples  in  compound  interest,  &c. : 

1st.  What  is  the  amount  of  721  £.  for  21  years  at  4  per  cent,  per  axmam 

compound  interest? Ans.  1642 £.  19sh.  9jd. 

2d.   What  is  the  compound  interest  of  410£.  for  24  years  at  4|  per 
cent,  per  annum,  the  interest  being  payable  half-yearly  ? 

^iu.48£.  4sh.  Il^d. 
3d.    The  sum  of  400  £.  was  lent  at  compound  interest ;  in  9  years  the 
amoimt  was  569  £.  6  sh.  8  d.    Required  the  rate  per  cent.  ? 

Ans,  4  per  cent* 
4th.  In  what  Ume  will  a  sum  of  money  triple  itself  at  4  per  cent,  com- 
pound interest? Ans.ln  26*011  years. 

5th.  Wnat  is  the  amount  of  1000:^.  for  1  ^ear  at  5  ner  cent,  per  annum 
compound  interest,  the  interest  being  payable  daily  f 

Aiu.l05l£.  19  sh. 

6th.  What  is  the  present  value  of  an  annuity  of  600  £,  to  last  40  years^ 

compound  interest  being  allowed  at  the  rate  of  2j  per  cent,  per 

annum  P ^.Ans.  12540i^. 

7th.  AYhat  is  the  present  worth  of  3750  £.  payable  in  Sjvears,  reckooiof 
4  per  cent,  discount  and  also  compound  interest  r 

^i».296Jr£.ldsh.4d. 
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Stli.  What  is  tlie  present  ralue  of  an  annnity  of  ^50£,  assigned  for  8 

years  at  4  per  cent,  interest  ? Aru,  2356 il.  Osh.  2d. 

9tli.  The  number  of  settlers  in  a  colony  being  20000 ;  if  the  ^earl^  rate 
of  increase  of  the  population  is  -fj^  part,  how  many  inhabitants 

will  the  colony  contain  in  100  years? Ans,  14489276. 

10th.  A  town  contains  20000  inhabitants ;  tlie  population  having  regu- 
larly increased  y*^  yearly,  what  was  the  number  of  inhabitants 
10  years  ago  ?„.,. Ans,  14882. 


SECTION  XI. 

OF  THE  COMPOSITION  OF  EQUATIONS. 

226.  The  only  equations  of  which  complete  solutions  have  been  obtained 
are  those  of  the  first  and  second  degree.  But  general  properties  which  lead 
to  the  resolution  of  numerical  equations  of  any  degree  whatever  have  been 
discovered.  These  properties  are  connected  with  a  particular  form  to  which 
every  equation  can  be  reduced. 

An  equation  of  any  degree,  m,  involving  one  unknown  quantity,  ought, 
when  complete,  to  contain  sSl  the  powers  of  the  unknown  quantity  from  that  of 
the  d^ree  m  to  the  first  inclusive,  each  being  multiplied  by  known  quan- 
tities, and,  besides  these,  a  term  containing  only  known  quantities.  The 
equation  of  the  fourth  degree,  for  example,  ought  to  contain  all  the  powers 
otx  from  the  fourth  to  the  first  inclusive.  If  the  same  power  of  x  is  found 
in  several  terms,  they  must  be  reduced  into  one.  Then  all  the  terms  of  the 
equation  being  transposed  to  the  left  member,  and  the  sign  of  the  first  term 
being  rendered  +  by  the  change,  if  necessary,  of  the  signs  of  all  the  otiier 
terms,  the  equation  has  the  form, 

?u:* -|-par* -}- <yx* -f  rx + «==0, 
in  which  the  letters  p,  q,  r,  s  may  represent  negative  as  well  as  positive 
numbers. 

Dividing  all  the  terms  by  n,  in  order  that  the  coefficient  of  the  first  term 

may  be  1,  and  making  ~~-^»  n  ~^'  w  ~^  n  ~^'  ^®  preceding  equation 

becomes 

a:*+Pj:3+Q;r«-fR^-fS=0. 

In  the  following  pages  it  is  always  supposed  that  equations  are  reduced  to 
this  form.  , 

Hence  the  general  equation  of  any  degree,  m,  may  be  represented  as 
follows  : 

oT-hPar-^+Qaf^-h -|-Ta?-fU=0, 

in  which  the  interval  marked  by  points  is  filled  up  when  a  particular  value 
is  given  to  the  exponent  m.  ' 

For  the  sake  of  brevity,  the  first  member  of  the  equation  af -f  P«*~^-f 
&c.=0  is  sometimes  denoted  by  a  capital  X. 

Every  expression,  whether  real  or  imaginary,  which,  being  substituted  for 
7  in  an  equation  prepared  in  this  manner,  renders  its  first  member  equal  to 
zero,  and  by  consequence  satisfies  the  equation,  is  said  to  be  a  root  of  the 
equation.  The  meaning  of  the  word  root,  in  this  definition,  is  more  general 
than  when  it  is  employed  to  describe  the  result  of  the  extraction  of  some 
root  of  a  quantity,  a. 

227.  The  root  of  any  equation  of  the  form  X==0  being  represented  by  a, 
the  first  member  of  this  equation  is  exactly  divisible  by  the  bmomial  x — a. 

For,  since  aba  value  of  x,  if  a  is  substituted  for  x  in  the  general  equation 

a^-f  Po^i-I-Qa"-' 4-Ta-|-y=0, 

and,  consequently,  U=— a"--Pa"-i— Qa"^*  ...  —To, 
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so  that  the  proposed  equation  is  identically  the  same  as 

a:-+Pa*-i+Qar- « +Tar\_^ 

— a-— Pa— 1— Qo— « — Taj  *^"' 

which  is  reducible  to 

a?-— a--f  P(ar->— a— 0+Q(^c*^— «*^) -f  T(a?— a)=0. 

The  quantities  aT—c^,  af^^-~'cr~'\  a""^ — a*"*, x^et,  being  all 

divisiblelby  x^a  (Art.  22),  it  is  evident  that  the  first  member  of  the  equation 

2r—a''+r(af^^—€r-i})'k- +T(ar— a)=:0  is  divisible  by  this  quanti^; 

and  that  the  first  ,'member  of  the  proposed  equation  X=0  is  therefore 
divisible  by  x— a,  which  was  to  be  proved. 

To  form  the  quotient  it  is  sufficient  to  substitute  for  the  quantities  x"~a*, 
a*^^ — a"~*,  ....  X — a,  the  quotients  which  are  obtiuned  firom  the  diviaon  of 
these  quantities  by  x — a,  and  which  are,  respectively, 

a-^*-faar~«4-a'x— ' -f-fl"~*, 

aT^-^ajT^ -|-fl"'^i 

ar-« -fa" 


4-1. 
Arranging  the  results  according  to  the  powers  of  x. 


+P 


ar-^-^a* 


+a— »    -^ 


-hPa  +Pd^' 

■  •  «  •  I 

+T        J 

Denoting  a+P  by  P',  a*-f-P<»4-Qbv  Q',  &c.  this  equation  (which  is  of  the 
degree  m— 1)  can  be  put  under  the  form  af^*-|-P'x*~'-f-Q'jt"'^+,  &c.  =0, 
or  X'=0. 

Whence  aT+Px— i+Qx'^+,  &c.  =(x— a)(x-^i-f  P'jc— HQ'ar'^+i&c), 
and  the  proposed  equation  can  be  verified  in  two  ways,  namely,  by  making 
x--a=0,  or  by  making  x^ i+Fx--*+Q'x*^-f ,  &c.  =0. 

If  the  equation  x*-»+Fx*-*+Q'x-^+,  &c.  =0  has  a  root,  b,  its  fiwt 
member  is  divisible  by  x — 6,  and  there  is  found  as  before, 

X— i+Fx^HQ'ar-«+,  &c.  ==(x-ft)(x-^-|-F'x-^-|-Q"x-^-f ,  &c.) 

Consequently  x"-hPx— >-f  Qx— ^-|-,  &c.  =(x— a)(x— &)(x— «-|-F'x— ^-|- 
Q"x-^+,  &c.) 

The  equation  X=0  can  therefore  be  verified  by 

x—a=zO,  X— &=0,  x-^-f-F'x— «+Q''x— *-[-,  &c.  =0. 

If  the  last  of  these  equations  has  a  root,  c,  its  first  member  can  be  again 
decomposed  into  two  factors,  x—c,  x^-'-f  P"'x'"-*-f-Q"''x"~*+,  &c.  and 

x-+Tx— ^+Qx— «+,  &c.  =(x— a)(x— ft)(x— c)(x-^+F''x*-*+(i"'i^, 
■+&C.) 

Whence  the  proposed  equation  can  be  verified  in  four  manners ;  namely,  by 
making  in  turn  x— a=0,  x— 6=0,  x— c=0,  x^-^-f  P'^'x^ *4-Q'''x— *-f,  &c 
=0. 

By  continuing  this  process  of  decomposition,  factors  of  the  degrees  m— 4, 
m — 5,  fit— 6,  &c.  are  obtained  in  succession ;  and  if  each  of  these  factors, 
when  made  equal  to  zero,  is  susceptible  of  a  root,  the  first  member  of  the 
equation  X=0  is  reduced  to  the  form  ^x— a)(x— 6)(x— c)(x— d)  . . .  (x—i) ; 
that  is,  it  is  decomposed  into  as  many  factors  of  the  first  degree  as  there  are 
ones  in  the  exponent  m  of  its  degree. 

The  equation  x"-f  Px^^H-Qi—*-!-  ....  +Tx-|-U=0  is,  in  this  case, 
capable  of  verification  in  m  ways,  namely,  by  making  x — a=0,  x — 6=0^ 
X — c=0,  X — (i=0, X — /=0. 

It  is  necessary  to  remark,  that  these  equations  ought  not  to  be  regarded  as 
true,  except  in  turn,  and  that  to  suppose  them  to  have  place  at  the  same 
time  leads  to  manifest  contradictions. 

For  firom  x — a=0  is  obtained  x=a,  and  from  x — &=0  is  obtained  x^=i, 
consequences  which  cannot  be  reconciled  when  a,  b  are  unequal  quantities. 

In  effect  x,  in  each  of  these  equations,  represents  the  unknown  quantity* 


COMPOSITION  OP  EQUATIONS.  443 

as  it  may  do'm  any  two  unrelated  equations  whose  roots,  although  equal  to 
X,  are  not  equal  to  each  other. 

228.  Thefirstmember  of  the  equation  af+Par^*+Qar-«-f  . . .  Ta:+U=0, 
being  decomposed  into  m  factors  of  the  first  degree,  x—a,  x — 6,  x—c,  x — d, 

X — Z,  it  cannot  be  divided  by  any  other  expression  of  the  first  degree ; 

for  if  its  division  by  a  binomial  x—a,  different  from  all  of  these,  were  possible, 
then,  as  in  the  case  of  division  by  x — a, 

ar"-f  Par-»-|-Qx— «-f ,  &c.  =(a:— a)(x— J+;)ar-H?a--3-|-,  &c.) 
and  consequently 

(x— a)(x— 6)(a:— (?)(x— d)  . .  .  (a:— 0=(^—«) («^* +/>«*"* -|-S^»?*^+>  &c.). 
Changing  x  into  a  in  this  expression, 

Now  the  factor  a — a=0,  and  Aererore  the  second  member  of  this  equation 
vanishes ;  but  this  is  not  the  case  with  the  first  member,  which  is  the  product 
of  factors  all  different  from  zero,  so  long  as  a  differs  from  each  of  the  roots 

Ojbj  Cy  d, / ;  the  supposition,  therefore,  is  not  true.    Therefore  an 

equation  of  any  degree  whatever  cannot  have  more  binomial  factors  of  the 
first  degree  than  there  are  ones  in  the  exponent  of  its  degree,  and,  conse- 
quently, it  cannot  have  a  greater  number  of  roots. 

In  tms  investigation  it  is  assumed  that  every  algebraic  equation  has  at 
least  one  root,  real  or  imaginary.  If  some  of  the  quantities  a,  6,  c . . . .  are 
equal  to  each  other,  the  number  of  different  values  of  x  is  less  than  in.  The 
d^ree  of  the  equation  is,  however,  always  taken  to  indicate  the  number  of 
roots,  it  beings  at  the  same  time  understood  that  two  or  more  of  these  roots 
may  be  equaL 

229.  If  an  equation  is  considered  as  the  product  of  factors  x — a,  x — 5, 
X — c,  X — d . . . .,  in  number  equal  to  the  exponent  of  its  degree,  it  has  the 
form  of  the  product  of  Article  139,  with  tnis  difference,  that  its  terms  are 
alternately  positive  and  negative. 

Taking  four  factors,  x — a,  ar— J,  x — c,  x — J,  the  equation  (x — a)(x— i) 
(x — c)(x — d)=zO  is  expressed  by. 


ar* — a 
-b 
— c 
-d 


3^ — abc 
-abd 
— acd 
—bed 


x-\'abcd—0. 


x^-^ah 

-^ad 

+bd 
-fcrf 

Hence,  the  second  terms  of  the  binomials  x — a,  x — ft,  x— c,  x — cf,  &c.  being 
the  roots  of  the  equation  taken  each  with  a  contrary  sign,  the  properties 
proved  in  the  case  of  the  equation  of  the  second  degree  subsist  m  the 
present  instance,  as  follows : 

The  coefficient  of  the  second  term,  taken  with  a  contrary  sign,  is  equal  to 
the  sum  of  the  roots. 

The  coefficient  of  the  third  term  is  equal  to  the  sum  of  the  products  of  the 
roots  multiplied  together  two  by  two. 

The  coefficient  of  the  fourth  terra,  taken  with  a  contrary  sign,  is  equal  to 
the  sum  of  the  products  of  the  roots  multiplied  together  three  by  three ;  and 
so  on  for  the  other  coefficients,  care  being  taken  to  change  the  signs  of  the 
coefficients  of  the  even  rank. 

The  last  term  (subject  to  the  law  which  attaches  to  the  sign  of  the  terms 
of  an  even  rank)  is  equal  to  the  product  of  all  the  roots. 

By  making  equal  to  zero  the  product  of  the  three  factors  x — 5,  ar4-4, 
x-l-3,  the  equation  ar'-f  2x*— 23r— 60=0  is  formed,  the  roots  of  which  are 
+5,  -4,  -3. 

The  sum  of  these  roots  is  5  +  (— 4)-|-(— 3)=— 2. 

The  sum  of  their  products,  two  by  two,  is 
(-h5)x(-.4)-h(-h5)x(-3)  +  (-4)x(-3)=-20-|-(-15)+12=-23, 
and  their  product  is  (+5)  X  (-4)  X  (—3)= +60. 
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These  results,  —2,  ^23,  +60,  can  be  deduced  from  the  coefficients 

2,  —23,  —60 
by  changing  the  signs  of  the  2d  and  4th  terms. 

If  the  product  of  the  factors  x — 2,  x — 3,  x+5,  is  made  equal  to  zero,  the 
equation  obtained  is  3^ — 19x-f  30=0,  which  wants  the  second  term  or  term 
in  x',  and  this  because  the  sum  of  the  roots,  which  taken  with  contrary  signs 
form  the  coefficient  of  the  2d  term,  is  2+3 — 5=0;  that  is,  because  the  sum 
of  the  positiye  S  equal  to  the  sum  of  the  negative  roots. 

230.  An  equation  being  considered  as  formed  of  the  product  of  many 
factors  of  the  first  degree,  it  has  been  proved  that  the  equation  cannot  have 
more  simple  factors  than  the  number  marked  by  the  exponent  of  its  de^^ree. 
But  if  the  simple  factors  x — a,  jr— ft,  &c.  are  combined  two  by  two,  quantities 
of  the  second  degree  are  formed,  which  are  also  factors  of  the  equation,  and 

of  which  the  number  is  expressed  by  the  formula  — .  ^     ,  so  that  if  the 

equation  is  of  the  fourth  degree  the  number  of  factors  of  the  second  degree 

.   4x3 

IS  — 2~»  ^^  "• 

If  the  simple  factors  are  combined  three  by  three,  the  number  of  facton 

of  the  third  degree  is  expressed  by  the  formula j-h"© »  which,  for 

—A  •   4x3x2 

IM— 4,  IS  I  y  2  V  3"" 

231.  af'+Pa:— *+Qi— *+  ....  +Tx+U=0, 
being  an  equation  which  has  a  root  a,  if  the  equation  is  divided  by 
the  quotient  is 


a:— »+a 
+P 


+Pa 
+  Q 


+T 

This  equation,  which  is  depressed  to  the  degree  m — 1,  must  contain  the 
remaining  roots  of  the  proposed  equation. 

The  coefficients  of  the  depressed  are  formed  from  the  coefficients  of  the 
proposed  equation,  as  follows : 

The  coefficient  of  the  first  term  in  the  depressed  is  equal  to  the  coefficient 
of  the  first  term  in  the  original  equation. 

The  coefficient  of  the  second  term  is  equal  to  the  coefficient  of  the  first 
term  multiplied  by  the  root  a,  plus  the  coefficient  of  the  second  term  of  the 
original  equation. 

The  coefficient  of  the  third  term  is  equal  to  the  coefficient  of  the  second 
term  of  the  depressed  equation  multiplied  by  the  root  a,  plus  the  coefficient 
of  the  third  term  of  the  original  equation. 

The  coefficient  of  the  mth  term  of  the  depressed  equation  is  equal  to  a 
times  the  coefficient  of  the  preceding  or  (m — l)th  term  of  the  depressed 
equation,  plus  the  coefficient  of  the  mth  term  of  the  original  equation. 

One  root  of  the  proposed  equation  must  be  given  when  the  depressed 
equation  is  required. 

1st  example.  Let  a  root  of  the  equation,  ICx* — IflaJ^+ea'+lSap* — 19x 
+6=0,  be  *6 ;  required  the  depressed  equation,  or  the  equation  containing 
the  other  roots  ? 

The  coefficient  of  the  first  term  being  15,  15z^  is  the  first  term  of  the 
depressed  equation. 

15x*6+(— 19)=9— 19=— 10,  .*.  — lOc'  is  the  second  term, 
—10x-6+6=— 6+6=0,  .'.Oxa;*,  or  0,  is  the  third  term, 
Ox '6+ 15=0+ 15=15,  .*.  15a:  is  the  fourth  term, 
15x-6+(— 19)=9— 19=— 10,  .-.  —10  is  the  last  term, 
and  the  depressed  equation  is  15x*— 10a:'+15x— 10. 
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The  formation  of  the  coefficients  of  the  depressed  from  the  coefficients  of 
the  proposed  maj  be  represented  concisely,  thus : 

Coefficients  of  the  proposed  equation      15,  ^19,  +6,  +15,  —19 

Corrections        -  -  -f  9,  —6,    4-0,    -f- 9 

Coefficients  of  the  depressed  equation     15,-10,      0,  -f  15,  —10 

2d  example.    One  root  of  the  equation 

ar»— 3a:*— 10ar-f24=0 
being  2,  it  is  required  to  find  the  equation  in  a^  inTcdving  the  other  roots  ? 

Ans,  2:*--af— 12=0. 

3d  example.    If  3  is  a  root  of  the  equation 

a^— 1  lar*-f- 14x— 24=0, 
what  15  the  depressed  equation  containing  the  other  roots  P 

Ans,  a:»+3z«— 2x-h8=0. 

4th  example.    One  root  of  the  cubic  equation 

a:5— 7a:*+36=0 
18  3,  what  are  the  other  roots  ? 

Ans,  6  and  —2. 


SECTION  XIL 

OF  TIIE  TRANSFORMATION  OF  EQUATIONS. 

232.  In  the  transformation  of  ecraations  the  object  is  to  change  one  equa- 
tion into  another  whose  roots  shall  nave  a  given  relation  to  the  roots  of  the 
first  equation. 

The  principal  cases  of  transformation  are, 

Ist.  To  change  the  signs  of  the  roots  of  a  ^ven  equation. 

This  amounts  to  the  finding  of  an  equation  whose  roots  are  those  which 
would  be  obtiuned  by  changing  the  signs  of  the  roots  of  the  given  equation ; 
therefore  if  a:  is  the  unknown  quantity  of  the  given  equation  and  y  that  of 
the  transformed  equation,  the  relation  x= — y  must  subsist  between  them. 
Whence  it  is  necessary  to  replace  x  by  — y  in  the  given  equation ;  for  it  is 
evident  that  if  a  quantity,  a,  is  a  root  of  one  of  the  equations,  the  quantity 
— a  most  be  a  root  of  the  other. 

Let  the  given  equation  be 

«"-|-P«^-|-Qa--*-f,  &c.  =0        ....        (A). 

If  — y  is  substituted  for  x  the  absolute  values  of  the  coefficients  of  the 
equation  in  y  are  evidently  the  same  as  those  of  the  equation  in  or,  but  the 
signs  of  the  coefficients  of  the  odd  powers  are  contrary.  If  m  is  even 
the  first  term  of  the  transformed  equation  is  y",  but  if  m  is  odd  the  first 
term  is  — y*.  By  changing  the  signs  of  all  the  terms  of  the*  transformed 
equation  Twhich  is  permitted)  the  first  term  is  rendered  positive;  in  this  case 
the  coefficients  of  the  even  powers  of  the  proposed  and  transformed  equations 
have  contrary  signs.    For  example,  if  the  proposed  equation  is 

xs— 5a:*— 5j:-fl=0, 
the  transformed  equation,  which  has  the  same  roots,  but  of  contrary  signs,  is 

a:5-f5ap2— 5a:— 1=0. 

233.  2d.  To  form  an  equation  whose  roots  shall  be  the  reciprocals  of  the 
roots  of  a  given  equation. 

a--f.Par-»-fQar-» 4-Tx-fU=0        -        -        -      (A). 

Two  quantities  whose  product  is  1  are  reciprocals  each  of  the  other ;  hence,  if 
the  roots  of  equation  A  are  a,  ^,  c, . . .  the  roots  of  the  transformed  equation 

must  be  "i   r,   -r Consequently  it  is  sufficient  in  A  to  change  x 
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into  -.    By  this  means  the  equation  becomes 

1       P        Q  T 


or,  multiplying  by  x",  dividing  by  U,  and  reyerang  the  order  of  the  tcmu, 

T  Q         P        1 

284.    3d.  To  multiply  the  roots  of  a  given  equation  by  any  qaantity 
whatever. 
Let  the  quandty  be  n,  and  the  given  equation 

a:"-|-Px^»+Qx— « -| |-U=0; 

the  problem  requires  that  the  roots  of  the  transformed  equation  shall  be  the 
products  which  are  obtained  by  multiplying,  all  the  roots  of  equation  A 

by  «.    Therefore,  y  being  the  new  imknown  quantity,  y=iu;  or  x=^. 
Consequently  equation  A  is  changed  into 

nr^ «-» ^  n— »  •  •  •  •  ir+'^-"- 

It  is  evident  that  the  substitution  of  na  for  y  in  this  equation  gives  the 
same  result  as  the  substitution  of  a  for  x  in  equation  A;  so  that  a  cannot  be 
a  root  of  the  equation  in  x  without  the  product  na  being  a  root  of  the 
equation  in  y. 

Multiplying  all  the  terms  of  the  transformed  equation  by  n*, 

y--f  Pny— »-|-Q»*y--' +T«"-»y-fU«-=0     -        -     (B). 

If  the  coefficients  of  the  proposed  and  transformed  equations  are  compared, 
it  becomes  evident  that  the  latter  are  formed  by  multiplying  the  tormer 
by  n^,  n^,  n*,  &c.  respectively,  so  that  in  each  term  the  sum  of  uie  exponents 
of  n  and  y  is  equal  to  m. 

This  transformation  comprehends  that  in  which  it  is  proposed  to  divide  the 
roots  by  a  number,  n ;  for  this  amounts  to  the  multiplication  of  the  roots 

by  --,  and  by  consequence  to  the  division  of  the  coefficients  of  the  given 

equation  by  n°,  n\  n%  &c. 

1st  example :  Multiply  the  roots  of  the  equation  x^~12x'+17x' — 9x-|>7sO 
by  2. 

In  this  example  iiP=l,  n*=2,  n*=4,  »'=8,  «*=16 ; 

and  the  transformed  equation  is  af*—24x^-f68x*— 72*+ 112=^0. 
2d  example :  Divide  the  roots  of  the  eqnation  z^+Sx^ — 12x^432  by  6  ? 

nO=i^  ni=^  n«=^  «'=TiiT; 
and  the  transformed  equation  is  aP-^j^j^ — ^-f-2=0. 

235.  4th.  To  transform  an  equation  which  has  fractional  coeffidents  into 
another  of  which  the  coefficients  shall  be  whole  numbers,  and  thst  of  the 
first  term  1. 

Leaving  the  quantity  n  indeterminate,  let  nx^=y,  and  let  the  transforma- 
tion of  the  last  Article  be  effected. 

The  coefficients  P,  Q,  &c.  being  fractional,  let  a  common  multiple,  M,  of 
the  denominators  be  formed ;  then  in  equation  B  take  »=M ;  the  coefficients 
Fr,  Qii%  &c.  will  thus  be  rendered  integer. 

In  practice  it  is  sufficient  to  take  the  least  common  multiple  of  the 
denommators. 

Sx'    5x     2 

Example:  It  is  required  to  transform  the  equation  a^— 'o'+'i — o^^ 

into  an  equation  whose  coefficients  are  integer,  and  that  of  the  first  term  1. 
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The  least  oommon  multiple  of  the  denominators  is  4x9=86.  Making 
11=36  in  formula  B, 

,    3x36xa:*    5x36«xx    2x36' 

x3 2 + 4 —9— =^5 

or  a:S—54«^+1620x— 10368=0. 

236.  5th.  To  augment  or  diminish  the  roots  of  a  given  equation  by  a 
given  quantity. 

Let  the  given  quantity  be  a,  and  the  given  equation 

ar+Pjr-i+Qx— « +Tx-hU=0     -        -      (A). 

Making  x=y+a,y=a?— a;  consequently,  by  substituting  y-j-a  for x  in 
eauation  A,  a  transformed  equation  is  obtamed,  of  which  the  roots  are  those 
of  equation  A  diminished  by  a. 

In  order  that  the  roots  of  equation  A  may  be  augmented  by  the  quantity 
a,  it  is  necessary  to  chan^  a  into  — a. 

Effecting  the  substitution  of  y+a  for  ar,  equation  A  becomes 

(y-f-a)-+P(y+a)-i+Q(y+a)-« +T(y+«)+U=0. 

Developing  the  expressions  (y-j-a)*,  (if-^a)'*~\  &c. 


y--fiiia 


-frm— l)Pa 


y*-* +rf" 

+Pfl— » 


>=0  -      .  (C). 


+Ta 
+U 

If  it  is  required  that  the  exponents  of  v  shall  increase  from  lefl  to  right,  it 
IS  necessary  to  substitute  a-j-y  instead  of  y+a  in  equation  A.    The  result  is 

A+A'y+iA'y-f  2:3^"y +y-=0. 

Making,  for  abridgment, 

A=a--f  Pa— M-Qo*^ +Ta+U. 

A'=ma— i+(w-l)Prf--«+(i»-2)Qfl— » +T. 

A"=w(wi— l)a*-«+(m--l)(m— 2)Pa— '+(m— 2)(m— 3)Qa"-* 

A'''=m(m— l)(m— 2)flr-«+(»»— l)(i»-2)(iii-3)Pa— *-f 

&c.    &c. 
The  quantities  A,  A',  A'^ ....  are  connected  with  the  proposed  equation 
X=0  by  a  very  simple  law. 

A  is  formed  by  writing  a  instead  of  z,  in  the  first  member  X. 
A'  is  formed  m>m  A  by  multiplying  each  term  of  A  by  the  exponent  of  a 
in  that  term,  and  diminishing  the  exponent  of  a  by  1.    As  the  last  term 
18  equivalent  to  Ua°,  it  must  vanish  in  the  operation,  being  multiplied  by 
zero. 

A''  is  formed  in  the  same  manner  from  A',  A'"  from  A'',  &c. 

The  quantities  A',  A'',  A''' ....  are  termed  Derived  Polynomials.     A'  is 

sud  to  be  the  derived  polynomial  of  A,   A'^   of  A' A'  is  also 

designated  the  first  derived  polynomial  of  A,  A'^  the  second,  &c. 

Example :  Let  it  be  required  to  substitute  a-\-y  for  x  in  the  equation 

x5— 2**— 4ar-|-5=0. 
A=a»— 2a«— 4a+5. 
A'=3a«— 4fl— 4. 
A''=6a— 4. 
A'"=6. 
Consequently,  taking  care  to  divide  A^^  by  2,  and  A''^  by  2  x  3,  the  trans- 
formed equation  is 

(a»— 2a«— 4a+5) + (3a«— 4a-4)y -f  (3a— 2)^«+^=0. 
If  a  is  a  root  of  the  equation  X=:0,  this  equation  is  divisible  by  x— a, 
and  the  depressed  equation  is  of  the  form 

ar-i+P'aJ^-^+Q'**-' +T'=0. 
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The  coefficienta  P^  Q^  &c.  can  be  formed  from  the  ooeflidents  F,  Q,  &c 
of  the  proposed  equation,  and  from  each  other,  by  a  process  explaiiied  in 
Article  231. 

If  a  is  not  a  root,  the  proposed  equation  is  not  exactly  divisible  by  x — a. 
Effecting  the  division  as  far  as  {X)S8ible,  the  result,  which  is  of  the  same 
decree  m)  as  the  proposed  equation,  Ls  of  the  form 

*'*+A*'x'^i+A"-ij^* +AV+A=0, 

in  which  x'=x— a ;  that  is,  in  which  the  roots  are  those  of  the  proposed 

equation  diminbhed  by  a,  and  the  coefficients  are  the  Mth,  M^lth, 

second,  first  derived  polynomials  of  A. 

K  the  proposed  equation  is  numerical,  the  coefficients  of  the  equation  in  3^ 
can  be  obtained  from  the  formulse 

A=«-+P(r-»,  &c. ;  A'=iwa— »+(m— l)Pa— S  &c.  &c. 

For  example,  let  it  be  required  to  transform  the  equation 

**+5x'+4a:*+3a:— 105=0 
into  another  equation  whose  roots  are  less  by  2  than  the  roots  of  the  pro- 
posed equation. 

The  transformed  equation  is  of  the  form 

A///  A// 

x'*+~3X^+-2-^+AV+A=0. 

A=:2*+5x2'+4x2«+3x2-105=16+40+16+6-105=—27. 
A'=4X2»+8X5X2«+2X4X2+3X  1=32+60+16+3=111. 

A"     3X4X2'+2X3X5X2+2X4    48+60+8     116 

2  "  2  ^         2         —  2  ""^ 

^w^2x  3^  4j<  2+2x3x5     48+30     78 


2.3""  2x3  ~"      6      ~6 

Therefore  the  transformed  equation  is 

4r'*+ 13x'3 -|-68r^  + 11  Ir'— 27=0. 

The  following  rule,  founded  on  observation  of  the  law  according  to  which 
the  coefficients  of  the  transformed  equation  are  composed  of  the  coefficients 
of  the  proposed  equation  and  the  quantity  a  which  expresses  the  difference 
between  x  and  y,  b  given  by  Mr.  Homer  in  his  Method  for  the  General 
Resolution  of  Numerical  Equations: 

'*  1st.  To  the  first  coefficient  add  the  correction  0,  and  to  each  succeeding 
coefficient  add  a  times  the  amount  of  the  preceding  coefficient  and  its  cor- 
rection ;  proceed  thus  with  all  the  coefficients  in  order  till  the  absolute  texm 
is  corrected. 

*'  2d.  Apply  a  similar  process  to  the  series  of  corrections^  and  then  to 
those  which  are  deduced  from  them ;  and  so  on,  as  oflen  as  it  con  be  done, 
stopping  each  process  one  term  short  of  the  preceding. 

"  3d.  Add  up  each  column  of  additional  corrections,  together  with  the 

once-corrected  coefficient  under  which  it  stands ;  and  the  sum  will  be  the 

new  coefficients,  standing  vertically  imder  those  given  ones  for  which  they 

are  to  be  substituted.** 

The  transformation  of  the  last  example  is  effected  by  this  rule  aa  follows : 

1,     +  5,     +  4,     +     8,     -105 
0,     +  2,     +14,     +86,     +78 


1,     +  7, 
+  2, 
+  2, 
+  2, 

+  18, 
+  18, 
+22 

+  89, 
+  72 

—  27 

1,     +13, 

+58, 

+  111, 

-  27 

The  last  results  taken  in  order  are  the  coefficients  of  the  tranafonned 
equation,  which,  as  already  found,  Js, 

.    ar'*+18ar'»+58a<«+ 11 1x^-27=0. 
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Ezplftnatioii.    In  thiB  example,  as=:2. 

The  first  line  of  the  calculation  contains  the  ooefficients  of  the  proposed 
equation  and  the  term  wholly  known. 

The  second  and  third  lines  are  formed  in  this  manner. 

0  is  the  correction  of  the  first  coefficient,  1+0=1.  This  1  is  the  first 
term  of  the  third  line. 

This  result  1,  multiplied  by  2=2.  This  2  is  written  under  the  second 
coefficient,  5,  to  which  it  is  added.  The  sum  +7  is  written  in  the  third  line, 
of  which  it  is  the  second  term. 

This  7  is  multiplied  hj  2 ;  the  product  14  is  written  under  the  third 
coefficient,  +4,  to  which  it  is  added.  The  sum  +18  is  the  third  term  of 
the  third  line. 

This  18  is  mtdtiplied  by  2 ;  the  product  86  is  written  under  the  fourth 
coefficient,  +3,  to  which  it  is  added.  The  sum  39  is  the  fourth  term  of  the 
third  line. 

This  39  b  multiplied  by  2 ;  and  the  product  78  is  written  under  the 
absolute  term.     The  sum  —27  is  the  fifth  and  last  term  of  the  third  line. 

The  fourth  line  is  formed  from  the  third  and  second  thus ;  1,  the  first 
term  of  the  third  line,  multiplied  by  2=2.  This  2  is  written  imder  the 
second  term  of  the  third  line. 

This  2  multiplied  by  2=4 ;  the  product  4  is  added  to  14,  the  third  term 
of  the  second  Ime ;  and  the  sum  18  is  written  imder  the  third  term  of  the 
third  line. 

This  18  is  multiplied  by  2 ;  and  the  product  36  added  to  36,  the  fourth 
term  of  the  second  line.  The  sum  72  is  written  under  the  foiurth  term  of 
the  third  line. 

The  fiflh  line  is  formed  firom  the  fourth ;  thus, 

1  ^which  in  this  example  may  be  considered  as  the  first  term  of  each  line) 
multiplied  by  2=2.  The  2  is  written  under  the  second  term  of  the  fourth 
line. 

This  2  is  multiplied  by  2 ;  and  the  product  4,  being  augmented  by  18, 
the  third  term  or  the  fourth  line,  the  sum  22  is  written  under  the  third 
term  of  the  fourth  line. 

The  sixth  line  is  formed  from  the  fifUi,  as  the  fifth  from  the  fourth,  and 
80  on.  The  sum  of  the  third,  fourth,  fifth,  sixth  . . .  lines  is  contuned  in 
the  last  line. 

The  numbers  in  the  last  line  are  the  coefficients  of  the  transformed 
equation. 

2d  Example.  It  is  required  to  transform  the  equation, 

ar«— 8«*+ 1  la:S_39aj£^31a._101=0, 
into  an  equation  whose  roots  shall  be  less  by  4  than  the  roots  of  the  proposed 
equation  r 

1,     —  8,     +11,     —39,     +  31,     —101 
0,     +  4,    —16,     —20,     —236,     —820 


1,     -  4, 

-  5, 

—59, 

—205, 

—921 

4, 

+  0, 

-20, 

—316 

4, 

+16, 

+44 

4, 

+32 

4 

1,     +12, 

+43, 

-35, 

—521, 

—921 

The  transformed  equation  is 

a:'5+ 12a?'*+43ar''— 35ar^— 521  y— 921. 

3d  Example.  It  is  required  to  transform  the  equation, 

2ar*— 13x«+10ap— 19=0, 
into  an  eouation  whose  roots  shall  be  less  by  3  than  the  roots  of  the  proposed 
equation? 
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In  this  example  the  coefficient  of  tbe  term  in  x*  ifl  0»  nd  a^S. 

2,     -h  0,     -18,     -♦-  10,     -19 

0,     -h  6,     +18,     4-  Ig,     ^-75 

2,     +  6,  +  5,     +  25,     +56 

6,  +36,     +123 

6,  +64 
6 


2,     +24,     +95,     +148,     +66 


The  tranrformed  equation  is, 

at'*+24ar'>+95a^+148a^+56=0. 

4th  Example.  It  is  required  to  transform  the  equation, 

ear'— 3a;«+4r— 1=0, 
into  another  equation,  whose  roots  shall  be  greater  by  3  than  the  roots  of 
the  proposed  equation  ? 

In  this  example,  «=:— 3. 

6,     -  3,     +     4,    -     1 
(S    —18,     +63,     —201 

6,     —21,     +  67,     —202 
—18,     +117 
—18 

6,     -57,     +184,     -202 

The  transformed  equation  is, 

6^5— 57ar^+184r'— 202=0. 

By  makinff  the  additions  as  well  as  the  mxdtiplications  mentally,  and 
recording  only  the  results,  the  calculation  of  the  coefficients  of  a  trans- 
fbrmed  equation,  by  this  method,  may  be  abridged  in  appearance.  The 
process  for  the  second  example  (which  is  the  longest)  may  be  abridged  as 
follows : 

1,     -8, 

-4, 

0, 

4, 

12 

The  first  line  as  before  contains  the  coeffict^its  of  the  proposed  equa- 
tion ;  the  second  line  is  formed  as  follows  frcm  the  first. 

1  X  4=4 ;  4-) — 8=— 4 ;  this  —4  is  written  under  the  second  term  of  the 
first  line« 

—4x4=— 16;  —16+11= — 5;  this —5  is  written  under  the  third  terai 
of  the  first  line. 

— 5  x4=— 20 ;  —20+— 39=— 59 ;  this  —69  is  written  under  the  Iburth 
term. 

—59X4=— 236;  — 236+81s=— 205;  this —206  is  written  under  the 
fiflh  term. 

—205X4=— 820;  — 820+— 101=— 921 ;  this  —921  is  written  under 
the  last  term. 

The  third  line  is  formed  firom  the  second,  the  fourth  firom  the  third,  &&, 
in  the  same  manner. 

When  the  calculation  is  made  in  this  manner,  the  last  terms  of  the  hori- 
zontal lines  are  the  coefficients  of  the  transforo&ed  equation. 

237.  6th,  to  transform  an  equation  into  another  which  shall  want  a  certain 
term. 

Let  ihe  equation  be  ar+P«*->+Q«*-"2 +Tx+U=0  (A). 

Make  x=^+a ;  y  beui^  a  new  unknown  quantity,  and  m  an  findetem^nste 
quantity  which  may  be  disposed  of  at  pleasure. 


+11, 

—39, 

+  31, 

—101 

- «, 

-59, 

—205, 

—921 

- «, 

-79, 

—621 

+11, 

-35 

+43 
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By  thifl  sidbstitation  10  obtained  the  equation  distmguuhed  by  the  mark 
C  (Art.  236) ;  if  it  is  required  to  make  the  second  term  disappear,  it  is 

P 
necessary  to  determine  a  by  the  equation  via-f  P=:0,  or  a^ . 

P 
Then  the  value  ;Ksy+a  becomes  x^sLy.——, 

Observing  that*  in  this  expression,  P  is  the  coefficient  of  the  second  term 
of  equation  A,  and  m  is  the  exponent  of  the  highest  power  of  z,  it  follows 
that  the  second  term  of  an  equation  is  made  to  vanish  by  substituting,  for 
the  unknown  quantity  of  that  equation,  a  new  imknown  quantity,  to  which 
is  added  the  coefficient  of  the  second  term  of  the  equation*  taken  with  a 
contrary  sigUi  ftud  divided  by  the  degree  of  the  equation. 

The  third  term  of  equation  A  is  nmde  to  disappear  by  affluming 

Jm(m— l)a«+(OT— l)Pa-hQ==0. 

From  this  equation  two  values  of  a  can  be  obtained;  consequently  there 
are  two  different  quantities  bj  the  substitution  of  which  an  equation  can  be 
transformed  into  another  which  shall  be  deprived  of  its  third  term. 

To  make  the  fourth  term  vanish,  it  is  necessarjr  to  resolve  an  equation  of 
the  third  d^ree,  and  so  on  to  the  last  term,  which  (to  make  it  (usappear) 
requires  the  determination  of  a  from  an  equation  like  that  proposed; 
namely, 

a-+Pa"~*-f  Q<i*"*  ....  -f  Ta-f  U=0. 

The  reason  is  this :  to  equal  to  zero  the  last  term  of  the  equation  in  y  is 
to  suppose  that  one  of  the  values  of  v  is  zero ;  for  when  this  equation  has 
no  last  term,  it  is  evidently  verified  by  making  y=0 ;  consequently  the 
relation  x=y+a  becomes  :r=a;  therefore  for  a  may  be  taken  any  of  the 
values  of  r,  therefore  a  ought  to  be  determined  by  the  same  equation  as  x. 

When  one  term  of  an  equation  is  made  to  vanish  it  may  happen  that 
other  terms  may  disappear  at  the  same  time ;  but  that  this  ma^  happen  it 
18  necessary  that  there  be  certain  relations  between  the  coefficients  of  the 
proposed  equation. 

Liet  it,  for  example,  be  required  to  find  the  relation  which  must  subsist 
among  the  coefficients  of  an  equation  in  order  that  the  second  and  third 
terms  may  vanish  together  ? 

It  is  evidently  necessary  (Eq.  C)  that 

«Mi+P=0  and  ^fii(m— l)aH(»»— lPa)+Q=0. 

The  first  equation  gives  a=— ^.    It  is  necessary  that  this  value  satbfy 

*»(»»— 1)P*    (m— 1)P«  .  ^     ^ 
the   second   equation,    or  that         ^^- ^ — —^ — hQ=0,    or   that 

Q 2^ — =0,  which  is  the  relation  required. 

If  the  value  of  Q,  deduced  from  this  expression,  is  substituted  in  equation 
A,  the  general  form  of  equation,  whose  second  and  third  terms  ought  to 
disappear  together,  will  be  obtained. 

It  IS  not  possible,  by  successive  transformations,  to  make  first  one  term 
▼anish«  then  a  second,  then  a  third,  &c.,  for  each  operation  would  reproduce 
the  term  destroyed  by  the  preceding. 

Taking  the  equation  a"+Qx*"*-f,  &c.==0,  which  wants  the  second  term, 
tlie  substitution  of  y+a  for  x  in  this  equation  gives 

Developing  this  equation,  the  result  is 

y-+»iay— ^+[^m(m-lK-f  Q]y-;-*-f ,  &c.  =0. 

Now  it  is  evident  that  the  value  of  a,  which  in  this  equation  makes 
Jjii('m--l)a'4-Q=0,  must  be  different  from  0,  consequently  the  term  in 
f^^  must  be  reproduced  by  the  process  employed  for  the  removal  of  the 
third  term. 
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Ist  Example.  It  is  required  to  transform  the  equation, 

a*-|-par=:y,  or  a^-^-px — ^=0, 

into  another  which  shall  want  the  second  tesm,  •miiitning  ;r=y— ^  ^ 

-9= -q 

Whence  the  twiwfoimed  equation  U  jr*     *  ^-g- 
Besolving  this  equation,  the  values  of  y  are, 

Consequently  the  corresponding  values  of  x  are 

2d  Example.  It  is  required  to  take  away  the  second  term  of  the  equation, 

*»— 9x*4-26a:— 34=0, 
assuming  x— 3=y,  or  «-|-»=x? 

a?=0^+3)»=y34-V+27sr+27 

— 9x»=— 9(«+3)*=    — ^«— 54y— 81 

26x=26(y+8)=  4-26^+78 

-34=  —34 


y*    *     -    y-10=0 


Whence  y^— y— 10=0  is  the  transformed  equation  required. 

3d  Example.  It  is  required  to  take  away  the  second  term  of  the  equation, 
x5+6x*—3x -1-4=0? 

Atu,  The  transformed  equation  is  y'— 15y+26=0. 

4th  Example.  It  is  required  to  take  awaj  the  second  term  of  the  equation, 
-^_12jr34. 17x«— 9x-|-7=0  P 

Ans,  The  transformed  equation  is  y*— 37y*— 133y— 110=:0. 

238.  The  success  of  certun  transformations  can  be  made  evident  by  means 
of  the  composition  of  equations. 

Admitting  that  the  equation  X=0  decomposed  into  factors  is 

(x— a)(x— ft)(x— c)  ....  =0, 
if  X  is  replaced  by  — x,  and  the  signs  of  all  the  factors  are^flerwarda  changed, 
the  result  is 

(x-ha)(x-|-ft)(x-|-c)  ...  =0; 

an  equation,  the  roots  of  which  are  evidently  equal  to  those  of  the  proposed 
equation,  but  of  contrary  signs. 
This  is  the  transformation  of  Article  232. 

If  in  the  equation  (x— a)(x— ft)(x— c)  ....  =0,  x  is  changed  into  -, 


(H(H(H-;=*^' 


XXX 

multiplying  the  factors  respectively  by  -t  p  -,  &c.,  and  changing  the  sign  of 

It  i  u   V    c 

each  factor,  the  resu  **  s 


{'-l)('-i)('-\)--=^'^ 


an  equation  which  has  the  roots  "t  ^  "^v  •  •  •  <^  required  in  Article  233. 
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y 

If  again  x  is  made  equal  to  ",  and  each  factor  10  multiplied  by  n  (which 

amounts  to  the  multiplication  of  every  term  by  n")  the  result  is 

(y— na)(jf-ii*)(y— lie)  .  .  .\,  =0, 
an  equation  of  which  the  roots  are  no,  nfr,  ne,  .  .  . 

This  transformation  is  that  of  Article  234.  • 

If  x^=-af'\-c^  the  equation  a:(— a)(x— &)(a:--c)  ....  =0  becomes 
(pif+c^ — a)(j:'+a'— 6)(r +0'— c)  ....  =0,  which  has  evidently  for  roots 
a — o^,  h^a\  c — a^, ....  that  is  to  say,  the  roots  of  the  proposed  equation, 
each  diminished  by  a^. 

When,  to  make  the  term  Pa"^*  of  the  equation  X=0  to  vanish,  z  is  made 

equal  to  y — -,  the  roots  of  the  transformed  equation  are 

.  P  ,     P        P 

Now  a-\'h'\-c  ...  to  m  terms  = — P. 

P     :    P    .     P 

.•.  a+— -|-^-f— -|-c+-  ....  to  m  term8=a-J-6-|-c  ...  to  m  terms  + 
fn  m  m 

PP.P 

~:+— +z:  ....  to  III  terms, 
1^    m    m  ' 

P 
=— P4-mx-=— P+P=0; 

therefore  the  coefficient  of  the  second  term  of  the  transformed  equation  is 
equal  to  zero,  or  the  equation  in  y  has  no  second  term. 

In  these  instances  a  very  simple  relation  exists  between  the  original 
unknown  quantity  x  and  the  new  unknown  quantitjr  y  or  ar' ;  but  whatever 
the  nature  of  this  relation  the  process  to  be  followed  is  always  the  same ;  the 
relation  is  first  to  be  expressed  by  an  equation  ;  then  the  value  of  x  is  to  be 
deduced  in  terms  of  y ;  then,  lastly,  this  value  is  to  be  substituted  in  the 
proposed  equation. 

The  equation  of  relation  between  x  and  y  may  be  too  complicated  to  be 
resolved  with  regard  to  x.  In  this  case  it  becomes  necessary  to  eliminate  x 
between  the  equation  of  relation  and  the  proposed  equation  A=0. 


SECTION  xm. 

OF  ELIMINATION  AND  ITS  APPLICATIONS. 

239.  Two  equations  of  the  first  degree,  containing  two  unknown  quantities, 
being  given,  the  elimination  of  one  of  the  unknown  quantities  is  easily  aecom* 
plished ;  and  the  final  equation  (that  is,  the  equation  which  gives  the  oUier 
unknown  quantity)  is  also  of  the  first  degree.  J3ut  such  is  not  the  case  when 
the  equations  are  of  a  degree  superior  to  the  first. 

Let  there  be  between  the  unknown  quantities  x,  y  two  complete  equations, 
one  of  the  degree  m,  the  other  of  the  degree  n. 

These  two  equations  can  always  be  reduced  to  the  form 

x--}-Par-»4-(ir— » ....  -|-Tx4-V=0       -        -    A, 
a^+Faf-^+Q'ar-* ....  -hT'x+V'=0      -        -    B. 

In  which  P,  P'  are  respectively  of  the  form  a+ Jy,  af-\'h'y ; 
Q,  Cr c-itdy^ey\  c'+rfy-|-/y«; 

&c.  &c. ; 

and  the  terms  Y,  V^  contain  y  to  the  powers  m,  11  respectively. 
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To  resolve  equations  A,  B  is  to  assign  all  the  pain  of  numbers  wfaicfa, 
being  substituted  for  st,  y,  reduce  A,  B  at  tJie  same  time  to  the  form  Oa=0. 
These  numbers  are  termed  roots  or  soludona  of  tiie  proposed  equation. 

The  nrinciple  of  the  resolution  of  these  equations  ma^  be  presented  under 
two  different  points  of  view. 

1st.  Let  a,  /3  be  values  of  jb,  y,  such  that  being  substituted  Bimul- 
taneously  in  the  equation  A^  B,  these  equations  are  reduced  to  OsO ;  then 
it  b  eviaent,  that  if  /3  is  first  substituted  for  y,  and  in  the  results  (which 
contain  only  x),  x  is  replaced  by  a,  the  same  result  0=^0  is  obtained. 

But  since  the  polTuomials  which  form  the  first  members  of  the  equations 
A,  B  ought,  afler  Uie  substitution  of  p  for  y,  to  become  zero  at  £he  same 
time  finr  7=0,  they  must  have  the  form, 

Equation  A  of  Q(x^a\ 
Equation  B  of  Q'(a: — a). 

Therefore  the  substitution  of  ^  for  y  introduces  into  the  equations  A,  B  a 
common  factor,  x — a,  the  equalling  of  which  to  0  gives  the  solution  x=a 
corresponding  to  the  solution  y=^(S, 

This  is  a  property  of  every  root  y,  and  every  value  of  y  which  does  not 
possess  it  ought  to  be  rejected  as  incapable  of  forming  part  of  €he  solutions. 

2d.  Let  it  be  supposed  that  the  equations  A^  B  are  resolved  separately, 
with  r^wd  to  X  (y  being  taken,  for  the  time,  as  a  known  quantity)  ;  let  the 
roots  of  equation  A  be  represented  by  a,  a',  a'\  &c. ;  the  roots  of  equation  B 
by  a,  a\  a  ,  .  .  .  . ;  and  let  the  equations  be  put  under  the  form 

Aof(ar— fl)(ar— a9(ar— (t'O     .     .     .     .=0, 

B  of  (x— a)(a?— aO(a?— o'O  •  .  •  •  •  ^^ 
If  now  any  one  of  the  roots  a,  cr ,  a"  *  ,  ,  is  made  equal  to  any  one  of 
the  roots  a,  a\  af\,,.  (as,  for  example,  a  to  a,)  the  result  is  an  equntioft  in 
y  which  will  give  for  y  one  or  more  values  /3,  /3^,  p^\  ^c,  such"  that,  being 
substituted  in  A,  B,  these  equations  will  acquire  a  common  divisor,  te — a,  or 
z — a ;  and  the  value  y=/3  deduced  from  a=^a^  with  the  corresponding  value 
x=:a=:a,  (which  becomes  a  number  by  the  substitution  of  /3  jGor  y)  will 
simultaneously  reduce  the  eauations  A,  &  to  the  form  0=0. 

Then,  if  /3,  one  of  the  values  of  y,  is  substituted  in  the  two  polynoinials 
A,  B,  the  coefiicients  F,  Q>,  R  .  .  .  P^,  Q^  R'  .  .  .  will  be  changed  into 
numbers,  which  may  be  expressed  by  (P),  (Q),  (R)  .  .  .  (P^,  (Q'),  (jk)  .  .  , 
and  the  resulting  equations, 

ar-^CB)x'^-\-(Q)ar-^    ....  XT>+(V)=0 C, 

ir->(P0x^+(Q0a!^   ....  +(TO«+(VO=0 D. 


containing  only  x,  will  be  satisfied  by  x=a,  or  x=a ;  that  is  to  say,  they  will 
acquire  a  common  divisor  of  the  first  degree  x — a.  Seeking,  therefore,  the 
common  measure  of  the  polynomials  which  form  the  first  members  of  equations 
C,  D,  and  making  it  equal  to  zero,  the  result  obtained  is  x=a=«r,  a  oeing  a 
number. 

In  the  same  manner  fis  found  another  value  d  x,  correspondiBg  to  the 
second  value  /3'  of  y ;  and  so  on  for  other  values. 

240.  When,  therefore,  two  proposed  polynomials  nam  operated  upon  as  if 
to  find  their  common  measure  x — a  (a  being  a  quantity  which  dq)ends  on 
y,  or  a  fimction  of  y)  and  a  remainder  is  found  which  Involves  y  only,  it  is 
this  remiunder  whidi,  for  all  the  values  /3,  ^^,  |S^  . . .  of  y,  beeomes  sero. 
Making  the  remainder  equal  to  zero,  the  last  divisor  becomes  the  greatest 
common  measure  of  the  proposed  polynomials.  Let  Rz^^O  be  like  equation 
formed  by  making  the  remainder  m  y  equal  to  zero ;  the  values  y=/3,  jS', 
^' , ,  .  are  obtained  by  resolving  this  equation,  and  the  cfMrvespondii^  values 
of  X  by  substitutinff  successively  the  values  ^  /S',  ^^^ . . .  of  y  m  the  last 
divisor  (or  remainc^r  which  is  of  the  first  degree  in  x,  and  which  may  be 
represented  bv  Ax— -B,  A,  B  being  functions  of  y\  and  maldng,  after  each 
substitution,  Ax— B=0  a  condition  f^om  which  tne  proposed  polynomials 
become  zero.    By  this  means  numbers  «r,  a\  af\,,  are  obtwned  «i  vahioB  of 
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JT,  wfaidi,  taken  with  /3,  ^\  ff% ...  the  values  of  y,  satisfy  the  pn^sed 
equations. 

It  is  to  be  obflerved  that  for  the  two  proposed  equations  between  x  and  y 
two  others  are  substituted,  the  one  in  y  only,  the  other  in  x  and  y. 

Example  1.  Let  2r>+3y2>+3tf'j;— 98=0    -     -     -     -     1, 

a5*4.4ya;— 2^— 10=0 2. 

x«4-4^ar— 2y«-10)a:»+8y««+8y«*— 98  (x— y 

a?»-h4ya:»— 2y«x--10j? 

—yxHV^-l-lOar— 98 
--ya;^~4y^x-i-2y^-}-  lOy 

Istrem.     -     -     -    9y2x+iar— 2y'— lOy— 98 

or  (9y*+10)x— 2y3— lOy— 98 


ji34.4yjr— 2j<2— 10 

9y«+io 


(V+io>-V- 


lOSr— 98\  (9y2+10)«e+(36y»+4(^)*~18y*-n0W«— 100  /» 
/(?y«+10)*2-{2!r>+l0y+98>  V 


C38ya  +  90y+ 98)jr— 1 9y*— 1  lQy«- 100 
or  (l$^+a8y+4»>*—  fl&*-  5fty«-  50 

flr2+  10 


(V+10)*-S^-ifl^flS\  (S||^+10)(lV+2«>y+49U-81^-.5a&y*-1000ya-500    (l%»<|-2fiy+49 

;  (9^+10Xli^+25y-t-49)*-38y<-24(>y^--1960y3~250^*-a54qy--4802 

-,-481^— a45y*-t-  IQgOy*— T5qyg-«-2&4%-Maoa 

Making  this  remainder  equal  to  zero,  and  rendering  the  first  term  positive, 
the  final  equation  is 

43y6+345y*—196(y+75()y2--2940y— 4302=0, 
and  the  common  measure  of  the  first  degree,  or  the  equation  which  gives 
the  values  of  x,  is 

(^«+  10)x—2y3— 1(^—98=0. 

241.  The  same  final  equation  and  the  some  common  divisor  may  belong  to 
an  indefinite  number  of  systems  of  two  equations  of  the  same  degree  or  of 
difierent  d^rees.  If  it  is  proposed  to  form  two  equations  which  shall  have 
X— y  for  common  divisor  or  the  first  degree,  and  y* — 1=0  for  final  equation. 
To  the  product  of  x — y  by  any  factcn-  which  is  a  nin*ction  of  x,  or  of  x  and  y 
(and,  for  example,  of  the  first  degree  in  x),  let  y^ — 1  be  added,  the  result  is 
a  polynomial  of  the  second  degree ;  to  the  product  of  this  polynomial  by  a 
function  of  x  or  of  x  and  y  let  the  polynomial  divisor  of  the  first  degree  be 
added,  and  so  on.  Any  two  whatever  of  these  consecutive  polynomials  are 
of  dififerent  degrees ;  and,  under  the  same  degree,  their  composition  may  be 
varied  at  pleasure.  But  anv  two  of  them,  being  made  equal  to  zero,  will 
admit  the  same  solutions,  ana  in  the  same  number,  as  a  necessary  consequence 
of  the  law  of  their  formation. 

242.  The  accuracy  of  the  preceding  method  may  be  established  by  this 
demonstration : 

Let  A,  B  be  the  proposed  polynomials, 

R,  R'  .  .  .  .  the  successive  remainders, 

Q,  Q^  .  .  .  .  the  successive  quotients. 

ThenA=BQ+B 1» 

B=RQ'+R' 2, 

R=R'Q''-fR''  ....  3. 
•  •  .  « 
It  follows  from  the  first  equality  that  each  of  the  systems  of  values  of  x,  y 
which  gives  A;=0»  B=0,  must  also  eivc  R=0,  and,  reciprocally,  liiat  the 
solutions  in  x,  y  of  B=0,  R=0,  are  auo  solutions  of  A=0,  B=0.  Hiere- 
fore  the  question,  to  find  the  roots  common  to  A=0,  B=0,  is  reduced  to  this 
other ;  to  find  the  roots  which^satisfy  the  system  of  the  two  equations  B=0, 
B=0,  in  one  of  which  x  or  y  is  raised  to  a  degree  less  by  one  than  in  the 
polynomials  A,  B. 

GO  4 
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By  the  same  reasoning  it  is  proved  that  the  roots  common  to  B=50,  Rso 
are  the  same  as  those  which  sa^sfy  the  pairs  B=0,  R^=0 ;  R^=:0,  R^'ssO, 
&c.  As  the  degree  of  the  divisor  is  diminished  at  each  operation,  two 
equations  must  of  necessity  be  obtained ;  the  one  in  x,  y,  liie  other  in  x  only 
or  y  only,  and  of  which  the  pairs  of  common  values  are  precisely  the  same, 
and  in  ue  same  number  as  those  of  the  proposed  polynomials.  The  last, 
containing  one  unknown  quantity,  will,  th^^ore,  be  the  final  equation 
required. 

The  last  remunder  but  one  being  the  common  divisor  of  not  only  the 
polynomials  A,  B,  but  of  all  the  preceding  remainders  also,  it  follows  that 
the  systems  of  roots  which  result  from  the  equality  to  zero  of  the  two  last 
remamders  satisfy  all  the  other  remainders  as  well  as  the  proiKxsed  poly* 
nomials  A,  B.  Whence  it  also  follows  that  the  same  final  equation  and  tne 
same  common  divisor  may  belong  to  an  indefinite  number  of  equations ; 
since  with  A,  B  others  may  be  formed  composed  of  A,  B,  as  A,  B  are 
themselves  by  means  of  the  remainders  and  quotients. 

243.  If  this  method  of  elimination  is  compared  with  that  which  is  followed 
In  the  resolution  of  equations  of  the  first  decree,  cont^ning  several  unknown 
quantities,  the  analogy  of  the  two  is  evident. 

Let  there  be,  for  example,  two  equations  of  the  first  degree,  l^ese  may  be 
always  put  under  the  form  x+p=0,  2+^=0. 

But  substituting  in  the  one  tiie  value  of  x  taken  from  the  other,/)—^  is 
obtuned  for  final  equation.  Now  this  is  the  condition  under  which  the  two 
quantities  x+d  and  x+o  admit  a  common  divisor  in  x,  as  may  be  readily 
^own  by  divmon. 

In  general  the  different  processes  of  elimination,  which  may  be  employed 
to  effect  the  resolution  of^  equations  involving  many  unknown  quantities, 
have  this  common  object,  to  substitute  for  the  proposed  system  of  equations 
another  system  perfecUy  equivalent,  and  to  decompose  the  difiicnlty  which 
results  m>m  the  simultaneous  existence  of  many  ummown  quantities  in  all 
the  equations  compared  together,  by  reducine  successively  their  resolution 
to  tliat  of  more  simple  equations,  of  which  the  last  mvolves  only  one 
unknown  Quantity,  and  which  may  be  resolved  exactly,  or  at  least  by  the 
known  metnods  of  approximation. 

244.  If  the  value  of  y,  deduced  from  the  final  equation,  causes  the 
remainder  of  the  first  degree  in  x  to  vanish,  the  preceding  remainder  in  x' 
becomes  the  common  measure  of  the  proposed  polynomials.  Substituting 
the  value  of  y  in  this  remainder,  and  makins  it  equal  to  zero,  two  values  of 
X  are  obtained  corresponding  to  the  same  vsuue  of^y. 

But  if  the  value  of  y  causes  the  remainder  in  x^  also  to  vanish,  the 
remainder  in  x^  is  the  common  measure  of  the  proposed  polynomials,  and 
three  values  of  x  correspond  to  the  same  value  of  y. 

And,  in  general,  if  the  value  of  y  causes  the  remainder  in  x^*  to  vanish, 
the  remainder  in  x"  is  the  common  measure  required,  and  n  values  of  x 
correspond  to  the  same  value  of  y. 

If  tne  last  division  is  exact  the  two  equations  have  a  common  measure, 
without  any  determination  of  y ;  they  are  therefore  of  the  form  QxD=0; 
Q'  X  D=0  ;  D  being  the  conmion  measure. 

In  this  case  both  equations  are  satisfied  by  making  D=0 ;  and  If  D  con- 
tiuns  X  and  y  the  equation  D=0  gives  the  means  of  determining  one  of  the 
quantities  x,  y  in  terms  of  the  other. 

But  if  D  contain  only  x  or  y,  then  x  or  y  is  determinate,  and  y  or  x 
altogether  indeterminate. 

By  making,  next,  Q=0,  Q'=0,  two  equations  are  obtained,  which  may 
give  determmate  solutions  of  the  proposed  equations.    If,  for  example, 

(ax+fty— c)(»u:-fny— d)=0;  and  (a'x-|-&'y— </)(**? +«y— <0=9' 
by  making  the  common  factor  fiix-f  ny*—<^=0,  one  equation  only  is  given  to 
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determine  the  two  quantities  x,  y,  and  the  question  seems  indeterminate ; 
but  if  the  common  factor  is  suppressed  the  equations 

are  obtained,  wfaioh  must  give  a  determinate  solution. 

245.  If  the  final  equation  is  independent  of  y,  or  contains  only  known 
quantities,  which  do  not  destroy  each  other,  the  proposed  equations  involve 
contradictory  conditions. 

To  render  this  more  evident  let  two  equations  in  x,  y  be, 

ya:'~(y^-3y-l)a:-hy=0;  x«-y«+3=0. 

Dividing  the  first  by  the  second,  and  the  divisor  by  the  remainder  as 
follows : 

yj;^— ffi— 3y)j 

Ist  remainder  -        -        »        »    ar-f  y 

*+y)«*— y*-f3(ar— y 


— ay-y'^+a 


2d  remunder        -  -  -     -f3 


The  final  equation  is  +3,  and  the  common  measure  x+y* 

Denoting  the  first  quotient  xy  by  Q,  and  the  second  x— y  by  Q' ;  therefore, 
x«-y«H-3=(x+y)(x-y)-|.3=(x+y)Q'-h3. 

yx»-(y'-8y-l)x+y=[x*-yH3]ay+x+y=[(x+y)Q'-f3]Q+x+y. 

Hence  it  a{>pears  that  one  of  the  proposed  eauations  is  formed  from  the 
other  by  multiplying  that  other  by  xy  or  Q,  and  adding  x+y  to  the  product, 
and  consequently  that  the  two  equations  involve  contradictory  conditions ; 
also  the  final  equation  indicates  that  if  the  number  3  were  not  contained  in 
the  second  equation,  the  sum  x-f  y  would  be  the  common  measure  of  the 
two  polynomials. 

Consequently,  a  system  of  two  equations  in  x,  y  cannot  give  values  of 
X,  y,  when  the  final  equation  is  numerical.  ' 

246.  It  is  necessary  to  observe  that  the  quantities  bv  which  the  partial 
dividends  are  multiplied  to  render  the  divisions  possible  oflen  introduce 
into  the  last  remainder  factors  which  are  foreign  to  the  question,  and  which 
render  this  remainder  not  the  true  final  equation. 

To  avoid  the  error  arising  from  these  factors  the  most  obvious  precaution 
is  to  substitute  in  the  proposed  equations  each  of  the  values  given  by  the 
equation  in  y,  then  all  the  values  which  communicate  a  common  measure  to 
these  equations  necessarily  belong  to  the  question,  and  the  others  ought  to 
be  excluded. 

It  is  also  evident  that  the  final  equation  may  be  rendered  incomplete  by 
the  suppression,  during  the  process,  of  any  factor  in  y. 

The  following  method  is  free  from  these  inconveniences. 

Let  equation  A  or  ^x^^-fPx^^+Qa:"^ +Tx-+-V    be  supposed 

equal  to 

(x-a)(x— »+Ax^'+Bx*-*-h,  &c.)  -  .      C; 

and  equation  B  or  x--f  F'ar^-'+Q'^^  .  •  •  -f  Tx+V  to 
(x-a)(x-»+A'x^«+B'x-»-|-,  &c.)  -  -     D; 

also  let  equation  A  be  multiplied  by  x^*-f-A'x"~'-|-B'x*~*,  &c. 
and  equation  B  be  multiplied  by  x*"*-f  Ax"-*-f  Bx*-*,  &c. 
it  is  evident  that  the  products  must  be  equal ;  therefore, 
(x--h  Px— » -f  Qx-^+,  &c.)(x-»  -f  A'x-^  +  B'x*-*  +,  &c.)  =  (x--f  Fx^'+ 
Q'x-^-h,  &c.)(x— •+Ax— »-f  Bx-^-l-,  &c.)  -        -    E. 

Performing  the  inultiplications  and  making  equal  to  each  other,  the  coefli7 
cients  of  the  same  powers  of  x  (Art.  174)  m-f  n— 1  equations  are  obtiuned 
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between  the  iadetemimate  quantitiefl  A,  B,  C,  •  .  .  .  A^  B^  (y, 

Now  the  number  of  indetenuinale  qwmtideB  in  eqiitttion  C  b  ni*-l,  and  in 
equation  D,  n — 1 ;  therefore  the  number  in  equation  £  is  m-hn — 2.  Of 
the  m-l^ii — 1  equations  m-f  n — 2  suffice  to  determine  A,  B,  C, . . .  A%  B^  C^ 
.  .  .  .  ;  and  one  equation  remains  between  P,  Q,  R  .  .  .  .  P',  Q^  B' . . . . 
which  it  is  necessary  to  satisfy  in  such  a  manner  that  the  equations  C,  D 
may  have  a  common  divisor  x^a ;  this  equation  of  condition  is  the  final 
equation  required. 

Since  none  of  the  indeterminate  quantities  A,  B,  C  .  .  .  A^  B',  C  . . . . 
is  multiplied  by  itself,  the  eauations  by  means  of  which  these  quantities  are 
determined  are  of  the  first  degree. 

The  final  eouation  being  resolved,  and  the  values  of  y  successivdy  sub- 
stituted in  A,  B,  C,  .  .  .  .  A^,  B^,  C^  .  .  .  ,  the  results  are  obtained  from 
the  division  of  the  polynomials  C,  D  by  the  common  divisor  x — a. 

If  the  equations  A,  B  are  incomplete,  the  two  products  E  cannot  be  com- 
plete polynomials  of  the  degree  ni-f-n — 1 ;  but  the  terms  which  are  deficient 
m  the  one  are  found  in  the  other.   For  taking  the  least  favourable  case,  vis^ 

ar"+P=0;  af+P'=0; 
the  identity  which  results  from  the  equality  of  the  two  products  is 
(z-+P)(z-^-f  A'a-^+,  &c.)=(«-+P0(ar-»4-Aj--*-f ,  &c) 

Example.  Let  a:»-f  Pa?+Q=0 ; 

Denoting  by  x — a  the  factor  which  is  to  be  rendered  common  to  these  equa- 
tions by  the  suitable  determination  of  y,  the  first  equation  may  be  oonndered 
the  product  of  x — a  by  a  factor  x-\-A  of  the  first  degree;  and  the  second 
the  product  of  x — a,  by  a  factor  x+A'  also  of  the  first  d^ree. 

.-.  a^^+Px-f  Q=(jr— a)(x-f  A), 

a:S-hP'a?+Q'=(ar— a)(*-fAa 
and  (««+Par-hQ)(arH-A0=(a^4-P^*-|-Q')(«+A), 


orar5-fP 


-fPA' 


x+AQ'. 


x4-QA'=«»-f  P'  I  x«-hQ' 
-hA  I  ^-AP 

Making  the  coefficients  of  the  same  powers  of  x  equal  to  each  other, 
P+A'=P'-hA' or  A-A'=P~F       -  -  -     1, 

Q+PA'=Q'-}-AP' or  AP'-PA'=Q~Q'    -        -         -    2, 
QA'=AQ' or  AQ'--(iA'=0    -  -  -    5. 

By  means  of  these  three  equations  of  the  first  degree  the  two  indetermi- 
nate quantities  A,  A^  can  be  eliminated,  and  a  single  equation  obtained  in 
terms  of  the  quantities  P,  Q,  P',  Q'. 
For,  if  from  eouation  I,  multiplied  by  P,  or  AP— PA'=rP— P^P, 
is  suDtracted  equation  2,  or  AJP'— PA'=Q — Q', 

the  remainder  IS  AP-AF=(P-POP-<Q-QO 

(P-F)P~(Q~  QO 


Whence  A= 


P=F 


/ 


si^iy.  ^,^(F-F)F-^Q-Q7. 

If  these  values  of  A,  A'  are  substituted  in  equation  3, 
(P-POF-(Q-QO  (P-POF-(Q-QO 

p p/  A  V6  —  P— P'  Vt— v« 

or  (P-POPQ'-(Q-QOQ'-(P-POQP'+(Q-QOQ=o, 
or  (P-PO(PCr-QPO+(Q-QO(Q-QO=o, 

or  (P-PO(PQ'-(iPO + (Q--QO*»o- 

The  quantities  P,  P,  Q,  Q^,  containing  only  y  and  known  quantities,  this 
b  the  final  equation  in  y. 

It  has  been  already  noticed  that,  if  this  equation  is  identical,  the  proposed 
equations  have  at  least  one  common  factor  of  the  form  x— a,  whatever  be  the 
value  of  ^ ;  and  that,  if  it  contains  only  known  quantities,  these  equatkms 
are  contradictory/ 
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When  die  iSaal  equftticm  has  the  proper  form,  tfie  iicbor  x-^a  is  obtained 
by  dividing  the  first  of  the  proposed  equatknu  by  x-f  A,  thus, 


?::iS 


— A)a:+Q 

x+(P-A)A 


Q-(P-A)A. 

The  quotient  is  x-f  P— A,  and  the  remainder  is  considered  equal  to  zero, 
because  it  is  reduced  to  zero  by  the  substitution,  for  y,  of  a  value  deduced 
from  the  final  equation. 

Making  the  quotient  x+P— A  equal  to  zero,  the  value  of  x  is  x=A— P, 
and  by  substituting  the  value  of  A, 

(P-POP-(Q-QO 

*^  jp pf  —X. 

or  x^s  ^~  T>^__iv  • 

This  example  is  given  as  an  illustration  of  the  general  method.  From  its 
particular  form  it  admits  of  res<dution  by  another  and  a  much  shorter 
process. 

For  if  from  x*-f  Px-hQ=0 

x^+Fx+Q'^O  is  subtracted, 
the  remainder  is  (P—POx-f  Q— Q'=sO  ; 

Op  the  Degree  op  the  Final  Equation. 

247.  The  degree  of  the  final  equation  cannot  be  depressed  by  the  reduc- 
tion of  each  of  the  coefficients  P,  Q,  R  .  .  .  P',  Q',  W.  .  .  in  the  equations, 

xT-f  Px— i+Qx— «  ....  -|-Tx+V=0, 
x-+P'x^i+Q'x-^  ....  -f  T'x+V'^O, 

to  the  term  of  the  highest  exponent  in  y  which  it  contains ;  for  the  degree 

of  each  of  the  equations  is  not  changed  by  the  reduction,    llicrefore  the 

reasoning  may  be  applied  to  the  equations, 

ar+av3r-^-^by^ar-^ +^"-*x+ry"=0   -  -     1, 

ar^a^y^r-^+i/y^sr^ +/V-Ax-|-ry=0      -  -    2, 

which  are  of  the  same  degree  respectively  as  the  preceding  equations.    The 

latter  are  reducible  to 

(D'+^S^'+'d)""  •  •  •  •  +'l+"=«  -  '   -  3. 

X 

in  which  the  unknown  quantity  is  ~»  and  a,  A,  ...<,»;  n',  ft',  ...  i',  ©', 

are  nimibers. 
Denoting  by  <r,  /3,  y  •  .  •  the  numerical  roots  of  equation  3, 
and  by  «/,  ^^,  /  .  .  .  the  numerical  roots  of  equation  4, 
these  equations  may  be  decomposed  into, 


(H(l-')S-')'»»-=* 
()-')5-'^)(|-'')-»--* 

Whence  (x— ayXx— %)(x— yy),  &c.=0    - 
(x-a'y)(x-p'y)(x-/y),  &c.=:0    - 


5. 
6, 
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Substituting  in  equation  5  the  roots  of  z  from  equation  6,  viz.  o'y,  fi^y,  ftc. 


Wy^yWy-mWy-yyh  &c.=o. 


Or,  since  the  number  of  factors  in  equation  5  is  m,  and  tiie  number  of 
roots  in  equation  6  is  n, 

y-(a'-a)(a'— /3)(a'— y),  &c.=0, 

y"(/-«)(/""0)(/-y)i  &c.=o. 

•  •  >  •  •  • 

Consequently  there  are  n  equations,  each  of  the  d^;ree  m ;  these  give  all 
the  solutions  m  y.  The  product  of  these  roots  (or  solutions)  of  y  is  the 
final  equation,  since  it  becomes  zero  for  all  the  values  of  y  whidi  render  its 
factors  zero,  and  onlj  for  these  values.  Now  this  product  is  evidently  of  the 
decree  rmu  Consequentlv  the  degree  of  the  final  equation  (unless  roots  not 
belongs  to  the  proposed  equations  are  introduced  bj  the  process  of  eli- 
mination; cannot  exceed  the  product  of  the  degrees  of  the  proposed 
equations. 

It  ought  to  be  observed  that  the  numerical  values  of  the  roots  of  y  are 
changed  by  this  process,  but  that  their  number  remains  undisturbed  by  it 

Of  th£  Equations  of  the  Diffebences  and  the  Squabes  of  the 

DiFFEBENCES  OF  lISE  RoOTS  OF  AN  EQUATION. 

248.  Any  equation  containing  one  unknown  quantity  being  proposed,  it 
may  be  required  to  find  another  equation  whose  roots  shall  be  the  differences 
of  the  roots  of  the  proposed  equation  combined  two  by  twa 

Let  the  proposed  equation  be 

oT-l-Px— ^-f  Qar-« =^  .-  -  '     ^ 

Also,  let  j/,  a:  be  any  two  roots  of  equation  A,  and  y  the  difference  of 
these  roots,  so  that  x'=;r4-^. 

Equation  A  must  be  satisfied  by  the  substitution  of  x-)-y  for  af. 
Whence  (a:+y)"+P(x+y)'"-^+Q(^+y)"-'+,  &c.=0. 

Expanding  the  powers  of  a:-|-y,  and  expressing  by  X,  X',  X'^  &c.  the 
polynomial  x" -|- Px""' -f- Qz*~* -}-,  &c.,  and  its  successive  derivatives 
(Art  236). 

x+x'y+^xv-f  ^X'V+ y-=o, 

X  being  a  root  of  equation  A,  or  X=0,  the  first  term  of  the  last  equation 
may  be  suppressed ;  the  other  terms  being  divided  by  y, 

X'+ix'V+^gX'V ■fy"-»=0    .  -    B. 

Previous  to  the  suppression  of  the  common  factor  v,  ar,  af  were  any  two 
roots  whatever  of  equation  A.  Suppose  0:^=2: ;  the  difference  a/ — x=:y=0. 
Therefore  the  equation  in  y,  before  the  suppression  of  the  factor  y,  must 
have  contained  tne  root  y=0;  the  equation  being  divisible  by  y,  this  is 
manifest. 

The  division  by  y  being  made,  the  i*oot  y  is  suppressed,  and  the  remaining 
m— 1  values  of  y  in  equation  B  are  the  differences  which  woidd  be  obtained 
by  subtracting  the  root  denoted  by  x  from  all  the  other  roots  of  equation  A. 

For  the  sfuce  of  precision,  let  the  m  roots  of  equation  A  be  denoted  by 
a,  6,  c,  ci^ .  . . .  and  let  it  be  supposed  that  in  equation  B  each  of  these  roots 
in  succession  is  substituted  for  a;,  a  number,  m,  of  equations  is  the  result  of 
these  substitutions.  Of  these  m  equations  the  first  nas  for  roots  the  diiSe- 
rences  between  a  and  the  other  roots  &,  c,  (2,  . .  .  . ;  the  second,  the  diiierences 
between  h  and  the  other  roots  a,  c,  d^ . . .  . ;  the  third,  the  differences 
between  c  and  the  other  roots  a,  6,  </,... .  &c.    Consequently  if  x  is  dimi* 
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nated  between  eqnalionfl  A,  B,  the  final  equation  in  y  will  have  for  roots  the 
dififerences  between  each  of  the  roots  of  equation  A  and  all  the  other  roots 
of  the  same  equation.  This  final  equation  is  therefore  the  equation  required. 
It  is  named  the  Equation  of  the  Difierences. 

Since  equation  A  is  of  the  degree  m  and  equation  B  of  the  degree  m— 1, 
the  equation  of  the  differences  is  of  the  degree  in(m*-l)  (Art.  247). 

The  roots  of  the  equation  of  the  differences  are 

a — 5,  a— c,  a—^df  . 
b — a,  6^c,  b^d^  , 
tf— a,  c— ft,  c — dy . 
d — Oj  d-^by  d'-'Cy . 

•  •  • 

The  number  of  these  roots  is  evidently  equal  to  the  number  of  arrange- 
ments of  the  m  roots  of  equation  A,  taken  two  by  two;  that  is,  to  m(m — 1). 
It  is  also  evident  that  if  one  root,  a,  is  equal  to  a — ft,  another  root,  — «,  is 
equal  to  ft— a ;  therefore  the  first  member  of  the  equation  of  the  differences 
is  composed  of  factors  which  may  be  arranged  two  oy  two  in  products  such 
as  (y — a)(jy-\-a)  or  y* — a*;  consequently  the  equation  can  contain  only 
even  powers  of  y.    Making  m(m — l)=2ii,  it  must  therefore  be  of  the  fonu 

y^'k-py^^^-qy^'' +/y*+«=o.     -  -     C. 

Or  making  y^=z, 

TT-^-psr-^-^qsT-^ ^-te^-w=0.     -         -         -     D. 

This  is  named  the  Equation  of  the  Squares  of  the  Differences ;  and  for  this 
reason,  that  since  2:=y',  the  equation  in  z  has  for  roots  the  squares  of  the 
differences  of  the  roots  of  the  proposed  equation  A. 

249.  As  an  application,  let  it  be  required  to  find  the  equation  of  the 
squares  of  the  differences  in  an  equation  of  the  third  degree. 

It  is  evident  that  if  all  the  roots  of  the  equation  A  are  augmented  or 
diminished  by  the  same  number,  the  differences  of  the  roots  must  remun 
constant. 

Whence,  if  a  given  equation  has  its  second  term,  and  this  is  taken  away 
by  the  transformation  of  Article  237,  if  the  equation  of  the  differences  of 
the  roots  of  the  transformed  equation  is  afterwards  deduced,  this  equation 
must  be  the  same  as  it  would  have  been  although  the  second  term  had  not 
been  taken  away,  and  the  calculation  will  be  simplified. 

Let  it  be  supposed  then  that  the  second  term  of  the  general  equation  of 
the  third  degree  is  taken  away,  and  that  the  equation  is 

Denoting  by  X  this  equation,  and  by  X',  X^^  'Xf"  the  polynomials 
derived  firom  A, 

X=aJ»+(ir+R,  X'=aE«-f  Q,  X''=6x,  X'''=6. 

Therefore  the  equation  X'-f  ^X'^y-f  ^X'V +y^»=0  becomes 

3a«-|-Q-h3j!y+y«=0. 
And  the  elimination  is  between  a:^-|-Qa;-f  B=0, 
and  3a:«-|-ai:y-|-y«-|-Q=0. 

First  Division. 

3_ 

Si^-f  a«y+y*-f  Q  )  Sar^-f  3Qx-f  3R  (  X— y 

3j:^-h3a:V-|-ayHQg 

— 3j:8y-.(y«-2Q)af-|-3R 
-3a;«y-3y«a?-y3-Qy 

2fa«-fQV-hy'-fQy+8R 
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Seoosd  Dimon. 

2(y'-hQ) 

6(yHQ)(.V^-hQy-3R)x-h3(yH-Qy^8k)(y>^Qy-3B) 
4(y'+Qy-3(j^«+QyH-3R)(i^^Qy-3R) 

In  the  last  division  the  dividend  has  been  twice  multiplied  by  2(y*+QJ  to 
render  the  division  possible;  but  if  y'+Q  is  made  eqiuu  to  zero,  uie  divisor 
(which  mar  be  put  under  the  fonn 

2(y«-f  Q>+(y*+Q)y+3R=0,  or  (y«+Q)(ax+y)-f  3R=0) 
is  reduced  to  3R,  a  quantity  which  in  general  is  difierent  from  mto. 
Making  therefore  the  last  remainder  equal  to  zero,  and  performing  the 
mnltipucations  indicated,  the  equation  of  the  differences  is 

y«+6Qy*-f9Qy+4Q'-f27R«=0. 
Then  making  y*=x,  the  equation  of  the  squares  of  the  difierences  is 

«^4-6Q*«-f9Q«z-|-4Q3+27R«=0. 
For  the  numerical  equation  3^— 7x+7=a,  Q=— 7,  6Q=— 42,  9  Q'= 
9X7X7=441,  4Q3=— 4x7x7x7=- 1372,  27  B«=27x7x7=l«23. 
Whence  the  equation  in  z  becomes  «'--42a'+441x— 49=0. 

Of  Equal  Roots. 

250.  If  in  the  equation  X=0,  x  is  replaced  successively  by  a,  6,  c,  c{, . . . . 
a'"+Pa'^*-|-Qa*"*-f,  &c.=0.    Let  tnis  equation  be  denoted  by  A=0. 
6-+Pft— »+Q6— «-f,  &c.=0,         -  -  .  .        B=0. 

For  these  substitutions  equation  B  (Art.  248)  becomes 
A'+iA''y+o3A''y  . . .  -fy— 1=0.   LetthisequationbedenoledbyAsO. 

B'+iB^'y+^gB'V  •  •    -f  y^'=0-        -  -  -  .     B=0. 

And  the  roots  of  equation  A,  are  a— ft,  a—Cy  a^dy 

-        B^  are  ft— a,  ft— c,  b—d, 

If  the  equation  X=0  has  two  equal  roots,  a,  ft,  one  of  the  values  of  y  in 
the  equation  A,=0  is  equal  to  zero.  This  value  is  y^a — ft=0.  Therefore 
this  equation  A^=0  must  be  satisfied  by  making  y=0.  But  if  y=0,  all  the 
terms  of  A^=0  disappear,  with  the  exception  of  A^,  the  term  which  is 
wholly  known ;  thererore  A^  must  be  equal  to  eero.  The  value  a  ought 
therefore  at  once  to  satisfy  the  two  equations  A=sO,  A^=:Ol 

Supposing  A'  in  the  polynomial  A^  and  dividing  the  reanaining  terms  by  y, 

J  A''  -f  5^A'''y+ 4-y*-*=0.    Let  this  equation  be  denoted  by  A^,=0. 

The  roots  of  this  equation  are  a--Cy  a — d^  .... 

Kthe  equation  X=0  has  three  equal  roots,  a,  ft,  c,  one  of  the  values  of  y 
in  the  equation  A^^=0  is  equal  to  zero;  namely  a — c=0;  and  therefore 
A''=0. 

Consequently  when  the  equation  X=0  has  three  equal  roots  the  value  a 
must  at  once  satisfy  the  three  equations  A=0,  A'=0,  A'^=zO. 

In  the  same  manner  it  can  be  shown  that  if  the  equation  X^O  has  four 
equal  roots,  a,  ft,  c,  d,  the  value  a  must  satisfy  the  equations  A=0,  A^=0| 
A?'=0,  A'''=0. 
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Th«  equations  B=0,  B  =0,  B,^=0, . . .  C=0,  C^=0,  C^^=0, ....  serve 
to  detect  the  equality  of  toe  roots  b,  c,  kc,  when  a  is  not  equal  to  6 ;  c,  <f, 
&c.  when  a,  b  are  not  equal  to  c,  and  so  on. 

A  similfl^  process  maj  be  employed  to  discover  whether  the  pn^xxsed 
equation  X=:0  has  any  roots  repeated,  whose  values  are  unknown. 

For  in  the  equation  A'ssO  or  wwr-^-f  m(m— l)Par^  . .  .  .-f  T=0,  a  may 
be  regarded  as  a  root  of  the  eqnadon  X^^sO, 

or  OTa:«-J-f  m(OT— l)Par-«  ....  -f  T=0, 
X  denoting  any  quantity  whatever.    Then,  since  a  is  also  a  root  of  the 
proposed  equation  X=0,  or 

ar+Var^^-^QpT-^ =0, 

it  follows  (Art.  239)  that  x-^a  is  a  common  factor  of  the  equations  X=0, 
X'=0. 

Changing,  in  like  manner^  a  into  x  in  the  derived  polynomials  A^^  A^^\  . ., 
x—a  wm  become  a  factor  of  the  equations  X''=0,  3t''''=0,  if  the  root  a 
renders  the  poljmomials  X",  X'""  equal  to  zero. 

What  has  oeen  proved  respecting  the  root  a  can  be  proved  in  the  same 
manner  of  any  otner  root  which  is  repeated  oflener  than  once.  Seeking, 
therefore,  by  the  method  of  the  greatest  common  measure,  the  common 
factors  of  the*equations  X=0,  X'=0,  X''=0,  &c.,  these  factors  will  give  the 
equal  roots  of  the  equation  Xs=0. 

The  factors  common  to  the  equations  X^O,  X'=0,  are  double  factors  of 
the  equation  X=0 ;  so  that  if  the  common  measure  of  X,  X''  is  of  the  form 
(x — aS(x — /3)  X  will  have  two  values  equal  to  a  and  two  equal  to  ft  or  the 
equation  X=0  will  have  the  four  factors  (x — o),  (*—«),  (x — /3),  {x — ^). 

llie  factors  common  to  the  equations  X=0,  A'=0,  X^'=0,  indicate  triple 
factors  in  the  equation  X=0 ;  that  is  to  say,  if  the  factors  common  to  the 
three  equations  are  (x— a)(x— /3),  the  factors  of  the  equation  X=0  are 

These  considerations  may  be  extended  at  pleasure. 

As  an  application,  let  it  be  required  to  find  the  equal  factors  of  the 
equation  x»—13x^-f  67a*— 171a:«-|-216ar— 108=0,  or  X=0. 

In  this  particular  case  X'  is  5ar*—52ar3-|-201x«—342ar-f  216=0. 

The  greatest  common  measure  of  the  polynomials  X,  X^  is 

8a:5— 8ir2+21x— 18. 

This  divisor,  being  of  the  third  degree,  must  involve  several  factors ;  it 
becomes  therefore  necessary  to  try  whether  it  has  any  in  common  with  the 
polynomial  X"  or  20ar»— 156x2^-402x— 342. 

The  greatest  common  measure  of  X''  and  Sj:*— 8x'-f21x— 18  is  x — 3 ; 
therefore  the  proposed  equation  has  three  roots  equal  to  3^  or  admits  (x— 3)^ 
as  one  of  its  factors. 

Dividing  the  first  common  measure  as  often  as  possible  by  x— 3,  after 
two  divisions  a  quotient,  x — 2,  is  obtidned.  The  factor  (x — 2)  being  common 
to  equations  X,  X^  only,  it  is  twice  a  factor  of  the  proposed  equation  X=0. 
Whence  this  equation  is  equivalent  to  (ar— 3)'(x— 2)*=0. 

251.  Let  X  be  a  polynomial  and  X^  X^^  X^^'' . . .  lAie  polvnomials  derived 
iW>m  X  by  the  process  of  Article  236 ;  if,  in  the  polynomial  X,  ir  is  diaisged 
into  x+v,  the  result  of  the  substitution  is  a  polynomial  Y,  which  is  expressed 

by  Y=X-f  T^-fTjyHlf^giy' '^^' 

Supposing  that  X=(:r— a)(£t— 5)(x — c)  .  . .  .,  and  changing  in  this  ex- 
pression X  into  x-^y  or  y+a?, 

Y=[(y4-JP)-tf]  [(y+*)-*]  [(y+*)-c] .... 

Y  is  therefore  the  product  of  m  factors,  which  may  be  regarded  as  bino- 
mial, having  y  for  their  common  first  term  and  a;— <i,  ar— 5,  x— c,  ....  for 
their  respective  second  terms. 

Conseqttendy  tihe  part  independent  of  y  is  equal  to  the  product  of  the  m 
factors  (x— a)(x — ft)(x— c)  .  .  .,  this  is  X. 
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The  quantity  by  which  the  firet  power  of  y  is  multiplied  is  equal  to  the 
sum  of  the  products  of  these  factors  multipbed  togetho*,  m — 1  bj  m—l ; 
this  is  X' ...  (Art.  189). 

Ilenae  if  a  polynomial  X  of  the  degree  m  is  given,  the  derived  polynomial 
X^  is  equal  to  the  smn  of  the  products  of  the  simple  factors  of  the  poly- 
nomial X  combined,  m— 1  by  m— 1.  These  products  can  be  obtained  qy 
dividiniF  X  by  each  of  its  factors,  x—Oj  x — 6,  x — c, ...  in  succession ; 

XXX 

therefore  X'= -|- — ^A 1-,  &c. 

Let  it  now  be  supposed  that  the  equation  X=0  contains  equal  roots,  or 
in  other  words,  involves  factors  raised  to  certain  powers ;  and  let 

X=(x— ii)"(ar— ft)"'(x— c)(«— d)  .  . . 
Then,  since  X'  is  equal  to  the  sum  of  the  quotients  obtained  by  dividing 
X  by  each  of  its  m  simple  factors,  and  since  n  of  the  factors  of  X  are  equiu 
to  *— a,  and  n'  equal  to  x— ft,  it  follows  that 

»(x— a)— »(x— ft)*'(x— c)(ar— rf)  .  . . 
-f  n'(*— a)"(x— fty^-^x— c)(x— d)  .  .  . 
X'=^  +(x-aV(x-ft)-'(x-rf)  .  . . 
-f  (x— a)-(x— ftJ-'Cx— c)  . . . 

-|-  &C.  &C. 

To  abridge  this  expression  of  the  value  of  X^  let 

rii(x— ft)(x— c)(x— d)  ....  -f-n'(«— a)(x— c)(x— d)  . . . 
H=  4  +(x— a)(x— ft)(x— d)  . . .  4-(«— fl)(ar— ft)Cp— c)  .  .  . 
I  -f        &c.  &c. 

Then  X'=(x— a)-i(x-ft)-'-»H. 

Hence  it  is  evident  that  the  product  (x— fl)*~*(x— 5^"'""*  is  a  measure  of 
the  pol^omials  X,  X^ ;  and  since  x — a  is  not  contained  m  the  first  term  of 
H  but  IS  found  in  all  the  other  terms,  x — h  is  not  contained  in  the  second 
term  but  found  in  all  the  other  terms,  &c.,  it  follows  that  none  of  the  factors 
of  X  is  common  to  all  the  terms  of  H,  therefore  the  product  (x — a)*~* 
(x — ft)'^'~^  containing  all  the  factors  common  to  X,  X^  is  their  greatest 
common  measure. 
If  the  exponent  n=n'=l,  the  equation  X=0  becomes  X==(x— a)(x— ft) 

!x — c)(x — a)  . .  .,  which  contains  no  equal  roots.   In  this  case  A'=]^  and  it 
bllows  from  the  preceding  demonstration  that  X,  X^have  no  common 
factor. 

Consequently,  that  an  equation  X=0  may  contain  equal  roots,  it  is 
necessary  and  sufficient  that  X  and  X^  have  a  common  measure ;  and  the 
greatest  common  measure  of  X,  X^  (determined  by  the  proper  rale)  ex- 
presses the  product  of  the  equal  factors  of  X,  raised  each  to  a  power  less  by 
1  than  in  the  polynomial  X. 

Example.  Let  X=x^— 3a*x— 20^. 
X'=3x«-3a«. 

The  greatest  common  measure  of  X,  X^  is  x-^a :  whence  X  is  divisible  by 
(ar-fa)'. 

The  quotient  being  x— 2a,  x=(x-|-a)*(x--2a). 

The  equation  x^^do^x— So'  has  therefore  two  roots  equal  to  — a  and -one 
equal  to  -f  2a. 


SECTION  XIV. 

OP  THE  RESOLUTION  OP  NUMERICAL  EQUATIONS. 

252.  A  numerical  equation  is  an  equation  in  which  the  coefficients  and 
term  wholly  known  are  numbers. 

The  roots  of  a  numerical  equation  may  be  real  or  imaginary ;  among  the 
real  roots  some  may  be  commensurable. 
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To  find  the  integer  oommensurftble  roots  of*  mnnerical  equatkm : 
Let  the  equation  be  Aa?*-f  3*3 -hCa*+Dx4-B=0  -     -    1 
in  which  A,  B,  C,  D,  £  represent  whole  numbers. 

Denoting  hj  a  an  integer  root  ofohis  equation,  and  substituting  a  for  x, 

Atf*+BaM-CoHDa4-E=e        -        -        2 
Transposing,  and  dividing  all  the  terms  by  a, 

-=— Aii^— Ba«— Ca— D         -  -        3 

The  second  member  of  this  equation  being  integer,  a  must  be  a  divisor 
of  £. 

Therefoie  the  integer  commensurable  roots  may  be  discovered  by  sub- 
stituting successively  m  the  equation  all  the  divisors  of  the  last  term,  both 
positive  and  negative ;  but  when  the  last  term  has  many  divisors,  this 
process  requires  many  substitutions ;  in  such  cases  the  calculation  is 
abridged  by  new  conditions,  which  are  deduced  from  equation  3. 

Making  —=£'«  transposing  D  to  the  first  member,  and  dividing  by  a. 

Therefore  the  sum  £^-f  D  ought  to  be  divisible  by  a. 

E'4-D 
Making  — - — =D',  transposing  C,  and  dividing  again  by  a, 

D'-fC         ^       ^ 

Therefore  D^+C  ought  to  be  divisible  by  a. 

Makmg,  again,  — — :^C\  transposing  B,  and  dividing  by  a, 

-~^=-A        ....        6 

C+B 
Making,  lastly, ^=B^  and  transposing  A, 

B'-fA=0        -  -  -  -        7 

Therefore  the  sum  B'-f  A  ought  to  be  2ero. 

If  one  only^  of  the  preceding  conditions  is  wanting,  the  number  a  is  not 
a  root ;  but  it  is  a  root  if  they  are  all  fulfilled,  for  then,  if  the  letters  B^  (f 
...  are  successively  replaced  by  the  quantities  which  they  represent,  a 
return  is  made  from  the  equation  B'+A=0  to  the.  equation  marked  2. 

An  equation  being  therefore  prepared  in  such  a  manner  that  all  its 
coefficients  are  whole  numbers  (Ajrt.  48),  in  which  case  the  coefiicient  of  the 
first  term  may  differ  from  1,  the  conditions  by  which  it  is  discovered  that  a 
whole  number  is  a  root  of  the  equation  are  these  : 

That  the  whole  number  must  Ve  a  divisor  of  the  last  term : 

That  it  must  be  a  divisor  of  the  sum  obtained  by  adding  the  quotient  to 
the  coefficient  of  the  term  in  x : 

That  it  must  be  a  divisor  of  the  sum  obtained  by  adding  this  second 
quotient  to  the  coefficient  of  the  term  in  :^ ;  and  so  on  until  the  coefficient 
of  the  first  term  of  the  equation  is  added  to  the  preceding  quotient ;  then 
the  sum  of  the  last  quotient  and  first  coefficient  must  be  equal  to  zero. 

In  the  application  of  these  principles  to  examples,  the  easiest  mode,  with 
the  divisors  -fly  —1)  is  to  suostitate  them  immediately  in  the  equation; 
with  other  divisors  the  process  is  conducted  in  the  manner  detailed  below. 

1st  Ex.  It  is  required  to  find  the  integer  commensurable  roots  of  the 
equation  2a:»— 12a:*-|-13ar— 15=0? 

Substituting  -hi  for  x,  2— 12+18— 15=— 12; 

Substitn^  —1  for  «,  — 2+12— 18+15=-hl2  ; 
Therefore  +1^—1  are  not  roots  of  the  proposed  equation. 

H  H 
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The  oUier  diTiflon,  podtiTe  and  negative,  of  16  are, 

-f  3,  -f5,  +15,  —8,  —5,  —15. 

The  quoUents  of  — 15  by  these  divisors  are,  respectively, 

-5,  -3,  -1,  +5,  +3,  +1. 

Adding  +13,  the  coefficient  of  the  term  in  x,  to  each  quotient,  the  sums 
are,  +8,  +10,  +12,  +18,  +16,  +14. 

The  int^er  (quotients  obtained  from  the  division  of  these  sums  by  the 
oorrespondmg  divisors  are  *,  +2,  •,  — 6,  *,  *. 

Adding  —12,  the  coefficient  of  the  term  in  2*,  to  each  of  these  resnlta,  the 
sums  are  — 10,  — 18. 

The  integer  quotients  obtained  fix>m  the  division  of  these  sums  by  the 
corresponding  divisors  of  — 15  are,  — 2,  +6. 

Adcung  +2,  the  coefficient  of  the  term  in  x',  to  each  of  these  results,  the 
sums  are  0,  +8. 

The  substance  of  the  preceding  detul  is  commonly  exhibited  in  a  tabular 
form,  thus: 


Divisors 

+3 

+5 

+  15 

-8 

—5 

—15 

Quotients 

—5 

—3 

—1 

+5 

+3 

+  1 

+8 

+  10 

+12 

•fl8 

+  16 

+u 

Quotients 

# 

+2 
—10 

# 

-6 
—18 

# 

* 

Quotients 

—2 
0 

+6 

-f8 

Since  the  only  column  in  which  the  result  B^+ A^O  is  found,  is  that  of 
the  divisor  5,  it  is  concluded  that  +5  is  the  only  integer  -root  of  the 
proposed  equation. 

Ine  root  +5  being  known,  the  equation  is  diviuble  by  the  factor  x— 5 ; 
effiscting  the  division  the  quotient  is  2j'— 2ag+3 ;  therefore  2j^ — 2x+3=0. 

Whence  x=  J+ JV— 5  (Art.  104  and  120). 
The  proposed  equation  is  thus  completely  resolved,  its  three  roots  being 

ap=:5,  3?=^+^  V-5,  «=i-i  V-5. 

This  method  does  not  indicate  how  often  the  roots  which  are  determined 
by  it  enter  into  the  equation ;  to  discover  this  the  most  obvious  process  is  to 
divide  the  equation  by  the  fiictors  corresponding  to  these  roots,  each  being 
taken  once,  and  afterwards  to  examine,  either  by  immediaite  subadtutioD  or 
by  the  preceding  method,  whether  these  roots  still  belons  to  the  equation ; 
if  some  of  them  verify  tbe  equation,  it  is  certain  that  mse  enter  at  least 
twice  into  the  original  equation ;  by  a  new  division  it  is  determined  whether 
they  enter  into  it  a  third  time,  and  so  on. 

Another  process  by  which  the  number  of  repetitions  of  tlie  same  root  is 
determined  is  supjplied  by  the  properties  of  derived  polynomials ;  for  if  an 
equation,  X=0,  involves  the  factor  (x — a)",  the  derived  polynoaaial,  X', 
ought  to  involve  tlie  factor  (x — ay~\  the  polynomial  X''',  derived  from  X^ 
the  factor  (x— a)"^,  &c. 

So  that  the  number  of  the  equations,  X=0,  X'=0,  X^'=0, . . .  which  are 
verified  by  the  value  x=o,  wiU  indicate  how  many  roots  equal  to  a  are 
contained  m  the  equation  X=0. 

258.  All  the  integer  roots,  equal  and  unequal,  being  found,  they  may  be 
taken  from  the  equation  (Art.  231) ;  then,  if  any  commensurable  roots 
remain,  they  must  be  fractional. 

The  determination  of  Uie  fractional  roots  depends  on  this  principle : — ^If 
the  first  term  of  an  equation  has  1  for  coefficient,  and  the  other  terms  have 
inteeer  coefficients,  this  equation  cannot  have  any  commensurable  roots 
whicn  are  not  whole  numbers. 
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.    To  prove  this,  let  ar+Pjr-»-f  (Jr— • H-T«-|-U=0,  be  an  equation 

in  which  P,  Q  . . .  T,  U  express  whole  numbers. 

Substituting  for  x  a  fractional  number,  t,  reduced  to  the  lowest  terms, 
the  proposed  equation  becomes 

5=-+Pg=^  +  Qj=z5  ....  +T^+U=o. 

Multipljing  all  the  terms  by  6"^^  and  transposing, 

y=-Prf^-Qa— 'ft -Ta6^-Uft-^». 

Now  a,  b  bein^  prime  to  each  other,  the  first  member  of  this  equality  is  an 
irreducible  fraction,  while  the  second  is  a  whole  number.  The  equiuity  is 
therefore  impossible,  and  by  consequence  no  fractional  number  can  satisfy 
the  equation. 

a.  If,  after  removing  denominators,  the  coefficient  of  the  first  term  is  not 
1,  the  equation  can  be  transformed  into  another  fulfilling  this  condition;  for 
which  purpose  it  is  sufficient  to  make  the  unknown  quantity,  x,  equal  to  a 
new  unknown  quantity,  y,  divided  by  the  coefficient  of  the  first  term  of  the 
equation  in  x.  Then  it  is  evident  that  all  the  commensurable  roots  of  the 
equation  in  x  must  have  a  fixed  relation  to  the  commensurable  roots  of  the 
equation  in  y ;  and  as  this  can  have  integer  roots  only,  these  can  be 
determined  by  the  preceding  method,  and  from  them  the  corresponding 
roots  of  the  equation  in  x. 

The  transformation  of  the  equaUon  in  x  into  the  equation  in  y  is  effected 
as  follows : 

Let  the  proposed  eauation  be  Ax"+Bx'^*+C2"~*+i  &c.  in  which  A,B,  C 
are  whole  numoers. 

Making  x=^,  the  preceding  equation  becomes 

^  r-f -Jr.  y-'-f -^^  ir^-¥ . . .  .=0. 


Multiplying  all  the  terms  by  z"*"', 

~jr+By— "-fCzy^-f =0. 

The  coefficient  of  y"  in  this  equation  becomes  1,  and  the  other  coefficients 
are  whole  numbers  if  xs=A. 

In  some  particular  cases  z  mav  be  chosen  less  than  A,  by  which  means 
a  transformed  equation  with  smaller  coefficients  is  obtained. 

As  a  second  example,  let  it  be  required  to  apply  these  principles  to  the 
discovery  of  the  commensurable  roots  of  the  equation  4x^^llx'+7x— 
6=0? 

The  int^er  roots  mifht  be  first  sought ;  but  as  the  coefficients  are  small 
numbers,  it  seems  preferable  at  once  to  transform  the  proposed  equation 
into  another  of  which  the  first  coefficient  shall  be  1,  and  the  otner  coefficients 
whole  numbers. 

y 

Following  the  general  rule,  it  is  necessary  to  make  x=^ ;  but  in  the  pre- 

.ent  inH^ce  it  ^  .ufBcient  to  ».kex=|,  .ubetituting  |  for  xand  «- 
duclng,  it  is  found  that 

4©-n(|)«-.7(|)-6=0. 

or4Xjg— 11x^+7X2—6=0, 

or  y*— 1  lj/*-f  14y--24=0, 
the  only  commensurable  roots  of  which  equation  are  whole  numbers. 
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Since  the  eqiutioci  is  not  aaUsfied  by  the  substittttkiil  iaty  of  -f  1  ind 
•1,  -f  1  And  —1  are  not  roots  of  the  equation. 


Process  for  finding 

the  roots. 

DiTiaon    - 

+« 

+a 

+4 

+6 

+» 

+12 

+24 

—2 

-3 

-4 

^ 

-8 

—12 

-S4 

Quotients - 

—IS 

-8 

-6 

-4 

-3 

-2 

— 1 

+12 

+s 

+6 

+4 

+8 

+2 

+1 

+2 

+6 

+s 

+10 

+11 

+12 

+ia 

+26 

+22 

+20 

+  18 

+17 

+16 

+» 

QaotiCDt•- 

+1 
-10 

-9 

+2 

• 

• 

+1 
-10 

• 

—IS 
-21 

» 

-16 

—14 

• 

9 

• 

Quoticnls- 

-« 

-» 

• 

• 

+12 

+4 

• 

Quottenta- 

• 

— 1 
0 

"* 

—1 
0 

are 


The  conclusion  to  which  this  calculation  leads  is  that  +3  and 
roots  of  the  equation  in  y. 

Dividing  the  equation  in  y  by  the  product  (y^d)  (y+4)  the  quotient  is 

whence  y=i±i  V— 7. 
The  four  values  of  y  being  determined,  the  relation  0:=^  givea  the  cor- 
responding yalues  of  ar,  vi«.  


When  the  equation  whose  integer  roots  are  sought  wants  any  of  its  terms, 
it  is  necessary  to  consider  the  coefficients  of  these  terms  as  equal  to  zero ; 
consequently  the  Quotients  to  which  these  coefficients  ought  to  be  added 
may  be  immediately  subjected  to  new  divisions ;  this  has  been  done  in  the 
case  of  the  equation  y^—lly'+14y —24=^0,  which  wants  the  term  in  y'. 

Of  the  Limits  of  the  Roots  or  Equatioiis. 

254.  The  process  which  has  been  followed  in  determining  the  commen- 
surable roots  of  an  equation  consists  in  the  emjdovment  of  a  series  of  trials 
so  ordered  as  certainly  to  discover  all  the  roots  of  that  kind  which  can  exist 
in  an  equation. 

It  is  also  by  trials  that  the  approximate  values  of  the  incommensurable 
roots  are  obtiuned. 

In  investigating  the  rules  which  ought  to  direct  these  trials,  the  first 
problem  is,  to  find  the  limits  of  the  roots ;  in  other  words,  to  determine  two 
numbers  between  which  are  comprised  all  the  positive  roots  of  tibe 
equation,  and  two  numbers  between  which  are  comprised  all  the  negative 
roots. 

a.  To  determine  a  superior  limit  of  the  positive  roots,  suppose,  first,  thai 
the  proposed  equation  A=0  is  composed  o£  certain  positive  roots,  and  that 
these  are  followed  by  certain  n^ative  roots,  all  of  a  less  degree  in  z  than 
the  terms  which  are  positive. 

Let  Y  denote  the  assemblage  of  positive  terms, 
Y^      -     the  assemblage  of  negative  terms, 
and  af  the  least  power  of  a;  involved  in  Y ; 

then  X=T-Y'=x'(|-|'). 

In  the  quotient  of  Y  by  2^  no  term  ought  to  contain  x  in  the  denomina- 
tor, but  in  the  auotient  of  Y^  by  x'  all  the  terms  must  contain  x  in  the 
denominator ;  nuudng,  therefore,  x  to  begin  with  any  positive  value  and  to 
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Y 

increase,  the  quotient  p  ought  to  increase,  or,  if  Y  is  a  monomial,  to  remain 

Y' 
constant,  while  -pr  necessarily  diminishes. 

It  being,  therefore,  found  that  a  positive  value,  x=:2,  renders  positive  the 
polynomi^  X  or  Y — Y^,  it  is  certain  that  bj  substituting  in  X  greater  values 
of  X  than  /,  the  results  miut  be  always  positive,  and  must  go  on  increasing 
to  infinity ;  above  /  there  cannot,  therefore,  be  any  number  which  renders 
Y — Y^=0 ;  and  consequently  /  is  a  superior  limit  of  the  positive  roots. 

Whence  it  is  to  be  concluded,  that  if  in  X  are  successively  substituted 
for  X  increasing  positive  numbers  imtil  a  positive  result  is  obtained,  the 
number  which  gives  this  result  is  the  limit  sought. 

b.  Suppose,  next,  that  the  equation  contains  positive  mixed  with  negative 
terms,  wnich  is  commonly  the  case ;  the  first  term  of  an  equation  luways 
either  is  or  can  be  rendered  positive ;  combine  with  it  the  positive  terms 
which  occur  before  the  first  negative  term,  and  (n^lecting  tne  other  posi- 
tive terms)  compare  this  sum  with  that  of  we  negative  terms  of  the 
equation.  Then  the  preceding  reasoning  proves  that  a  superior  limit  of 
the  positive  roots  will  be  obtamed  by  determining  a  positive  value  of  x, 
which  renders  the  first  sum  greater  than  the  second;  and  this  is  easily 
accomplished  by  substituting  for  x  increasing  numbers  beginning  from  0. 

In  the  case  of  the  positive  and  negative  terms  intermingled,  it  is  often 
possible  to  separate  the  first  member  of  the  equation  into  several  parts,  in 
each  of  which  care  is  to  be  taken  to  put  one  or  more  positive  terms  followed 
by  negative  terms  of  a  lower  degree  ;  then  determinmg  as  before,  by  suc- 
cessive trials,  one  positive  value,  departing  from  which  all  these  parts  are 
positive,  this  value  may  be  taken  for  the  Emit  required. 

The  terms  of  the  equation  ma^  be  separated  into  parts  in  different  ways, 
and  different  limits  may  be  obtamed  in  consequence.  Of  these  the  lowest 
is  always  to  be  chosen. 

c.  In  all  cases  the  superior  limit  has  this  property,  that  if  greater  numbers 
are  substituted  in  the  equation  the  results  are  positive,  and  augment  Tif  the 
numbers  are  increased)  to  infinity.  The  first  condition  is  the  only  one 
necessary  in  order  that  /  may  be  a  superior  limit  of  the  positive  roots ;  for 
it  results  from  a  theorem  (for  which  see  Article  2^4.  a.)  that  every  number 
greater  than  the  greatest  positive  root  gives  a  positive  result. 

As  an  example  of  the  application  of  these  principles,  let  it  be  required  to 
find  a  superior  limit  of  the  roots  of  the  equation 

a:*— 3ir»-f  2x*— 3x— 8=0  ? 

Comparing  the  first  term  of  this  equation  with  the  negative  terms,  the 
polynomial  ^ — Zpi? — Zx — 8  is  to  be  considered. 

Making  x  successively  0,  1,  2,  3,  4,  the  value  of  the  polynomial  is 
—8,  — 10,  — 22,  — 17,  -f  44.  Whence,  as  a:=4  gives  a  positive  result,  4  is 
a  superior  limit  of  the  roots  of  the  ]»roposed  equation. 

But  since  the  first  member  of  this  equation  is  the  sum  of  the  two  quanti- 
ties 3^ ^2^  and  2jr^--3x^8,  of  which  the  first  becomes  0,  and  the  second  +1, 
on  the  hypothesis  of  a:=3,  it  appears  that  3  is  also  a  superior  limit  of  the 
positive  roots  of  the  proposed  equation. 

2d  Example.  It  is  required  to  find  a  superior  limit  of  the  positive  roots  of 
the  equation 

ar''+8a^+2ar»—10ar*—40a:'+10ar«—14ar— 100=0? 

Hie  first  member  of  this  equation  can  be  separated  into  the  parts, 
(*''— 100),  -f  (8a*-h2a:*— lOx*— 40x3),  -f  (10x«— 14x), 
or  (x''— 100),  -f-Sx'Cx'+ix*— {X— 6),  +10x(x— i). 

Making  x  successively  0,  1,  2,  it  is  found  that  each  part  is  positive,  for 
x=2.    ^erefore  2  is  a  superior  limit  of  the  positive  roots  of  this  equation. 

n  H  3 
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255.  Newton  employed  a  process  by  which  a  more  approximate  limit  is 
Arequentlj  found  than  by  other  methods ;  it  consists  in  finding  a  nnmber  sodl 
that  if  it  is  subtracted  from  the  rootsof  the  proposed  equation  the  result  is  a 
transformed  equation  whose  terms  are  all  positive.  Then  it  is  evident  that 
no  positive  value  can  satisfy  this  transformed  equation,  and  that  by  conse- 
quence the  number  which  is  to  be  found  necessarily  exceeds  the  greatest 
positive  root  of  the  proposed  equation.  Let  this  unknown  number  be  /;  to 
diminish  all  the  roots  of  equation  X=0  bj  2,  it  is  necessary  to  make 
x=/-hy-  The  result  is  a  transformed  equation  in  y,  which  may  be  put 
under  the  form 

L-f  Vy-f  jLy-f  iL'v 4-sr=o. 

L,  L^L^^  .  .  .  representing  the  polynomial  X  and  its  derivatives  X',  X'' 
•  .  .  .  ,  in  which  x  is  replaced  by  L 

Now  it  is  required  that  all  the  coefficients  of  ihe  equation  in  y  shall  he 
positive ;  consequentl^r  the  Question  is  reduced  to  this,  to  find  a  value  of  x 
which  shall  render  positive  all  the  quantities  X,  X',  X'^  &c.  f 

The  quantity  X  oeing  of  the  d^ree  fit,  X^  is  of  the  d^pree  m — 1,  X^^  of 
the  degree  m— 2  .  .  .  .,  and  so  on  to  the  last  quantity  which  does  not 
contain  or,  and  which  is  essentially  positive. 

It  is  convenient,  therefore,  first  to  determine  a  value  of  x  such  as  shall 
render  the  last  term  but  one  positive,  which  can  be  easily  done,  since  this 
term  is  of  the  first  degree  in  x. 

Then  this  value  is  augmented,  if  necessary,  until  it  renders  the  preceding 
term  ^r  term  in  s')  also  positive ;  and  this  process  is  continued  up  to  the 
term  A. 

For  convenience  it  is  usual  to  employ  whole  numbers  cmly  in  these 
trials. 

Let  it  be  required  to  find  by  this  method  a  superior  limit  of  the  positive 
roots  of  the  equation 

orS+ar*— 4x'— 6x*— 7000ap+800=:0  ? 

X=x5 -far*— 43:3— 6a:*— 7000a:-|-800. 
X'=5ar*-f  4*»— 12a:»— 1 2x— 7000. 

;X''=10«»-f6x«— 12x^-6. 

4iX'"=10««+4x-4. 

^irX''''=5x-|-l. 

X''^'  and  X"'  are  positive,  for  ar=l ; 
X^  is  positive,  for  x=2 ; 
X'  is  positive,  for  x=7. 
As  the  value  x=7  renders  X  also  positive,  it  is  concluded  that  7  ti  a 
superior  limit  of  the  positive  roots  of  the  proposed  equation. 

In  these  trials  it  is  never  necessary  to  return  to  the  preceding  derived 
polynomials.  Suppose,  for  example,  that,  commencing  with  the  polynomial 
of  the  first  degree  m  x,  and  ascending  step  by  step  to  X'^  a  value  x=2  has 
been  found  wuch  renders  positive  all  the  pol^omials  X^\  X^'^,  'K"'^  •  •  •  * 
then,  if  X  is  augmented  by  being  changed  into  x+A,  as  the  polynomials 
derived  from  X^'  are  X"',  X"''  .  .  .  .  ,  it  is  evident  that  X"  wiU  become 
X''-f  X"'A+jX""A«+  ....  Consequently,  when  the  value  x=2  renders 
X'^  X'"  ....  positive,  it  is  certain  that  a  value  greater  than  I  will  not  only 
render  X''  positive,  but  also  augment  its  value. 

256.  To  determine  an  inferior  limit  of  the  positive  roots  of  an  equation, 
make  x=:-  in  the  proposed  equation,  and  represent  by  I  the  superior  limit 
of  the  positive  roots  of  the  transformed  equation.  Then  it  is  evident  that 
7  will  be  a  quantity  less  than  the  least  positive  root  of  the  proposed  equa- 
tion (Art.  233);  consequently  this  quotient  may  be  taken  for  the  limit 
sought. 
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la  mtikmf^  applications  it  is  conyenient  that  the  inferior  limit  be  the 
greatest  possible ;  the  nearest  approximation  possible  should  in  consequence 
be  made  m  determining  /. 

257.  The  limits  of  the  ne^tive  roots  are  found  by  changing  x  into  —x 
in  the  proposed  equation,  oj  this  transformation  the  signs  of  the  roots 
are  changed,  so  that  by  seeking  the  limits  of  the  positiye  roots  of  the  trans- 
formed equation,  and  affecting  them  with  the  sign — ,  the  limits  of  the 
ne^tiye  roots  of  the  proposed  equation  are  obtained. 

When  all  the  terms  of  an  equation  haye  the  same  sign,  it  is  eyident  that  no 
positiye  number  can  satisfy  the  equation.  In  such  cases  there  is,  therefore, 
no  occasion  to  seek  the  limits  of  the  positiye  roots. 

In  like  manner  there  is  no  occasion  to  seek  the  limits  of  the  negatiye 
roots  of  an  equation,  of  which  all  the  terms  of  an  eyen  desree  haye  the 
same  sign,  those  of  an  odd  d^ree  haying  the  contrary  sign ;  for  it  is 
eyident  that,  any  negatiye  number  whateyer  being  substituted  for  x  in  an 
equation  of  this  form,  all  the  terms  become  of  the  same  sign,  and  their  sum 
cannot  by  consequence  be  equal  to  zero. 

When  the  last  term  of  an  equation  is  wanting,  one  or  more  of  its  roots 
are  equal  to  zero.  Making  abstraction  of  these  roots,  the  preceding 
remarks  are  true  alike  for  complete  and  incomplete  equations. 

256.  Let  X  be  a  poljmomial  of  the  form 

X=Mar-f  Na:"+Pa*4-i  &c., 
in  which  the  exponents  mjUfj).,.  are  integer  or  fractional,  but  positiye  and 
decreasing  numbers,  a  positiye  yalue  of  x  can  be  found  such  that,  if  any 
ffreater  number  is  substituted  for  x  in  the  proposed  equation,  the  polynomiu 
X  will  acquire  yalues  of  the  same  si?n  as  its  first  term,  and  which  will  con- 
tinue to  augment  until  they  become  infinite. 

The  proposed  equation  may  be  put  under  the  form 

X=M(ar-+jjx--f  jja*+,  &c.). 

Representing  by  Y  the  sum  of  those  terms  between  the  parentheses  which 
haye  positiye  coefficients,  and  by  Y^  the  sum  of  those  terms  which  haye 
n^atiye  coefficients, 

X=M(«-+Y-Y0=M[*-(1-J')+Y]. 

By  hypothesis  x"  is  a  positiye  power  of  ar.    Now,  whatever  the  yalue  of 

the  expression  — Y^,  it  is  possible  to  find  a  positiye  yalue  of  x  such  that  of* 

Y'  Y' 

shall  be  greater  than  Y"";  therefore  In  this  case  3n<  1*  Therefore  1 — -z^  is  % 

positiye  quantity.    But  af  is  positiye  and  Y  is  positive,  therefore  the  whole 
quantity  within  the  parentheses  is  positive;  consequently,  if  M  is  positive 
tne  whole  expression,  or  X,  is  positive,  and  if  M  is  negative  X  is  negative. 
Therefore  A  is  of  the  same  sign  as  M  or  Mx". 

Denoting  by  X  that  value  of  X  for  which -i^<l,  and  supposing  that  x  is 

made  to  increase  from  >,  the  quotient  of  Y^  by  x*  is  continually  diminished 
while^x*  and  Y  are  indefinitely  augmented ;  therefore  the  quantity  X  will  go 
on  increasing  to  infinity. 

The  value  of  X  may  be  obtained,  as  in  the  case  of  limits,  by  substituting 
successively  increasing  positiye  numbers  for  x  until  x"  exceeds  Y^ 

Op  the  Indications  given  by  the   Substitution  of  any  two 

Numbers  fob  the  unknown  Quantity. 

269.  Let  X  be  a  polynomial  of  the  form  Ax^-|-Bx*-*-f  Cx"^-f ,  &c.  (in 
which  A,  B,  C,  . . .  are  real  quantities)  ;  if  in  tiiis  polynomial  x  is  made  to 
vary  continuously  the  polynomial  X  will  also  vary  continuously;  in  other 
words,  if  the  difference  of  two  values  of  x  is  less  than  any  assigxied  quantity 

H  H  4 
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tlie  dMerenoe  of  the  corregponding  vaXwn  of  X  shall  also  be  le«  than  mj 
aasigned  quantity. 

Let  any  value  whatever  be  given  to  x;  change  x  into  x-f  A,  denote  by  X, 
what  X  becomes  whenx  becomes  x+A;  denote  also  by  X^  X^^  . . .  Uie  poly- 
nomials derived  from  X. 

Then  X,=X-f  X'A-h^X''A« +AA-  (Art.  236). 

The  algebraic  sum  of  the  terms  which  follow  X,  and  which  contain  the 
different  powers  of  A,  expresses  the  change  produced  in  X  by  means  of  the 
change  of  x  into  x+A.  Xow,  it  is  evident  that  by  taking  h  sufficiently 
small  each  of  the  terms  of  this  sum  may  be  rendered  mdefinitely  small,  and 
consequently  also  the  sum  of  the  terms. 

260.  If  two  numbers  substituted  successively  instead  of  x  in  an  equation 
X=0,  of  the  form 

Ax*+Bx-^-hCx— •-!-,  &c.  =0, 

give  results  of  contrary  signs,  the  eauation  has  at  least  one  real  root  com- 
prehended between  these  two  numbers.  Let  the  two  numbers  which, 
Deing  substituted  for  x  in  this  equation,  give  results  of  contrary  idgns  be 
represented  by  a  and  (.%  of  which  a  is  less  than  /3,  and  let  it  be  conceived 
that  instead  of  x  all  the  values  from  aio  ^  are  substituted  successively  in  X, 
the  polynomial  X  must  vary  in  a  continuous  manner.  But  by  hypothesis  the 
results  obtained  by  making  x=a,  x=-fi  are  of  contrary  sifos;  therelbre,  amcmg 
the  values  which  A  obtains  in  consequence  of  the  contmuous  increase  of  x 
from  a  to  /?,  the  value  0  must  be  found  at  least  once.  Now  the  value  of  x 
for  which  X  becomes  zero  is  a  root  of  the  equation ;  therefore  the  theorem  is 
demonstrated. 

It  is  necessary  to  observe,  that  there  might  be  an  error  in  affirming  that 
there  can  be  only  one  root  of  the  equation  X=0  between  a  and  /S ;  for  the 
polynomial  X,  without  ceasing  to  vary  in  a  continuous  manner,  might  have, 
for  example,  first,  decreasing  values  which  might  terminate  at  a  certain  limit, 
af\er  which  it  mi^ht  increase  to  another  limit,  then  decrease  again,  &c. ;  con- 
sequently there  is  no  reason  why  x,  in  the  interval  between  x=^a  and  x=?^, 
may  not  pass  several  times  through  zero. 

261.  If  two  quantities  comprehend  between  them  only  one  root  d  the 
equation  X=0,  and  these  quantities  are  successively  substituted  for  x  in 
the  equation,  they  give  two  results  of  contrary  signs;  and  in  general,  if 
two  quantities  comprehend  between  them  an  odd  number  of  roots,  the  results 
obtained  by  substituting  these  quantities  for  x  are  of  contrary  signs.  But  if 
two  quantities  comprehend  between  them  no  root  or  an  even  number  of 
roots,  the  results  obtained  by  substituting  these  quantities  for  x  are  of  the 
same  si^. 

Let  it  be  supposed  that  a  is  a  real  root  comprehended  between  a  and  /!, 
and  the  only  root  between  them.  The  polynomial  X  is  divisible  by  x — a ; 
denoting  the  quotient  by  Y,  X  may  be  put  undei*  the  form  X=  x  (x — a). 
Making  successively  x=a,  x=)?,  the  values  of  Y  must  have  the  same  sign, 
otherwise  there  must  be  between  a  and  ^  a  root  of  the  equation  Y=Oi,  and 
which  would  be  a  new  root  of  X:=0,  comprehended  between  a  and  /3,  which 
is  contrary  to  the  hypothesis.  But  if  xis  made  successively  equal  to  a  and/^, 
the  factor  x— a  must  chan^  its  sign ;  for  the  differences  a—a^  p—a  are  of 
contrary  signs,  because  a  is  between  a  and  jS ;  therefore  the  two  results 
which  are  obtained  by  substituting  a  and  ti  in  X  are  of  contrary  signs. 

Taking  the  more  general  case,  mat  of  an  uneven  number  of  roots,  a,  ft,  r, 
.  . .  between  rr,  (5  ;  since  a,  6,  c  . . .  are  roots  of  the  equation  X,  X  is  divisible 
by  the  product  (x-*a)(x--ft)(x— c)  .  .  .  Let  the  quotient  be  Y;  then 
X=(ar-a)(x-6)(x-c)  . . .  X  Y. 

In  this  case,  as  in  the  preceding,  if  x  is  made  successively  equal  to  a,  /?, 
the  two  corresponding  values  of  Y  will  have  the  same  sign,  while  the  sign  of 
each  of  the  factors  x— a,  x— d,  x—c ...  is  changed,  and  the  muonbor  of 
ihese  factors  is  odd ;  whence  the  results  of  the  substitutions  o£  a  and  /3  in  X 
ought  to  have  contrary  signs. 
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It  is,  in  like  manner,  erident  that  if  the  number  of  factors  2^0,  x^-b  \  . . 
is  even,  the  sign  of  the  product  of  these  factors  is  +•  Whence  the  pre- 
ceding demonstration  also  proves  that  if  there  are  no  roots  between  a  and  /3, 
or  if  there  is  an  even  nnmber  of  roots,  the  residts  of  the  two  substitutions 
will  have  the  same  sign. 

When  an  ec^uation  has  no  real  roots,  if  anv  real  quantities  whatever  are 
substituted  in  it  instead  of  jt,  the  results  wiU  always  be  of  the  same  sisn. 
For  if  two  results  of  contrary  signs  are  obtained,  it  follows  that  the  equation 
must  have  at  least  one  real  root  comprehended  between  two  of  the  quantities 
substituted  for  x,  which  is  contrary  to  the  hypothesis. 

When  an  equation  has  been  divided  by  all  the  factors  corresponding  to 
the  real  roots,  the  resulting  equation  ought  to  be  in  the  case  of  this  theorem ; 
but  an  equation  containing  real  roots  may  still  give  results  of  the  same  sign 
if  each  root  enters  an  even  number  of  times  into  the  equation.  For,  if  these 
roots  are  denoted  by  a,  6,  &c.  the  equation  may  be  written  thus, 

(x-«)«-(ar-6)«-' xY=0. 

Kow,  whatever  real  values  are  substituted  for  x,  the  factors  (2 — a)*", 
(x — iy^  cannot  become  negative  (since  ( — a)*  as  well  as  (4-a*)=  -fa*) ;  and 
Y  cannot  change  its  sign,  because  the  equation  Y:=0  contains  only  imaginary 
roots. 

262.  Ever^  equation  of  an  odd  degree  has  at  least  one  real  root  of  a  sign 
contrary  to  its  last  term. 

The  first  term  being  always  supposed  positive,  let,  in  the  first  instance, 
the  last  term  U  be  n^ative,  and  denote  by  /  a  superior  limit  of  the  positive 
roots.  If,  in  the  proposed  equation,  x  is  made  equal  to  +2,  the  result  is 
positive,  and  if  x  is  made  zero  the  result  is  — U.  Therefore  between  zero 
and  +/  the  equation  has  at  least  one  real  root  which  must  be  positive. 

Next,  let  the  last  term  of  the  proposed  equation  be  positive.  If  — x  is 
substituted  for  x  in  the  equation,  the  first  term  (its  exponent  being  odd) 
becomes  negative.  It  is  rendered  positive  by  changing  the  signs  of  all  the 
terms ;  by  this  change  the  last  term  is  made  negative  ;  then,  by  the  preceding 
case,  the  transformed  equation  has  one  positive  root ;  therefore  the  proposed 
equation  has  one  negative  root. 

263.  Every  equation  of  an  even  degree,  whose  last  term  is  negative,  har 
at  least  two  real  roots,  the  one  positive  and  the  other  ne^tive. 

For,  making  successively  x=0  and  x=-f-^  two  resuUs  of  contrary  signs 
are  obtained ;  therefore  the  equation  has  at  least  one  real  root. 

Then,  changing  x  into  — x  m  the  proposed  equation,  the  first  term  of  the 
transformed  ec[uation  is  still  positive,  but  its  last  term  is  negative ;  it  there-- 
fore  has  a  positive,  and  by  consequence  the  proposed  equation  a  negative, 
root. 

When  the  proposed  equation  is  of  an  even  degree  and  its  last  term  positive 
the  preceding  method  does  not  give  the  means  of  discovering  whetner  the 
equation  has  a  real  root,  because  then  the  substitutions  do  not  g^ive  results 
or  contrary  signs.  It  is  thus  that  equations  which  have  only  imaginary  roots 
are  necessarily  of  this  form,  for  if  the^  were  of  an  odd  degree  they  would 
have  at  least  one  real  root ;  and  if,  being  of  an  even  degree,  the  last  term 
were  negative,  they  would  have  at  least  two  real  roots. 

264.  In  an  equation  of  an  odd  decree  the  real  roots  of  a  sign  contrary  to 
the  last  term  are  odd  in  number,  and  the  roots,  if  any,  of  the  same  sign  are 
even  in  number.  When  the  last  term  is  negative,  the  substitutions  xz=0  and 
x=4-/givii^  results  of  different  signs,  it  is  inferred  from  Articles  261,  262^ 
that  the  positive  roots  are  odd  in  number. 

Changing  x  into  — x,  the  equation  is  transformed  into  another,  of  which 
the  first  and  last  terms  are  negative,  but  which  are  rendered  positive  by 
efaanging  the  signs  of  all  the  terms.  Now,  whether  in  this  equation  x  la 
made  equal  to  zero  or  eqiial  to  +  A  ^  result  is  positive.  Therefore  the  positive 
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roots   of  the  tranaformed  equation,   and  by  coDMquenoe  tlie  negsilire 
roots  of  the  proposed  equation,  can  onlj  be  of  an  even  number* 

When  the  last  term  of  the  proposed  equation  is  pontiTe  the  laat  tenn  of 
the  transformed  equation  must  be  negative.  Whence,  by  the  last  case,  the 
proposed  equation  naa  an  odd  number  of  negadye  roots  and  an  even  number 
of  positive  roots. 

265.  In  an  equation  of  an  even  degree,  if  the  last  term  is  negative,  the 
positive  roots  are  odd  in  number  and  the  negative  roots  are  uso  odd  in 
number.  But  if  the  last  term  is  positive  the  roots,  if  any,  both  positive  and 
n^nttive,  are  even  in  number. 

For  ar=0  and  «=+'»  the  results  are  of  contrary  signs ;  therefiire  the 
positive  roots  are  odd ;  and  making  a;=— jb^,  the  first  term  of  the  transformed 
equation  is  positive  and  the  last  negative ;  therefore  the  positive  roots  of  the 
tni»fprme<{.  Mid  by  consequenoe  the  neg«tiTe  looto  of  the  propowd. 
equation  are  odd. 

i¥hen  the  last  term  of  the  proposed  equation  is  positive  the  last  term  of 
the  transformed  equation  is  also  positive,  and  so  is  the  first ;  therefore  the  real 
roots,  if  any,  whether  positive  or  negative,  must  be  even  in  number. 

In  all  cases,  therefore,  the  total  number  of  real  roots  is  odd  if  the  degree 
of  the  equation  is  odd,  and  even  if  the  degree  of  the  equation  is  even ; 
hence,  if  imaginary  roots  are  found  in  an  equation  the  number  of  such 
roots  must  be  even. 

266.  If  an  equation  is  composed  of  a  series  of  positive  terms  after  whidi 
there  are  only  n^ative  terms,  it  has  one  positive  root,  and  only  one. 

Since  the  last  term  of  the  proposed  equation  is  n^^tive,  the  equaticHi  has 
certsdnly  one  positive  root  (Art.  262,  263). 
To  demonstrate  that  it  cannot  have  more  than  one, 

denote  by  Y  the  su'n  of  the  positive  terms, 
denote  by  Y^  the  sum  of  the  negative  terms, 
and  by  t^  the  lowest  power  of  or  contained  in  Y ; 
The  proposed  equation  may,  consequently,  be  put  under  the  form 

Let  x^-a  be  the  positive  value  which  satisfies  the  equation :  for  Uus  value 
T_Y^ 

Y  . 

If  in  this  expression  x  is  augmented,  -z  is  augmented,  or  (in  the  case  of 

Y'.     .    .  . 

T  composed  of  one  term)  remains  constant,  while  —z  is  diminished ;  but  if  x 

Y' ,  Y   . 

is  diminished  -p  is  augmented,  and  -^  is  diminished.     In  either   case  the 

equation  is  not  satisfied  by  values  of  x  greater  or  less  than  a ;  therefore 
sp=u  is  the  only  positive  root  of  the  proposed  equation. 


Separation  of  thb  Roots>  bt  the  Method  of  Lagrange. 

267.  When  an  equation  is  proposed  for  resolution  it  is  convenient,  first, 
to  find  the  ccmunensurable  roots,  equal  and  unequal,  then  the  other  equal 
roots,  if  the  equation  contains  any,  and  to  suppress  them  by  division.  As 
this  can  be  done  by  the  methods  of  Article  252  and  Article  251,  it  is  assumed, 
in  the  following  investigation,  that  the  equation  to  be  resolved  has  neither 
commensurable  nor  equal  roots.  Consequently,  when  the  expression  Real 
roots  is  employed,  the  meaning  is  real  roots  that  are  incommensurable  and 
un<raual. 

The  investigation  of  these  roots  is  divided  into  two  distinct  parts.  The 
first  treats  of  the  determination  for  each  root  of  two  numbers  between 
which  one  root  only  of  the  equation  is  comprehended.    This  part  is  named 


KUMEBICAIi  EQUATIONd/  475 

the  Separation  of  the  rodta.    The  second  part  treats  of  the  evaluation  of  the 
roots  with  that  degree  of  approximation  which  is  required. 

If  in  an  equation  the  unknown  quantity  x  is  changed  into  — x^  and  the 
positiTO  roots  of  the  transformed  equation  are  taken  with  the  sign  — ,  the 
n^ative  roots  of  the  proposed  equation  are  obtained.  It  will  therefore  be 
sufficient  to  show  in  wnat  manner  the  positive  roots  of  equations  are  deter- 
mined. 

268.  The  first  discovered  rigorous  method  of  effecting  the  separation  of 
the  roots  of  an  equation  is  named  the  method  of  Lagrange.  B7  it  the  sepa- 
ration of  the  roots  is  effected  in  the  following  manner : 

Let  X=0  be  any  equation  which  contains  no  equal  roots ;  and  let  it  be 
conceived  that,  instead  of  the  unknown  quantity  x,  there  are  substituted  sue* 
cessively  in  X  the  positive  numbers  d,  ^,  r,  «,  .  .  .  .,  forming  an  increasing 
series  which  commences  at  the  inferior  limit  of  the  positive  roots,  ends  at 
the  superior  limit  of  these  roots,  and  is,  besides,  chosen  in  such  a  manner  that 
between  each  number  and  the  following  there  cannot  fall  more  than  a  single 
root  of  the  equation.  From  the  theorem  of  Article  260  it  is  known  with 
certainty,  by  the  signs  of  the  results  of  the  substitutions,  which  of  these 
numbers  (p,  9,  r,  &c.)  comprehend  between  them  a  root,  and  which  of  them 
do  not.    Then  the  separation  of  the  roots  will  be  complete. 

The  essential  condition  to  be  fulfilled  by  the  numbers  /i,  9,  r,  «,  .  .  .  is, 
that  no  two  of  them,  taken  consecutively,  shall  include  between  them  more 
than  one  root  of  the  proposed  equation.  Now  this  condition  would  be  ful- 
filled if  for  o,  ^,  r,  «,  .  .  .  were  chosen  the  terms  of  an  arithmetical  progres- 
sion, of  which  the  ratio  ^  is  less  than  the  least  difference  which  exists  between 
the  positive  roots  of  the  proposed  equation. 

Hence  the  difficulty  is  i^uced  to  that  of  discoverinff  the  ratio  ^«  The 
method  of  Lagrange  gives  i  by  means  of  the  equation  of  the  squares  of  the 
differences  of  the  roots  of  the  proposed  equation.    Thus, 

Let  X=0  be  the  proposed  equation ; 

Let  Z=0  be  the  equation  of  the  squares  of  the  differences  of  the  roots 
of  the  proposed  equation ; 

Let  X  be  the  inferior  limit  of  the  roots  of  the  equation  Z=0. 

Then  it  is  evident  that  X  is  less  than  the  square  of  the  least  difference 
between  any  two  roots  of  the  equation  X=0 ;  and,  consequently,  that  v^X 
is  less  than  the  least  difference  between  any  two  roots  of  the  equation  X=0« 

i  may  therefore  be  assumed  equal  to  v^A. 

As  >\/X  is  generally  incommensurable,  a  rational  number  less  than 
VX  is  usually  taken  in  preference. 

When  for  X  is  found  an  incommensurable  number  greater  than  1,  the 
whole  number  immediately  greater  than  //X  is  taken.  Then,  to  effect  the 
separation  of  the  roots  it  is  onlynecessary  to  substitute  certain  whole  num- 
bers in  the  equation  X=0.  When  it  has  been  discovered  by  this  means 
that  there  is  a  root  between  two  of  these  numbers,  the  intermediate  whole 
numbers  may  then  be  substituted  in  the  equation  X=0,  and  it  can  be 
determined  by  the  signs  of  the  results  between  which  of  the  consecutive 
whole  numbm'the  root  is  comprehended. 

Most  frequently  X  is  a  firaction  less  than  1 ;  consequently  i  is  also  a  fraction 
less  than  1 ;  hence  it  becomes  requisite  to  substitute  fractional  numbers  in 
the  equation  X^O.  But  such  substitutions  can  be  avoided  by  a  simple 
transrormation,  namely,  by  making  x=^f3t^.  Then,  in  order  that  two  eonse« 
cutive  values  of  x  may  have  between  them  a  difference  greater  than  ^,  it  is 
evident  that  the  values  of  x^  ought  to  differ  from  each  other  by  more  than 
1 .  Consequently  it  is  possible,  by  the  substituticm  of  whole  numbers,  to  find 
the  two  numbers  which  comprehend  between  them  each  real  root  of  the 
transformed  equation  in  x^. 
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269.  Coxuidered  mider  a  pcnnt  of  view  purely  tbeoretieal,  the  preceding 

method  completelj  reaolTes  the  problem  of  the  separation  of  uie  roots. 
But  if,  on  the  one  hand,  are  considered  the  length  of  the  calculatioiu 
required  to  form  the  eauation  of  the  squares  of  the  difl^rences,  when  the 
degree  of  the  proposed  equation  is  hi^h,  and  on  the  other  the  multitude 
of  substitutions  which  must  be  successively  made,  it  will  appear  that  the 
application  of  this  method  is  yerj  laborious. 

To  diminish  the  labour  of  the  substitutions,  care  ought  to  be  taken,  in 
each  particular  case,  to  determine  for  the  superior  and  mferior  limits  of  the 
roots  of  the  proposed  equation  the  nearest  numbers  which  can  be  obtained, 
and  for  i  the  greatest  value  possible. 

After  the  limits  of  the  roots,  positive  and  negative,  have  been  determined 
it  is  convenient  to  substitute,  first,  the  consecutive  whole  numbers  compre- 
hended between  these  limits ;  and  if  it  happens  that  the  signs  of  the  results 
indicate  as  manj  real  roots  as  there  are  ones  in  the  degree  of  the  equation, 
since  the  equation  cannot  have  a  greater  number  of  roots  than  this,  it  will 
not  be  necessary  to  calculate  the  equation  of  the  squares  of  the  differenoes 
of  the  roots. 

The  ease  in  which  it  is  known  from  the  b^inning  that  all  the  roots  are 
real,  deserves  particular  notice.  In  this  case  it  is  evident,  that  if  numbers 
whose  differences  are  less  at  each  substitution,  and  which  are  onnprehended 
between  the  extreme  limits,  are  successively  substituted  in  the  proposed 
equation,  the  process  must  end  in  the  determmation  of  certain  results  exhi- 
biting a  number  of  changes  of  sign  equal  to  the  degree  of  the  equation ; 
consequently  all  the  roots  must  be  separated. 

270.  Examples  of  the  separation  of  the  roots  of  numerical  equations  : 
1st.  Let  z'-f-ic— 3=0. 

By  Article  266  this  equation  has  only  one  positive  root.  To  obtain  the 
integer  part  of  thb  root  it  is  sufficient  to  substitute  for  x  the  numbers 
0,  1,  2,  3  .  .  .  until  two  results  of  contrary  signs  are  obtained. 

Now,  if,  in  the  expression  x^-\-x — 3, 

a:=0,  the  result  is  0+0 — 3,  or  — 3  ; 
ar=:l,     -  -     1-1-1—3,  or —1; 

x=2,     -  -     8-1-2—3,  or  -\-7. 

Consequently,  since  the  results  given  by  the  substitutions  x=l,  x=:2,  are 
of  contrary  signs,  the  required  root  is  comprehended  between  the  numbers 
1  and  2. 

The  substitutions  and  results  are  briefly  exhibited  thus  : 

Numbers  substituted        •        -    0,       1,      2 
Corresponding  results  •     — 8,  -**1,  +7» 

To  separate  the  negative  roots,  if  x  is  changed  into  -^ff,  tibe  transfonned 
equation  is  4:'-}-x-i-3=0. 

Since  all  the  terms  of  this  transformed  equation  are  positive,  it  Ins  no 
positive  root ;  therefore  the  proposed  equation  has  no  negative  root.  Con* 
sequently  its  two  remaining  roots  are  imaginary. 

2d  Example.  Let  ar*— 5*— 10=0. 

This  equation  also  has  only  one  positive  root. 

Changing  x  into  — ar,  the  transformed  equation  is 

a?*4-5»— lOarO, 
which,  like  the  proposed,  has  oal^  cna  positive  root ;  therefore  the  proposed 
equation  has  one  negative  root ;  it  has,  consequently,  two  real  roots,  the  one 
positive,  the  other  negative. 

To  separate  these  roots. 


Substitute,  successively,  £ot  x,      0,        1)      2,        S 
The  corresponding  results  are, — 10,  —14,  — 4,  +56 

Hence  the  positive  root  is  comprehended  between  2  and  3,  and  the  nega« 
tive  root  between  —1  and  —2. 


0,  -1,  -  2. 
—10,  —4,  +16. 
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3d  Example.  Let  «^+a:^— 65a;+5=0. 

When  a  superior  limit  of  the  positive  roots  is  known,  it  is  not  neoessarj 
to  carry  the  substitutions  beyond  this  limit. 

To  find  a  superior  limit  in  the  present  instance,  if  the  equation  is  put 
under  the  form  ar(x^-}-a:— 65)+5=0,  and  a  value  of  x  is  sought,  for  which 
the  expression  :^-\-x — 65  is  positive,  it  is  found  that  4  is  such  a  value ; 
therefore  4  is  a  superior  limit  of  the  positive  roots  of  the  proposed  equation. 

Substituting,  next,  — x  for  x,  all  the  terms  of  the  transformed  equation  are 
positive,  therefore  the  proposed  equation  has  no  negative  root. 

Yet,  as  this  equation  has  no  second  term,  the  sum  of  the  roots  is  zero ;  in 
consequence  they  cannot  be  all  positive. 

Therefore,  since   the  equation  contains    no  negative,    it    must  contain 

imaginary  roots.    But  if  the  equation  contains  imaginary  roots,  they  are 

even  in  number ;  therefore,  since  the  degree  of  the  equation  is  the  fourth, 

and  its  roots  4,  the  real  roots  (if  any)  must  be  positive  and  two  in  number. 

To  separate  these  roots, 

Substituting,  successively,  for  x,    0,       1,  %         3,       4, 

the  corresponding  results  are      4-5,  —58,  —105,  —100,  +17. 
The  signs  of  these  results  show  that  the  equation  contains  two  positive 
roots,  the  one  comprehended  between  0  and  1,  the  other  between  3  and  4. 

4th  Example.  Let  x'— 7x-h7=0. 

Since  this  equation  is  of  an  odd  degree,  it  has  at  least  one  real  root  which 
is  of  a  sign  contrary  to  the  last  term,  and  therefore  n^ative  (Art.  262). 

Changing  x  into  — x,  the  transformed  equation  is, 

x*— 7x— 7=0. 

This  equation  has  only  one  pontive  root,  therefore  the  proposed  equation 
cannot  have  more  than  one  negative  root.  Substituting  whole  numbers  in 
the  transformed  equation,  0,        I,       2,      3,        4, 

the  oorresponding  results  are,   —7,  — 13,  — 13,  —1,  +29 ; 
its  positive  root  is  comprehended  between  3  and  4 ;  therefore  the  negativf 
root  of  the  proposed  equation  is  comprehended  between  — 3  and  —4. 

If  the  other  roots  of  the  proposed  equation  are  real  thejr  must  be  positive. 
Trying  the  substitution  of  whole  numbera  in  the  equation,  . 

Numbers  substituted,  0,  1,  2,  3, 
Corresponding  results,  7,  1,  1,  13, 
the  results  are  all  of  the  same  sign ;  and  since,  for  x=:3,  x'+7>7x,  it  is 
evident  that  all  values  of  x  greater  than  3  must  give  positive  results  |  it 
cannot  be  discovered  whether  the  proposed  eauation  contains  two  positive 
roots  except  by  substituting  for  x  numbers  which  differ  fitHn  each  other  by 
less  than  one. 

^  If,  however,  the  two  roots  are  equal,  results  of  contrary  signs  cannot  be 
nyen  by  any  substitution ;  it  therefore  becomes  necessary  to  enquire  whether 
this  equation  contains  two  equal  roots. 

Applving  the  method  of  Article  250  to  the  polynomials  XasarS — 7x+7^ 
X^flBSx*-— 7,  a  last  remainder  al  is  obtained ;  therefore  the  equationB  XkO, 
X'aO,  have  no  common  ftctor,  and  the  proposed  equation,  XkO,  no  equal 
roots. 

To  eflSect  with  certainty  the  separadott  of  the  two  doubtful  roots,  the 
equation  of  the  squares  of  the  differences  may  be  employed.  This  equation, 
for  the  example  under  consideration,  has  been  found  (Art.  249)  to  be 

29^42;B*+44l2<— 46a0. 

Making  ^^z$  ^his  equation  is  transformed  into 

42         1 
tt'-9u«+|5U-45-0, 


ori^(ii-9)+g(i.-^)«0. 
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Now  9  18  evidentlj  a  superior  limit  of  ihe  pontiyeTalues  of  «  in  tiiis 
transformed  equation;  therefore  X«^  is  an  inferior  limit  of  the  positiTe 

values  of  z ;  therefore,  in  condusiou,  l^  ^v^As  \/^»4^  is  a  quan^j  leas  than 
the  least  difference  between  the  roots  of  the  proposed  equation. 

To  avoid  the  substitution  of  the  fractions  <|>  |i  1^  &c.  in  the  proposed 

equation,  let  '^'a  ;  the  result  is  the  transformed  equation, 

x'»— 63ar'-fl89— 0, 
in  which  it  is  not  necessary  to  substitute  any  but  whole  numbers. 

Unnecessarj  substitutions  are  avoided  by  determining  the  superior  and 
inferior  limits  of  the  positive  values  of  x  \  now  a  superior  limit  of  the 

positive  roots  of  the  proposed  equation  is  evidently  \/?~;  and  if  jr  is  changed 

1 
into  -  the  proposed  equation  is  transformed  into 

of  which  the  superior  limit  is  1 ;  therefore  1  is  an  inferior  limit  of  the 
positive  roots  of  the  proposed  equation ;  the  positive  roots  of  the  equation 
in  it  are  consequently  between  3  x  1,  or  8,  and  8  x  \/7,  or  between  3  and 
\/68,  or  between  8  and  8 ;  hence  it  is  not  nece8sa37  to  substitute  for  ^  any 
number  greater  than  8 ; 

Nimibers  substituted,       8,      4,     5,       6, 
Corresponding  results,  -1-27,  -f-l,  —1,  -f27. 

Without  proceeding  further,  the  signs  of  the  results  indicate  two  positive 
roots ;  x!b&  one  between  4  and  5,  the  other  between  5  and  6 ;  consequently 
the  proposed  equation  has  also  two  roots,  the  one  between  \  and  {,  the  other 
between  4  and  f . 

It  has  Deen  already  found  that  a  root  is  comprehended  between  ~3  and 
—4 ;  ^erefore  the  toree  roots  of  the  proposed  equation  are  real  and  com- 
{)letely  separated. 

5th  Examj>le.  Let  a;*— 5x— 8«0. 
.    This  equation  has  three  real  roots ;  one  positive,  between  2  and  8 ;  two 
negative,  the  first  between  0  and  —  1,  the  second  between  — 1  and  — 2. 

Methods  of  Appboxihation. 

271.  Two  limits  being  found  between  which  eadi  of  the  TOots  of  an 
equation  is  oomprdiended,  it  remains  to  determine  each  with  »  reqaiwd 
d^ree  of  accuracy. 

The  most  obvious  method  is  to  substitute  in  the  proposed  equation 
numbers  intermediate  between  these  limits,  until  two  numben  are  found 

S'ling  results  of  omtrary  signs,  and  differing  from  each  other  b^  less  than 
e  fraction  which  expresses  the  required  decree  of  approximation.  Then 
either  of  the  two  numbers  may  be  taken  for  &e  value  or  tJie  root 

For  example,  suppose  that  A,  B  are  two  limits  which  comprehend  between 
them  only  the  sinne  root  a ;  and  that  A  being  less  than  B,  B— A=D. 
Substituting  A-f-}6  for  x  in  the  proposed  equation  X=0,  the  sign  of  the 
result  will  uow  whether  a  is  between  A  and  A+|  D,  <»r  between  A-f  ^D 
^od  B;  and  oonsequently  the  root  will  be  inchxded  between  two  limts 
which  difiier  from  e«sh  other  by  -{D.  By  «  repetition  of  tlie  same  (^>entka 
the  root  is  next  included  between  two  limits  which  di£fer  from  each  other 
by  only  ^D ;  and  it  is  evident  that  by  repetitions  of  this  process  two  limits 
must  be  at  leneth  found  whose  difference  b  less  than  a  given  quantity,  h 
Then  each  of  tnese  limits  will  be  a  value  of  a,  approximated  to  within  less 
than  the  quantity  t. 

It  is  not  necessa:!^  to  take  for  each  new  substitution  a  number  which  is 
exactly  equidistant  between  the  two  preceding  limits ;  it  is  even  frequently 

ore  convenient  to  employ  another. 
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By  this  process  the  approximation  may  be  carried  to  any  degree  of 
nearness;  but  the  calculation  becomes  extremely  laborious  through  the 
great  number  of  substitutions  which  it  is  necessary  to  make.  It  is  therefore 
employed  to  obtain  onlv  a  certain  degree  of  f4>proximation ;  to  within  ^ 
for  example ;  and  then  tne  calculation  is  made  by  a  much  more  expeditious 
method,  that  of  Newton. 

When  the  root  b  less  than  1,  it  is  conyenient  to  determine  its  value,  not 
to  within  less  than  -\  of  1,  but  to  within  less  than  ^  of  the  root  itself. 
Suppose,  for  example,  that  the  approximate  yalue  ought  to  differ  from  the 
true  yalue,  a,  by  a  quantity  less  than  -f^  a ;  and  let  A,  B  be  the  limits  of  a, 
A  beinff  less  than  B.  Since  a  is  greater  than  A,  if  B— A  is  less  than  -^  A, 
then  i  fortiori  is  B — A  less  than  -^  a ;  hence  it  will  be  sufficient  to  con- 
tinue the  successive  substitutions  imtil  two  limits  are  obtained,  whose 
di£^rence  is  less  than  the  tenth  part  of  the  smallest  of  these  limits ;  however, 
it  is  always  possible  to  change  roots  which  are  less  than  1  into  others  greater 

than  1,  either  by  changing  x  into  -,  or  by  multiplying  all  the  roots  by  a 

suitable  number. 

272.  To  determine  the  value  of  a  root  by  the  method  of  Newton,  it  is 
necessary  that  the  root  be  already  known  with  a  certain  degree  of  i^ 
proximation ;  for  the  convenience  of  calculation,  this  preliminary  approxima- 
tion should  be  to  within  ^  and  in  the  following  investigation  it  is  taken 
for  granted  that  the  values  of  the  roots  are  so  determined. 

Let  a  root  of  the  equation  X=0,  determined  to  within  ^  ,  be  denoted 
by  a ;  let  x=:a-\-y ;  and  let  a+y  be  substituted  for  x  in  the  equation  X=0 ; 
this  u  transformed  into 

A+ Vy-hiAV-h^  A'V-f »  &c.=0, 

in  which  A,  A^  Af' . . .  are  the  values  given  to  the  polynomial  X  and  its 
derivatives  X',  X^^ ...  by  the  substitution  of  a+y  for  x ;  from  this  equation 
is  obtained 

_     A     A V     A^V        . 
y-^11''  2A'  "^Uf"'  *^' 

The  value  of  y,  which  is  to  be  found,  is  less  than  ^ ;  consequently  y',  y' 
...  are  respectively  less  than  .^^  ^^ . . .  Admittinf^  that  the  sum  of  the 
texms  whicn  oontam  jrS  y'l  &c  is  leas  than  y^  it  is  evident  that,  n^lecting 
^em,  the  value  of  y  is  obtained  to  within  less  than  yf|p  viz. 

A 

Dividing,  therefore,  A  by  A^  carrying  the  division  to  hundredths,  and 
adding  the  quotient  to  the  first  value  a,  a  new  value  of  the  root  a  is  obtained, 
Which  may  be  denoted  by  A  and  regai^ded  as  an  approximation  to  within  less 
than-r^ 

The  value  fi  is  corrected  as  the  value  a  has  been  corrected,  by  making 
9=/3+y,  and  seeldng  for  y  a  value  less  than  -^^ 

Denoting  by  B,  B^  B^^ what  the  polynomials  X,  X^  X^"^ ^ 

become  by  the  substitution  of /3-|-y  for  x,  the  transformed  equation  is 

B^-B'y+iB'V+O^V■^»  &c-=0. 

B     BV    B''V 
Whence  y=-B'- 2B'~2:8:B^~'  *^- 

B 
Rejecting  the  terms  in  y*,  y',  &c.,  y=  — g7. 
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Since  by  supposition  y  is  leas  than  j^z,  the  higher  powers  of  y  are  less 
than  (  Tqq)  •    Admitting  that  the  sum  of  the  terms  in  y%  y',  &c.  is  leas  than 

(too)  *  ^^  ▼alue  y=— ^  will  be  approximated  to  within  less  than(  frr|  ; 

for  this  reason  the  evaluation  of  the  quotient  of  — B  by  B^  should  be  carried 
to  the  fourth  decimal  fiffure.  Adding  the  quotient  to  j3,  the  result  is  a  new 
value  of  the  root  a,  which  may  be  denoted  by  the  charact^  7,  and  whidi 

may  be  regarded  as  an  approximation  to  within  less  than  the  iqqqq  of  1. 

By  continuing  this  process,  and  always  rejecting  the  terms  which  contain 
powers  of  the  correction  y  superior  to  the  first,  (and  admitting  that  the  part  re- 
jected is  less  in  the  first  transformation  than  (  t^  j  ,  in  the  second  than  (755)  1 

in  the  third  tiian  (tqoqq)  )  •  •  •  •  0  successiye  approximate  values  will  be 

obtained  in  which  the  number  of  decimal  figures  will  each  time  be  doubled. 
The  approximation  by  this  method  must  be  rapid,  for  the  third  correction 
gives  eight  decimal  figures,  the  fourth  sixteen,  &c. 

The  calculation  of  these  corrections  is  simple  and  uniform,  all  of  tiiem 
being  evidently  derived  firom  the  same  formula, 

y=-x''     -      -      -     1 

by  replacing  x  first  by  or,  then  by  /S,  and  so  on,  in  such  a  manner  that  after 
the  formula  has  given  the  first  correction  it  gives  again  the  aeoond,  then  the 
third,  &c. 

273.  The  approximations  obtained  hj  this  metiiod  are,  however,  far  from 
eertain,  for  mey  depend  on  suppositions  which  are  not  always  true;  for 
example,  it  may  happen  that  in  tne  first  correction  the  sum  of  the  tenns  in 

y*,  y',  &c.  may  be  greater  tiian  j^,  or  in  the  second  correction  greater  than 

10000*    ^^  habit  of  calculating  will  suggest  in  particular  cases  the  pre- 
cautions necessary  to  the  employment  of  this  method  with  safety ;  indeed  it 
can  be  shown  that  it  is  easy  to  discover  after  each  correction  whether  the 
presumed  degree  of  approximation  has  been  attained  or  not. 
Beginning  with  the  value  /3,  which  is  supposed  an  approximation  to  withia 

Yqq  ;  in  order  that  the  value  of  p  may  have  this  degree  of  approximation,  it 

is  necessary  tiiat  the  true  value  of  the  root  be  between  8 — r^g  and  j9,  or 

between  /3  and  P-^TQk*    Consequentiy  substituting  in  X  the  three  numbers 

^■~io6*  ^'  ^"^100'  ^*^  result  of  the  substitution  of  /5— j^  or  /3+ jqq  m 
of  a  sign  contrary  to  that  which  is  given  by  the  substitution  of /3,  it  is  certain 

that  the  value  p  is  truly  approximated  to  within  the  j^g  of  1 ;  but  if  the 

results  are  of  the  same  sign,  it  is,  on  the  other  hand,  certain  that  the  degree 
of  approximation  is  less  considerable.  In  this  case  it  will  be  necessary  to 
re-commence  the  calculation  with  a  more  nearly  approximate  value  than  a ; 

for  example,  instead  of  the  approximation  to  vg,  an  approximation  may  be 

sought  to  2Q«  tiien  an  examination  may  be  made  in  the  manner  already 
explained  to  discover  whether  the  correction  given  by  formula  1  is  exact  to 
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bundredths ;  if  it  is  not,  the  calculation  must  be  again  re-commenced  with  a 
still  more  approximate  first  value,  and  so  on  until  the  root  is  obtained  exact 
to  two  decimal  figures.  The  approximate  value  deduced  from  the  following 
correction  must  he  verified  in  tne  same  manner ;  and  if  the  fourth  decimiS 
figure  is  inaccurate,  it  must  be  suppressed.  If  three  figures  are  accurate, 
and  a  new  correction  is  deduced,  the  approximation  given  hy  this  is  pre- 
sumed to  extend  to  the  sixth  decimal  figure.  It  will  be  necessary  to  verifj 
this  correction  by  the  same  process. 

Lagrange's  Method  op  Approximation. 

274.  It  follows  from  the  Articles  on  the  separation  of  roots  that  an  equation 
may  be  so  transformed  that  its  roots  shall  differ  from  each  other  by  more 
than  1.  The  integer  part  of  each  root  can  also  be  determined.  This  pre- 
mised, let  X=0  be  the  equation  under  consideration,  and  let  a  be  the  integer 
part  of  a  real  and  positive  root. 

If  a:  is  made  equal  to  a+ -,  the  equation  is  transformed  into  another  in  T, 

which  may  be  represented  by  Y=0,  and  which  is  of  the  same  degree  as  the 
proposed  equation  X=0.  The  value  of  y,  which  it  is  necessary  to  know  in 
order  to  obtain  the  root  sought,  must  be  positive,  and  neater  than  1 ; 
besides,  it  is  evident  that  y  can  have  only  a  single  value  of  wis  kind,  other- 
wise there  must  be  two  values  of  or  between  a  and  a+1.  Therefore,  if  in 
Y=0  is  substituted  the  series  1,  2,  3,  ... .  two  results  of  contrary  signs  must 
be  obtained,  and  two  of  the  numbers  substituted  must  comprehend  between 
them  the  required  value,  so  that  the  less  of  the  two  is  the  integer  part  of  the 

value  ofy.    Let  this  integer  part  be  equal  to  j3,  and  let  ^=/3-|--.    Thus  a 

transformed  equation  in  2,  namely,  Z=0,  is  obtained,  which  has  a  single  root 
greater  than  1.  Consequently  by  the  substitution  for  z  of  the  numbers  1,  2, 
3,  . . . .  the  integer  part  of  z  must  be  determined. 

Let  7  be  this  integer  part,  and  let  2=7+~*    This  gives  a  new  transformed 

equation,  U=0,  in  which  there  is  a  single  root  greater  than  1,  the  deter- 
nunation  of  the  integer  part  of  which  is  conducted  as  before.  Also  the 
series  of  transformed  equations  is  continued  as  far  as  may  be  considered 
necessary. 

The  substitutions  which  have  been  made  are 

*=«+-i  y=pi"^j  ^=7+^1  — 

whence  it  is  concluded  that  the  required  root  is  expressible  by  the  con- 
tinued fraction 

x=a-|-  — I 

In  calculating  the  successive  convergents  any  required  degree  of  ap- 
proximation can  be  obtuned.  But  to  avoid  useless  calculations  it  will  be 
proper,  successively  as  the  numbers  cr,  /3,  y, .  .  .  are  found,  to  form  the  cor- 
responding convergents ;  and  when  two  consecutive  conver^nts  have  been 
obtained  such  that,  if  unity  is  divided  by  the  product  of  their  denominators, 
the  result  is  a  fraction  less  than  the  allowed  error,  it  is  certain  that  the  first 
of  the  two  convergents  will  have  the  degree  of  approximation  required. 

The  calculation  of  the  transformed  equations  in  y,  z,  u  .  .  .  is  tedious ;  it  is 
facilitated  by  attention  to  the  maimer  in  which  the  coefficients  of  each 
equation  are  deduced  ftom  the  preceding  equation.    When  x  is  replaced 

by  a-\ —  n  the  equation  X=0,  if  the  residts,  which  are  obtained  by  substi* 

1  1 
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tuting  a  for  x  in  X  and  its  derivatives,  are  represented  bj  A,  A^  Af\ 

the  transformed  equation  may  be  at  once  written  thus, 

.  .   .X        ^jl        I      ,   .A.  X  .  _ 

Consequently,  multipljing  by  y"  (m  being  the  degree  of  the  equation)  the 
transformed  equation  1=0  becomes 

Ajr +A'y— +2A''3r-"4-2iA'''3r-*+,&c.  =0. 

And  it  is  known  how  the  coefficients  A,  A^  .  . .  of  thb  equation  are 
derived  from  X. 

The  equation  Z^O  is  calculated  in  the  same  manner ;  it  is  of  the  form 

Bz-+B'z— »+2B''2— ^+,&c.  =0; 

the  coefficients  B,  B^  B'^,  . .  .  are  obtained  by  substituting  /3  for  y  in  the 
polynomial  Y  and  its  derivatives ;  and  in  the  same  manner  are  obtuned  all 
the  other  transformed  equations. 

Applications  op  the  Methods  op  Newton  and  Lagrange. 

275.  Let  x'+7x+7=0.  It  is  required  to  find  the  values  of  the  roots  of 
this  equation  by  the  method  of  Newton  ? 

It  has  been  found  (Art  270)  that  the  proposed  equation  has  a  pontive 

4  5  5  6 

root   between  „  and  xi    another  between   »  and  »,  and  a  negative  root 

between  — 3  and  — 4. 

It  is  necessary,  first,  to  approidmate  to  within  one  tenth  of  the  true  value,  by 

..45  4 

bringing  the  limits  «  and  »  closer  together.    »  expressed  in  decimals  is  1'33 

5 
(to  the  nearest  hundredths),  and  »)  1*67. 

The  signs  of  the  results  which  are  obtained  by  substituting  1*33  and  1*67 
for  X  in  the  proposed  equation  are  -|-  and  — ;  and  the  sign  of  the  result 
obtained  by  the  substitution  of  1*5  (the  arithmetical  mean  l^tween  1*33  and 
1*67)  is  — ;  therefore  the  root  is  comprehended  between  the  limits  1*33 
and  1*5. 

7 
The  intermediate  nimiber  1*4  differs  from  1*33  by  Tqq,  and  from   1*5  by 

-q;  therefore  the  value  x=l*4  is  an  approximation  to  within  Tq.    To  obtain 

X 

a  closer  approximation  it  is  necessary  to  employ  the  formula  5f= —  -s^. 

In  this  example  X=a?'— ya:-|-y,  X'=3x'— y ; 

X  ar* — yar-f^y 

therefore  —  ^,  or  y  ^^^ZZ^T- 

Substituting  in  this  expression  the  approximate  value  a:=l*4, 

0*056 

Whence  the  corrected  value  of  a:  is  ar=  1*4—0*05= 1*35. 

This  approximation  is  supposed  true  to  hundredths.  The  supposition  b 
verified  by  substituting  in  equation  X=0  the  values  1*35  and  1*36. 

Now  1  -35  substituted  for  x  gives  4-0*010375, 
and    1*36      -         -         -         -      —0*004544. 

These  results  being  of  contrary  signs,  it  is  certain  that  the  hundredths  in 
the  value  of  x  are  correct. 
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X 

Substituting,  next,  the  yalue  a:=l'35  in  the  formula  y=r— ^ 

0-010375      ,  ^  ^^' 
y=  15325  =+0'QQg«i 
Consequently  the  value  given  by  the  second  approximation  is 

ar=l-354-0-0068=l-3568. 

To  yerify  this  value  it  is  sufficient  to  substitute  for  x  in  the  proposed 
equation  the  values  1*3568  and  1*3569. 

1*3568  gives  +00001 4 1586432 
1*3569      -      —0*000006100991 

The  difference  of  sign  in  these  results  proves  that  the  value  of  x  is  exact 
to  four  decimal  figures. 

By  continuing  this  process  of  approximation  the  value  oTx  may  be  deter- 
mined with  any  required  d^^ee  of  accuracy. 

The  second  positive  root,  which  is  between  x  and  «,  is  found  in  the  same 
manner. 

To  obtain  the  negative  root,  which  is  comprehended  between  the  limits 
— 3  and  — 4,  the  most  convenient  process  is  to  change  x  into  — x;  the 
transformed  equation  has  a  positive  root  between  -f  3  and  +4.  The  value 
of  this  being  determined,  as  m  the  case  of  the  preceding  positive  root,  if  the 
sign  is  changed  the  result  is  the  negative  root  of  the  proposed  equation. 

276.  If  the  method  of  Lagrange  is  applied  to  the  calcidation  of  the  roots 
of  the  same  equation,  it  is  necessary  first  to  transform  the  proposed  equation 
into  another  whose  roots  differ  from  each  other  by  more  than  1. 

Since  ^=qi  make  ^^^^v'^'y  the  tnmsformed  equation  is 

ys— 63x^+189=0; 

it  is  necessary,  therefbre,  to  determine,  by  means  of  continued  fractions,  the 

▼aloe  of  x^  comprehended  between  4  and  5 ;  then  dividing  this  value  by  3, 

4  5 

the  result  is  the  value  of  x  comprehended  between  r  and  g. 

Since  in  the  equation  a/'— 63x^+ 189=0  the  value  of  x^  is  between  4  and  5, 

let  2^=4+'-,  and  let  this  value  be  substituted  for  x^;  the  transformed  equa- 
tion is 

Ay5+ Ay +iA''y  +£3^'''=<>  ? 

or,  since  A=4'— 63x4+ 189=+ 1, 
A'=3x4«— 63=— 15, 

5A''=3X4=  +  12, 

The  first  transformed  equation  ui^ 

y5-15/+12y+l=0. 

Substituting  14  for  y,  the  result  is    —27, 
Substituting  15  for  y,  the  result  *^  +1§1. 

Making  y=^14+-,  the  second  transformed  equation  is 

B*»+B'r«+5B"2r+2^3B'''=0 ; 
II  2 
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or,  since  B=14»-15xl4«-M2x  14+1=— 27, 
B'=8X14«— 2X15X14+12=-M80, 

^B''=SXl4-15=+27, 

The  second  transformed  equation  is 

— 27z*+1802r«+27z-f  1=0,  or,  changing  the  signs, 
27z>— 18ar«— 27z--l=0. 

Making  z=6,  the  result  Is  — 811, 

Making  2^=7,  the  result  is  +^1* 

1 
The  value  of  z  being  between  6  and  7,  let  z=6-h-;  the  third transfermed 

equation  is 

CV+CV+,^C"tt+273C'''=0 ; 

or,  since  C=-811,  (^=-1-729,  ^€''=+806,  2^C^'=+27, 

81  In*— 729ti«— 306tt-.27=0, 
«=1  giyes    —251, 
11=2  gives  4-2933. 

The  value  of  u  being  between  1  and  2,  let  k=1+-. 

Without  continuing  further  this  series  of  transformations,  the  result  already 
obtained  is 

«'=4+-L  ^ 

14-f 1 

6-h 

1+,  &c. 

and  the  convergents,  calculated  by  the  rule^of  Article  195,  are 

4    57     346     408    ^ 
r    14'     85'     99'   *^* 

4  1 

In  the  first,  t,  the  error  is  in  defect,  and  less  than  jg. 

57  1 

In  the  second,  t^,  the  error  is  in  excess,  and  less  than  ttqq* 

In  the  third,  -g?-,  the  error  b  in  defect,  and  less  than  oTYx* 

403  1 

In  the  fourth,  -gg-,  the  error  is  in  excess,  and  less  than  fgo|Z- 

To  estimate  the  degree  of  approximation  of  the  fourth  convergent  without 
knowing  the  denominator  of  the  fifth,  it  is  evident  that  this  denominator 
must  be  at  least  equal  to  99+85,  or  184 ;  therefore  the  error  of  the  fourth  is 

less  than  gg^^g;!  or  jg2jg. 

Dividing  these  convergents  by  3,  the  values  of  x  are 

4   19   346   403 

*^3'  14'  255'  297' 

which  are  approximations,  alternately  in  defect  and  excess,  to  within  less 

,        ,     .      .         11  1 1 

than  the  fractions  ^,  g^,  25245'  54648' 

The  approximate  values  of  the  other  positive  root  can  be  found  in  the 
same  manner.    The  n^^ative  root,  whicn  is  between  --3  and  —4,  can  be 
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obtained  from  the  proposed  equation  without  the  intervention  of  the  trans- 
formed equation  in  a;". 

277.  By  means  of  proper  substitulions  it  can  alwajs  be  determined  how 
many  real  roots  are  contained  in  an  equation.  If  this  number  is  not  equal 
to  the  degree  of  the  equation  it  must  contain  imaginary  roots.    These  are 

comprised  in  the  formula  x=a+&\/— 1,  a  and  b  being  real  quantities 
which  it  is  necessary  to  determine. 

If  the  expression  a+6\/ — 1  is  substituted  for  x  in  the  equation  X:=0, 

this  is  changed  into  another  equation  of  the  form  A-|-Ba/— 1=0,  in  which 
A,  B  ought  also  to  be  real  quantities. 

Now,  in  order  that  A-^-B^/—!  u  ay  be  equal  to  zero,  it  is  necessary  that 
A=0,  B=0. 

The  investigation  is  therefore  reduced  to  that  of  the  real  values  of  a,  6, 
which  satisfy  the  equations  A=0,  B=0.  To  obtain  these  values  it  is 
necessary  to  eliminate  one  of  the  (quantities  a,  6,  (a,  for  example),  to  seek 
the  real  roots  of  the  final  equation  in  6,  and  then  the  corresponding  values 
)f  a,  rejecting  the  solutions  in  which  this  unknown  quantity  is  imaginary. 

Whether  the  coefficients  of  the  equation  in  x  are  real  or  imaginary,  tnese 
remarks  are  alike  i^pplicable.  But  when  the  coefficients  are  real  the 
imaginary  roots  are  even  in  number,  and  arranged  in  pairs  of  the  form 


SECTION  XV. 

STURM'S  THEOREM.  HORNER'S  METHOD  FOR  THE 
SOLUTION  OF  NUMERICAL  EQUATIONS.  SOLUTIONS 
OF  LITERAL  EQUATIONS  OF  THE  THIRD  AND 
FOURTH  DEGREE. 

278.  If  two  consecutive  terms  of  an  equation  have  like  signs  there  is  a 
Permanence,  and  if  they  have  unlike  signs,  a  Variation. 

The  equation  x"^ — 2a^— 5j:'-f  8x— 10=0  has  three  variations ;  the  first  from 
-f  x''  to  — 2x^,  the  second  from  —52^  to  +ax,  the  third  from  +Sx  to  —10, 
and  one  permanence  from  — 2x*  to  — 5x*. 

The  siffns  of  this  equation,  disengaged  from  the  expressions  which  are 
connected  by  them,  are  -h»  — t  ~"»  +♦  — • 

279.  Let  X=0  be  an  equation  of  the  form 

Px-+Qz— ^+Rar-«  . . .  +T*+U=0, 
of  which  the  coefficients  are  real,  and  which  contains  no  equal  roots.  Form 
X^  the  derived  polynomial  of  X,  divide  X  by  X^  and  continue  the  division 
until  the  remainder  is  of  a  degree  inferior  to  X^.  Chan^  the  signs  of  all 
the  terms  of  the  remainder,  then  denote  it  by  X  .  Divide  X,  by  X^,  in 
the  same  manner  as  X  has  been  divided  hj  A^  change  the  si^s  of  the 
terms  of  this  remainder,  denote  it  by  X,„ ;  divide  X,,  by  X^^^,  and  continue 
this  series  of  operations  in  all  respects  (except  that  of  changing  the  signs  of 
the  terms  of  each  remiunder)  as  if  it  were  required  to  find  the  greatest 
common  measure  of  X,X^  A  remainder  must  be  found  which  does  not 
contain  x,  and  whidi  cannot  be  equal  to  zero,  since  the  e(|uation  X=0  con- 
tains no  equal  roots.  Change  the  signs  of  this  last  remamder,  and  denote 
it  by  X^ 

A  series  of  functions,  X,  X^  X,^  ^'/A '.  * ' '  ^*^»2  ^'»  ^  ^^®  obtained,  of 
which  all,  except  the  last,  contain  x.  This  series  is  named  the  series  (x\ 
and  when  x  is  replaced  by  a  particular  value,  a,  it  is  called^  the  series  (a). 
The  name  Intermediate  function  is  given  to  any  of  the  functions  between  X 
and  X,. 

Then,  to  determine  how  many  real  roots  of  the  proposed  equation  X=0 

II  3 


486  ELEMEKTS  OF  ALGEBUA. 

are  comprehended  between  any  two  numbers,  a,  /3,  (a</3),  substitute  a  in 
the  series  (x)  ;  write  the  signs  of  all  the  results,  and  count  the  number  of 
variations ;  next,  substitute  /3  in  the  series  (x),  write  the  si^ns  of  all  the 
results,  and  count  the  number  of  variations.  As  many  vanations  as  the 
second  set  of  signs  has  fewer  than  the  first,  so  many  real  roots  of  the  equation 
X=0  are  comprehended  between  a  and  f3. 

In  dividing  X  by  X^  let  Q^  be  the  quotient;  then,  since  X^^  is  the 
remainder  with  all  tne  signs  chansed, 

Simikrly,    X,=X^,a -X^ 

•  •  •  •  « 

X,w,/=X,^,— X^. 

Hence,  Ist,  two  consecutive  functions  of  the  series  (x)  cannot  become 
aero  for  the  same  value  of  z.  For  if,  for  the  same  value  of  x,  X«^r=:0  and 
X,=0,  the  equation  X.^sX.i^-'X,^!,  which  is  comprehended  in  the  series 
(x),  becomes  0=0— X.^i. 

Therefore  X^^i^O ;  and,  proceeding  from  equation  to  equation,  it  would 
be  proved  that  Ar=0,  which  is  contrary  to  the  hypothesis.  ; 

2d.  If  an  intermediate  function  of  the  series  (x^  becomes  zero  for  a 
certain  value  of  x,  the  values  of  the  preceding  and  foUowing  function  are  of 
contrary  siffns.  For  when  X«,  for  example,  bea>mes  zero,  X„_4=X.Q. — X.^.! 
becomes  A»_i= — X.+i. 

a.  Let  it  be  suj^posed  that  the  value  of  x  is  made  to  begin  with  o,  and  to 
increase  in  a  contmuous  manner,  and  that  these  continuous  values  are  intro- 
duced into  the  series  (x) ;  so  long  as  x  has  not  reached  a  value  which  destroys 
one  or  more  functions  of  the  series  (x),  it  is  evident  that  the  st^ns  of  none 
of  these  functions  are  changed,  and,  consequently,  that  the  series  presents 
always  the  same  succession  of  signs. 

Wnen  x  has  attuned  the  value  a,  for  which  one  or  more  of  the  interme- 
diate functions  X^  X^^  .  .  .  becomes  zero ;  then  if  X«  is  one  of  these  funo- 
tions,  the  functions  X^„  X«^i,  which  precede  and  follow  X«,  ought  for  tiiis 
value  to  be  different  from  zero,  and  to  have  contrary  signs ;  so  uu&t,  giving 
to  the  vanishing  function  either  the  sisn  +  or  — ,  the  series  of  the  three 
functions  X«_i,  X«,  X^-j^i  will  present  iuways  one  variation,  and  only  one. 

Since  neither  of  the  fimctions  X^„  X..,.i,  changes  sign  between  x=«t  and 
x—Oj  they  must,  for  x=sa,  be  of  contrary  signs ;  th^efore,  whatever  wss 
the  sign  of  X,  before  the  substitution  of  a  for  x,  the  series  of  these  three 
functions  must  have  presented  one  variation,  and  only  one. 

b.  When  x  becomes  a+A  (k  beins  positive,  and  so  small  that  no  root  of 
the  equations  X^,=:0,  X,^i=0  falls  betweens  a  and  a+^i)  in  this  interval 
neither  of  the  functions  X^i,  X,^i  can  change  its  sisn.  lliey  must,  there- 
fore, have  contrary  signs.  Consequently,  whatever  die  sign  of  X,^  there  is 
still  only  one  variation  in  the  series  of  the  three  functions. 

If  any  other  intermediate  Unction  become  0  for  x=a,it  must  in  like  manner 
be  situated  between  two  functions  which  do  not  become  zero,  and  the  pre- 
ceding considerations  must  apply  to  these  three  functions.  Therefore,  after 
the  substitution  of  the  value  a  for  x,  there  are  in  the  series  (x)  the  same 
number  of  variations  as  before,  although  they  may  be  differently  distributed. 

c.  The  succession  of  signs  which  is  obtained  by  substituting  for  x  values 
a  little  greater  than  a  remains  unchanged  until  x  is  increased  so  as  to  exceed 
the  value  which  makes  some  function  of  the  series  (x)  to  disappear.  But  if 
this  value  does  not  reduce  the  first  function,  X,  to  zero,  it  follows  fro^i  the 
preceding  part  of  this  demonstration  tiiat  the  variations  of  the  series  (x)  are 
the  same  in  number  after  the  substitution  of  this  value  as  before  it,  and  that 
this  number  of  variations  cannot  change  unless  x  is  increased  so  as  to  exceed 
a  root  of  the  equation  X=0.  It  is  necessary,  therefore,  to  compare  the 
aijp;ns  which  then  belong  to  the  series  (x)  with  those  which  it  has  for  values 
of  X,  a  little  less  than  a. 
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d.  Let  a  be  a  root  of  the  equation  X=0 ;  make  :r=a+A  (h  being  an 
indefinitely  smallpositiye  quantity) ;  denote  by  A,  A',  A"  .  . .  the  values  of 
the  polynomial  A  and  the  derived  polynomials  for  x^a,  and  by  H  the 
value  of  X  corresponding  to  a-|-A. 

Then  H=A+A'A+^,A''A2-f ,  &c. 

But  since  a  is  a  root  of  X,  A=0;  therefore  H=A'*+|A''A«+i  &c.,  in 
which  expression  A'  caimot  be  zero,  because  the  equation  Xr=o  has  no 
equal  roots. 

Making  h  a  common  factor  of  the  terms  of  the  second  member  of  the  last 
equation, 

H=A(A'+U''A-h,  &c.), 
the  value  of  h  being  indefinitely  small  and  positive,  the  sign  of  the  whole 
quantity  A'+^  A''A-|-,  &c.  is  the  same  as  the  sign  of  the  term  A' ;  there- 
fore the  sign  of  H  must  be  the  same  as  the  sign  of  A'. 

To  discover  what  was  the  sign  of  X  before  x  reached  the  value  a  it  is 
necessary  to  make  x=a—h.  The  result,  H^,  of  this  substitution  is  obtained 
by  changing  h  into  — k  in  the  expression  of  H ; 

wherefore  11'=— A(A'— ^A^'A^-,  &c.) 
From  which  it  is  evident  that  for  very  small  values  of  h  the  quantity  H'  has  a 
sign  contrary  to  that  of  A'.  Therefore,  when  the  value  of  a:  is  less  than  a  the 
series  (x)  has  a  variation  from  X  to  X^ ;  and  when  the  value  of  x  exceeds  a 
this  variation  is  replaced  by  a  permanence.  But  for  values  of  x  a  little  less 
than  a  or  a  little  greater  than  a,  the  remaining  part  of  the  series  (x)  ought 
always  to  have  the  same  number  of  variations,  even  although  the  value  x=a 
should  reduce  some  intermediate  function  to  zero.  Therefore  when  x,  by 
increasing,  comes  to  exceed  a  root  of  the  equation  X=0,  the  series  (x) 
loses  one  variation. 

Continuing  to  augment  x,  the  remaining  number  of  variations  of  the  series 
(x)  is  not  changed  until  x  comes  agtun  to  exceed  a  root ;  then  another 
variation  is  lost. 

e.  The  same  thing  happens  for  every  instance  in  which  x  exceeds  a  new 
root ;  so  that  the  number  of  variations  lost  by  the  series  (x)  is  always  equal 
to  the  number  of  roots  of  the  equation  X=0  comprehended  between  the 
value  x=fr,  with  which  the  substitutions  are  commenced,  and  the  value 
x=/i5,  with  which  they  are  concluded. 

280.  In  the  successive  divisions  made  to  find  X^^,  X^^^,  &c.  the  dividends 
and  divisors  may  be  multiplied  by  any  positive  nimibers ;  for  by  such  multi- 
plication none  of  the  signs  are  changed. 

a.  If  in  the  series  (x)  a  function  A^^  is  found  which  does  not  become  zero 
for  any  value  between  x=a  and  x=/3,  and  if  it  is  required  to  discover  the 
number  of  roots  comprehended  between  a  and  /3,  the  series  may  be  made  to 
end  with  the  function  X#. 

Then  making  x  to  vary  from  a  to  0,  the  principles  which  are  applicable  to 
complete  series  may  be  applied  to  the  partial  series  X,  X,,  X^^  A,,^,  .  .  .  X*. 

b.  If  either  of  the  limits  rr,  /3  reduces  an  intermediate  function  to  zero,  this 
function  is  always  situated  between  two  others  which  do  not  disappear,  and 
which  are  of  contrary  signs ;  so  that  the  function  which  becomes  zero  may  be 
taken,  indifferently,  with  the  sign  +  or  the  sign  — ,  or  omitted  altogether. 

But  if  for  either  of  the  limits,  ft  for  example,  X  vanishes,  it  is  to  be  con- 
cluded, first,  that  /3  is  a  root.  Next  it  follows,  from  Article  279  d,  that  if 
values  a  little  greater  than  /3  are  given  to  x,  there  is  a  permanence  from  X  to 
X^,  whilst  in  the  remaining  part  of  the  series  there  is  the  same  number  of 
variations  as  for  x=f?.  Consequently  the  general  rule  279  e.  gives  the 
number  of  real  roots  comprehended  between  a  and  a  quantity  a  little  greater 
than  /3 

281.  If  X,  is  not  the  derived  polynomial  of  X,  but  a  polynomml  which  has 
no  factor  in  common  with  X,  and  which  takes  a  sign  contrary  to  X  for  values 
of  X  which  differ  very  little  in  defect  from  any  root  whatever  of  X=0,  and 
if  this  polynomial  X^  is  employed  to  find  X/y*  Xy^^t  &c.  in  the  same  manner 

1 1  4 
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as  the  derived  function  of  X  is  employed  in  Article  279,  the  theorem  of 
Sturm  subsists  equally  ^ith  the  new  series  X^  X^i  X^^  X^.^  &c  For  if  the 
details  of  the  demonstration  are  resumed,  it  will  be  found  that  the  new  inter- 
mediate functions  have  the  same  properties ;  likewise  in  passing  from  a  value 
of  X  a  little  less  than  a  root  of  A=0  to  a  value  of  x  a  little  greater  than 
a  root  of  X=0,  the  function  X  must  change  its  sign,  whilst  the  function  X^ 
which  has  no  factors  in  common  with  X,  must  preserve  the  same  sign. 

282.  If  the  equation  X=0  contains  equal  roots ;  if,  for  example,  X= 
— a)"(x— 6)"'(a? — c)(x— rf)  ....  the  divisions  made  to  deduce  from 
e  polynomial  a.  and  its  derived  poWnomial  X^  the  functions  X^^  X^^^  &c 

must  lead  to  an  exact  divisor  X^  a  function  of  x  which  is  the  greatest  com- 
mon measure  of  X,  X^ ;  and  from  the  composition  of  this  common  measure 
(Art.  251)  if  ;X,  X,  are  divided  by  X,  the  quotients  are 

^=V=(x-a)(x-6)(x-c)(x-d)  .... 

jr  rn(x— ft)(x— c)(x— d)  .  .  .+»'(x— a)(x— c)(x — d)'\  .  . 

^'=V,=:  \  +(x-a)(x--6)(x-d)  .  .  .-f  (x-fl)(x-6)(x-c)  .  .  . 

^  I  +  &c. 

of  which  y  contains  no  equal  factors,  and  V^  has  no  factor  in  common 
withV. 

Let  x~-a  be  a  real  factor  of  X,  and  make 
H=(x— 6)(x--c)(x— cO  ... 

H,=fi'(x— c)(x— tf)  ....  +(x— 6)(x— d)  .  .  .  -h,&c., 
Therefore  V=(x-a)H ;  V,=:«IH-(x~fl)H,. 

Now,  from  the  nature  of  the  operations  which  serve  to  discover  the  greatest 
common  measure  of  X,  X^  and  to  find  the  Quotients  V,  Y^  these  quotients, 
and  by  consequence  also  H,  H^  ought  not  to  nave  imaginary  coefficients,  since 
there  are  none  in  either  X  or  X^ ;  whence,  for  values  of  x  very  little  less 
than  a,  the  factor  x— a  being  very  small,  Y^  will  have  the  sign  of  H,  which 
sign  is  evidently  contrary  to  that  of  Y.  Therefore,  in  applying  the  theorem 
ot  Sturm  to  the  equation  Y^O,  the  quotient  Y^  may  be  em^oyed  instead  of 
the  derived  function  of  Y. 

Likewise  the  functions  Y,^  Y,,^  which  it  is  necessary  to  deduce  firom  Y,  Y, 
by  the  rule  (Art.  286),  are  the  quotients  of  X,^  X,„  ....  by  X,. 

Therefore  the  two  series  X,  X^  X..  ....  X^ 

Y  Y     V  Y 

differ  from  each  other  only  by  a  common  factor ;  and  whatever  the  sign  of 
this  factor,  it  is  evident  that  the  two  ought  to  present  the  same  variations 
when  a  value  of  x  which  does  not  destroy  X  is  substituted  in  them.  There- 
fore, by  the  application  of  the  theorem  to  the  first  scries,  it  can  be  determined 
how  many  roots  of  the  equation  Y=0  there  are  between  two  numbers,  a  and 
f%  neither  of  which  renders  X=0;  or  (which  is  the  same  thing)  how  many 
real  roots  there  are  in  the  equation  X=0,  abstraction  being  made  of  the 
degree  of  multiplicitv.  Hence,  in  the  equation  X=0,  the  number  of  real 
roots  comprehended  between  a  and  /3  is  equal  to  the  excess  of  the  number  of 
variations  in  the  signs  of  the  functions  X,  X^  X^^  ....  X,  for  x=i  above 
the  number  of  variations  for  x=^?,  abstraction  being  made  of  the  midtiplicity 
of  the  roots. 

283.  This  theorem  affords  a  simple  means  of  establishing  the  conditions 
of  the  reality  of  the  roots  of  an  equation.  Since  the  real  roots  are  all  com- 
prehended between  two  limits  — 1/  and  -f-L,  the  one  n^^tive  and  the  other 
positive  (which  may  be  chosen  ^  cc  ),  the  question  is  r^uced  to  the  inves- 
tigation of  the  conditions  necessary  in  order  tiiat  from  x=— L'  to  x=:-f  L 
the  series  X,  X^  X^^  ....  X,  may  lose  a  number  of  variations  equal  to 
the  degree  of  the  equation. 

Supposing  m  the  degree  of  the  equation,  the  series  (x)  must  lose  m  varia- 
tions. To  lose  m  variations  it  must  contain  at  least  m+1  terms ;  and  since 
it  r'Anttnt  have  morc,  the  functions  X,X^  X,,,  .  .  .  .  are  m+1  in  number. 
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Thej  are  consequently  of  the  respectiye  degrees  m,  m— 1,  m— 2,  &c.,  the 
last  which  does  not  contain  x  being  X.. 

When  in  the  polynomials  in  z  very  large  numbers,  positive  or  negative, 
are  substituted  for  x,  the  results  are  of  the  same  sign  as  if  each  polynomial 
were  reduced  to  its  first  term  (Art.  258) ;  whence,  in  this  investigation, 
attention  need  be  given  to  the  first  term  only  of  each  of  the  functions  X, 
X^  X,^  &c. 

Taking  the  equation  X=0  in  the  ordinary  form, 

ar -f  Par-> + Qx— *+&c.=0, 

the  first  term  of  X  is  x",  that  of  X,  is  iiiaf*~*,  and  those  of  X^^  X,,  .  .  . 
are  certiun  functions  composed  of  the  coefficients  F,  Q,  &c.,  which  are  deter- 
mined by  successive  divisions.  Representing  these  functions  by  G^^,  G^^^, .  .  . 
and  arrangrixig  the  m-\-\  quantities  in  order,  thus 

ar-,  nur-\  0,^\  p///?""^  .  .  .  .  G«, 
the  question  is  reduced  to  the  mvestigation  of  the  conditions  which  cause 
this  series  to  lose  m  variations  in  passms  from  x= — JJ  to  ar=+I'<  Now, 
that  Ihis  may  be  possible,  it  is  necessary  mat  there  be  m  variations  after  the 
substitution  of  --L\  and  m  permanences  after  the  substitution  of  +!«•  On 
the  other  hand,  in  this  series  the  powers  of  x  diminish  by  1  from  term  to 
term ;  consequently,  if  it  has  permanences  only  when  x=4-L  it  must  have 
variations  only  when  x=  — L^.  Whence  the  conditions  sought  are  reduced 
to  those  which  are  necessary  in  order  that  the  series  may  £ive  positive  co- 
efficients only ;  that  is  to  say,  to  the  conditions  that 

G,,>0,  G,,,>0  .  .  .  .,  G,>0. 

It  is  evident  that  these  conations  cannot  be  more  in  number  than  m— 1 ; 
but  they  may  be  fewer,  for  some  of  the  inequalities  G^^>0,  Gy^^>0  . . .  may 
be  reducible  to  each  other. 

As  an  application,  let  it  be  required  to  find  the  conditions  necessary  for 
the  reality  of  the  roots  of  the  equation, 

a:3-|.Qz-|.R=0. 

In  this  example  m=3  and  m — 1=2.  The  number  of  conditions  is  there- 
fore 2 ;  these  are,  that  G^>0  and  G^,,>0.  To  obtain  G,,  and  Qt,,,  it  is 
necessary  to  find  X^^  and  X^^^  which  is  accomplished  as  follows : 

X=a:»-fQr4-R.-.X,=3a:«+Q 
x^+Qz+R 

3_ 

3x*+Q)3x3+3Qx4-3R(x 
3x'-hQr 

2Qx+3R 


.-.  — 2Qx— 3R=X 

3x«+Q 
4Q« 


//• 


-2Qx-3R)12Q«x*+4Q'(— 6Qr+9R 
12Q*x'-hl8<^ 

—  18QRX+  4Q3 
— 18QRx— 27R* 

4(y  4-  27R« 

.-.  -4Q'-27R«=X,„. 

,  To  avoid  fractional  expressions  the  dividend  in  the  first  division  is  mul- 
tiplied by  3,  and  in  the  second  by  4Q' ;  these  factors  being  positive  the 
signs  of  A  ,^  X ...  are  not  affected  by  the  multiplication. 

It  is  thus  found  that  X,,=-2Qx-3R,  and  that  X,,,=-4Q'-27R«. 
Whence  the  inequalities  G^^>0,  G^^^>0,  become 

-2Q>0,  -4Q5-27R«>0, 
and  changing  the  signs,  2Q<0,  4Q'+27R»<0. 
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The  first  of  these  conditions  is  comprehended  in  the  second ;  for  the  term 
27K'  being  necessarily  positive,  the  second  condition  requires  that  Q  be 
negative. 

The  only  condition  absolutely  necessary  is  therefore 

4Q3+27R*<0. 
When  this  is  fulfilled  the  roots  of  the  cubic  equation  are  all  real ;  when  it 
is  not,  one  root  is  real  and  two  are  imaginary. 

284.  In  order  that  the  roots  of  the  equation  X=0  may  be  all  real,  it  is 
necessary  that  the  signs  of  the  series  (x)  present  only  variations  for  x= —  oc 
and  permanences  for  x=:  +  oc . 

Let  it  be  supposed  (as  in  Art.  283)  that  the  series  (x)  contains  m-\-l  terms, 
which  diminish  in  degree  regularly  by  1  ;  then,  since  any  two  consecutive 
terms  of  the  series  are,  the  one  of  an  even,  the  other  of  an  odd  d^;ree,  if 
these  two  functions  have  the  same  sign  for  x=-f  oc,  they  must  have  con- 
trary signs  for  a:=: —  oc  ;  and  if  they  have  the  same  sign  for  x= —  oc,  they 
must  have  contrary  signs  for  x=  -}-  oc . 

If  therefore  the  signs  of  the  functions 

X,  X^  X,y  •  . . . .  x«, 

or  of  the  first  terms  of  these  functions,  viz. 

X-,  nur-\  G,/r-\  .  .  .  .  G«, 

for  x=z —  oc,  and  for  x=+  oc,  are  written  the  one  series  under  the  other, 
each  variation  in  either  scries  will  correspond  to  a  permanence  in  the  other 
series.  Therefore  the  number  of  permanences  for  x= —  oc  is  equal  to  the 
number  of  variations  for  x=  -f-  oc . 

Let  »^the  number  of  permanences  for  x= —  oc. 

.  • .  fi=the  number  of  variations  for  x=  +  oc . 

"VMience,  the  whole  number  of  siffns  being  m+li  the  number  of  per^ 
manences  for  x=-{-  oc  is  tn-^n ;  and  uie  number  of  variations  lost  between 
x'= —  oc  and  x=-j-  oc  is  m — n — n,  or  m — 2ji.  Consequently,  if  the  number 
of  permanences  for  x= —  oc  is  n,  the  number  of  imaginary  roots  of  the  equa- 
tion is  expressed  by  2ii,  and  the  number  of  real  roots  by  m — 2n. 

Use  of  StuRM's  Theorem. 

285.  Let  the  equation  which  is  to  be  resolved  contain  no  equal  roots,  and 
let  the  series  (x)  be  formed ;  it  is  evident  that  by  the  substitution  of  0  for  x 
each  of  the  functions  X,  X^  X^^  &c.  is  reduced  to  its  last  term,  and  that  by 
the  substitution  of  values  above  a  certain  positive  limit  (+L)  each  function 
is  made  to  take  the  same  sign  as  its  first  term.  Therefore  by  inspection  of 
the  series  (x^  the  number  of  variations  of  the  series  (0)  and  also  the  number  of 
variations  of  the  series  (-l-L)  are  known.  The  difference  between  these  two 
numbers  indicates  how  many  positive  roots  are  contained  in  the  equation. 

The  number  of  negative  roots  is  obtained  with  equal  facility,  by  observing 
that  beyond  a  certain  Umit, — L^  all  negative  numbers  impart  to  each  function 
of  the  series  (x)  the  same  sign  as  to  its  first  term. 

For  convenience  +  oc  and  —  oc  are  taken  instead  of  H-L  and  — L' ;  this 
being  an  abridged  manner  of  denoting  two  numbers  which  may  be  as  great 
as  we  please. 

As  the  negative  roots  are  rendered  positive  by  changing  x  into  — x,  it  is 
necessary  to  treat  of  the  positive  roots  only.  The  separation  of  these  is 
effected  by  substituting  in  the  series  (x)  increasing  positive  numbers,  0,  a,  p^ 
y,  &c. ;  then  by  counting  the  number  of  variations  lost  at  each  substitution, 
the  number  oi  roots  comprehended  between  0  and  a,  a  and  )L?,  &c.  will  be 
obtained.  These  substitutions  ought  to  be  continued  until  a  series  is  found 
whose  variations  are  the  same  in  number  as  those  of  the  scries  (+  oc). 
Farther  it  is  needless  to  proceed,  for  there  can  be  no  root  above  the  last 
number  substituted. 

Admitting  that  there  are  several  roots  between  a  and  )3,  one  or  more  inters 
mediate  substitutions  must  be  made,  then  the  number  of  variations  lost  by 
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the  series  (x)  after  each  substitution  indicates  the  number  of  roots  com- 
prehended between  the  numbers  substituted. 

A  few  trials  may  suffice  to  effect  the  complete  separation  of  the  roots ; 
that  is,  to  assign  to  each  root  two  limits  between  which  it  alone  is  compre- 
hended. But  when  two  or  more  of  the  roots  are  very  nearly  equal,  it 
becomes  necessary  to  multiply  the  niunber  of  substitutions  m  order  to  separate 
the  roots ;  and  as  the  equation  has  no  equal  roots,  it  is  certain  that  the 
separation  can  always  be  effected.  The  tediousness  of  the  calculations  is 
compensated  by  the  advantage  of  determining  these  roots  with  a  close  degree 
of  approximation. 

The  rate  of  increase  of  the  numbers  0,  a,  /3,  7,  ....  is  arbitrary. 

But  it  is  convenient  to  commence  with  the  numbers  0, 1,  10, 100,  &c.,  for 
thus  to  the  advantage  of  having  only  calculations  easily  performed  is  joined 
that  of  determining  how  many  roots  there  arc  between  0  and  1,  1  and  10, 
10  and  100,  &c. 

If  there  are  roots  between  1  and  10,  the  integer  part  of  each  is  determined 

by  substituting  the  numbers  1,  2,  3, 9  ;  if  there  are  roots  between 

10  and  100,  the  figure  of  the  tens  of  each  is  obtained  by  the  substitution  of 
the  numbers  10,  20,  30, 90,  &c. 

In  like  manner,  for  roots  less  than  1,  the  highest  decimal  figure  is  obtained 
by  substituting  the  numbers  from  *1  to  '9,  or  from  *01  to  '09,  &c. 

By  proceeding  in  this  manner  the  highest  figure  contained  in  each  root  is 
obtained.  To  determine  the  next  figure,  suppose,  for  the  sake  of  perspicuity, 
that  it  is  required  to  find  certain  roots  between  100  and  1000,  and  that  it  has 
been  found  that  one  of  these  roots  is  between  300  and  400 ;  it  is  evident  that 
the  substitution  of  the  numbers  300,  310,  320,  ....  in  the  series  (x)  will 
lead  to  the  discovery  of  the  figure  of  the  tens.  But,  to  facilitate  the  calculation, 
let  X  be  changed  into  300+^ ;  the  result  is  a  new  series  (x^)  in  which  it  is 
only  necessary  to  substitute  the  numbers  0,  10,  20,  ...  . 

Admitting,  next,  that  after  the  determination  of  the  tens  it  has  been  found 
that  there  are  roots  between  350  and  360,  the  substitution  of  the  numbers 
850,  351,  352,  ....  in  the  series  (x)  will  lead  to  the  discovery  of  the  figure 
of  the  units.  But  in  this  instance  also  the  calculation  may  be  simplmed. 
By  the  change  o£x  into  300 +x^  the  series  (2-^  has  been  already  chanced  into 
anoUier  series  (a<).  Now  this  may  be  in  like  manner  transformed  into  a 
series  (o^^  if  x  is  replaced  by  50-f  2^^ ;  and  it  is  evident,  that  if  in  this  last 
series  the  numbers  0,  1,  2,  3,  .  .  .  .  are  substituted,  the  same  results  must 
be  obtained  as  by  the  substitution  of  the  numbers  50,  51,  52,  ....  in 
the  series  (x^^  or  the  numbers  350,  351,  352  ....  in  the  series  (x). 

These  calculations  may  be  continued  so  as  to  discover  the  tenths,  the  hun- 
dredths, &c. ;  and  thus  the  roots  are  not  only  separated,  but  also  calculated 
with  any  required  accuracy  of  approximation. 

286.  As  an  application  of  Sturm^s  Theorem,  let  it  be  required  to  determine 
the  roots  of  the  equation  «*-f  ^ar* — 4a:*— llx-f  4=0  ? 
1st.  To  determine  the  functions  X^  X,^,  X^„,  X,^^,. 
Since  X=X*-f  4r»— 4a:«— llx+4,  X,=4r»-|-12ar«—8x— 11. 

Dividing  X  by  X,  as  follows, 

x*-f4x3— 4x«--lla:-f4 
4 

4x3+ 12i:2_8-p_n)4a^4. 16aJ— 16x«— 442:+ 16(x+ 1 

4x^-f  12x3— 8x«— llx 

4x'--8x«— 33x-fl6 
4x3-fl2x'— 8x— 11 

The  remainder  is        -        -     — 20x«— 25x+27 
Changing  the  signs  of  this  remainder,  X,,=20x*+25x— 27. 
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DWiding,  next,  X^  by  X^^ : 

4x3-1- I2«»~8x— 11 

5 


20af*+25«— 27)20x»+60a:*— 40x— 65(r+7 

20g»-f25j;»— 27r 

35a:*— 13x— 55 

4 


1400:*— 52x— 220 

140a:* -fl75x— 189 


The  remainder  IB        -        -      — 227x— 31 


Changing  the  signs  of  this  remainder,  X^^^=227x+dl : 

Dividing,  lasUj,  X^^  by  X^^, : 

2ar*H-25x— 27 

227 

227x+31)4540x*-f5675x— 6129(20r+5055 
4540x*-f62ax 

5055X— 6129 
227 


1147485X— 1391283 
1147485X+ 156705 


The  last  remainder  is  ,     —1547988 

Changing  the  sign  of  this  remainder,  X^^^y=-f  1547988  : 

Whence  the  different  funcdons  of  the  series  (x)  are, 

X=x*+4x»— 4x*— llx+4, 
X,=4x3+ 12x*— 8x— 1 1, 
X,=20x*+25x— 27, 
X,,,=227x+31, 
X,,,,=  + 1547988. 

2d.  To  determine  how  many  real  roots  are  contained  in  the  pn^Msed 
equation,  let,  first,  —  oc,  and,  second,  +  oc,  be  substituted  for  x  in  the  first 
term  of  each  function  of  the  series  (x),  vix.  in  ar*,  4x3,  20c*,  &c. ;  then, 
since  for  ap=—  oc  the  series  of  signs  is  -|-,  — ^  -f ,  — ^  -f ,  four  variations,  snd 
for  x=  +  oc  the  series  of  signs  is  -|-,  -f-,  -f-,  -f-»  +»  no  variation,  the  fimr 
roots  of  the  proposed  equation  are  reaL 

To  ascertain  how  many  of  the  four  roots  are  positive,  and  how  many 
negative,  make  x=0.  (By  this  substitution  each  of  tne  functions  of  the  series 
(x)  is  reduced  to  its  last  term.) 

Now  fbr  ar=0  the  series  of  signs  is  +,  — ,  — ,  -|-»  +»  two  variations; 
therefore  2  roots  are  comprehended  between  —  oc  and  0,  and  2  between  0 
and  -f  oc  ;  that  is,  2  are  negative  and  2  positive. 

Before  attempting  the  complete  separation  of  the  roots,  it  is  convenient  to 
determine  closer  limits  than  —  oc  and  +  oc . 

Making  x=— 10,  the  series  of  signs  is  +,  — ,  -f ,  — ,  +,  four  variations. 

The  number  of  variations  for  ar=— 10  being  the  same  as  for  x= —  oc,  it 
follows  that  —10  is  a  limit  of  the  n^jative  roots. 

Next,  making  ar^-f  10,  the  series  of  signs  is  +,  -f-,  +i+i  +f  no 
variation ;  whence  +10  is  a  superior  limit  of  &e  positive  roots. 

The  separation  of  the  positive  roots  is  effected  oy  substituting  1,  2,  3  . . . 
successively  for  x  in  the  series  (x^. 

For  x=+l  the  series  of  signs  is  — ,  — ,  -f ,  -f ,  +,  one  variation ;  and  for 
x=-f  2,  -f ,  +,  +,  +,  -f ,  no  variation. 

One  variation  being  lost  between  0  and  +1,  and  a  second  between  +1 
and  +2,  one  of  the  positive  roots  is  comprehended  between  0  and  1,  and 
the  other  between  1  and  2. 
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^  The  B^Mffation  of  the  n^ative  roots  is,  in  like  manner,  made  by  succes- 
siyelj  suDstituting  — 1,  — 2,  — 3,  &c.  in  ihe  series  (x),  until  the  numbers 
between  which  the  two  negative  roots  are  comprehend^  have  been  deter- 
mined. 
For  x=— 1  the  series  of  signs  is  +,  -f-,  — ,  — ,  -f-,  two  variations. 
— 2  -  -  — ,  -f ,  +»  — 9  -f  1  three  variations. 

— 3  -  -  — ,  -f"i  +»  — ^»  4">  three  variations. 

— 4  -  -  ~j  — I  *f »  — »  -f"»  three  variations. 

— 6  -  -  -f*  — ♦  4-j  — 9  +1  four  variations. 

One  variation  being  lost  between— 2  and  —1,  and  another  between  — 5 
and  — 4,  one  of  the  n^;ative  roots  is  comprehended  between  —  1  and  — 2, 
and  the  other  between  — 4  and  — 5.  The  complete  separation  of  the  roots 
is  consequently  accompUshed. 

When  different  numbers  are  successively  substituted  for  x ,  the  mgns  of 
the  functions  X,  X^  X^^  &c.  are  found  as  in  the  following  instances  for 
«=-f-2  and  for  x=— 2  : 

Forx=+2, 

X=16-f32— 16— 22+4=-|-14, 

X,=32+48— 16— 11       =-1-53, 

X,,=80+60~27      -       =  +  103, 

X,,,=454+31     -         -     =4-485, 

X,^^^=a  positive  number  =-|-1547,  &c. ; 

Whence  (as  above)  for  x=2  the  signs  are  +,  +,  +,  +,  -f , 
Forir=— 2, 

X=16— 32— 16+22+4=— 6, 
X,=— 32+48  +  16— 11  =+21, 
X,^80— 60— 27       -      =+3, 
X,,;=— 454+31       -        =—423, 
X^^^/=  a  positive  number  =  +  1547,  &c., 
and  the  series  of  signs  for  x  =—2  is  — ,  +,  +,  — ,  +. 

Let  it,  next,  be  required  to  find  an  approximate  value  of  the  root  which  is 
comprehended  between  1  and  2. 

Smce  1  is  the^  integer  part  of  the  root,  it  is  necessary  to  transform  the 
equation  X=0  into  another  equation,  whose  roots  shall  be  less  by  1  than 
the  roots  of  the  equation  X=0.  Making  x=a/+l,  and  employing  the 
method  of  Article  236,  the  transformation  is  made  as  follows : 

1,  +4,  -4,  -11,  +4 

5,  +1,  -10,  -6 

6,  +7,  -3 

7,  +14 
8 

and  the  transformed  equation  in  x'  is  X^=0,  or 

x'*+8x^+14x^— 3x'— 6=0. 
The  tenths  of  the  root  are  to  be  determined  from  this  equation;   to 
obtain  the  limits  between  which  the  figure  expressing  these  tenths  is  com- 
prehended, it  is  necessary  to  form  the  series  (xr). 

The  functions  X[,  X' ,  &c.  may  be  formed  from  X^  as  X^  X^^ ....  from 
X ;  or  X,  in  each  of  the  functions  X^,  X^^ .  .  . .,  may  be  replaced  by  x'+l, 
and  the  function  transformed  into  another  in  x',  in  the  same  manner  as 
the  function  X  has  been  transformed  into  X^. 

The  functions  of  the  series  (x^  are, 

X'=x'*+8x^+14x^— 3x'— 6,* 
X=4x^+24x^+28x'— 3, 

X^' =20x^+65x^+18, 

X]^=227x+258, 

X'   =+1552074. 


0-4 
0-5 
0-6 
0-7 
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If  in  these  fimctionB  '1  is  substituted  for  x,  ihe  signs  are  —  4*»  -f »  -f  *  +i 
one  rariation. 

And  if  1  IS  substituted  for  x,  the  signs  are  +i  +•  +«  +«  +«  no  Tariatioii. 

Therefore  one  root  of  the  equation  in  a/  is  comprehended  between  '1 
and  1. 

Making  z=*2,  the  signs  of  the  series  (x^  are  — ,  +,  +,  +,  +,  one  rariation. 
0-3  -  -  -  —,-f»-f"»-i-»-|-»  one  variation. 

—,+,-!-,+,+,  one  variation. 
— ,  -h,  -j-,  -hi  -i-»  one  varialian. 
— ,  -t"»  +» -♦-»  -+-•  one  variation, 
-f, +»-♦-»+» -h,  no  variation. 
Consequently  a  root  of  the  equation  in  x'  is  comprehended  between  OH 
and  0*7,  and  therefore  a  root  of  the  equation  in  x  between  1*6  and  1*7. 

To  obtain  the  figure  expressing  the  hundredths  of  the  root,  it  is  neo^sarjr 
to  diminish  the  roots  of  the  equation  in  x'  by  '6  ;  mftlriiig  i^=z3^^^'^  and 
transforming  the  equation  in  x^  into  an  equation  in  3^\  as  rollows ; 

1, +8,     +14,       -3,  -6 

8-6,  +19-16,  +8-496,    — 0-9024 
9-2,  +24-68,  +23-804 
9-8,  +30-56 
10-4 
the  transformed  equation  in  x''  is,  x"*+10-4x^''+30-56x'^+28-304x"— 
0-9024=0 ; 

And  the  functions  of  the  series  (x^^  are, 

X''=x''* + 10-4x"3 +30-56x^'*+28-304x"— 0-9024, 
X"=4a:^''+31-2x''«+61-12x''+28-304, 

x|'=20x"«+89x''+64-2, 

X''''=227x"+394-2, 

X^^^^=a  positive  number. 

Bj  substituting  -01  and  '1  successively  for  x^^  in  the  series  (x^O*  >^  ^ 
found  that  one  root  of  the  equation  X''''=0  is  comprehended  between  theia 
limits ;  and  by  similar  substitutions  of  -02,  -03,  -04,  it  is  awertaiiied  that 
this  root  falls  between  -03  and  -04 ;  therefore  the  required  root  of  the 
equation  in  x  falls  between  1*63  and  1-64. 

Making  x'^=:x^''+*03,  effecting  the  transformation,  and  forming  the  series 
(d^^^),  it  IS  found  that  the  figure  which  expresses  the  thousandths  of  the 
root  is  6 ;  and,  similarly,  by  making  x^''=x^''' +0*006,  effecting  the  trans- 
formation, and  forming  the  series  (x  Q,  that  the  figure  which  expresses  the 
ten  thousandths  of  the  root  is  9,  &c.  &c. 

Consequently  the  required  root  of  the  equation  in  x  is  1*6369+. 

2d  Example.  It  is  required  to  separate  the  positive  roots  of  the  equation* 
x*+llx«— 102x+181=0P 

X=x^+llx«— 102X+181, 
X,=3x«+22x— 102, 
X,,=122x— 393, 
X,,,=+ 15661 14. 

Making  x=—  oe,  the  series  of  signs  is  — ,  +,  — ,  +,  three  variations. 
x=0  -  -        -         +,  — ,  — ,  +>  two  variations. 

x=+  oc         -        -         -        -j-,  -I-,  +^  -i-,  no  variation. 
Whence  the  three  roots  are  real ;  and  of  the  three,  two  are  positive  and 
one  negative. 

To  effect  the  separation  of  the  positive  roots  let  x:=+10,  the  series  of 
signs  is  +,  +,  +,  +,  no  variation. 

Therefore  10  is  a  superior  limit  of  the  positive  roots. 


! 
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Making  x=l,the  series  of  signs  is  +9  —1  — «  +« two  yariations. 
x=2         -         -         -         +,  — ,  — ,  -}-,  two  variations. 
x^S        -         -         -         -|-»  — 1  — »  +» two  variations. 
a:=4         -         -         -         +,+»+»  -f»  no  variation. 
The  two  positive  roots  are,  consequently,  both  comprehended  between 
8  and  4. 

Making  x=ar^+3,  and  transforming  the  fainctions  of  the  series  (or), 

X'=z^3 +20ar^— 9ar' -h  1 , 

X'=:3a?^-f  403:^—9, 
X''=122jr— 27, 

X'  =  +  an  absolute  number. 

Making  2<=0,  the  series  (3^)  gives  the  signs  +,—»--»  +» two  variations. 

x='l  -  -  -  -f ,  — ,  — ,  +» two  variations. 

ap='2  -  -  -  4-»  — »  ~>  +» two  variations. 

x='3  -  -  -  +»+»+»  +» no  variation. 

Therefore  the  figure  which  expresses  the  tenths  of  both  the  positive  roots 

is  2  (these  roots  being  comprehended  between  *2  and  *3). 

Making  a^=y^+*2,  and  transforming  the  functions  of  the  series  (or^)  into 
functions  of  the  series  (x^O* 

X>'  =:a?'^+20-6»''«— 88ar"-h-008, 

X]'  =3ar''«-f41-2a?''— -88, 

X''  =122:r''-2-6, 
#/ 

X"  =+  an  absolute  number. 

Making  *"=0  the  series  of  signs  is  4-»  — »  — »  +» two  variations. 
af^'rs'Ol       -        -        -        4-»  — »  — ">  -J-»  two  variations. 
jp"='02      -        -        -        -f"»  -hi  — »  -l-»  one  variation. 
ar"r=:-03      -        -        -        -h,  -|-»  -f »  +»  no  variation. 

Consequently  the  hundredths  of  one  root  are  comprehended  between  *01 
and  '02,  and  the  hundredths  of  the  other  root  between  -02  and  -03. 

Therefore  the  figure  which  expresses  the  hundredths  of  the  first  root  is 
1 ;  the  figure  which  expresses  the  hundredths  of  the  other  root  is  2,  and  the 
roots  3-21  and  3*22. 

To  obtain  the  figures  which  express  the  thousandths  of  the  two  roots,  it  is 
necessary  to  proceed  as  if  for  two  distinct  roots ;  the  figure  of  the  root  3*21  is 
obtained  by  making  a;''=x"'''-|-'01,  and  forming  the  series  (af^'O »  wid  the 
figure  of  the  root  3*22  by  ar''=a:'"+-02,  and  forming  another  series  (ar"'). 

Calctdatin?  by  the  known  method,  it  b  found  that  the  figure  which  ex- 
presses the  thousandths  of  the  root  3'21  is  3,  and  the  figure  which  expresses 
the  thousandUis  of  the  root  3*22  is  9 ;  so  that  the  roots  approximated  to 
thousandths  are  3*213  and  3*229. 

Horker's  Method  for  the  Resolution  of  Numerical 

Equations. 

287.  If  the  absolute  term  of  an  equation  is  transposed  to  the  right  of  the 
sign  =,  and  x  is  replaced  by  an  exact  numerical  value,  the  equation  is 
reduced  to  an  identity ;  but  if  the  number  substituted  for  x  is  less  than  a 
root  of  the  equation,  Uie  numerical  value  of  the  left  member  is  less  than  the 
absolute  term  (the  signs,  if  negative,  being  left  out  of  consideration^  ;  and 
if  the  number  substituted  for  x  is  greater  than  a  root,  the  numerical  value 
of  the  left  member  is  greater  than  the  absolute  term. 

■  In  determining  the  approximate  value  of  a  positive  root  by  finding  the 
successive  figures  of  that  root,  it  is  evident  that  both  members  of  the 
equation  are  successively  diminished  by  a  quantity  less  than  that  which 
corresponds  to  an  exact  root;  and  that  the  absolute  number  aiter  each 
operation  expresses  the  numerical  value  of  the  transformed  equation  which 
has  the  undetermined  figures  of  the  root  x  for  one  of  its  roots. 
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Let  a*-|-A^ar-* -|-A^^+A/r=N,  be   a   nmnerical    equation 

which  contains  a  real  and  incommensurable  root,  and  let  the  first  figure  of 
this  root  ^found  by  Sturm's  Theorem,  or  any  of  the  other  known  methods) 
be  r,  making  x^J-^ry  and  transforming  the  equation  in  x  into  an  equation 
inx', 

x'^-fA'^a?'— * 4-A^x'«+Ay+A=N; 

or,  transposing  A  and  making  N-~  A=N^ 

x'-+ALx^»  ....  +AV-hAy=N'. 

One  root  of  this  equation  is  composed  of  the  remaining  figures  of  that 
root  whose  first  figure  is  r. 

Let  r^  be  the  first  figure  of  the  root  x'  of  this  equation ;  and  let  r^  be 
substituted  for  x'  in  the  equation  X^=N', 

then  r^^-f  AlK— «  ....  +AV-f  Ay=N'. 
Dividing  aU  the  terms  by  r', 

r^-^^+A^r^-^ +Ay+A;=5r'. 

Whence,  if  N^  is  divided  by  K,  the  quotient  is 

r^-»-fA'r^-* -i-AV+A'; 

and,  conversely,  if  the  polynomial  in  r^  is  made  the  divisor,  the  quotient  is  r'; 
r^  being  unknown,  aU  the  terms  of  this  poljmomial  except  the  last,  A',  are 
also  unknown.    But  since  r=10r^,  and 

A  =jnr— >+(«— l)A^r— «+,  &c., 

it  is  evident  that  the  last  term,  A',  must  form  a  great  part  of  the  numerical 
value  of  the  whole  polynomial  divisor  in  r^.  The  coefficient  A'  of  the  first 
power  of  x'  may,  therefore,  be  employed  as  a  trial  divisor  to  find  the  value  of 

r',  the  second  figure  of  the  root.  By  substituting  this  value  for  the  symbol 
r^  in  the  polynomial 

r'-+ A'  r'-- »  ....  -f  A'  r^+ A'r', 

it  can  be  ascertained  whether  this  is  or  is  not  an  accurate  determinaticm  of 
the  second  figure  of  the  root  x. 

Making,  in  like  manner,  x'rzx'^+r^,  transforming  the  equation  X^=N'  into 
an  equation  in  7f\  viz., 

j"^+a;;x"--«  —  +AV'«+Ay'+A„, 

transposing  A^^  denoting  N'— A^^  by  N",  and  dividing  W  by  A' ,  the  co- 
efficient of  the  first  Dower  of  x'^  the  first  figure  of  the  root  x'^  and  by  c<»i- 
sequence  the  third  ngure  of  the  root  x,  is  determined,  &c. 

This  method  resembles  the  processes  for  the  extraction  of  the  square  and 
cube  root ;  and  the  coefficient  of  the  first  power  of  x',  7f\  &c.  is  employed 
for  the  same  purpose  as  2a  in  the  extraction  of  the  square,  and  3a'  m  the 
extraction  of  the  cube,  root. 

288.  Let  it  be  required  to  find,  by  this  method,  a  positive  root  of  the 
equation, 

x*-|-3x5-f2x«-f6x=148-6. 

The  first  figure  of  the  root  is  found  to  be  2 ;  making  x=:x^+2,  and  efifecting 
the  transformadon, 

x'*-fllx^-f44x^-f82x'=88-6. 

The  first  figure  of  the  root  nf  cannot  exceed  *9,  otherwise  the  first  figure 
of  X  must  be  greater  than  2 ;  therefore  the  quotient  of  88*6  *♦- 83=1  is  too 
great.  Substituting  successively  '9,  *8,  *7  for  x^  in  the  equation  X'ssSS'O,  it 
IS  found  that  *7  is  the  first  figure  of  x',  and  consequently  that  the  first  aiid 
second  figures  of  x  are  2*7. 
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MiJring  jr^=j/^-|-'7  and  effecting  the  tranafonnation, 

a:''*4-13-8a/^-f70-04a?'^-fl61-142ar''=5-6269. 

Diridiiu?  5-6269  by  16M42  the  quotient  is  *03,  which  is  the  correct 
figure.  (The  accuracy  of  this  figure  maj  be  tested  as  that  of  the  second 
figure  of  the  root  has  been ;  it  wul,  however,  be  found  that  the  results  given 
by  the  trial  divisor  after  the  second  figure  of  the  root  are  in  general 
accurate.) 

Malring  x''=a/^^+*03,  and  effecting  the  transformation, 

«"'*+ 13-92ar'"5+71-2874a:'^'«-f  165'381768a:='72928059. 

Dividing  *72923059  by  165-381768,  the  quotient  is  -004,  which  is  the  first 
figure  of  Ine  root  7f*^  and  the  fourth  of  x. 

Making  j/''=a/''^-f' 004,  and  effecting  the  transformation, 
^///4^  13-936jj'"^+71-454536!K'''«-f  165-952745616x'''''=-066562088464. 

The  first  figure  of  jj""  found  fipom  W"  and  the  coefficient  of  a:"''  is 
'0004 ;  and  as  the  fifth  and  sixth  decimal  figures  of  the  root  are  zeros,  the 
▼alue  a;=2-7344  is  a  very  near  approximation. 

The  calculation  of  the  transformations  is  annexed. 

In  practice  it  will  not  be  foimd  necessary  to  preserve  all  the  decimal 
figures  in  the  coefficients  of  the  transformed  equations. 

It  appears,  in  the  annexed  calculation,  that  after  the  third  transformation 
the  trial  divisors  or  coefficients  of  the  first  powers  of  a:"',  7f*'\  &c.  are  nearly 
constant,  and  that  consequently  the  last  figures  of  the  root  may  be  found  by 
division. 

In  this  example,  if -72923059  is  divided  by  165-381768,  the  quotient  is 

-004409,  a  result  which  differs  by  less  than   iqqqqq  ^^i  that  already 
obtuned. 


1 

+3 

+2 

+6 

a  148-6(2 

+5 

+12 

+30 

88-6 

+7 

+26 

+82 

+9 

+44 

+11 

1 

-fll 

+44 

+82 

=88-6(-7 

-f-11-7 

+52-19 

+  118-533 

5*6269 

+  12-4 

+60-87 

+  161-142 

+  131 

+70-04 

+  13-8 

1 

+  13-8 

+70*04 

+  161-142 

=5-6269(-03 

+  13-83 

+70-4549 

+  163-255647 

-72923059 

+13-86 

+70-8707 

+165-381768 

+  13-89 

+71-2874 

+13-92 

1 

+13-92 

+71-2874 

+  165-381768 

»-72923059(-004 

+  13-924 

+71-343096 

+  165-667140384 

-066562038464 

+  13-928 

+71-398808 

+  165-952745616 

+13-932 

+71-454536 

+13-986 

^ 

1 

+  13-936 

+71-454536 

+165-952745616 

s-066562038464( 

0004 

• 

• 

a 

■ 

• 
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Bequired  one  T«Iae  of  x  in  each  of  tlw  foUowing  eqnatioiiB  f 

lit.  s>*-12«*+45ar--58=0? Am.  x=:5-879385-f . 

2d.   xS^12x*-28=0  ? .Ani.xsz4'902l9'^. 

3d.   *♦— 12««+12a:=3f. Ant.  x=2-85806S-h- 

4th.  ar«+4x'— 4z«— llx+4=0F .Jbu.  x=r  1-6369185+ . 

5di.  ap»+6af*—iai»-112a;*—207af— 110=0  P .il]if.x==4*4641016+. 

6th.  x«+2a:S+3j^+4xS+5ai*+6ir— 654821=0  P...ilju.  x=8*95697d5-h. 

GlBDAH*8  BULE  lOB  THE  RESOLUTION  OF  A  CUBIG  EqUATIOIT. 

289.  Let  the  propoied  equation  be 

A«»+B«*-|-Caf+D=0. 

And  let  it  be  reduced  (Art  237)  to  the  torn 

«9+9X+rs0. 

If  in  this  reduced  equation  y +2  is  substituted  for  x, 

or  y»+(^+j)(y+x)-hx'+r=:0. 

In  order  that  the  second  term  of  this  equation  may  be  reduced  to  aero, 
assume  8ys+9=:0, 

or  2=—;?- : 


Whence  y!+f»»=^, 

1^         J^  ©^ 

-»     I 

Multiplying  both  terms  of  the  second  member  of  this  equation  bj 

2+V    4  +27' 

2+V    4^^27 


Nowx*: 

1 


^        27^  f 

""27 


y  and  x  differ  only  in  respect  of  the  sign  prefixed  to  the  radical. 
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Consequentlj,  if  y=  V  -y +^-4-+^, 

V        2      V    4  ^27  • «=,,^^_ 

V    "2'+'V    4'^27"*^V    "2""V    4"**2r 
If  «*— ^x+r  be  the  redaced  equation,  the  value  of  xia 

V        2"**V    4"~27"**  V    ""2""V    4  "^27* 

In  this  case  if  ^^  is  greater  than  -j-,  the  expression  t^  'I^\i  "  nega- 
tive, and  therefore  impossible. 

This  solution  consequentlj  appears  under  the  form  of  the  sum  of  two 
impossible  quantities,  expressible  by         

Vo-f  0V^^-f  Vtt— j3a/^  ; 
or  by  a*A +-^V'^)*+a*(l— ~^^)*. 

Now  a*(l+4^— l)*=«*(l+i|-V^+i(*-l).i,gv^«-h,  &c.) 

(Art.  176  and  176). 
Whence  the  sum  of  these  quantities  is  possible. 

Db6  Cabtes's  Rule  fob  the  BEfiOLunoN  of  a  Bxquadbatio 

Equation. 

290.  By  rendering  the  coefficient  of  tiie  first  term  1,  and  the  coefficient  of 
the  second  term  zero,  the  equation  of  the  fourth  degree  is  reduced  to  the 
form  «*+^a:*-f-rr-f-«=0. 

This  equation  may  be  supposed  the  product  of  the  two  Quadratic  factors 
z'+tt^+v,  ^—vx-^-z^  the  coefficients  of  x  being  +tt  and  — u,  since  the 
coefficient  of  2^  in  tlie  product  of  these  factors  is  zero. 

Forming  the  product  of  these  factors,  and  making  it  equal  to  the  proposed 
equation, 

x*+^x*+ra;-f  «=:ar*-f- (p-f -r— tt*)a:*+ (icz— r2r)x+r2:. 
Therefore  (Art.  174)  9=»+^— «*        -        -        -        1, 

r=tur— vz  -         -         -        2, 

«=:vz        -  -         -         -         3. 

From  equation  1,  9+t^=V'H^i 

r 
From  equation  2,  -=z— » ; 

.-.by addition    -    ^=2(^"**"*"'"tt)        "        '        ^' 

and  by  subtraction  9=2(^*^'**'"tt)        -        -        5, 

1/  r«\ 

Multiplying  equations  4  and  5,  t7z=^(  (^^-f  u*)'— -^ j, 

but,  equation  3,  vz=:« ; 

4s=^+2^«+tf*— ^ 

and  4ti*ff=gV+2^+a^— r*, 
or  iiP+2^+(^— 4*)i^— r»=0. 


ffOO  ELEMENTS  OF  ALGEBRA. 

This,  whicli  is  a  cubic  equation  in  ti^,  can  be  resolved  by  Article  289. 
The  value  of  u  being  known,  the  value  of  z  is  given  by  equation  4,  and  the 
value  of  V  by  equation  5. 
Lastly,  Uj  ZfV  being  known,  two  values  of  x  are  given  by  the  equation 

a*-fi«r-fr=0, 
and  the  two  others  by  the  equation 

x" — iur-h2:=0. 

No  method  of  resolving  literal  equations  of  a  higher  d^ree  than  the  fourth 
has  been  discovered. 
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POETRY  AND  THE  DRAMA. 

Aikin's  (Dr.)  British  FoeU     •       •28 
Baillie's  New  Dramas     • 

«'        Plays  of  the  Passions 
Bowdler's  Family  Shakespcnrs       >^ 
ChAlenor's  Walter  Gray 

*«  Poetical  Remain*         • 

L.  E.  L.*s  PoeUcal  Works      - 
Lighter  Hours        -        -       -        - 
Macaulav's  Lays  of  Ancient  Rome 
Montgotnery'a  Poetical  Works 
Moore's  Poetical  Works 
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POLITICAL  ECONOMY 
AND   STATISTICS. 

M'Culloch's  Geographical.  SUtistl- 

cal,  and  Hi»torical  Dictionary   •  20 

•*            Political  Economy      -  1%. 
Smith's  Wealth  of  Nations     -        •27 

Spackman'a  SUtistical  Tables       -  ib. 

Tooke's  History  of  Prices       •>       -  SO 

RELIGIOUS  &  MORALWORKS. 

Bell's  Illustrations  of  the  Liturgy  .  4 

Bellamy's  Bible       ....  4 

Bloomfleld's  Greek  Testament        -  6 

**          College  and  School  do.  ib. 

«  Greek  ft  English  Leu> 

contoNewTestament  lb. 

Burder's  Oriental  Customs     -       -  ib. 

BunwHi  Christian  Philosophy         •  • 

Callcott'K  Scripture  Herbei     •       •  ib. 
Dibdin's  Suntfsv  Library        -        .28 

Doddridge's  FamilT  Expositor       -  8 
Englishman'sHeb.sChald.Conoord.     8 

Ford's  New  Devout  Communicant  B 

"     Century  of  Prayers               -  ib. 

Harcourt's  Doctrine  of  the  Deluge  1 1 

Kippis's  Collection  of  Hymns,  Ac.  •  14 

MsrriageGift 19 

O'Sullivsa  Of  the  Apoetncy  pre- 
dicted by  St.  ftnl  •  22 
Parkes's  Domestic  DuOcs  •  -  lb. 
Pearson's  Prayers  for  Families  •  23 
Riddle's  Letters  fVom  a  Godfather*  25 
Robinson's  GreekftEngUahLexioon 

to  the  New  Testament  ib. 

Sandfbrd'sEnglishFemale Worthies  ib. 

**        Female  Improvement    -  28 

*■     On  Woman       -       -       -  ib. 

Tate's  History  of  St.  Paul      -       -  29 

Tayler's  Dora  Melder      -                •  29 

<*      Margaret;  or,  the  Pearl    -  29 

Turner's  Sacred  History  ...  30 

Wardlaw's  Sermons        ...  31 

"       On  Soclnlan  ControT»isy  ib. 

White  On  the  Goepd      -       -       •  32 

RURAL  SPORTS. 

Bainbridge's  Fly-flsher's  Guide     <i.  3 

Blaine'a  Dictionary  of  Sports          .  4 

Hanksrd's  Fishing  in  Wales  .       .  11 

Hawker's  Instructions  to  Sportsmen  ib. 

Martingale's  Snorting  Scenes         .  19 

Ronaldt's  Fly-fisher's  Entomology  25 

Thackcr's  Courser'sRcmembranoer  29 

*'         Coursing  Rulee       •        •  Ib.  I 


THE  SCIENCES  IN  GENERAL 
AND  MATHEMATICS 

Bskewell's  Introdnctioa  to  Geology  3 
Brande's    Dictionary   of   Soenee, 

Literature,  and  Art     .        ^       -  f 

Brewster's  Optics    •        .        •        -  Bi^ 

Biachuff  On  the  Heat  of  the  QUb»-  4 

Conrersstions  on  MincraWr         -  7 
Dc  U  Bechc  On  the   Geology  «f 

ComwaU,fc.          •  lb. 

Donoean's  Chemistry      -        •       -  8 

Farey  On  the  Str.sm  Engine   .        .  8 

Fosbroke  On  the  Arts,  Maaacia, 

Manufketnres,  and   uutitutaosM 

of  the  Greeks  and  Boaaans  -  9 

Greener's  Science  of  Gunnsry  10 

"        On  the  Gun    -       -       -  lb. 

Herschel's  Natural  Philosophy      •  11 

••          Astronomy    -                -  ib. 

Holland's  Maanfkrtnrcs  in  Metal  -  11 

Kane's  Elements  of  Chemwtry       •  14 

Kater  and  Lardner's  Mechaaicn     •  fb. 

Lardno'a  CaUnct  Cydopvdia       -  15 

*•        HydmataUca  and  Pasn- 

matics-        ...  f^ 

"         Electricity  A  MagBflftfam  ib 

*  Arithmetic  •  -  -  <b. 
•»  Geometry  -  -  -  ib, 
*•         Treatise  on  Heat  •        -  ib. 

Leetores  on  Polariaed  Light  .  >  ib. 
Lerebours'  Photography  ^byEgcrloB  8 
Lloyd  On  Idfliit  mmI  Tis*co  -  -  It 
Mackensie's  Physiology  of  Viftlalk  -  18 
Marcet's  (Mrs.)  ConTcrsatioaM  on 

the  Sciences,  Ac.         -       -      1»— 19 
Moseley's  Practical  Mecbankn       •    12 

"  EnginreringftArchiteetnrr  ib. 
Narrien*s  Elementt  m  Geometry  •  ih. 
Owen's  Lectures  OB  Comp.  Anatomy  ib. 
Pamell  On  Roads  -       -  -    lb. 

Pearson's  Piactica]  AstroMMaf  -  ib. 
Phillips's     Paheoeoic     FessOe     af 

Cornwall,  Ac.       •        -   ib. 

**        Guide  to  GcologT    -       'lb. 

*  Treatise  on  Gcokgy  -  ib^ 
"        Introduct.  to  MincMiogy  Ih. 

Poissoa*s  Mechanks  -  lb. 
PBrUock's  Report  on  ttic  Geolagx 

of  Londonderry    .       -        .  •  24 

PowcU's  Natural  Philosophy  •  -  Ih. 

Richardson's  Geology     •        -  .  ib. 

Roberts's  Dictionary  of  Geology  -  33 

Wilkinson's  Engines  of  War  •  •  S2 

Wood  On  Railroads        -        •  -  ib. 

TOPOGRAPHY   AND 
GUIDE  BOOKS. 

Ad«un*s  Gem  of  the  Peak  -  S 
Addiaonl  History  of  thn  Tfeaqile 
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**        Guide  to  ditto         .        •  ib. 

Black's  Tourist  of  England    •        -  4 

Britton's  Picture  of  London  •        >  • 

Guide  to  all  the  Watering  Plncas  la 

Great  Britain       ....  10 
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TRANSACTIONS   OF 
SOCIETIES. 

TrananeUoas  of  the  Eatomologknl 
SocietT   - 

*  Zoological  Society 
**             Linncan  Society  - 

*  Inatitntion  of  Civil 

I'JMiBeers 

*  Royal  mstitnt 

BntlahArrhitKts 
Proecedingsoftiw  Zoological  Society  M 

TRAVELS. 

Allan's  Mediterranean   .        .       .  S 

China,  Last  Year  in,     .       .       .  • 

De  Cttstine's  Russia       ...  7 

Harris's  Highlands  of  .£lhiepin     -  11 

Laing's  Notes  of  a  Travdler  -       •  15 

**        Residence  in  N<Mr»ay        -  ib. 

•«       Tour  In  Sweden          -        -  ib. 

Marryat's  Traveb  nf  Moaa.  Violet  -  19 

Postans'sObeerrstionsonSindh    -  M 

Strong's  Greece  as  a  Kingdom        -  28 


VETERINARY  MEDiaNC 
AND  AFFAIRS. 

Field's  Veterinary  Records    >        >      9 
Morton's  Veterinnry  Medicine        >    SI 
*'  "      Toxicolagieal  Chart  ib. 

PercitnU's  HippopathotMy    -       -    23 
"         Anaioay  of  the  Hoesc  •    ib. 
Spooacr  On  the  Foot  and  Leg  of 

the  Horse      -        -        -    30 

'*       OntlielnflnensaofHonca  ib. 

Thonsson's  .Animal  Chemistry       -    29 

Turner  On  the  Foot  of  the  HetOT  -    31 

White's  Veterinary  Art  -        .        .32 

•«       Cattle  Medicine         •       .   ib. 
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AIKIN.-THE  LIFE  OF  JOSEPH  ADDISON. 

lUostrated  by  many  oi  bia  Letters  and  Private  Papen  never  before  pnblisbed.  By  Lucr 
AiKiN.    9  vols,  post  6vo.  with  Portrait  from  Sir  Godfrey  Kneller's  Picture,  I8i.  cloth. 

**  Mica  A.ikiii  has  not  kft  a  itono  WAtamed,  that  h«r  monament  to  one  of  oar  nio«t|wUahcd  writer*  and  ea«iplet« 
ninda  may  be  fair,  upright,  and  nnunetiioal.  Her  book  contain*  the  flnt  complete  lifc  of  Addiaon  ever  jmt  forth. 
Aa  a  literairy  biofnvpnj  it  la  a  model ;  and  Itl  P*CM  •*•  beakles  enriched  bjr  many  hitheito  onimbUabed  tetten  of 
Addiaon."— Atbbjiaox. 

ALLAN. -A  PICTORIAL  TOUR  IN  THE  MEDITERRANEAN; 

Comprising^  Halta,  Dalmatia,  Turkey,  Asia  Bftinor,  Grecian  Archipelag^o,  Egnrpt,  Nubia,  Greece, 
Ionian  Islands,  Sicily,  Italy,  and  Spain.  By  J.  H.  Allan,  Member  of  the  Athenian  Archaeo- 
lQf(ical  Society,  and  of  the  Efnrptian  Society  of  Cairo.  Imperial  4to.  with  upwards  of  Forty 
litbofraphed  Drawings,  and  70  Wood  £n|piiving%  £Z,  8s.  doth.—Beadjf, 

ADAM.-THE  GEM  OF  THE  PEAK; 

Or,  Matlock  Bath  and  its  Vicinity :  an  Account  of  D«rby ;  a  Ty>ur  flnom  Derby  to  Matlock ; 
Excursion  to  Chatsworth,  Haddon,  Monsal  Dale,  ftc.  &o«  By  W.  Adam.  8d  Edition,  i2mo. 
with  Maps  snd  Engravings,  6s.  cloth. 

ADDISON.-THE  KNIGHTS  TEMPLARS, 

By  C.  O.  Addison,  Esq.,  of  the  Inner  Temple,  ad  Edition,  enlaiiged,  square  crown  6vo.  with 
Illustrations,  18s.  doth. 

ADDISON.-THE  TEMPLE  CHURCH  IN  LONDON : 

Its  History  and  Antiquities.  By  C.  O.  Addison,  Esq.,  of  the  Inner  Temple }  Author  of 
**  The  History  of  the  Knights  Templars."    Square  crown  8vo.  with  Six  Plates,  Ss.  cloth. 

ADDISON -A  FULL  AND  COMPLETE  GUIDE,  HISTORICAL 

AND  DESCRIPTIVE,  TO  THE  TEMPLE  CHURCH.  (FMm  Mr.  Addison's  <*  History  of 
the  Temple  Church.*')    Square  crown  8vo.  Is.  sewed. 

BAILLIE'S  (JOANNA)  NEW  DRAMAS. 

8  vols.  8V0.  j^l.  I6s.  boards. 

BAILLIE'S  (JOANNA)  PLAYS  ON  THE  PASSIONS. 

8  vols.  8to.  ^l,  lis.  6d.  boards. 

BAINBRIDGE.-THE  FLY-FISHER'S  GUIDE, 

Illustrated  by  Coloured  Plates,  representing  upwards  of  40  of  the  most  uaeftal  Flies,  aceurstely 
copied  from  Nature.    By  O.  C.  Bainbbxdob.    4th  Edition,  8vo.  lOs.  6d.  cloth. 

BAKEWELL.-AN  INTRODUCTION  TO  GEOLOGY. 

Intended  to  convey  Practical  Knowledge  of  the  Science,  and  comprising  the  most  important 
recent  discoveries ;  with  explanations  of  the  facts  and  phenomena  which  serve  to  confirm  or 
invalidate  various  Geological  Theories.  By  Robert  Bakewbll.  Fifth  Edition,  considerably 
enlarged,  Svo.  with  numerous  Plates  and  Woodcuts,  3U.  cloth. 

BAYLDON.-ART  OF  VALUING  RENTS  AND  TILLAGES, 

I  And  the  Tenant's  Right  of  Entering  and  Quitting  Farms,  explained  by  several  Specimens  of 

Valuations;  and  Remarks  on  tbe  Cultivation  pursued  on  Soils  in  diflTerent  Situations. 
Adapted  to  the  Use  of  Landlords,  Land-Agents,  Appraisers,  Farmers,  and  Tenants.  By 
J.  S.  Bayldon.  Sth  Edition,  re-written  and  enlarged,  by  John  Donaldson.  With  a 
Chapter  on  the  Tithe-Commutation  Rent-Charge,  by  a  Gentleman  of  much  experience  on  the 
Tithe  Commission.    Svo.  10s.  6d.  doth. 


I 


BAYLDON -TREATISE  ON  THE  VALUATION  OF  PROPERTY 

FOR  THE  POOR'S  RATE;  shewing:  the  Method  of  Ratinfc  Lands,  Bnildini^,  Tithes,  Mines, 
Woods,  Navii^able  Rivers  and  Canals,  and  Personal  Property :  with  an  Abstract  of  the  Poor 
Laws  relatinf?  to  Rates  and  Appeals.  By  J.  S.  Bayldon,  Aufhor  of  "Rents  and  TlUagea.'* 
1  vol.  8vo.  7s.  6d.  boards. 

BAYNES -NOTES  AND  REFLECTIONS 

DurinfT  a  Ramble  in  the  EAST,  an  Overland  Journey  from  India,  Visit  to  Atheni,  &c*  By 
C.  R.  Ba  YNFS,  Esq.  of  the  Madras  Civil  Service.    Post  8vo.  lOs.  6d.  cloth. 

BEDFORD   CORRESPONDENCE.  —  CORRESPONDENCE  OF 

JOHN.  FOURTH  DUKE  OP  BEDFORD,  selected  from  the  Oriflrinals  at  Wobam  Abbey: 
with  Introductions  by  Lord  John  Russell. 

8vo.  Vol.  1  (1742-48),  18a.  cloth ;  Vol.  2  (1740-60),  15s.  cloth. 

"  Thff  ftornnd  Tolumr  of  thio  puhlirAtion  inrlndes  a  corrtwpondgnce  tuirinff  relation  to  the  period  from  the  Paon  of 
Aix-U-('haiH-llc  in  thr  di-atii  of  Gror^^e  II.  lUi  mo^t  remArkablt*  portion  bc&n  upon  ho  imoortant  qxicstton  on  whirh 
thriT  rxUt  komc  ilifr(f>r<>nrf«  of  opinion  at  the  present  time,  tu.  the  intrifnm  whirh  led  to  tne  JonrtMia  of  the  Dnke  of 
Newr«*tle  .^nd  I'ltt ,  in  1757.  Thr  Ii-ttcra  rcupertinff  the  state  of  lieUnd  nnder  the  Ticcroyalty  of  the  Onko  of  Bedford, 
alao  here,  are  not  a  little  intere«tin|{." — MoaMtNO  HkA4I.d. 

S*  Vol.  S,  to  complete  the  work,  is  in  preparation. 

BELL. -THE    LORD'S    PRAYER    AND    THE    BELIEF 

ILLUSTRATED,  in  a  Series  of  Compositions.   By  John  Bbll,  Sculptor.  4to.  8s.  6d.  cloth. 

%*  The  above  form  Nos.  1  and  2  of  Mr.  Beirs  *'  Series  of  Compositions  flrom  the  Liturgy,*'  and 
may  be  had  separately,  38.  each.    Published  Monthly.    No.  3  on  Jan.  I. 

BELL.-LIVES  OF  THE  MOST  EMINENT  ENGLISH  POETS. 

By  Robert  Bbll,  Esq.    2  vols.  fcp.  8vo.  with  Vignette  Titles,  I2s.  doth. 

BELL.-TEE  HISTORY  OF  RUSSIA, 

From  the  Earliest  Period  to  the  Treaty  of  Tilsit.  By  Robbbt  Bbll,  Esq.  3  vols.  fcp.  8to. 
with  Vignette  Titles,  18s.  cloth. 

BELLAMY.-THE  HOLY  BIBLE, 

Newly  Translated  flrom  the  Original  Hebrew  only.    By  J.  Bella  m  t.    4to.  Parts  1  to  8. 

BIOGRAPHICAL  DICTIONARY 

Of  the  Society  for  the  Diffusion  of  Useful  Knowledge.  To  be  continued  Quarterly,  in  Half- 
volumes.~Half-volumes  I  to  4, 8vo.  I2s. 

VoL  8,  Part  I—Antblmi  to  Aristophanes,  8vo.  128.  cloth. 
%*  Continued  Quarterly.— The  work  will  probably  not  exceed  Thirty  Volumes. 

"  This  work  proceed*  In  a  satbfartorj  manner.  The  nnmher  of  new  name*  is  rtrj  conaiderahle ;  and  in  the 
articles  which  we  have  read,  and  of  which  we  hare  heen  able  to  form  an  opiuon,  we  hare  Mimetiine*  itmtned  new 
Information,  and  at  other*  lure  seen  the  errors  of  former  authorities  satisfactonlf  coticcted." — ^BninsB  If  a.oasckb. 

BISCHOFF.-PHYSICAL,   CHEMICAL,  AND  GEOLOGICAL 

RESEARCHES  on  the  Internal  Heat  of  the  Globe.  By  Gustav  Bischofv,  Ph.D.  Professor 
of  Chemistry  in  the  University  of  Bonn.    2  vols.    Vol.  1, 8vo.  Plates  and  Woodcuts,  10s.  bds. 

BLACK'S  PICTURESQUE  TOURIST, 

And  Road-Book  of  England  and  Wales:  with  a  general  Travelling  Map,  Charts  of  Boads, 
Railroads,  and  interesting  Localities,  and  engraved  Views  of  the  Scenery.  Fcp.  8vo.  10s.  6d.  cl. 

BLAINE.-AN  ENCYCLOPAEDIA  OF  RURAL  SPORTS ; 

Or,  a  complete  Account,  Historical,  Practical,  and  Descriptive,  of  Hunting,  Shooting,  Fishing, 
Racing,  and  other  Field  Sports  and  Athletic  Amusements  of  the  present  day.  By  Dblabbrb 
P.  Blainb,  Esq.  Author  of  "Outlines  of  the  Veterinary  Art,"  "  Canine  Pathology,'*  &c.  &c. 
Illustrated  by  nearly  fiOO  Engravings  on  Wood,  by  R.  Branston,  from  Drawings  by  Aiken, 
T.  Landseer,  Dickes,  &c.    1  thick  vol.  6vo.  pp.  1256,  jff2. 10s.  bound  in  fancy  doth. 

BLAIR'S  CHRONOLOGICAL  TABLES, 

From  the  Creation  to  the  present  time.  A  new  edition,  careftilly  corrected,  enlarged,  and 
brought  down  to  the  present  time ;  and  prinied  in  a  convenient  form.  Under  the  revision  of 
Sir  Henry  Ellis,  K.H.  Principal  Librarian  of  the  British  Museum.    Roy.  8vo.~Jicsf  read^. 

BLOOMFIELD.-HISTORY  OF  THE  PELOPONNESIAN  WAR. 

By  Th  ucydi  DBS.  Newly  translated  into  English,  and  accompanied  with  very  copious  Notes, 
Philological  and  Explanatory,  Historical  and  GeqaraphitaL  By  the  Rev.  S.  T.  Bloompibld, 
D.D.  F.S.A.    8  vols.  8vo.  with  Maps  and  Plates,  ix.  M.  boards. 
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BLOOMFIELD -HISTORY  OF  THE  PELOPONNESIAN  WAR. 

By  Th  ucv  DiDBfl.  A  New  Recension  of  the  Text,  with  a  careAilly  amended  Punctuation ;  and 
copious  NoTBs,  Critical,  Philological,  and  Explanatory,  almost  entirely  original,  bat  partly 
•elected  and  arrang^ed  firom  the  best  Expositors:  accompanied  with  fkill  Indexes,  both  of 
Greek  Words  and  Phrases  explained,  and  nuttters  discussed  in  the  Notes.  The  whole  illus- 
trated by  Maps  and  Plans,  mostly  taken  from  actual  surveys.  By  the  Rev.  S.  T.  Bloom  fi  bld, 
D.D.  F.S.A.    9  vols.  8VO.  S8s.  cloth. 

%•  Separately,  Vol.  1, 18s.  cloth ;  Vol.  2,  Just  published,  and  completing  the  work,  20s.  cloth. 

BLOOMFIELD— THE  GREEK  TESTAMENT : 

With  copious  English  Notes,  Critical,  Philological,  and  Explanatory.  By  the  Rev.  S.  T. 
Bix>oM  r  I  BLD,  D.D.  F.S.  A.    Sd  Edit,  improved,  2  vols.  8vo.  with  a  M«p  of  Palestine,  40s.  cloth. 

BLOOMFIELD.-COLLEGE  &  SCHOOL  GREEK  TESTAMENT ; 

With  English  Notes.  By  the  Rev.  S.  T.  Bloompibld,  D.D.  8d  Edition,  greatly  enlarged, 
and  very  considerably  improved,  12mo.  10s.  6d.  cloth. 

BLOOMFIELD.-GREEK  AND  ENGLISH  LEXICON  TO  THE 

NEW  TESTAMENT:  especially  adapted  to  the  use  of  Colleges,  and  the  Higher  Classes  in 
Public  Schools;  but  also  intended  as  a  convenient  Manual  for  Biblical  Students  in  general. 
By  Dr.  Bloom  fibld.    Fcp.  8vo.  9s.  cloth. 

BOY'S  OWN  BOOK  (THE) : 

A  Complete  Encyclopedia  of  aU  the  Diversions,  Athletic,  Scientific,  and  Recreative,  of  Boy- 
hood and  Youth.  19th  Edition,  square  12mo.  with  many  Engravings  on  Wood,  8s.  6d.  boards. 

BRANDE.-A  DICTIONARY  OF  SCIENCE,  LITERATURE, 

AND  ART;  comprising  the  History,  Description,  and  Scientific  Principles  of  every  Branch 
of  Human  Knowledge ;  with  the  Derivation  and  Definition  of  all  the  Terms  in  General  Use. 
Edited  by  W.  T.  Brandb,  F.R.S.L.  &  E. ;  assiifted  by  Joseph  Cauvin,  Esq.  The  various 
departments  are  by  Gentlemen  of  eminence  in  each.  1  very  thick  vol.  8vo.  pp.  1352,  illustrated 
by  Wood  Engravings,  j^,  bound  in  cloth.    London,  1842. 

BRAY.-THE  PHILOSOPHY  OF  NECESSITY; 

Or,  the  Law  of  Consequences  as  applicable  to  Mental,  Moral,  and  Social  Science.  By  Ch  arlbs 
Bbat.    2  vols.  8vo.  15S.  cloth. 

BREWSTER —TREATISE  ON  OPTICS. 

By  Sir  David  Brbwstbr,  LL.D.  F.R.S.,  &c.  New  Edition.  I  vol.  fcp.  8vo.  Vignette  Title, 
and  176  Woodcuts,  6s.  cloth. 

BRITTON.-THE  ORIGINAL  PICTURE  OF  LONDON : 

With  a  Description  of  its  Environs.  Re-edited,  and  mostly  re-written,  by  J.  Britton, 
F.S.A.  &c.  28th  Edition,  with  upwards  of  100  Views  of  Public  Buildings,  Plan  of  the  Streets, 
and  Two  Maps,  18mo.  9s.  neatly  bound;  with  the  Maps  only,  6s.  bound. 

BULL.-HINTS  TO  MOTHERS, 

For  the  Management  of  Health  during  the  Period  of  Pregnancy  and  in  the  Lying-in  Room; 
with  an  Exposure  of  Popular  Errors  in  connection  with  those  subjects.  By  Thomas  Bull, 
M.D.  Physician  Accoucheur  to  the  Finsbury  Midwifery  Institution,  Ace.  &c.  8d  Edition. 
I  VOL  fcp.  8vo.  enlarged,  pp.  886,  7s.  cloth.    London,  1841. 

BULL.-THE  MATERNAL  MANAGEMENT  OF  CHILDREN, 

In  HEALTH  and  DISEASE.    By  T.  Bull,  M.D.    Fcp.  8vo.  7s.  cloth. 

•*  E&ceUent  guUM,  •aA  imwf  to  b«  gcneraUy  luiowB."—Joaji BOM'S  MsDXCo-CHiav»oiCA&  RmEW. 

BURDER.-ORIENTAL  CUSTOMS, 

Applied  to  the  Illustration  of  the  Sacred  Scriptures.    By  Samubl  Burdbr,  A.M.    8d  Edit, 
with  additions,  fcp.  8vo.  8s.  6d.  cloth. 
Houses  and  TenU— Marriage— Children— Servants— Food  and  Drink— Dress  and  Clothing- 
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BURNS.-THE  PRINCIPLES  OF  CHRISTIAN  PHILOSOPHY ; 

containing  the  Doctrines,  Duties,  Admonitions,  and  Consolationt  of  tlie  Chiiatiaii  BcUkioii. 

By  John  Burns,  M.D.  F.R.S.    5tli  Edition,  ISmo.  7s.  boards. 

If  an  is  created  for  a  Future  State  of  Happiness ;  on  the  Means  by  which  a  Future  State  of 
Happiness  is  procured ;  of  what  is  required  of  Man  that  he  may  obtain  a  Future  State  of 
Happiness ;  of  the  Nature  of  the  Future  State  of  Happiness ;  of  tlie  Preparation  for  the  Future 
State  of  Happiness ;  of  Personal  Duties:  of  Relative  Duties  ;  of  the  Duties  Men  owe  to  God ; 
of  the  Admonitions  and  Consolations  aflorded  by  the  Christian  Ilelifl:ion. 

BUTLER-SKETCH  OF  ANCIENT  &  MODERN  GEOGRAPHY. 

By  Sam UBL  Butlbr,  D.D.  late  Lord  Bishop  of  lacfafleld  and  Coventry;  and  fbrmetty  Head 
Master  of  Shrewsbury  SchooL    New  Edition,  revised  by  his  Son,  8vo.  9s.  boanls. 

The  prcsrat  edition  ha*  been  CATtfaDj  nvised  hj  fhe  author's  Mm,  Bud  nieh  altcnitiona  introdoead  m  ceatfaniaDy 
prof  maive  diacovrrie*  and  the  latest  lafotiiuition  lendend  neOTaaary.  Recent  Traveli  have  been  eonataatlT  eon- 
aulted  where  anT  doubt  oi  difflculty  ■■waad  to  teqsur*  it;  and  aoma  additknal  matter  has  bcca  addad,  both  «  tha 
ancient  and  moacsn  part. 

BUTLER.-ATLAS  OF  MODERN  GEOGRAPHY. 

By  the  late  Dr.  Butlbs,    New  Edition ;  consisting  of  Twenty-three  coloured  Mapa,  from  a 
New  Set  of  Plates.    8vo.  with  Index,  13s.  hslf-bound. 

BUTLER.-ATLAS  OF  ANCIENT  GEOGRAPHY; 

Consisting  of  Twenty-three  coloured  Maps.    With  Index.    By  the  late  Dr.  Butlbi.   New 
Edition.    8vo.  13s.  half-bound. 
%«  The  above  two  Atlases  may  be  had,  half-boand,  in  One  Volume,  In  4to.  price  34s. 

CALLCOTT.-A  SCRIPTURE  HERBAL. 

With  upwards  of  190  Wood  Engravings.   By  Lady  Calmxitt.   Square  crown  8vo.  pp.  966, 
#ffl.  6s.  cloth. 

•*  The  laat  ttio  jmn  of  bar  Mb  «af«  da?«M  to  drawfac  the  tpacbnana  of  the  plants,  and  ooDeetfaif  tha ' 


^miaaammm  «v«  awv  vvjav^  ^mb««   a««  WK«*na*  ^Bna  wv  «*■■»>  aaacan  «w  ■  ■■■^»    awmb   ■■■laaj    «»•■   ■■■■■«*■  ■■■■■•  «■«    ■■■  f   «*««avv«Bn|^-*«Pi»nni 

« look  from  Natwe  up  to  Natare^  God,'  to  ttadr  bia  'nnwritten  law*'  in  tba natoral  world,  in  aaaaactka  vitb  te 
written  law  of  nrralaaon.*'i-<FroB  a  Manoli  of  Lapt  Callcott,  la  th*  AJWVAit  B<o«mAnix  for  IMS. 

CATLOW.-POPULAR  CONCHOLOGY ; 

Or,  the  Shell  Cabinet  arranged  i  being  an  Introduction  to  the  Modem  System  of  Concholbgy  t 
with  a  sketch  of  the  Natural  History  of  the  Animals,  an  account  of  the  Formation  of  the  Shells, 
and  a  complete  Descriptive  list  of  the  Families  and  Qenera,  By  Aqnbs  Catlow.  Fcp.  8vo. 
with  SIS  Woodcuts,  10s.  6d.  doth. 

CAVENDISH'S  (SIR  HENRY)  DEBATES  OF  THE  HOUSE  OF 

OOBfMONS,  during  the  Thirteenth  Farilament  of  Great  Britain,  commonly  called  the 
Unreported  Parliament.  To  which  are  appended.  Illustrations  of  the  Parliamentary  History 
of  the  Reign  of  George  III.,  consisting  of  Unpublished  Letters,  Private  Journals,  Memoirs, 
frc.  Drawn  up  from  the  Original  MSS.,  by  J.  Wriqht,  Esq.,  Editor  of  the  Psrlismentary 
History  of  England.  In  4  vols,  royal  8vo.  Vol.  1  is  now  ready,  358.  doth.  This  work  is 
also  published  ia  Parts,  6s.  each,  of  which  six  are  now  published. 

*i  Tbeae  Bepotti  (1708—1771)  conatitata  a  valnabla  addition  to  Hanaard'a  Debaiaa,  and  contain  nnidb  cuio«s 
mattciw-intar  alia,  upwaida  of  ona  bondrad  new  apeechea  of  Borka :  tbcj,  in  ftct,  go  far  to  fill  np  a  bitherto  twiwikaa 
np  in  onr  Parliamcntatr  biatory— and  the  pabucation,  with  iu  bnportaat  appcindioca,  doca  grant  booonr  tQ  ih» 
iUU  and  iadvatrf  of  tba  diacorartr  and  editor."— ^uamxbx.t  Kbtuw, 

CHA1EN0R,-P0ETICAL  REMAINS  OF  MARY  CHALENOR. 

Fcp.  8vo.  4s,  doth. 

CHALENOR.-VALTER  GRAY, 

A  Ballad,  and  other  Poems ;  Including  the  Poetical  Bemains  of  Mary  Chalenor.    3d  Edition, 

with  Additions,  fcp.  6vo.  0s.  cloth. 

''Thapoamaareawectljantotaii  and.  tbongb  on  toploa  ottiB  aoag,  bf«atli#  a  tmdcmwa  and  msUadMly  irhSeh 
«n  at  one*  ■oothing  and  conaoUior7."-«>L»snAmT  OAaxm. 

CHINA— THE  LAST  YEAR  IN  CHINA, 

To  the  Peace  of  Nanking  t  as  sketched  in  Letters  to  his  Friends,  by  a  Field  Offlcer  actively 
employed  in  that  Country.  With  a  few  concluding  Remarks  on  our  Past  and  Future  Pfldicy 
ki  China.   Sd  edition,  revised.    Fcp.  8vo.  with  Map,  7s.  cloth. 

CHINESE  NOVEL— RAMBLES  OF  THE  EMPEROR  CHING 

Tih  in  KCang  Nan:  a  Chinese  Tale.  Translated  by  Tkln  Shen ;  with  a  Preface  by  Jamu 
Lboob,  D.D.    3  vols,  post  8vo.  31s.  cloth. 


*<  Tbaac  ramblaa  of  the  Haronn  Alroacbid  of  the  CdMtial  Empire  give  a  verrcariona,  and,  at  tba  i 
a  paculiarly  intereating  Tiew  of  Chineaa  opiniona,  uiagea,  and  inBtttnttoaa.">— TAxr'a  ICaoasihs. 

CLAVERS.-FOREST  LIFE. 

By  Ma  by  Clay bbs,  an  Actual  Settler ;  Author  of  "  A  New  Home,  Who  '11  Follow  7"    3  vols, 
fcp.  8vo.  pp.  643, 13s.  cloth. 
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COLTON .— LACON ;  OR,  MANY  THINGS  IN  FEW  WORDS. 

By  the  Rev.  C.  C.  Colton.    New  Edition,  8to.  11b.  cloth. 

CONVERSATIONS  ON  BOTANY. 

9th  Edition,  improved,  pp.  SOa,  fcp.  Svo.  with  22  Plates,  7t.  6d.  cloth ;  with  the  pUtee  coloured, 
12s.  cloth. 

Th«  object  of  thS*  work  li  to  enable  ebiUren  aimI  yonng  mtmhu  to  •equir*  »  knowlrdge  of  the  Tqretable  |iroduo> 
tiooa  of  tiwir  native  couatrj,  hj  intraducing  to  tliccn,  in  a  lamiUor  aMuiaer,  the  princaplee  of  the  Linuean  System  of 
Botany.  For  thia  pvrpoM,  the  arrangement  of  Linnane  ie  brieflj  explained ;  a  netiTe  plant  of  each  claes,  with  a 
few  exception!,  ii  examined,  and  ill«atrated  by  an  eagraTingi  •  ahort  aecoont  is  added  of  some  of  the  principal 
foreign  species. 

CONVERSATIONS  ON  MINERALOGY. 

With  Plates,  engraved  by  Mr.  and  Mrs.  Lowry,  from  Original  Drawlogt.  3d  EdltloD,  en- 
larged.   Svols.  12mo.  14s.  cloth. 

COOLEY.-THE  HISTORY  OF  MARITIME  AND  INLAND 

DISCOVERY.    By  W.  D.  Coolky,  Esq.    8  vols.  fcp.  Svo.  with  Vignette  Titles,  18s.  cloth. 

COPLAND.-A  DICTIONARY  OF  PRACTICAL  MEDICINE ; 

comprising  General  Pathology,  the  Nature  and  Treatment  of  Diseases,  Morbid  Structmfes, 
and  the  Disorders  especiaHy  incidental  to  Climates,  to  Sex,  and  to  the  different  Epochs  of 
life,  with  nomerous  approved  Formuhe  of  the  Medicines  recommended.  By  J  a  m  as  Co  pla  n  d, 
M.D.,  Consulting  Physician  to  Queen  Charlotte's  Lying-in  Hospital ;  Senior  Physician  to  the 
Royal  Infirmary  for  Children ;  Member  of  the  Royal  College  of  Physicians,  London ;  of  the 
Medical  and  Chlrurgical  Societies  of  London  and  Berlin,  &c.  Publishing  in  parts,  of  which 
the  9th  will  be  published  December  ist. 

CROCKER'S  ELEMENTS  OF  LAND  SURVEYING. 

Fifth  Edition,  corrected  throughout,  and  considerably  improved  and  modernized,  by  T.  G. 
Bunt,  Land  Surveyor,  Bristol.  To  which  are  added,  TABLES  OF  SIX-FIGURK  LOGA- 
RITHMS,  &c.,  superintended  by  Richard  Farlky,  of  the  Nautical  Almanac  Establishment. 
1  vol.  post  Svo.  12s.  cloth. 

*•*  The  work  thretighoat  is  entirely  rerised,  and  mnch  new  matter  has  been  added ;  there  ara  new  abapteft,  coa- 
taliiing  rery  ftiU  and  minnte  Directions  relating  to  the  modem  Practice  of  Snrreying,  both  with  and  without  trie  aid 
of  aanlar  mstnunenta.  The  method  of  Plottug  Estate*,  and  Casting  or  Computii^  Uwiv  Axeaa,  an  described,  dtc. 
&C.    The  chapter  on  Levelling  also  is  new. 

CROWE.-THE  HISTORY  OF  FRANCE, 

From  the  Barliest  Period  to  the  Abdication  of  Napoleon.  By  B.  B.  Crowb,  Esq.  S  vols.  fcp. 
Svo.  with  Vignette  Titles,  18s.  cloth. 

DAVY  (SIR  HUMPHRY). -AGRICULTURAL  CHEMISTRY: 

With  Notes  by  Dr.  John  Dayy.    6th  Edition,  Svo.  with  10  Plates,  15s.  cloth. 

CotrrKKTs:  — Introduction— The  Genaral  Powers  of  Matter  which  inHuenoe  Vegetation— The  OfeganlsattoB  of 
Planta— Soils— Nnture  and  Constitution  of  the  Ataoosphere,  and  its  Influence  on  Vegetables— Manures  of  Vegetable 
and  Animal  Origin  -Manure*  of  Mineral  Origin,  or  Fossil  MaooiM-  ImproTeinent  of  Landa  by  Boming— Experi- 
nents  on  the  Nutritire  Quahties  of  ditfeicnt  Gtraascs,  Ac. 

DE  CUSTINE.— THE  EMPIRE  OF  THE  CZAR; 

Or,  Observations  on  the  Social,  Political,  and  Religious  State  of  Russia,  and  its  Prospects,  made 
during  a  Journey  through  that  Bmpire.  By  the  Marquis  Dk  Cdstinb.  Translated  flrom  the 
French.    S  vols,  post  Svo.  Sis.  6d.  cloth. 

"  M.  De  Custine  has  exhibited  some  new  views  nn  Russia  in  a  striking  and  attractive  way.  To  the  Frenchman's 
sparkling  Yivaeitj  of  manner  he  adds  his  skill  in  seizing  upon  the  incidents  of  action,  tiM  fieataree  of  character, 
or  the  pouts  of  things,  and  presenting  them  with  an  attractive  or  imposing  effect.  The  aristocratical  opinions  or 
M.  De  Cuatine  siso  unpart  a  character  to  his  sentiments :  s«  his  politeness  refinea  his  taste  and  gives  an  air  of  da- 
oorum  to  his  morals,  without  modifying  his  French  confloenoe."— orscTAToa. 

"  A  remarkable  book,  ftiU  of  lively,  curious,  eztractable  matter.  The  Marquis  is  a  clever,  spirited  writer :  and  his 
point  and  brillisney  are  kept,  his  happy  hita  given,  and  hia  vdMneat  indignatioB  In  tto  way  compromised,  in  this 
excellent  translation." — BxaniMaa. 

DE  LA  BECHE.-REPORT  ON  THE  GEOLOGY  OF  CORN- 

WALL,  DEVON,  and  WEST  SOMERSET.  By  Hknrt  T.  Dk  la  Bbchr,  F.R.S.  &c.. 
Director  of  the  Ordnance  Geological  Survey.  Published  by  Order  of  the  Lords  Commissioners 
of  H.M.  Treasury.    Svo.  with  Maps,  Woodcuts,  and  19  lan^e  Pates,  14s.  cloth. 

DE  MORGAN.— AN  ESSAY  ON  PROBABILITIES, 

And  on  their  Application  to  Life  Contingencies  and  Insurance  Oifices.  By  Auo.  db  MoroaNj 
of  Trinity  College,  Cambridge.    1  vol.  fcp.  Svo.  with  Vignette  Title,  fie.  cloth. 

DENDY.-THE  PHILOSOPHY  OF  MYSTERY. 

By  W.  C.  Dbndy.    1  voL  Svo.  las.  cloth. 

DOCTOR  (THE),  &c. 

5 vols,  post  Svo.  j£r2. 12s.  6d.  cloth. 

**  Admirahly  aa  the  mystery  of  the  '  Doctor'  haa  been  pr«servrd  up  to  the  present  moment,  there  is  no  longer  any 
reason  for  affecting  secney  oa  the  subject.  The  author  is  Robert  Sonthey :  lie  acknowledged  tlie  fact  «hortly  twfore 
hia  last  illness  to  nls  most  conSdential  friend,  an  M.P.  of  high  ehancter.  In  a  private  letter  from  Mrs.  Southey, 
dated  February  Z7, 1813,  she  not  only  states  tbe  fact,  but  aMS  that  the  greater  part  of  a  sixth  volume  had  gone 
throof^  the  press,  and  Uiat  Southey  looked  forward  to  the  pleasure  of  drawmg  her  into  it  as  a  contributor ;  Kiting  her 
Aill  authority  to  afflrm  that  her  husband  is  the  author."— KoasaT  Osli^  £au.  in  Taa  :3tobt  Tsixba,  No.  1. 
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DODDRIDGE.-THE  FAMILY  EXPOSITOR ; 

Or,  •  Puvpbnwe  and  Venion  of  the  New  Testunent :  with  Critical  Notes,  and  •  Vnttlemi 
ImpTOTeffnent  of  each  Section.  Bj  P.  Doddriook,  D.D.  To  which  is  prefixed,  a  Life  of  the 
Author,  by  A.  Kims,  D.D.  F.R.S.  and  SA.    New  Edition,  4  tola.  8vo.  jf  1. 16a.  doth. 

DONOVAN-TREATISE  ON  CHEMISTRY. 

Bt  H.  DoROTA.,  1I.K.I.A.    FCNirtliBditioii,l  vol.  ftp.  SfO.  with  V%iiettoTlttob«i.cMh. 

DONOVAN.-A  TREATISE  ON  DOMESTIC  ECONOMY. 

By  M.  DoMOTAN,  Esq.  M.R.I.A.  Professor  of  Chemistry  to  the  Company  of  Apothecnrtca  In 
Ireland,   8  vols.  fop.  8to.  with  Vignette  Titles,  13s.  cloth. 

DOYER.-LIFE  OF  FREDERICK  II.  KING  OF  PRUSSIA. 

By  Lord  Dotke.   9d  Edition,  s  Tola.  8vo.  with  Portrait,  9Bb.  boards. 

DRUMMOND.-FIRST  STEPS  TO  BOTANY, 

Intended  as  popolar  Illnstrations  of  the  Science,  leading;  to  its  study  as  a  branch  of  gmeral 
education.    By  J,  L.  Drummond,  M.D»   4th  Edit.  12mo.  with  nnmeroop  Woodcnts,  9a.  bds. 

DUHRING.-THE  ART  OF  LIYING. 

By  Dr.  H.  Dohrimo.    Post  8to.  6s.  doth. 

"Happyls life, wbcBMNUid health, mrtlMingik  MtSenal thooghti, sad  noble dMdi, otnblM  tocndl  1^ 
iiM.    TlManaaaliDMtitTealt  iBnaadftbamiacaorhklMtftaBdhk' 


DUNHAM.-THE  HISTORY  OF  THE  GERMANIC  EMPIRE. 

By  Dr.  Dunham.   S  toIs.  fcp.  8vo.  with  Vignette  Titles,  I80.  doth. 

DUNHAM.-HISTORY  OF  EUROPE  DURING  THE  MIDDLE 

AGES.    By  Dr.  Dun  HA  M .    4  vols.  fcp.  8yo.  with  Vignette  Titles,  jff  1. 4s.  cloth. 

DUNHAM.-THE  HISTORY  OF  SPAIN  AND  PORTUGAL. 

By  Dr.  Dunham.   6  vols.  fcp.  8vo.  with  Vignette  Titles,  jffl.  lOs.  cloth. 

DUNHAM.-THE  HISTORY  OF  DENMARK,  SWEDEN,  AND 

NORWAY.    By  Dr.  Dunham.    S  vols.  fcp.  8vo.  with  Vignette  Titles,  18s.  doth. 

DUNHAM.-THE  HISTORY  OF  POLAND. 

By  Dr.  Dunham.    I  toL  fcp.  8vo.  with  Vignette  Title,  6s.  doth. 

DUNHAM.-THE  LIVES  OF   THE  EARLY  WRITERS  OF 

GREAT  BRITAIN.  By  Dr.  Dunham,  B.  Bkix,  Esq.  &c.  1  toL  fcp.  8vo.  with  Vignette 
Title,  6b.  cloth. 

DUNHAM,  &C.-THE  LIVES  OF  BRITISH  DRAMATISTS. 

By  Dr.  Dunham,  B.  Ecu,  Baq.  kc.  Svolt.  fcp.  8to.  witb  Vignette  TUies,  lis.  ckxlk 

EGERTON,— A  TREATISE  ON  PHOTOGRAPHY; 

Containing  the  latest  Discoveries  appertaining  to  the  Daguerreotype.  Compiled  firom  Com- 
munications by  MM.  Daguerre  and  Arago,  and  other  Eminent  Men  of  Sdence.  By  N.  P. 
Lbrbbours,  Optician  to  the  Observatory,  Paris,  &c.  Tranalated  by  J.  Borrtov.  PostSvo. 
with  Plate  of  Apparatus,  7s.  6d.  doth. 

ELLIOTSON.-HUMAN  PHYSIOLOGY : 

Y/iih  which  is  incorporated  much  of  the  elementary  part  of  the  "  Institationes  fhyilologicK^ 
of  J.  F.  Blnmenbach,  Professor  in  the  University  of  GOttingen.  By  Joh  n  Eluotson*  M.D. 
Cantab.  F.R.S.   Fifth  Edition,  6vo.  with  nomerons  Woodcnts,  ^9.  9b.  cloth. 

ENGLISHMAN'S  HEBREW  AND  CHALDEE  CONCORDANCE 

of  the  OLD  TESTAMENT  j  being  an  attempt  at  a  VertMU  Connection  between  the  Oitginal  I 
and  the  English  Translations ;  with  Indexes,  a  last  of  the  Proper  Names  and  their  oocnr-  I 
renoes,  Ike.  ftc.    1  vols,  royal  8vo.  doth,  jfi'S.  18s.  6d. ;  Ufge  paper,  M4. 14s.  6d.  I 
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PAREY.-A    TREATISE    ON    THE    STEAM    ENGINE, 

Historical,  Practical,  and  Deacriptive.    By  John  Farbt,  Biigioeer«   4to.    lUuatrated  by 
nameroua  Woodcuts,  and  25  Copper-plates,    jf  5. 58.  boards. 

FERGUS-HISTORY  OF  THE  UNITEDSTATES  OF  AMERICA, 

From  the  Discovery  of  America  to  the  Blection  of  General  Jackson  to  the  Presidency.    By  the 
Re?.  H.  Fbequs.    a  toIs.  fcp.  8vo.  with  Yipiette  Titles,  12s.  doth. 

FIELD.-POSTHUMOTIS    EXTRACTS    FROM    THE 

VETERINARY  RRCORDS  OF  THE  LATE  JOHN  FIELD.     Bdited  by  his   Brother,' 
William  Field,  Veterinary  Sorg^n,  London.    8vo.  8s.  boards. 


*."  Hmw  Rcconb  conaist  of  ScUctiona  from  a  Twt  niunber  of  MuiuKript  p»pvf  Mul  CMM*,  «stuidiiig  orw  a 
period  of  twenty  jcan,  and  ticat  of  moat  of  the  dlaaaica  laddental  to  Honea. 

FORD.-THE  NEW  DEVOUT  COMMUNICANT, 

According  to  the  Church  of  England ;  containing  an  Account  of  the  Institution,  Prsyers,  and 
Meditations,  before  and  after  the  Administration,  and  a  Companion  at  the  Lord's  Table.  By 
the  Rev.  Jambs  Ford,  B.D.  7th  Edition,  ISmo.  2s.  (kl  bound  in  cloth,  with  gilt  edges; 
fcp.  8to.  98.  Sd.  bound. 

FORD.-A  CENTURY  OF  CHRISTIAN  PRAYERS, 

On  FAITH,  HOPE,  and  CHARITY;  with  a  Morning  and  Evening  Devotion,  By  the  Rev. 
Jambs  Fobd,  B.D.    8d  Edition,  18mo.  4s.  cloth. 

FORSTER.-THE  STATESMEN  OF  THE  COMMONWEALTH 

OF  ENGLAND.  With  an  Introductory  Treatise  on  the  Popular  Progress  in  English  History. 
By  John  Fobstbb,  Esq.  5  vols.  fcp.  8vo.  with  Original  Portraits  of  Pym,  Eliot,  Hampden, 
Cromwell,  and  an  Historical  Scene  after  a  Picture  by  Cattermole,  jf  1. 10s.  cloth. 

The  Introductory  Treatise,  intended  as  an  Introduction  to  the  Study  of  the  Great  Civil  War  in 
the  Seventeenth  Century,  separately,  2s.  6d.  sewed. 

The  above  5  vols,  form  Mr.  Forster's  portion  of  the  lives  of  Eminent  British  Statesmen,  by  Sir 
James  Mackintosh,  the  Right  Hon.  T.  P.  Courtenay,  and  John  Forster,  Esq.  7  vols.  fcp.  8vo. 
with  Vignette  Titles,  j^.  2s.  cloth. 

FOSBROKE -A  TREATISE  ON   THE  ARTS,  MANNERS, 

MANUFACTURES,  and  INSTITUTIONS  of  the  GREEKS  and  ROMANS.  Bv  the  Rev. 
T.  D.  Fosbbokb,  ftc.    2  vols.  fcp.  8vo.  with  Vignette  Titles,  12s.  cloth. 

FRANKUM.-DISCOURSE    ON     THE    ENLARGED    AND 

PENDULOUS  ABDOMEN,  showing  it  to  be  a  visceral  aifection  attended  with  important 
consequences  in  the  Human  Economy ;  with  cursory  Observations  on  Diet,  Exercise,  and  the 
General  Management  of  Health:  for  the  use  of  the  Dyspeptic.  By  Richard  Fbankum,  Esq. 
Surgeon. 
The  Second  Edition,  augmented,  with  a  Dissertation  on  Gout,  suggesting  new  physiological  views 
as  to  its  Cause,  Prevention,  and  the  best  Course  of  Treatment.    Fcp.  8vo.  pp.  126, 5s.  cloth. 

GLEIG.-LIYES  OF  MOST  EMINENT  BRITISH  MILITARY 

COMBfANDERS.    By  the  Rev.  O.  R.  Glbio.    8  vohi.  fcp.  8vo.  with  Vignette  TiUes,  18s.  doth. 

6LENDINNIN6.-PRACTICAL  HINTS  ON  THE  CULTURE 

OF  THE  PINE  APPLE.  By  R.  Glbndinnino,  Gardener  to  the  Right  Hon.  Lord  RoUe, 
Bicton.     12mo.  with  Plan  of  a  Pinery,  5s.  cloth. 

600D.-THE  BOOK  OF  NATURE. 

A  Popular  Illustration  of  the  General  Laws  and  Phenomena  of  Creation.  By  John  Masoit 
Good,  M.D.  F.R.S.,  9k,    Third  Edition,  corrected,  S  vols.  fcp.  Bvo.  2is.  doth. 

GRAHAM-ENGLISH ;  OR,  THE  ART  OF  COMPOSITION 

explained  in  a  Series  of  Instructions  and  Examples.  By  O.  F.  Graham.  Fcp.  8vo.  pp.  M8, 
7s.  cloth. 

GRAHAM-HELPS  TO  ENGLISH  GRAMMAR; 

Or,  Easy  Exercises  for  Young  Children.  By  G.  F.  Graham.  Illustrated  by  Engravings  on 
Wood.    Fcp.  8vo.  doth,  8s. 

**  Mr.  Oraham'*  *  Helps  to  English  Ononmar*  wOl  be  fenad  a  good  dementarr  book ;  and  the  nvmnroiucngniving' 
which  it  mntaina  most  render  it  extraneljr  attrarttve  to  the  *  Yonng  ChiMrcn'  for  whoee  nae  thcae  '  Easy  ExerrisMW 
are  designed.  Thr  &uu>w,  which  is  for  the  first  time  adopted  in  a  work  of  this  sort,  to  illustimto  the  comuction,  by 
action  or  motion,  between  penona  and  things,  la  a  happy  idea."— BrnxonTon  Oi 


GRATTAN.-THE  HISTORY  OF  THE  NETHERLANDS, 

From  the  InvMion  by  Uie  RonutM  to  the  Belgian  Bevohxtioa  in  18M.  By  T.  C  GnATTAw. 
Eaq.    1  vol.  fcp.  8vo.  with  Vignette  Title,  te.  cloth. 

GRAY -FIGURES  OF  MOLLUSCOUS  ANIMALS, 

Selected  flrom  varioua  Authors.  Etched  for  the  Uie  of  Stiidenta.  By  Maua  Bmma  Quay. 
Vol.  1.  pp.  40,  with  78  platei  of  Fignret,  las.  cloth. 

THE  GENERA  OF  BIRDS ; 

Comprising  their  Generic  Chnractert,  a  Notice  of  the  Habits  of  each  Genoa,  and  an  cstansiTe 
List  of  Species,  refSerred  to  their  sereral  Genera.  By  Gbobob  Bobbst  Gbat,  Acad.  Imp. 
Georg.  Florent.  Soc.  Corresp.  Senior  Assistant  of  the  Zoological  Department.  Britiah  Moaenm ; 
and  Author  of  the  "  Ust  of  the  Genea  cf  Birds/'  &c  Ate.  Illnstrated  with  Three  Hmdnd 
and  Fifty  imperial  quarto  Plates,  by  Datid  William  Mitcbbll.— /a^^parafisa. 

*•*  Publication  will  commence  when  One  Hundred  Subscribers'  Names  have  been  obtained. 
Prospectuses  may  be  obtained  of  all  Booksellers ;  a  Specimen  may  be  seen  at  the 


GREENER.-THE  GUN ; 

Or,  a  Treatise  on  the  Tsrious  Descriptions  of  Small  Fire-Arms.  By  W.  Gbbbb bb,  InTcntor  of 
an  improved  method  of  Firing  Cannon  by  Percussion,  &c.  8?o.  with  Illostrationay  Ua.  boaida. 

j  6REENER.-THE  SCIENCE  OF  GUNNERY, 

As  applied  to  the  Use  and  Construction  of  Fire  Arms.  By  William  Obbbbbb,  Antbor  of 
**  The  Gun,'*  Abc    With  numerous  Platea,  19s.  cloth. 

GRIGOR.-THE  EASTERN  ARBORETUM; 

Or,  Register  of  Remarkable  Trees,  SeaU,  Gardens,  &c.  in  the  County  of  Norftdk.  With 
Popular  Delineations  of  the  British  Sylva.  By  J  am  as  Gbigob.  lllustiated  by  50  Drawings 
of  Trees,  etched  on  copper  by  U.  Nimham.    8vo.  17s.  6d.  cloth. 

GUEST. -THE  MABIN06I0N, 

From  the  Uyftr  Coch  o  Hergest,  or  Red  Book  of  Hergest,  and  other  ancient  Welah  MBS. : 

with  an  English  Translation  and  Notes.    By  Lady  Chablottb  Gdbst. 
Part  1.  Containing  the  Lady  of  the  Fountain.    Royal  8vo.  with  Fae-simile  and  Woodcnta,  8s. 
Part  a.  Containing  Peredur  Ah  Bvrawc ;  a  Tale  of  Chivalry.    Royal  8vo.  with  Fac-aimile  and 

Woodcuts,  8s. 
Fart  3.  Containing  the  Arthurian  Romance  of  Geraint,  the  Son  of  Brbin.    Royal  evo.  with 

Fsc-simile  and  Woodcuts,  8s. 
Part  4.  Containing  the  Romance  of  Kilhwch  and  Olwen.    Royal  8vo.  with  4  lUustrations  and 

Fac-simile,  8s. 
Psrt  ft.  Containing  the  Dream  of  Rhonabwy,  and  the  Tale  of  Pwyll  Prince  of  Dyved.    Royal 

8vo.  8s. 

GUIDE  TO  ALL  THE  WATERING  &  SEA-BATHING  PLACES 

of  Great  Britain ;  containing  fhU  and  accurate  Descriptions  of  each  place,  and  of  the  Cario- 
sities and  striking  Objects  in  the  Environs;  and  forming  an  agreeable  and  uwetal  Companion 
during  a  residence  at  any  of  the  places,  or  during  a  summer  tour  in  quest  of  health  or 
pleasures  with  a  Description  of  the  Lakes,  and  a  Tour  through  Wales.  New  Edition, 
including  the  Scotch  Watbbino  Placbs,  1  thick  voL  l8mo.  illnstrated  by  94  Viewa  and 
Maps,  iSs.  bound. 

GWILT.-AN  ENCYCLOP JIDIA  OF  ARCHITECTURE ; 

Historical,  Theoretical,  and  Practical.  By  JossrH  Gwilt,  Esq.  F.S.A.  Illustrated  with 
upwards  of  1000  Engravings  on  Wood,  Arom  Designs  by  J.  8.  Gwilt.  In  1  thick  voL  8ro. 
containing  nearly  laoo  closely-printed  page*,  ^e^*  ISa-  6d.  cloth. 

HALL- NEW  GENERAL   LARGE   LIBRARY  ATLAS  OF 

FIFTY-THREE  MAPS,  on  Colombier  Paper {  with  the  Divisions  and  Boundaries  careftally 
coloured.  Constructed  entirely  flrom  New  Drawings,  and  engraved  by  Sidnbt  Hall.  New 
Edition,  thoroughly  revised  and  corrected ;  including  all  the  Alterations  rendered  neceaaary 
by  the  recent  Official  Surveys,  the  New  Roads  on  the  Continent,  and  a  careAU  Gomparisoo 
with  the  authenticated  Discoveries  published  in  the  latest  Voysges  and  Travda.  F<rided  in 
half.  Nine  Guineas,  half-bound  in  ruasia;  taU  sixe  of  the  Maps,  Ten  Pounds,  half-bound  in 
russia. 

TIm  foUowiaf  Mam  hare  been  r«*ragr»TMl.  from  eatirdy  nor  dMlnt— Ifvlaad.  Soath  AJHca.  Tttrkrj  in  Aaia; 
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TIM  loiiowmf  MAM  haTe  Mcn  r«*ragr»TM.  tma.  eaaruy  nor  dMunM— miaiul.  soatn  Amca,  Twmrj  in  Aata; 
th«  foUowin^  twr*  b«cn  nuLirrlalljr  improwd — SwltwrUnd,  North  IUIt,  Hoolh  tuly,  Cgypt,  Untnl  iittwMMj, 
Soathem  G«rmuiT,  Orr«ce,  Auktria ,  Spain  and  Portugal ;  a  nrw  map  of  Cnma,  eortccted  from  Utt  ivoesl  gpuwumcat 
•array  of  the  coa«t  from  Canton  to  Nankin  (to  which  la  appended  ,tiM  PioTino*  Of  Canton,  <m  an  cnlaffwl  acak ,  w 


•  aeparaia  oumpartmcat),  haa  aiaea  been  added. 
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HALSTED.-LIFE  AND  TIMES  OF  RICHARD  THE  THIRD, 

as  Duke  of  Olooceiter  and  King  of  Bnglmnd :  in  which  all  the  Chaixea  against  him  are  care- 
AiUy  investiipited  and  compared  with  the  Statements  of  the  Cotemporary  Authorities.  By 
Cakolinb  a.  Halstbd,  Author  of  <*  The  Life  of  Margaret  Beaufort,  Mother  of  King  Henry 
YII.,"  and  *<  Obligations  of  literature  to  the  Mothers  of  England."  3  vols,  with  an  original 
Portrait.— £•  tkepreu, 

HAND-BOOK  OF  TASTE ; 

Or,  How  to  Observe  Works  of  Art,  especially  Cartoons,  Pictures,  and  Statues.  By  Fabius 
PiCTOR.    Fop.  8vo.  Ss.  boards. 

*'  We  have  nflfvcr  met  with  a  eompendioiu  treatiM  an  art,  and  the  mineiplea  which  thonld  guide  taate  in  Judging  of 
Ha  prodnctianS|  that  contained  more  excellent  matter  than  thL>  unall  impretending  toIqbm.  It  ia  eapreealy  eompucd 
for  the  instruction  of  the  pablic ,  and  with  a  riew  to  that  era  in  art  which  the  decoration  of  the  new  Houmc  of  Parlia* 
ment,  and  the  preaent  dieplay  of  the  cartoooa  in  Weetminater  Hall,  may  he  expected  to  create.  It  exhibits  the  qpiniona 
of  the  beet  artuta  and  entice  of  all  ana.  It  ia  not  intended  to  invtract  the  atndent  in  art,  though  he  mxj  pioflt  much 
by  itn  leasone,  but  to  tell  the  obaerrer  how  he  ma^  judge  of  the  productiona  of  the  line  arta.  It  ia  not  lUttering  to  aet 
ont  with  aajing  that  England,  in  the  art  of  deaign,  la  not  only  immeasurably  behind  Italy,  but  tUla  short^w  what 
France  aspires  to,  and  Germany  haa  accompliahed ;  but  this  is  qualifled  by  the  admission  that  ^pgTwn^  is,  nevcrthcleas, 
quite  capable  of  eBcient  progress. 

«"  The  following  rules,  snd  those  which  precede  them,  should  bs  wcU  conned  orev  be&rs  visiting  exhibitions, and 
•Aerwards  stitched  up  with  a»r  catalogue.*'— T ait's  Kjloaiuiis. 

HANSARD.-TROUT  AND  SALMON  FISHING  IN  VALES. 

By  O.  A.  Hansard.    12mo.  6s.  Sd.  cloth. 

HARFORD.-LIFE  OF  THOMAS  BURGESS,  D.D.  F.R.S.  &c 

late  Lord  Bishop  of  Salisbury.  By  Jo h  n  S.  Harpord,  Esq.  D.C.L.  F.L.S.  9d  Bdition,  with 
additions,  fcp.  8vo.  with  Portrait,  8s.  (ML  cloth. 

HARRIS.-THE  HIGHLANDS  OF  JITHIOPIA ; 

Being  the  Accout  of  Eighteen  Months*  Residence  of  a  British  Embassy  to  the  Christian  Court 
of  Shoa.  By  Major  W.  C.  Harris,  Author  of  "  Wild  Sports  in  Southern  Africs,"  •'  Portraito  of 
African  Game  Aiiimals,"  &c.    3  vols.  8vo.  with  Map  and  Three  Illustrations.— iVear/y  ready, 

flAWKER.-INSTRUCTIONS  TO  YOUNG  SPORTSMEN 

In  all  that  rdates  to  Guns  and  Shooting.  By  Lieut.-Col.  P.  Hawker.  8th  Edition,  corrected, 
enlarged,  and  improved,  with  numerous  explanatory  Plates  and  Woodcuts,  8vo.  £\,  Is.  cloth. 

HENSLOW.-THE    PRINCIPLES    OF  DESCRIPTIVE  AND 

PHYSIOLOGICAL  BOTANY.  By  J.  S.  Hbnslow,  M.A.  F.L.S.  Ceo.  1  voL  fcp.  8vo.  with 
Vignette  Title,  and  nearly  70  Woodcuts,  6s.  cloth. 

HERSCHEL.-A  TREATISE  ON  ASTRONOMY. 

By  Sir  John  Hbrschbl.     New  Edition.    1  vol.  fcp.  8vo.  Vignette  Title,  6e.  cloth. 

HERSCHEL.-A   PRELIMINARY   DISCOURSE    ON    THE 


STUDY  OF  NATURAL  PHILOSOPHY, 
fcp.  8V0.  with  vignette  title,  6s.  cloth. 


By  Sir  John  Hbrschel.    New  Edition,  l  vol. 


HINTS  ON  ETIQUETTE  AND  THE  USAGES  OF  SOCIETY : 

With  a  Glance  at  Bad  Habits.  By  hyuy6s,  *<  Manners  make  the  man.'*  25th  Edition, 
revised  (with  additions)  by  a  Lady  of  Bank.  Fcp.  8vo.  28.  6d.  handsomely  bound  in  fancy 
doth,  gilt  edges. 

General  Observations ;  Introductions— Letters  of  Introduction— Marriage— Dinnen— Smoking; 
Snuff— Fashion— Dress— Music— Dancing— Conversation— Advice  to  Tradespeople— Visiting; 
Visiting  Cards— Cania— Tattling— Of  General  Society. 

HOARE.-A  PRACTICAL  TREATISE  ON  THE  CULTIVATION 

OF  THE  GBAPE  VINE  ON  OPEN  WALLS.  By  Clbmbkt  Hoarb.  Sd  Edition,  8vo. 
7s.  6d.  cloth. 

Introduction :  Observations  on  the  present  Method  of  Cultivating  Grape  Vines  on  open  Walls ; 
on  the  capaoility  and  extent  of  the  Friiit-bearing  Powers  of  the  Vine ;  on  Aspect ;  on  Soil ; 
on  Manure ;  on  the  Construction  of  Widla ;  on  the  Propagation  of  Vines ;  on  the  Pruning  of 
Vines;  on  the  Training  of  Vines;  on  the  Management  of  a  Vine  during  the  first  five  years  ot 
its  growth;  Weekly  Calendarial  Register;  General  Autumnal  Prunings;  on  the  Winter 
Mamigement  of  the  Vine ;  on  the  Planting  and  Management  of  Vines  in  the  public  thorough- 
fsres  ci  towns ;  Descriptive  Catalogue  of  twelve  sorts  of  Grapes  most  suitably  adapted  for 
Culture  on  open  Walls. 

HOLLAND.-PROGRESSIVE  EDUCATION ; 

Or,  Considerations  on  the  Course  of  Life.    Translated  from  the  French  of  Madame  Necker  de 

Saussure.    By  Miss  Holland.    S  vols.  fcp.  8vo.  19s.  6d.  cloth. 

*«*  The  Third  Volume,  forming  an  appropriate  conclusion  to  the  first  two,  separately,  7s.  6d. 

HOLLAND.-A  TREATISE  ON  THE  MANUFACTURES  IN 

METAL.  By  J.  Hollakd,  Esq.  S  vols.  fcp.  8vo.  Vignette  Titles,  and  about  300  Woodcuts, 
18s.  cloth. 
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12  CATALOGUB  OF  NSW  WORKS 

nOLLAND.-MEDTCAL  NOTES  AND  REFLECTIONS. 

By  Hbnry  Holland,  M.D.  F.R.9.  &c.  Fellow  of  the  Royal  College  of  Phyridans,  Phtiiciaa 
Extraordinary  to  the  Qaeen,  and  Physician  in  Ordinary  to  Uia  Royal  Higfaneaa  Prince  Albert. 
9d  Edition,  1  vol.  8?o.  pp.  6S4, 188.  cloth. 

IIOOKER-THE  BRITISH  FLORA, 

In  Two  Vols.  Vol.  1 ;  compriiing  Phaenogamoua  or  Flowering;  Planta,  and  the  Fema.  By  Sir 
William  Jackson  Hooker,  K.H.  LL.D.  F.R.A..  and  L.S.  &c.  &c  &c.  Fifth  Edition,  with 
Additions  and  Corrections ;  and  ITS  Fif^ures  illnstratiTe  of  the  Umbeniferoos  Planta,  the 
Composite  Plants,  the  Grasses,  and  the  Ferns.  8to.  pp.  509,  with  12  Plates,  14a.  plain ;  with 
the  plates  coloured,  94s.  cloth. 
Vol.  2,  in  Two  Parte,  comprising  the  Cryptogamia  and  Fangi,  completing  the  British  Flora,  and 
forming  Vol.  5,  ParU  1  and  9,  of  Smith's  English  Flora,  Ms.  boarda. 

HOOKER —COMPENDIUM  OF  THE  ENGLISH  FLORA. 

9d  Edition,  with  Additions  and  Corrections.    By  Sir  W.  J.  Hookbr.   12mo.  7s.  6d.  cloth. 
TUB  SAME  IN  LATIN.    5th  Edition,  12mo.  7s.  6d. 

IIOOKER.-ICONES  PLANTARUM ; 

Or,  Figures,  with  brief  Descriptive  Characters  and  Remarks,  of  New  and  Rare  Plants,  selected 
fh>m  the  Author's  Herbarium.  By  Sir  W.  J.  Hookkb,  K.H.  LL.D.  &c.  4  Tula.  Sro.  with 
400  Platea,  jff5. 12s.  cloth. 

HOOKER  AND  TAYLOR.— MUSCOLOGIA  BRITANNICA. 

Containing  the  Moases  of  Great  Britain  and  Ireland,  systematically  arranged  and  described ; 
with  Plates,  illustrative  of  the  character  of  the  Genera  and  Speciea.  By  Sir  W.  J.  Hookbr 
and  T.  Taylor,  M.D.  F.L.S.,  frc.  9d  Edition,  8vo.  enhurged.  Sis.  6d.  platn  $  jfS.  Ss.  coloured. 

HOWITT  (MARY),— STRIFE  AND  PEACE; 

Or,  Life  in  Norway :  the  H FUnily ;  Axel  and  Anna,  Sec.    Translated  by  Mart  Howitt, 

fh>m  the  Swedish  of  Miss  Brbmbr,  Author  of  "The  Neighbours,"  **TheUome»*>  **The 
President's  Daughters,"  ftc    S  vols,  post  Sro.— A«arljr  readg, 

HOWITT  (MARY).-THE  HOME. 

Or,  Family  Cares  and  Family  Joys.  By  Frbobrika  Brbmbr.  Translated  by  Mart 
Howitt.    9d  Edition,  revised  and  corrected,  2  vols,  post  8vo.  2is.  boards. 
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Bwr  poMenes,  beyond  aajr  other  Urine  wrltor  of  har  eUn.  th»  power  of  rcaluiag  to  the  Innnnnittm 
a«l «)«  intTO«tnc«>«.  Thcn>  la  seareelj  a  aiB(|Ic  peraon  in  li«r  nnltitudiaona  gnrnpa  that  doc*  not  atjLBd 
in  hb  Hviiw  Unoaraents.    The  miauta  fldelitr  oi  her  detaUa,  the  Tivid  distinctneaa  «ith  which  rtrrr 


**  Mlaa  Brmwr  ] 
•very  indiridual  I 

oat  palpablj  in  hb  Hviaic  Unoaraents.  The  miauta  fldelitr  of  her  detaiJa,  the  Tivid  diatinctneaa  with  which  rtrrj 
mental  atruggle  uid  accrrt  emotion  b  traced ;  the  moral  beauty  and  womanly  {nuity  which  atradily  iUvmtnatc 
her  aamtive ;  and  the  calm  Chrintian  philoaophy  out  of  which  all  ita  eamcat  Icaaona  of  truth,  and  juatioe,  •aA  nwc 
Aation,  and  aeraaa  w1adaa^  ara  dtuwn,  muit  rcoeire  implicit  admiration  on  all  haad«."-^Fi»  i  unijau 

HOWITT  (MARY). -THE  NEIGHBOURS  : 

A  Story  of  Every-day  life  in  Sweden.    By  Frbdbriba  Brbmbb.    Translated  by  Mart 
Howitt.    8d  Edition,  revised  and  corrected,  S  vols,  post  8vo.  18s.  boards. 

HOWITT  (MARY).-THE  PRESIDENT'S  DAUGHTERS, 

Including  Nina.     By  Fbbdbbika  Bbbmbb*     IVanslated  by  Mary  Howitt.     S  toIs. 
XMst  8vo.  Sis.  6d.  boards. 

** '  The  Preatdent'a  Dauffhtera  *  it  evny  way  worthy  of  the  author  of  *  The  Horn*  *  and  *  The  Ncighbofiiza.*    It  la  d1»- 
tlncrui«hi>d  by  the  aamo  lire-like  and  truthfU  nketchea,  the  aome  dintinctneaa  of  individua]  porUaitnm,  •  no««r  «< 
description,  whether  of  character  or  of  acenerr,  which,  without  beina  elaborate,  ia  at  once  true  to  oatuiv,  ana  m  bar 
nony  with  the  human  mind,  and  a  purity  of  tuouirht  and  fcelinc  anaing  not  from  i|^oranoe  of  the  actual  wovU.  bwi 
mm  the  •upremacy  of  thoaa  better  principlea  which  oonatituta  the  glory  of  our  nature. '^-^Ecuscno  Bstxbw,  Nov, 

HOWITT.-THE  RURAL  LIFE  OF  ENGLAND. 

By  William  Howitt,  New  Edition,  medium  8vo.  with  Engravings  on  wood,by  Bewkkaad 
Williams,  uniform  with  *<  VisiU  to  Remarkable  Places,"  21a.  cloth. 


Life  of  the  Ariatocracy. 
Life  of  the  Agricultural  Population. 
Picturesque  and  Moral  Features  of  the  Country. 
Strong  Attachment  of  the  Engliah  to  Country 
Life. 


The  Forests  of  England. 

Habits,  Amusements,  and  Co&ditkm  of  the 
People;  in  which  are  introduced  Two  New 
Chapters,  descriptive  of  the  Rural  Wateriiig 
Places,  and  Education  of  the  Rural  Pppwlariow. 

HOWITT.-VISITS  TO  REMARKABLE  PLACES; 

Old  Halls,  Battle-Fields,  and  Scenes  iUustrative  of  Striking  Paasagea  in  Engliah  History  awl 
Poetry.  By  William  Howitt.  New  Edition,  medium  Svo.  vdth  40  lOustFatioiis  Vy 
8.  Winiama,  Sis.  cloth. 
SECOND  SERIES,  chiefly  in  the  Counties  of  DURHAM  and  NORTHUMBERLAND,  with  a 
StroU  along  the  BORDER.  I  vol.  medium  Svo.  with  upwaida  of  40hlghly.flnidied  Woodeats, 
Arom  Drawings  made  on  the  apot  for  thia  work,  by  Measrs.  Garmicbael»  Ricbardaoaa.  and 
Weld  Taytor,  Sis.  cloth. 
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HOVITT.-RURAL  AND  DOMESTIC  LIFE  OF  GERMANY : 

With  Characteristic  Sketches  of  its  Chief  Cities  aiid  Scenery.  Collected  in  a  General  Tour, 
and  daring:  a  Residence  in  that  Country  in  the  Years  1840-42.  By  William  Howitt, 
Author  of  "  The  Rural  Life  of  Eng^land,"  **  Visits  to  Remarkable  Places,"  **  The  Boy's 
Country  Book,"  Sec.    1  vol.  medium  8vo.  with  above  50  Illustrations,  21s.  cloth. 

"  We  eordUlly  record  our  eouTietion  of  the  Talue  of  Mr.  Howitt'e  Tolnme,  aad  etrooglx  recommend  ito  earlj  mnuial. 
It  in  both  instmctire  aad  eBtertalnioir,  and  will  b«  foond  to  Ihrniliariic  the  English  roder  with  forma  of  cEaracter 
•ad  modee  of  aodal  life,  vastly  difliercnt  tmu  anything  witncaaed  at  hooae."— ECLKcno  Rxtuw. 

HOWITT.-THE  STUDENT-LIFE  OF  GERMANY. 

From  the  Unpublished  M8S.  of  Dr.  Cornelius.  By  William  Howitt.  Svo.  with  24  Wood- 
Engravings,  and  Seven  Steel  Plates,  21s.  cloth. 

*•"  This  rcdume  ooatains  Forty  of  the  moet  famooe  RruuKNT-Soxot,  with  the  Otigiaal  Mnaio,  adapted  to  the 

rianoforte  by  Winkelmcyer. 

1  HOWITT.-COLONISATION  AND  CHRISTIANITY : 

A  Popular  History  of  the  Treatment  of  the  Natives,  in  all  their  Colonies,  by  the  Europeans. 
By  William  Howitt.    1  vol.  post  8vo.  10s.  6d.  cloth. 

HOWITT.-THE  BOY'S  COUNTRY  BOOK : 

Being  the  real  Life  of  a  Country  Boy,  written  by  himself;  exhibiting  all  the  Amusements, 
Pleasures,  and  Pursuits  of  Children  in  the  Country.  Edited  by  William  Howitt,  Author 
of  **  The  Rural  life  of  England,"  &c.  2d  Edition,  1  vol.  fcp.  8vo.  with  about  40  Woodcuts, 
6s.  cloth. 

HUDSON.-THE  PARENT'S  HAND-BOOK ; 

Or,  Guide  to  the  Choice  of  Professions,  Employments,  and  Situations ;  containing  useful  and 
practical  Information  on  the  subject  of  placing  out  Young  Men,  and  of  obtaining  their  Edu- 
cation with  a  view  to  particular  occupations.  By  J.  C.  Hudson;  Esq.  Author  of  "Plain 
Directions  for  Making  Wills.'*    Fcp.  8vo.  5s.  cloth. 

"  Thle  Tolnme  will  be  found  naefnl  to  taj  parent  who  ia  painfUly  modltatiag  upon  tliat  dlfBcult  aabjed  bow  or 
where  he  can  beat  place  hla  eon*  in  the  wiirlti."— SraoTXTua. 

HUDSON.-PLAIN  DIRECTIONS  FOR  MAKING  WILLS 

In  Conformity  with  the  Law,  and  particularly  with  reference  to  the  Act  7  Will.  4  and  I  Vict. 
c.  36.  To  which  is  added,  a  clear  Exposition  of  the  Law  relating  to  the  distribution  of  Per- 
sonal Estate  in  the  case  of  Intestacy ;  with  two  Forms  of  Wills,  and  much  usefiil  information, 
&c.  By  J.  C.  Hudson,  of  the  Legacy  Duty  Office,  London.  12th  Edition,  corrected,  with 
notes  of  cases  Judicially  decided  since  the  above  Act  came  into  operation.  Fcp.  8vo.  2s.  6d. 
doth,  gilt  edges. 

HUDSON.-THE  EXECUTOR'S  GUIDE. 

By  J.  C.  Hudson.    Third  Edition,  fcp.  8vo.  6s.  cloth. 

%*  These  two  works  may  be  had  in  1  volume,  price  7t.  cloth. 

IN6EMANN.-KING  ERIC  AND  THE  OUTLAWS: 

Or,  the  Throne,  the  Church,  and  the  People.  By  Ingbmann.  Translated  firom  the  Danish 
by  Janb  Francis  Chapman.    S  vols,  post  8vo.  Sis.  6d.  boards. 

"This  talc  introduce*  u«  is  to  new  and  fertile  groondv— Denmark  in  the  thirteenth  eentnry.  Tlie  character*  are 
all  drawn  from  Daniah  history :  the  ttory  itself  is  foil  of  incident  and  adrentare.  The  anthor  bAldW  plnnsee  at  once 
in  medUs  res  ;  and  we  recollect  few  nords  in  which  the  attention  of  the  reader  is  mote  quickly  inletested,  or  moi  e 
eompletelj  absorbed.  The  characters  are  struck  olT  with  a  shrewd  intelligence,  and  contrast  admirably;  and  the 
whole  tale  is  original,  lively,  and  raried  in  no  oommon  degree,  reminding  ns  of  the  Ghivabic  spirit  of  Scott." 

COOBT  JOVBMAL. 

JACKSON.-PICTORIAL  FLORA ; 

Or,  British  Botany  delineated,  in  1500  Lithographic  Drawings  of  all  the  Species  of  Flowering 
Flanto  indig^ous  to  Great  Britain ;  illustrating  the  descriptive  works  on  English  Botany  of 
Hooker,  Undley,  Smith,  &c.    By  Miss  Jackson.    8vo.  Ifts.  cloth. 

JACKSON,  &C.-THE  MILITARY  LIFE  OF  FIELD-MARSHAL 

THE  DUKE  OF  WELLINGTON,  K.G.  9k.  &c.  By  Major  Basil  Jackson,  and  Captain 
C.  BocHFORT  Scott,  late  of  the  Royal  Staif  Corps,  a  vols.  8vo.  with  Fortraitt  and  numerous 
Plans  of  Battles,  SOs.  cloth. 

JAMES.-LIVES  OF  MOST  EMINENT  FOREIGN  STATESMEN. 

By  G.  P.  R.  Jambs,  Esq.,  and  £.  B.  Cbowb,  Esq.  9  vols.  fcp.  8vo.  Vignette  Titles, 
308.  cloth. 


_ -jy -11^  pi     III  ii"  i«^^" 

14  OATAtOOUB  OF  ITBW  WORKS 


JAMES— A  HISTORY  OP  THE  LIFE  OP  EDWARD  THE 

BLACK  PRINCE,  and  of  varioiu  SvenU  connected  therewith,  which  occurred  dnrii^  the 
Reign  of  Edward  III.  King  of  England.  By  G.  P.  R.  Jamba,  Biq.  9d  Editioiit  >  vol*-  <^ 
8vo.  Map,  150.  cloth. 

JEFFREY.  -  CONTRIBUTIONS     TO     THE    EDINBURGH 

I  REVIEW.    By  Francis  Jbffrbt,  now  one  of  the  Jndges  of  theConit  of  Session  in  SooUaod. 

4  vols.  8to.  488.  cloth. 

JOHNSON.-THE  FARMER'S  ENCYOLOPJIDIA, 

And  Dictionary  of  Rural  Afhirs ;  embracing  all  the  recent  Discoveries  in  Agricaltoral  Che- 
mistry ;  adapted  to  the  comprehension  of  unscientific  readers.  By  Cutrbkbt  W.  Johnsoh, 
Esq.  F.R.S.  Barrister>at-Law,  Corresponding  Member  of  the  Agricultonil  Society  of  KOnigs- 
berg,  and  of  the  Maryland  Horticultural  Society;  Author  of  several  of  the  Prize  Essays  of 
the  Royal  Agricultural  Society  of  England,  and  other  Agricultural  Works;  Editor  of  die 
"  Farmer's  Almanack,"  &c.  1  thick  vol.  8vo.  pp.  1324,  illustrated  by  Wood  Engravings  of 
the  best  and  most  improved  Agricultural  Implements,  j^.  10s.  cloth. 

KANE. -ELEMENTS  OP  CHEMISTRY; 

Including  the  most  Recent  Discoveries  and  Applications  of  the  Science  to  Medicine  and 
Pharmacy,  and  to  the  Arts.  By  Robbbt  Kanb,  M.D.  M.R.I.A.,  Profesaor  of  Natnrsi 
Philosophy  to  the  Royal  Dublin  Society.    1  thick  volume,  8vo.  with  336  Woodc.its,  Mb.  doth. 

KATER  AND  LARDNER.— A  TREATISE  ON  MECHANICS. 

By  Captain  Kateb  and  Dr.  Lardnbb.  New  Edition.  1  vol.  fcp.  8vo.  Vignette  Title,  and  19 
Plates,  comprising  994  distinct  figures,  6s.  cloth. 

KEIGHTLEY.-THE  HISTORY  OP  ENGLAND. 

By  Thomas  Kbightlby,  Esq.  In  9  vols.  12mo.  pp.  1906, 14s.  cloth ;  or  bomd,  156. 

For  the  coaTenicncc  of  Schoola,  the  Tolnme*  will  always  be  sold  Mparaftrly, 

KEI6HTLEY.-AN  ELEMENTARY  HISTORY  OP  ENGLAND. 

By  Thomas  Kbightlby,  Esq.,  Author  of  **A  History  of  England,"  "Greece,*'  *«Rome,'* 
**  Outlines  of  History,"  &c.  6ec.    19mo.  pp.  364,  58.  bound. 

KEIGHTLEY.-  THE  HISTORY  OP  GREECE. 

By  Thomas  Kbightlby,  Esq.    Third  Edition,  19mo.  pp.  SOS,  68.  6d.  cloth,  or  7b.  bonad. 
ELEMENTARY  HISTORY  of  GREECE,  18mo.  pp.  964,  Ss.  fid.  bound. 

KEIGHTLEY. -THE  HISTORY  OF  ROME 

To  the  end  of  the  Republic.  By  Thomas  Kbightlby,  Esq.  Third  edition,  12mo.  pp.  519, 
68.  6d.  cloth ;  or  7s.  bound. 

ELEMENTARY  HISTORY  of  ROME,  18mo.  pp.  994,  Ss.  fid.  bound. 

KEI6HTLEY.-THE  HISTORY  OF  THE  ROMAN  EMPIRE, 

From  the  Accession  of  Augustus  to  the  end  of  the  Empire  in  the  West.  By  T.  Kbightlby, 
Esq.    19mo.  pp.  456, 6s.  fid.  cloth,  or  Ts.  bound. 

QUESTIONS  on  the  HISTORIES  of  ENGLAND,  Parts  1  and  9,  pp.  66  each;  ROBIS»  Sd  edit. 
pp.  40;  GREECE,  3d  edit.  pp.  49.    19mo.  sewed,  Is.  each. 

KEIGHTLEY.-OUTLINES  OP  HISTORY, 

From  the  Earliest  Period.  By  Thomas  Kbightlby,  Esq.  New  Edition,  corrected  and  con- 
siderably  improved,  fcp.  8vo.  pp.  468, 68.  cloth ;  or  6s.  6d.  bound. 

KIPPIS.-A  COLLECTION  OP  HYMNS  AND  PSALMS, 

For  Public  and  Private  Worship.  Selected  snd  prepared  by  A.  Kippis,  D.D.,  Abbaham 
Reks,  D.D.,  the  Rev.  Thomas  Jbbvis,  and  the  Rev.  T.  Morgan.  To  which  is  added,  a 
SuppLBMENT.    New  Edition,  corrected  and  improved,  18mo.  5a.  bound. 

KIRBY  &  SPENCE.-AN  INTRODUCTION  TO  ENTOMOLOGY; 

Or,  Elements  of  the  Natural  History  of  Insects :  comprising  an  account  of  noxious  and  as^\al 
Insects,  of  their  Metamorphoses,  Food,  Stratagems,  Habitations,  Societies,  Motions,  Noiae«, 
Hybernation,  Instinct,  &c.  By  W.  Kirby,  M.A.  F.ILS.  &  L.S.  Rector  of  Barham ;  and  W. 
Spbncb,  Esq.  F.R.S.  &  L.S.    6th  Edit,  corrected  and  muchenlarged,  9  vols.  8vo.  31s.  6d.  doth. 

Th4>  fint two  volnmee  of  the  "Introduction  to  Entomoloffj"  are  publMhed  m  a  acparatc  work,  dialiact  frooi 
the  third  and  fourth  rolnmee,  and,  though  much  enlarged,  at  a  considerable  reduction  of  pri<»,  in  order  that 
the  numeroua  dasa  of  readen  who  ronflne  their  study  of  insects  to  that  of  their  mannen  and  econoniT,  a««d  ooit  he 
bnrtbened  with  the  coat  of  the  technical  portion  of  the  work,  relating  to  their  anatomy,  phyaiology,  Ac. 
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KNAPP.-GRAMINA  BRITANNICA; 

Or,  Representations  of  tbe  British  Grasses :  witli  Remarks  and  occasional  Descriptions.  By 
I.  L.  Knapp,  Esq.  F.L.S.  9i  A.S.  9d  Edition,  4to.  with  118  Plates,  beantiAilly  coloured, 
pp.  250,  jtf3. 16s.  boards. 

LAING— A  TOUR  IN  SWEDEN, 

In  1838 ;  comprisini^  observations  on  the  Moral,  Political,  and  Economical  State  of  the  Swedish 
Nation.    By  Samubl  Lainq,  Esq.    8vo.  12s.  cloth.  ^ 

LATNG. -NOTES  OF  A  TRAVELLER, 

On  the  Social  and  Political  State  of  France,  Prussia,  Switzerland,  Italy,  and  other  parts  of 
Europe,  during  the  present  century.    By  Sam  ubl  Lai  no,  Esq.    2d  Edition,  8vo.  Ifis.  cloth. 

LAING.-JOURNAL  OF  A  RESIDENCE  IN  NORWAY, 

During  the  years  1834, 1835,  and  1836 ;  made  with  a  view  to  inquire  into  the  Rural  and  Political 
Economy  of  that  Country,  and  the  Condition  of  its  Inhabitants.  By  Samubl  Lainq,  Esq. 
2d  Edition,  8vo.  Us.  cloth. 

LAING.-THE  CHRONICLE  OP  THE  KINGS  OF  NORWAY, 

From  the  Earliest  Period  of  the  History  of  the  Northern  Sea  Kings  to  the  Middle  of  the  Twelfth 
Century,  commonly  called  the  Heimskringla.  Translated  from  the  Icelandic  of  Snorro 
Sturleson,  with  Notes,  and  a  Preliminary  Discourse,  by  Samubl  Laing,  Author  of  "  A 
Residence  in  Norway,"  "  A  Tour  in  Sweden,"  "  Notes  of  a  Traveller,"  &c. 

{Preparing  for  publication* 

LARDNER'S  CABINET  CYCLOP JIDIA ; 

Comprising  a  Series  of  Original  Works  on  History,  Biography,  Literature,  the  Sciences,  Arts, 
and  Manufactures.    Conducted  and  edited  by  Dr.  Lardnbr. 
The  Series,  complete,  in  One  Hundred  and  Thirty-three  Volumes,  j^39.  ISs.    (Three  volumes 
remain  to  be  published.)    The  works,  separate,  6s.  per  volume. 

LARDNER.-A  TREATISE  ON  ARITHMETIC. 

By  D.  Lardnbr,  LL.D.  F.R.S.    1  voL  fcp.  6vo.  with  Vignette  Title,  6s.  cloth  lettered. 

LARDNER.-A  TREATISE  ON  ELECTRICITY  k  MAGNETISM. 

By  Dr.  Lardnbr.  2  vols.  fcp.  8vo.  12s.  (Vol.  2,  revised  and  completed  by  C.  V.  Walker, 
Secretary  of  the  Electrical  Society,  is  in  the  press.) 

LARDNER.-A  TREATISE  ON  GEOMETRY, 

And  its  Application  to  the  Arts.  By  Dr.  Lardnbr.  1  voL  fcp.  8vo.  Vignette  Title,  and 
upwards  of  200  figures,  6s.  cloth. 

LARDNER.-A  TREATISE  ON  HEAT. 

By  D.  Lardnbr,  LL.D.,  &c.    1  vol.  fcp.  8vo.  with  Woodcuts  and  Vignette  Title,  6s.  cloth. 

LARDNER.-A  TREATISE  ON  HYDROSTATICS  AND  PNEU- 

MATICS.    By  Dr.  Lardnbr.    New  Edition.    1  vol.  fcp.  8vo.  6s.  cloth. 

LECTURES  ON  POLARISED  LIGHT, 

Delivered  before  the  Pharmaceutical  Society,  and  in  the  Medical  School  of  the  London 
Hospital.    8vo.  illustrated  by  above  50  Woodcuts,  5s.  6d.  cloth. 

L.  E.  L.-THE  POETICAL  WORKS  OF  LETITIA  ELIZABETH 

LANDON.  New  Edition  (1689),  4  vols.  fcp.  8vo.  with  Illustrations  by  Howard,  &c.  28s.  cloth 
lettered ;  or  handsomely  bound  in  morocco,  with  gilt  edges,  ^n.  4b. 

Tbe  following  may  be  had  separately:— 

THE  IMPROVISATRICE lOs.  6d.  l  THE  GOLDEN  VIOLET  10s.  6d. 

THE  VENETIAN  BRACELET . .  10s.  6d.  |  THE  TROUBADOUR 10s.  6d. 

LEE -TAXIDERMY; 

Or,  the  Art  of  Collecting,  Preparing,  and  Mounting  Objects  of  Natural  History.  For  the 
use  of  Museums  and  Travellers.  By  Mrs.  R.  Lbb  (formerly  Mrs.  T.  E.  Bowdich),  Author  of 
**  Memoirs  of  Cuvier,"  &c.  6th  Edition,  improved,  with  an  account  of  a  Visit  to  Walton 
Hall,  and  Mr.  Waterton's  method  of  Preserving  Animals.  Fcp.  8vo.  with  Wood  Engravings, 
7s.  cloth. 

LIFE  OF  A  TRAVELLING  PHYSICIAN, 

From  his  first  Introduction  to  Practice ;  including  20  Years*  Wanderings  throughout  the 
greater  part  of  Europe.    S  vols,  post  8vo.  3  coloured  Plates,  Sis.  fid.  cloth. 
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LIGHTER  HOURS : 

A  Series  of  FOems.    By  an  Btonian.    Fcp.  8yo.  5s«  cloth. 

LINDLEY.-INTRODUCTION  TO  BOTANY. 

By  Prof.  J.  Ltndlbt,  Ph.D.  F.RS.  L.8.  &c.  8d  Edition  U699),  with  Corrections  nnd  eoon. 
derable  Additions,  1  large  toI.  8vo.  pp,  606,  with  Six  Plates  and  nnmeroos  Woodcat%  18s.  clolh. 

LINDLEY.-A  NATURAL  SYSTEM  01  BOTANY; 

Or,  a  Systematic  View  of  the  Org^anisation,  Natural  Affinities,  and  Geographical  Dtstribation 
of  the  whole  Vegetable  Kingdom ;  together  with  the  uses  of  the  most  important  species  in 
Medicine,  the  Arts,  and  Rural  or  Domestic  Economy.    By  John  Lindlby,  Ph.D.,  F.R^., 
L.S.,  &c.    9d  Bdition,  with  numerous  additions  and  corrections,  and  a  complete  Lis*  of 
Genera,  with  their  synonyms.    8to.  18s.  doth. 

LINDLEY.-FLORA  MEDICA ; 

A  Botanical  Account  of  all  the  most  important  PUints  used  in  Medicine,  in  different  Puts  of 
the  World.    By  John  Lindlby,  Fh.D.,  F.R.8.,  &c    1  vol.  8vo.  16s.  doth  lettered. 

LINDLEY.-SCHOOL  BOTANY ; 

Or,  an  Explanation  of  the  Characters  and  Differences  of  the  prindpal  Natural  Qasset  and 
Orders  of  Plants  belonging  to  the  Flora  of  Europe,  in  the  Botanical  Classiflcation  of  Dk 
Candollb.  For  the  use  of  Students  preparing  for  their  matriculation  examination  in  the 
Universityof  London,  and  applicable  to  Botanical  Study  in  general.  By  John  Lindlby, 
Ph.D.,  F.R.S.,  <cc.    1  vol.  fcp.  8vo.  with  upwards  of  160  Woodcuts,  6s.  doth  lettered. 

LINDLEY.-A  SYNOPSIS  OF  THE  BRITISH  FLORA, 

Arranged  accordingto  the  Natural  Orders.  By  Professor  John  Lindlby,  Ph.D.,  F.R.S.,  &c. 
The  8d  Edition,  with  numerous  additions,  corrections,  and  improYements,  12mo.  pp.  890!, 
10s.  6d.  cloth. 

LINDLEY.-THE  THEORY  OF  HORTICULTURE ; 

Or,  an  Attempt  to  explain  the  Principal  Operations  of  Gardening  upon  f%ysiologicBl  Prin- 
ciples.   By  John  Lindlby,  Fh.D.,  F.R.S.    8vo.  Illustrations  on  Wood.    13s.  cloth. 

ThU  book  !■  written  la  th«  hope  of  prorlding  the  Intelligent  gwdeaer.  uid  the  sdentiSe  anuLtmr,  oorFectiy,  with 
the  rationaliR  of  the  more  importent  operations  of  Horticultare :  and  the  author  haa  endeaToorvd  to  preeent  to  lii» 
readers  an  intellislble  explanation,  foonded  upon  well-aMertaincd  facta,  which  the^  can  jndge  of  hj  their ow«ine«Bj 
of  obeerration,  of  the  general  nature  of  vegetable  actions,  and  of  the  causes  which,  w&il«  tfaej  control  the  powci^ 
of  life  in  plants,  are  capable  of  being  regulated  by  theauelves.  The  poese*sion  of  such  knowledge  wiU  aeccasanly 
teach  them  how  to  improve  their  meUuxu  of  cultiratioa,  and  lead  them  to  the  dlsoorery  of  new  and  better : 


LINDLEY.-AN  OUTLINE  OF  THE  FIRST  PRINCIPLES  OF 

HORTICULTURE.    By  PnorBSsoB  Lindlby.    l8mo.  3s.  sewed. 

LINDLEY.-6UIDE  TO  ORCHARD  AND  KITCHEN  GARDEN ; 

Or,  an  Account  of  the  most  valuable  Fknits  and  Vegetables  cultivated  in  Great  Britain  ;  with 
Kalendars  of  the  Work  required  in  the  Orchard  and  Kitchen  Garden  during  every  month  in 
the  year.  By  Gbobob  Lindlby,  CM.H.S.  Edited  by  Pbofbssob  Lindlby.  1  largt 
vol.  8vo.  I6s.  boards. 

LLOYD.-A  TREATISE  ON  LIGHT  AND  VISION. 

By  the  Rev.  H.  Lloyd,  M.A.,  Fellow  of  Trin.  CoU.  Dublin.    8vo.  15s.  boards. 

LORIMER.-LETTERS  TO  A  YOUNG  MASTER  MARINER, 

On  some  Subjects  connected  with  his  Calling.  By  Chablbs  Lobimbb.  8d  edition,  l3iDai. 
with  an  Appendix,  Ss.  6d.  cloth. 

LOUDON.-AN  ENCYCLOP  JIDIA  OF  TREES  AND  SHRUBS ; 

being  the  "  Arboretum  et  Fruticetum  Britannicum"  abridged :  containing  the  Hardy  Trees 
and  Shrubs  of  Great  Britain,  Native  and  Fordgn,  Sdentifically  and  Popularly  Described ; 
with  their  Propagation,  Culture,  and  Uses  in  the  Arts ;  and  with  Engravings  of  nearly  all 
the  Spedes.  Adapted  for  the  use  of  Nurserymen,  Gardeners,  and  Foresters.  By  J.  C. 
Loudon,  F.L.S.  &c.  In  8vo.  pp.  13M,  with  upwards  of  3000  Engravings  on  Wood,  ^1.  lOn. 
bound  in  cloth. 

The  Original  Work  may  be  had  in  8  vols.  8vo.  with  above  400  Octavo  Plates  of  Tntm,  and 
upwards  of  3500  Woodcuts,  jtf  10,  cloth. 

LOUDON.-AN  ENCYCLOPEDIA  OF  GARDENING ; 

Presenting,  in  one  systematic  view,  the  History  and  Present  State  of  Gardening  in  all  Ccnm- 
tries,  and  its  Theory  and  Practice  in  Great  Britain:  with  the  Management  of  the  Kitdien 
Garden,  the  Flower  Garden,  Laying-out  Grounds,  &c.  By  J.  C.  Loudon,  F.L.S.  Ace  A  New 
Edition,  enlarged  and  much  improved,  1  large  vol.  8vo.  with  nearly  1,000  Engravings  on  Wood, 
pp.  1313, 50s.  cloth. 


LocDON,  F.L  S.  9k.  8?o.  with  60  Engravings,  128.  doth. 

LOW.-THE  BREEDS  OF  THE  DOMESTICATED  ANIMALS 

Of  Great  Britain  Described.  By  David  Low,  Esq.  F.R.S.E.  Professor  of  Agriculture  in  the 
University  of  Edinburgh ;  Member  ot  the  Royal  Academy  of  Agriculture  of  Sweden ;  Corre- 
sponding Member  of  the  Conseil  Royal  d' Agriculture  de  France,  of  the  Soci^t^  Royale  et 
Centrale,  &c.  &c.  The  Plates  from  Drawings  by  W.  Nicholson,  R.S.A.  reduced  from  a  Series 
of  Oil  Paintings,  executed  for  the  Agricultural  Museum  of  the  University  of  Edinburgh,  by 
Yf.  Shiels,  R.S.A.  2  vols,  atlas  quarto,  with  62  plates  of  animals,  beautifully  coloured  afl«r 
Nature,  46*16. 16s.  half-bound  in  morocco. 

Or  in  four  separate  portions,  as  follow  :— 
The  OX,  in  1  vol.  atlas  quarto,  with  22  plates,  ^6,  I6s.  6d.  half-bound  in  morocco. 
The  SHEEP,  in  1  vol.  atlas  quarto,  with  21  plates,  ^6. 16s.  6d.  half-bound  in  morocco. 
The  HORSE,  in  1  vol.  atlas  quarto,  with  8  plates,  j£'3,  half-bound  in  morocco. 
The  HOG,  in  I  vol.  atlas  quarto,  with  6  plates,  4^2. 2s.  half-bound  in  morocco. 


LOUDON.-AN  ENCYCLOPJIDIA  OF  AGRICULTURE; 

Comprising  its  History  in  all  Countries ;  the  Principles  on  which  Agricultural  Operations 
depend,  aud  their  Application  to  Great  Britain  and  similar  Climates.  By  J.  C  Loudon, 
F.L.S.  Ate.  The  Tliird  Edition,  1  large  vol.  8vo.  pp.  1418»  with  nearly  1,300  Wood  Engravings, 
^n.  lOs.  cloth. 

LOUDON.-AN  ENCYCLOP JIDIA  OF  PLANTS ; 

Including  all  tlie  Plants  which  are  now  found  in,  or  have  been  introduced  into,  Great  Britain ; 
giving  their  Natural  History,  accompanied  by  such  descriptions,  engraved  figures,  and 
elementary  details,  as  may  enable  a  beginner,  who  is  a  mere  English  reader,  to  discover  the 
name  of  every  Plant  which  he  may  find  in  flower,  and  acquire  all  the  information  respecting 
H  which  is  useful  and  interesting.  The  Specific  Charactera  by  an  Eminent  Botanist ;  the 
Drawings  by  J.  D.  C.  Sowerby,  F.L.S.  A  New  Edition  (1841),  with  a  New  Supplement,  com- 
prising every  desirable  particular  respecting  all  the  Plants  originated  in,  or  introduced  into, 
Britain  between  the  first  publication  of  the  work,  in  1829,  and  January  1840:  with  a  new 
General  Index  to  the  whole  work.  Edited  by  J.  C.  Loudon,  prepared  by  W.  H.  Baxter,  Jun. 
and  revised  by  Geoi^ge  Don,  F.L.S. }  and  800  new  Figures  of  Plants  on  Wood,  from  Drawings 
by  J.  D.  C.  Sowerby,  F.L.S.  One  very  larige  voL  8vo.  with  nearly  10,000  Wood  Engravings, 
pp.  1354,  itfS.  ISs.  6d. 

The  New  Supplement  (1841),  tepmratap,  8vo.  pp.  190,  ISs.  cloth. 

LOUDON.-AN  ENCYCLOPJIDIA  OF  COTTAGE,  FARM,  AND 

VILLA  ARCHITECTURE  and  FURNITURE.  Containing  Designs  for  Cottages,  Villas,  Farm 
Houses,  Farmeries,  Country  Inns,  Public  Houses,  Parochial  Schools,  &c. ;  with  the  requisite 
Fittings-up,  Fixtures,  and  Furniture,  and  appropriate  Offices,  Gardens,  and  Garden  Scenery : 
each  Design  accompanied  by  Analytical  and  Critical  Remarks  illustrative  of  the  Principles  of 
Architectural  Science  and  Taste  on  which  it  is  composed,and  General  Estimates  of  the  Expense. 
By  J.  C.  Loudon,  F.L.S.  6ec.  New  Edition  (1842),  corrected,  with  a  Supplement,  containing 
160  additional  pages  of  letter-press  and  nearly  300  new  engravings,  bringing  down  Uie  work  to 
1842.    1  very  thick  vol.  8vo.  pp.  1326,  with  more  than  2000  Engravings  on  Wood,  jffZ.  3s.  cloth. 

%«  The  New  Supplement,  tepartUely,  8vo.  pp.  174,  7s.  6d.  sewed. 

LOUDON.-HORTUS  BRITANNICUS : 

A  Catalogue  of  all  the  Plants  indigenous  to  or  introduced  into  Britain.  The  8d  Edition  (1832), 
with  a  New  Supplement,  prepared,  under  the  direction  of  J.  C.  Loudon,  by  W.  U.  Baxtbb, 
and  revised  by  Gborob  Don,  F.L.S.    1  vol.  8vo.  pp.  766,81s.  6d.  cloth. 

The  First  Supplement  {ISSS)  teparateljf,  8vo.  pp.  26, 2s.  6d.  sewed. 

The  New  Supplement  (1839) «^ara/«(y, 8vo.  pp.  742, 8s.  sewed. 

LOUDON. -THE    SUBURBAN   GARDENER    AND  VILLA 

COMPANION :  comprising  the  (Jhoice  of  a  Villa  or  Suburban  Residence,  or  of  a  situation  on 
which  to  form  one ;  the  Arrangement  and  Furnishing  of  the  House ;  and  the  Laying-out, 
Planting,  and  general  Management  of  the  Garden  and  Grounds;  the  whole  adapted  for  grounds 
fh>m  one  perch  to  fifty  acres  and  upwards  in  extent;  intended  for  the  instruction  of  those 
who  know  little  of  Gardening  or  Rural  Affairs,  and*  more  particularly  for  the  use  of  Ladies. 
By  J.  C.  Loudon,  F.L.S.  &c.    1  vol.  8vo.  with  above  300  Wood  Engravings,  20«.  cloth. 

LOUDON.-HORTUS  LIGNOSIS  LONDINENSIS; 

Or,  a  Catalogue  of  all  the  Ligneous  Plants  cultivated  in  the  neighbourhood  of  London.  To 
which  are  added  their  usual  prices  in  Nurseries.    By  J.  C.  Loudon,  F.L.S.  ftc.    8vo.  7s.  fid. 

LOUDON. -ON    THE    LAYING-OUT,     PLANTING,     AND 

MANAGEMENT  of  CEMETERIES;  and  on  the  Improvement  of  Churchyutu.    By  J.  C 
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LOW-ELEMENTS  OF  PRACTICAL  AGRICULTURE ; 

Comprehending^  the  Cultivation  of  PlantSi  the  Haibandry  of  the  Domestic  Animals,  and  the 
Economy  of  the  Farm.  By  Davi  d  Low,  Esq.  F-  ILS.B.,  Professor  of  A^cnlture  in  the  XJni- 
▼ersity  of  Edinhiiig:h.  8vo.  4th  Edition,  with  Alterations  and  Additions,  and  above  900  Wood- 
cuts, 21s.  cloth. 


I 


*'  Th*  opinion  of  th«  pablic  has  been  Dranonnced  tai  feronr  of  thta  eseeUent  book  in  a  manner  not  to  be  i 

It  i»  the  belt  trcattM  on  Mn-krulturr  in  me  \*ngum^,  and  this  is  madi  the  beat  edition  of  It.  A  p«^nnr  in  tbe  foHtee 
is  ao  ftall  of  pnrtical  wiHiom,  and  is  applicable  with  ao  much  justice  to  africnltnral  afbiia  in  tneir  pmcnt  state,  tliat 
we  cannot  do  better  than  quote  it,  partlv  for  its  intrinur  Taloe,  and  partly  as  an  indication  of  tbe  manner  in  whieh 
Prolesaor  Low  has  extended  the  matter  of  nis  valaabla  pafes."— Psorasaoa  Lunun  In  theOajuymn'a  CnnnsricLC 

MACAULAY -CRITICAL  AND  HISTORICAL  ESSAYS  Con- 
tributed to  the  EDINBURGH  REVIEW.  By  the  Right  Hon.  Thomas  BABiKOTt>]f 
Macaulay.    2d  Edition,  S  vols.  8vo.  a6s.  cloth. 

MACAULAY.-LAYS  OF  ANCIENT  ROME. 

By  T.  B.  Macaulay,  Esq.    Sd  Edition,  crown  8vo.  pp.  192;  lOs.  6d.  cloth. 

MACKENZIE.-THE  PHYSIOLOGY  OF  VISION. 

By  W.  Mackbneib,  M.D.,  Lecturer  on  the  Eye  in  the  University  of  Glasgow.  8ro.  with 
Woodcuts,  lOs.  6d.  boards. 

MACKINTOSH,  &C.-THE  HISTORY  OF  ENGLAND. 

By  Sir  Jambs  Mackintosh  ;  W.  Wallacb,  Esq. ;  and  Bobbbt  Bbll,  Esq.  10  Yola.  ftp. 
8Y0.  with  Vignette  Titles,  jtfS.  cloth. 

MACLEOD.— ON  RHEUMATISM, 

And  on  the  Affections  of  Internal  Organs,  more  especially  the  Heart  and  Brain,  to  whidi  it 
gives  rise.  By  E.  Maclboo,  M.D.  Physician  to  St.  George's  Hospital.  Sro.  pp.  ITS, 
7s.  cloth. 

MALTE-BRUN.-A  SYSTEM  OF  UNIVERSAL  GEOGRAPHY, 

Founded  on  the  Works  of  Maltb-Bbun  and  Balbi,  embracing  an  Historical  Sketch  of  tbe 
Progress  of  Geographical  Discovery,  the  Principles  of  Mathematical  and  Physical  Geography, 
and  a  complete  Description,  from  the  most  recent  sources,  of  the  Political  and  Social  Condition 
of  all  the  Countries  in  the  World :  with  numerous  Statistical  Tables,  and  an  Alphabetical  Index 
of  12,000  Names.    One  thick  vol.  8vo.  closely  and  beantifhUy  printed,  SOs.  doth. 

MANUAL  FOR  MECHANICS'  INSTITUTIONS. 

Published  under  the  superintendence  of  the  Society  Ibr  the  DiflVision  of  Usefhl  Knowledge. 
Post  8vo.  fts.  cloth. 

MARCET  {MRS.)-CONVERSATIONS  ON  THE  HISTORY  OF 

ENGLAND.     For  the  Use  of  Children.     Vol.  I,  containing  the  History  to  the  Reign  of 

Henry  VII.    18mo.  pp.  364,  4s.  6d.  cloth. 

'<  Jneenile  literatvre  will  tntHy  own  how  mach  it  ia  indebted  to  Mra.  Mtrcet,  not  onlT  for  the  mwtit,  hot  wU  h«r 
pracedinK  worka.  She  importe  intereat  to  drj  uid  dull  detaiU ;  uid,  while  ehe  teachee,  Mgeta  a  dceire  in  hee  mptle 
Ibr  farther  knowledge,  ao  pleasantly  imparted.  Theee '  CooTenations,'  admitaUj  suited  to  the  oapaeilica  of  cfaMdra^ 
maj  be  eUnunMl  aovantageooaly  bjr  *  coildien  of  a  laigcr  growth.' " — LimjoiT  GASim. 

MARCET.-CONVERSATIONS  ON  CHEMISTRY; 

In  which  the  Elements  of  that  Science  are  fkmiliarly  Explained  and  Illustrated  by  Bzperimeats, 
14th  Edition  (1841),  enlarged  and  corrected,  3  vols.  fcp.  8vo.  pp.  732, 14s.  cloth. 

MARCET.-CONVERSATIONS  ON  NATURAL  PHILOSOPHY ; 

In  which  the  Elements  of  that  Science  are  fkmiliarly  explained,  and  adapted  to  the  compre^ 
hension  of  Young  Persons.  lOth  Edition  (1839),  enlvged  and  corrected  by  the  Author. 
In  1  vol.  fcp.  8to.  pp.  484,  with  33  Plates,  lOs.  6d.  cloth. 

Of  the  General  Properties  of  Bodies ;  the  Attraction  of  Grarity ;  the  Laws  of  Motion ;  Compound 
Motion ;  the  Mechanical  Powers ;  Astronomy ;  Causes  of  the  Earth's  Motion ;  the  Planets  ; 
the  Earth}  the  Moon;  Hydrostatics;  the  Mechanical  Properties  of  Fluids;  of  Springs, 
^J***?,^****,'  ^-  \  Pneumatics j  the  Mechanical  Properties  of  Air ;  on  Wind  and  Sound :  Optics ; 
the  Visual  Angle  and  the  Reflection  of  Mirrors  j  on  Keftaction  and  Colourt ;  on  the  Stmctare 
of  the  Eye,  and  Optical  Instruments. 
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MARCET.-CONYERSATIONS  ON  POLITICAL  ECONOMY ; 

In  which  the  Elements  of  that  Science  are  familiarly  explained.  7th  Edition  (1839),  revised 
and  enlarpfed,  1  vol.  fcp.  8vo.  pp.  424,  7s.  6d.  cloth. 
Introduction;  on  Property;  the  Division  of  Labonr;  on  Capital;  on Wafes and Popnlatfon ;  on 
the  Condition  of  the  Poor;  onValne  and  Price:  on  Income:  Income  rlrom  Landed  Property ; 
Income  from  the  Cultivation  of  Land ;  Income  from  Capital  lent ;  on  Money ;  on  Commerce ; 
on  Foreign  Trade;  on  Expenditure  and  Consumption. 

MARCET.  -  CONVERSATIONS   ON  VEGETABLE  PHYSIO- 

LOGY;  comprehending  the  Elements  of  Botany,  with  their  application  to  Agriculture. 
Sd  Edition  (1839),  1  vol.  fcp.  8vo.  pp.  474,  with  4  Plates,  98.  cloth. 

Introduction ;  on  Roots ;  on  Stems ;  on  Leaves ;  on  Sap ;  on  Cambium  and  the  peculiar  Juices 
of  Plants ;  on  the  Action  of  Light  and  Heat  on  Plants ;  on  the  Naturalization  of  Plants :  on 
the  Action  of  the  Atmosphere  on  Plants;  on  the  Action  of  Water  on  Plants ;  on  the  Artificial 
Mode  of  Watering  Plants ;  on  the  Action  of  the  Soil  on  Plants :  on  the  Propagation  of  Plants 
by  Subdivision ;  on  Grafting ;  on  the  Multiplication  of  Plants  by  Seed ;  the  Flower ;  on  Com- 
pound Flowers ;  on  Fruit :  on  the  Seed ;  on  the  Classiflcation  of  Plants ;  on  Artificial  Systems ; 
on  the  Natural  System ;  Botanical  Gec^aphy :  the  Influence  of  Culture  on  Vegetation ;  on 
the  Degeneration  and  tHseases  of  Plants ;  on  toe  Cultivation  of  Trees ;  on  the  Cultivation  of 
Plants  which  produce  Fermented  Liquors ;  on  the  Cultivation  of  Grasses,  Tuberous  Rooti^  and 
Grain ;  on  Oleaginous  Plants  and  Ciilinary  Vegetables. 

MARCET.-CONYERSATIONS  FOR  CHILDREN ; 

On  Land  and  Water.  3d  Edition  (1839),  revised  and  corrected,  1  vol.  fcp.  8vo.  pp.  256,  with 
coloured  Maps,  showing  the  comparative  altitude  of  Mountains,  6s.  6d.  cloth. 

MARCET.-THE  GAME  OF  GRAMMAR, 

With  a  Book  of  Conversations  (fcp.  8vo.  pp.  54,  1843)  shewing  the  Rules  of  the  Game,  and 
affbrding  Examples  of  the  manner  of  playing  at  it.  In  a  varnished  box,  or  done  up  as  a  post 
8vo.  volume  in  cloth,  8a. 

MARCET. -MARY'S  GRAMMAR; 

Interspersed  with  Stories,  and  intended  for  the  Use  of  Children.  6th  Edition  (1843),  revised 
and  enlarged.     18mo.  pp.  896,  Ss.  6d.  half-bound. 

MARCET. -JOHN   HOPKINS'  NOTIONS  ON  POLITICAL 

ECONOMY.    Sd  Edition  (1834),  fcp.  8vo.  pp.  194, 4s.  6d.  cloth. 

%*  A  smaller  Edition  (the  second,  1833),  18mo.  pp.  176,  is.  6d.  sewed. 

MARCET.-WILLY'S  HOLIDAYS ; 

Or,  Conversations  on  Different  Kinds  of  Governments,  intended  for  Young  (Children.  ISmo. 
pp.  158  (1836),  3s.  half-bound. 

MARCET.-VILLY'S  STORIES  FOR  YOUNG  CHILDREN. 

Third  Edition,  18mo.  pp.  138  (1839),  38.  half-bound. 

The  Honse-building ;  the  Three  Pita  (the  Coal  Pit,  the  C3ialk  Pit,  and  the  Gravel  Pit) ;  and  the 
Land  without  Laws. 

MARCET.-THE  SEASONS ; 

Stories  for  very  Young  Children.  4  vols.  18mo.  new  Editions :  Vol.  1,  Winter,  Sd  Edition, 
pp.  180, 1839 ;  Vol.  3,  Spring,  3d  Edition,  pp.  196, 1839 ;  Vol.  3,  Summer,  Sd  Edition,  pp.  178, 
1840 ;  Vol.  4,  Autumn,  3d  Edition,  pp.  184, 1840.    3s.  each  volume,  half-bound. 

MARRIAGE  GIFT. 

By  a  Mother.    A  Legacy  to  her  Children.    Post  8vo.  5s.  cloth,  gilt  edges. 

MARRYAT.-NARRATIVE  OF  THE  TRAVELS  AND  ADVEN- 

TURES  of  MONSIEUR  VIOLET,  in  California,  Sonora,  and  Western  Texas.  Written  by 
Capt.  Marryat,  C.B.  Author  of  **  Peter  Simple."    3  vols,  post  8vo.  31s.  6d.  bds. 

MARRYAT.-MASTERMAN  READY ; 

Or,  the  Wreck  of  the  Pacific.  Written  for  Young  People.  By  Captain  Marrtat.  S  vols, 
fcp.  8vo.  with  numerous  Engravings  on  Wood,  22s.  fid.  cloth. 

%*  The  volumes  separately,  7s.  6d.  each,  cloth. 

MARTINGALE.-SPORTING  SCENES  AND  COUNTRY  CHA- 

RACTERS.  By  Martingals.  I  vol.  square  crown  8vo.  beautifully  embellished  with 
Wood  Engravings  in  the  highest  style  of  the  Art,  ^l.  is.  handsomely  bound  in  a  new  style. 
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*■  The  extant  of  Infonnatioa  thia  Dietioaiarj  aflbrds  on  the  inbjecta  nttmi  to  in  its  title  ia  trnlT  ■onrimg.  It 
cannot  Ikil  to  prove  a  Tade-mecum  to  the  atadent,  whoae  inquiries  will  be  gnkled  by  ita  liaiht,Bnd  ntmedbv Ma daor 
and  rraqn«itly  elaborated  commiinications.  RTcrj  pnbUc  room  in  whiidi  conuncroe,  poUtaca,  or  lilatntme,  MraM  Iha 
ankt^ect  of  diacnaaion^  onght  to  be  fumiahed  with  theaa  vohimes."— Olou. 

M'CULLOCH.-A  DICTIONARY,  PRACTICAL,  THEORETI- 
CAL, AND  HISTORICAL,  OF  COMMERCE  AND  COMMERCIAL  NAVIGATION.  IVLva- 
trated  with  Maps  and  Plant.  By  J.  R.  M*Culloch,  Esq.  A  New  Edition,  with  a  new  aAd 
enUffg^ed  Supplement,  containing  the  New  TuIlT,  the  New  Com  Law  (with  an  Article  on  the 
latter),  and  bringing  down  the  information  in  the  work  to  September  1849.  Ob9  etoelf 
and  beaatiftilly-printed  voL  8to.  ct  more  than  1S50  pagea,  ^n.  10s.  boaida. 

%*  Hie  New  Supplement  teparatefy,  6s.  sewed. 


MAUNDER.-THE  TREASURY  OF  KNOWLEDGE, 

And  LIBRARY  of  REFERENCE :  conUining  a  new  and  enlarged  Dictionary  of  the  Engliih 
Language,  preceded  by  a  Compendious  Grammar,  Verbal  Distinctions,  &c.;  a  new  Universal 
Gaietteer ;  a  Compendious  Classical  Dictionary ;  a  Chronological  Analysis  of  General  History ; 
a  Dictionary  of  Law  Terms,  «».  ftc  By  Samubl  Maunder.  14th  Edition,  1  voL  fcp.  Sro. 
pp.  810,  with  two  engraved  FrontiqE>iec6S,  8s.  6d.  cloth ;  or  handsomely  bound  in  roan,  lettered, 
with  gilt  edges,  10s.  6d. 

MAUNDER.-THE  SCIENTIFIC  &  LITERARY  TREASURY; 

A  new  and  popular  Encyclopedia  of  Science  and  the  Belles-Lettres ;  induding  all  Branches  of 
Science,  and  every  Subject  connected  with  Literature  and  Art.  The  whole  written  in  a  fkmiliar 
style,  adapted  to  the  comprehension  of  all  persons  desirous  of  acquiring  information  on  the 
subJecU  comprised  in  the  work,  and  also  adapted  for  a  Manual  of  convenient  Reference  to  the 
more  instrucied.  By  Samubl  Maundbb.  ad  Edition,  1  thick  voL  fcp.  8vo.  of  1700 dosdy- 
printed  columns,  pp.  840,  with  an  engraved  Frontispiece,  lOs.  handsomely  bound  in  fuicy 
cloth,  lettered;  or  bound  in  roan,  gilt  edges,  las. 

MAUNDER.-THE  BIOGRAPHICAL  TREASURY ; 

Consisting  of  Memoirs,  Sketches,  and  brief  Notices  of  above  13,000  Eminent  Penons  of  all  Age. 
and  Nations,  flnom  the  Earliest  Period  of  History ;  forming  a  new  and  complete  Dictionary 
of  Universal  Biography.  4th  Edition,  with  a  "  Supplmnent,*'  firom  the  Accession  of  Queen 
Victoria  to  the  Present  Time.  1  voL  fcp.  8vo.  pp.  876,  with  engraved  Fh>ntispiece^  8s.  6d. 
cloth ;  or  roan,  gilt  edges,  10s.  6d. 

MAUNDER -THE  TREASURY  OF  HISTORY; 

Comprising  a  General  Introductory  Outline  of  Universal  History,  Ancient  and  Modem,  and  a 
Series  of  separate  Histories  of  every  principal  Nation  that  exists ;  their  Rise,  Progress,  and 
Present  Condition,  the  Moral  and  Social  Character  of  their  respective  inhabitanta,  their 
Religion,  Manners,  and  Customs,  <cc.    By  Samubl  Maunobb.    10s.  doth. 

M'CULLOCH.-THE  PRINCIPLES  OF  POLITICAL  ECONOMY: 

with  some  Enquiries  respecting  their  Application,  and  a  Sketch  of  the  Rise  and  Pwyress  of 
the  Science.  By  J.  R.  M'Culloch,  Esq.  New  Edition,  enlarged  and  corrected  throughoiit, 
8vo.  Ifts. 

M*CULLOCH.-A  DICTIONARY,  GEOGRAPHICAL,  STATIS- 

TICAL,  AND  HISTORICAL,  of  the  various  Countries,  Places,  and  Principal  Natnrsl  Objeols 
in  the  WORLD.  By  J.  R.  M'Culloch,  Esq.  2  thick  vols.  8vo.  pp.  1080,  jf  4,  bound  in  doth. 
Hlustrated  with  Six  Large  important  Maps  as  follow  :— 

1.  The  World,  on  Mercator's  Projection ;  with  enlarged  scales  introduced  of  Canton  River,  Van 

Dieman'B  Land,  Hooghly  River,  Island  and  Town  of  Singapore,  and  Colony  of  Good  Hope. 

2.  Asia  on  a  very  extensive  scale,  embradng  every  recent  Survey  feotaured), 

8.  Great  Britain  and  Ireland,  exhibiting  the  Navigable  Rivers,  and  completed  and  proposed 
Railways;  with  Dublin  Bay,  the  Caledonian  Canal,  and  the  River  Thames,  introdooed  on 
an  enlarged  scale. 

4.  The  British  Possessions  in  North  America,  with  part  of  the  United  States,  compiled  from 

official  sources;  with  Flans  of  the  Cities  and  Harbours  of  Montreal  and  the  Island  of    | 
Newfoundland,  introduced  on  an  enlarged  scale. 

5.  Central  and  Southern  Europe,  with  the  Mediterranean  Sea ;  the  Mouth  of  the  Schdde  intro- 

duced on  an  extended  scale. 

6.  Central  America  and  the  West  Indies,  from  the  latest  and  best  authorities ;  with  the  Islsnd 

of  Jamaica,  the  Harbours  of  Port  Royal  and  Kingston,  and  the  Harbour  and  City  of  Havana, 
introduced  on  an  enlarged  scale. 
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PRINTED  FOR  LONGMAN,  BROWN,  AND  00.  21 

MEREDITH. 

By  the  Goonteu  of  Btbisinoton.    3  vols,  post  8to.  Sis.  6d.  boards. 

**  Thia  BOTcl  U  perhapt  th«  best  that  Lady  Blenltifftoii  hu  fct  Riven  to  iu~€ombiiiin«.  %.%  it  doei,  all  the  best 
feataru  of  her  style,  in  a  consistent  and  well-constmcted  namtiTs  which  accomplishes  all  it  aims  at/— namely,  to 
place  before  its  readers  a  picture  of  actual  English  life,  so  grouped  and  coloured  by  the  hand  of  Action  as  merely  to 
Seighten  its  moad  effect  without  impairing  its  truthfulness." — ^Nbw  Montult  Maoasixb. 

MILNE.-TREATISE  ON  THE  VALUATION  OF  ANNUITIES 

AND  ASSURANCES  on  LIVES  and  SURVIVORSHIPS;  on  the  Construction  of  Tables  of 
Mortality ;  and  on  the  Probabilities  and  Expectations  of  Life.  Wherein  the  Laws  of  Mortality 
that  prevail  in  different  parts  of  Earope  are  determined,  and  the  Comparative  Mortality  q€ 
different  Diseases  and  of  the  Two  Sexes  are  shown :  with  a  variety  of  Tables.  By  Joshua 
MiLNB,  Actuary  to  the  Sun  Life  Assurance  Society.    2  vols.  8vo.  di\,  10s.  boards. 

MONTGOMERY'S  (JAMES)  PQETICAL  WORKS. 

New  and  only  Complete  Edition  (1841).  With  some  additional  Poems,  and  Autobiographical 
Prefaces.  Collected  and  Edited  by  Mr.  BIontgombry.  4  vols.  fcp.  8vo.  with  Portrait,  and 
Seven  other  beautlAxlIy-engraved  Plates,  aOs.  cloth ;  or  bound  in  morocco,  gilt  edges,  86a. 

MOORE'S  (THOMAS)  POETICAL  WORKS. 

The  only  Complete  Edition  (1841).  Edited  by  Mr.  Moors.  With  Autobiographical 
Prefkoes.  10  vols.  fcp.  8vo.  with  Portrait,  and  19  other  highly-flnished  Plates,  £2,  IQs. 
fancy  cloth ;  or  jff4. 10s.  handsomely  bound  in  morocco,  with  gilt  edges* 

MOORE'S  POETICAL  WORKS; 

Containing  tfie  Author's  recent  Introduction  and  Notes.  Complete  in  one  volume,  uniform 
with  Lord  Byron's  Poems.  With  a  New  Portrait,  by  George  Richmond,  engraved  in  the  line 
manner,  and  a  View  of  Sloperton  Cottage,  the  Residence  of  the  Poet,  by  Thomas  Creswick, 
A.R.Ai    Medium  8vo.  ais.  cloth. 

MOORE'S  LALLA  ROOKH. 

Twentieth  Edition  (1843),  1  vol.  medium  8vo.  beautifdlly  illustrated  with  18  Engravings 
finished  in  the  highest  style  of  Art,  2 1  s.  handsomely  bound  in  cloth  and  ornamented ;  morocco, 
858. }  or,  with  India  Proof  Plates,  43s.  doth. 

MOORE'S  LALLA  ROOKH. 

Twenty-flrst  Edition  (1842),  1  vol.  fcp.  8vo.  with  Four  Engravings,  flrom  Piaintings  by  WestaU, 
lOs.  6d.  doth  i  or,  handsomely  bound  in  morocco,  with  gilt  edges,  Us. 

MOORE'S  IRISH  MELODIES. 

New  Edition,  imp.  8vo.  illustrated  with  above  60  Designs  by  Maclise,  etched  on  steel,  jffS.  9s. ; 
Proofs  on  India  Paper,  £A.  48. ;  before  Letters  (of  Illustrations  only),  £^.  6s.— /n  the  Spring, 
Th*  Poetry  and  Dedgns  will  both  be  engnTsd,  and  each  page  SBxroonded  with  an  Oraamantal  Border. 

MOORE'S  IRISH  MELODIES. 

Fifteenth  Edition  (1813),  with  Engraved  Title  and  Vignette,  lOa.  doth  lettered ;  or  188.  6d. 
handsomely  bound  in  morocco,  with  gilt  edges. 

MOORE.-THE  HISTORY  OF  IRELAND. 

By  Thomas  Moorb,  Esq.    Vols.  1  to  8,  with  Vignette  Titles,  18s.  doth. 

MORAL  OF  FLOWERS. 

8d  Edition,  1  vol.  royal  8vo.  with  94  beautiftilly-coloured  Engravings,  jtfl.  10s.  half-bound* 

MORGAN.-THE  PRINCIPLES  AND  DOCTRINE  OF  ASSU- 

RANCES,  ANNUITIES  on  UVES,  and  CONTINGENT  REVERSIONS,  stated  and  explained. 
By  W.  Morgan,  F.R.S.  Actuary  to  the  Society  for  Equitable  Assurances  on  lives,  &c.  8vo. 
12b.  boards. 

MORTON.-A  VETERINARY  T0XIC0L06ICAL  CHART, 

Containing  those  Agents  known  to  cause  Death  in  the  Horse ;  with  the  Symptoms,  Antidotes, 
Action  on  the  Tissue*,  and  Tests.   By  W.  J.  T.  Mobton.  l9mo.  6s.  in  case }  on  rolters,  8s.  6d. 

MORTON.-A  MANUAL  OF  PHARMACY, 

For  the  Student  in  Veterinary  Medidne :  containing  the  Substances  employed  at  the  Royal 
Veterinary  College,  with  an  attempt  at  their  claasillcation,  and  thePharmacopoBia  of  that  In- 
•tittttion.    By  W.  J.  T.  Moeton.    ad  Edition,  19mo.  98.  doth. 


MOSELET.-ILLUSTRATIONS  OF  PRACTICAL  MECHANICS. 

By  the  Rev.  H.  Mosblbt,  M.A.,  ProfeMor  of  Natnnil  Philoiophy  and  Astronomy  in  Kins'n 
College,  London ;  being  the  Fint  Volame  of  the  lUustrmtioni  of  Science  by  the  ftofesabtv  of 
King's  College.    1  vol.  fcp.  8vo.  with  nomeroai  Woodcuts,  as.  cloth. 

MOSELEY.-THE  MECHANICAL  PRINCIPLES  OF  ENGI- 

NEBRINO  AND  ARCHITBCTURE.  By  the  BeT.  H.  Mosblbt,  M.A.  F.R.S.,  Professor  of 
Natorsl  Philosophy  and  Astronomy  in  King's  College,  London ;  and  Author  of  "lUnstntiOBS 
of  Mechanics,"  ftc.    1  vol.  8to.  with  Woodcuts  and  Diagrams,  Ms.  doth. 

**ThU  rolwne  InclndM  tbc  milMUiiee  of  a  count  of  Icctnm  deUrerad  to  th«  Rtndcnti  of  Kiw|li  OoOeg*,  tai  llw 
depuimenU  of  engineering  and  architecture,  during  the  preaeat  and  two  preceding  7«an  (IM04I).  Tbe  1ml  put 
treaU  of  ■tatice,  eo  (kr  aa  that  arience  applies  to  the  ■ubject ;  the  aecond  of  drnamica  ;  the  third  of  tfaa  thaon  of 
machinni :  the  fourth  of  the  theory  of  the  ■tabiiitT  of  fttnictum ;  the  flilh  of  the  atrength  of  mutenala ;  aad  the 
aiKtt)  aad  last  of '  impact.'  We  liavr  merrly  noted  the  diriaioM  of  thia  body  of  mathematical  •ciaaee  for  tiae  i 
Ucm  of  thoee  to  whom  the  high  reputation  of  Profeaaor  lloaeley  will  be  a  aiuBdent  wamaty."— SrscTATOi 

*<  The  work  of  Mr.  Moveley  ia  an  elaborate,  profound,  accurate,  and  elegant  abatnct  aad  purely 


diaquiaition  on  the  theoretical  principlea  of  mechanics;  and  will  aerTe  to  inei«M«  tbt  nuthorli  nigli  v^otalMB  as  a 
mathcinaticiaa.*'-^TK  bm  mv  m  . 

MURRAY.-ENCYCLOPiEDIA  OF  GEOGRAPHY ; 

Comprising  a  complete  Description  of  the  Earth :  exhibiting  its  Rdation  to  the  HeaTenly 
Bodies,  its  Physical  Structure,  the  Natural  History  of  each  Country,  and  the  Indoatry,  Oo»- 
merce.  Political  Institutions,  and  Ciyil  and  Social  State  of  all  Nations.  By  Hugh  Uvmray, 
F.R.8.B. :  assisted  in  Astronomy,  ftc.  by  Professor  Wallace ;  Geology,  Ace.  by  Profeaaor 
Jameson ;  Botany,  Ace  by  Sir  W.  J.  Hooker ;  Zoology,  Sec.  by  W.  Swainson,  Esq.  New 
Edition,  brought  down  to  1840 :  with  83  Maps,  drawn  by  Sidney  Hall,  and  upwards  of  1000  other 
Engravings  on  Wood,  from  Drawings  by  Swainson,  T.  Landseer,  Sowerby,  Stmtt,  te.  repre- 
senting the  most  remarkable  Objects  of  Nature  and  Art  in  every  Region  of  the  Globe.  1  vol. 
8vo.  containing  upwards  of  1500  pages,  itfS,  doth. 

NARRIEN.-ELEMENTS  OF  GEOMETRY ; 

Consisting  of  the  first  Four  and  Sixth  Books  of  Eudid,  chiefly  from  the  Text  of  Dr.  Robert 
Simson :  with  the  priodpal  Theorems  in  Proportion,  and  a  Course  of  Practical  Geometry  on 
the  Ground;  also.  Four  Trads  relating  to  Circles,  Planes,  and  Solids,  with  one  on  Spherical 
Geometry.  By  Mr.  Narribn,  Professor  of  Ifathematics  in  the  Royal  Hilitary  OoUcge, 
Sandhurst.    8vo.  pp.  288,  with  many  diagrams,  10s.  6d.  bound. 

NICOLAS.-THE  CHRONOLOGY  OF  HISTORY. 

Containing  Tsbles,  Calculations,  and  Statements  indispensable  for  ascertaining  the  Dates  of 
Historical  Events,  and  of  Public  and  Private  Documents,  fh>m  the  Earliest  Period  to  the 
Present  Time.  By  Sir  Harris  Nicolas,  K.C.  M.G.  Second  edition,  corrected  throughout. 
I  vol.  fcp.  8vo.  with  Vignette  Title,  6s.  cloth. 

**  We  atrongly  recommend  to  hiatorical  atndenta  the  clear  and  aecnrata  *  ChraDology  of  Hlatofy/  Vy  fOr  Hanto 
Nlcolaa,  whicE  cumtiina  all  the  infonaation  that  can  be  practically  required."— Qvabzbblt  Bstxkw,  No.  US. 

0'SULLIVAN,-OF  THE  APOSTACY  PREDICTED  BY  ST. 

PAUL.  By  the  Rev.  Mortimbr  O'Sullivan,  D.D.  Rector  of  Killyman.  8vo.  pp.  5W, 
148.  doth. 

OWEN.  -  LECTURES  ON  THE  COMPARATIVE  ANATOMY 

AND  PHYSIOLOGY  OF  THE  INVERTEBRATE  ANIMALS,  deUveied  at  the  Royal  Ooil^ge 
of  Surgeons  in  1843.  By  Richard  Owbn,  F.R.S.  Hunterian  Professor  to  the  College.  Ftam 
Notes  taken  by  William  White  Cooper,  M.R.C.S.  and  revised  by  Professor  Owen.  Witii 
Glossary  and  Index.    6vo.  with  nearly  140  Illustrations  on  Wood,  Us.  cloth. 

*'  It  b  anfflcient  to  announce  a  work  on  the  comparatire  anatomy  of  the  InTertebrata  bv  Mr.  Owcb.  W«e  It 
necetaary  to  recommend  it,  m  ahouki  my,  that  the  deaideratnm  it  eoppliea  haa  been  long  felt  oy  ctadenta  of  natwal 
htatory ;  and  that  no  writer  of  tbe  pnaent  day  except  Mr.  Owen  couU  haw  ventiucd  to  approach  the  aub^ect :  bia 
enUghtened  rraearchet  baring  made  the  deligbtftil  department  of  acience  in  which  he  haa  created  hia  brilUaat  repu- 
tation lesitlmatcly  hi*  own ;  and,  indeed,  oiganiaed  into  a  irstem  an  intereating  branch  of  knowladge  la  whkb  he 
fottiid  only  a  Ikw  aeattered  and  imperfectly  known  facta."— Msoicax.  Gaxxna. 

PARKES.-DOMESTIC  DUTIES ; 

Or,  Instrudions  to  Young  Married  Ladies  on  the  Management  of  their  HonadioidB  and  the 
Regulation  of  their  Condud  in  the  various  Relations  and  Duties  of  Married  life.    By  Mn. 
W.  Parkbs.    5th  Edition,  fcp.  8vo.  9s.  cloth. 
Social  Relations—Household  Concenis— the  Regulation  of  Time— Moral  and  Rdigious  Duties. 

PARNELL.-A  TREATISE  ON  ROADS; 

Wherein  the  Prindples  on  which  Roads  should  be  made  are  explained  and  fllustrated  by  tiie 
Plans,  Specifications,  and  Contracts  made  use  of  by  Tbomaa  Tdford,  Esq.  on  the  Hdyhead 
Road.  By  the  Right  Hon.  Sir  Hbnry  Parwbll,  Bart.,  Hon.  Memb.  Inat.  Civ.  Bng. Loodoa* 
Second  Edition,  greatly  enlarged,  with  9  large  plates,  jffl.  Is.  cloth. 


s* 


PEARSON-PRAYERS  FOR  FAMILIES : 

Consisting  of  a  Form,  short  bat  comprehensive,  for  the  Morning  and  Evening  of  everyday  in 
the  week.  Selected  by  the  late  E.  Psa  rson,  D.  D.  Master  of  Sidney  Sussex  College,  Cambridge. 
To  which  is  prefixed,  a  Biographical  Memoir  of  the  Editor.    New  Edit.  16mo.  2s.  6d.  doth. 

PEARSON -AN  INTRODUCTION  TO  PRACTICAL  ASTRO- 

NOMY.  By  the  Rev.  W.  Pbarson,  LL.D.  F.R.8.,  ftc.  Rector  of  South  Killworth, 
Leicestershire,  and  Treasurer  to  the  Astronomical  Society  of  London.  2  vols.  4to-  with 
Plates,  j£7.  7s.  boards. 

Vol.  1  contains  Tables,  recently  computed,  for  fscilitsting  the  Redaction  of  Celestial  observa- 
tions y  and  a  poi.alar  explanation  of  their  Construction  and  Use. 

Vol.  2  contains  Descriptions  of  the  various  Instruments  that  have  been  usefully  employed  in 
determining  the  Places  of  the  Heavenly  Bodies,  with  an  Account  of  the  Methods  of  Adjusting 
apd  Using  Uiem. 

PERCIVALL.-THE  ANATOMY  OF  THE  HORSE; 

Embracing  the  Structure  of  the  Foot.    By  W.  Pbbcivall,  M.R.C.S.   8vo.  pp.  478,  jtfl,  cloth. 

PERCIVALL.-HIPPOPATHOLOGY ; 

A  Systematic  Treatise  on  the  Disorders  and  Lameness  of  the  Horse ;  with  their  modem  and 
most  approved  Methods  of  Cure;  embracing  the  doctrines  of  the  English  and  French 
Veterinary  Schools.  By  W.  Pbrci  v  all,  M.R.C.S.  Veterinary  Surgeon  in  the  Ist  Life  Guards. 
Vol  1,  8vo.  pp.  840,  lOs.  6d.  boards;  Vol.  2, 8vo.  pp.  436, 14s.  boards. 

PEREIRA.-A  TREATISE  ON  FOOD  AND  DIET : 

With  Observations  on  the  Dietetical  Regimen  suited  for  Disordered  States  of  the  Digestive 
Organs ;  and  an  Account  of  the  Dietaries  of  some  of  the  principal  Metropolitan  and  other 
Establishments  for  Paupers,  Lunatics,  Criminals,  Children,  the  Sick,  &c.  By  Jon.  Pbrbira, 
M.D.  F.R.S.  &  L.S.  Author  of  **  ElemenU  of  Materia  Medica.''    8vo.  16s.  cloth. 

"  Tnrahiable  to  theprofpMional,  and  intmstlac  even  to  tlie  general  reader.  It  is  written  is  that  clear  and  racy  atyle 
which  charactcriw  ur.  IVreim'i  writings,  and  which  pomesses  such  chamu  for  tboae  who  like  scientific  books  when 
tber  are  not '  too  drr.'  We  may,  in  fine,  pronounce  it  well  worthy  of  the  mntbor  of  the  best  work  on  Materia  Medica 
and  Tha»pentics  of  the  age  in  which  he  live*." — Chshut. 

PHILLIPS.-AN  ELEMENTARY  INTRODUCTION  TO  MINE- 

RALOGY;  comprising  a  Notice  of  the  Characters  and  Elements  of  Minerals;  with  Accounts 
of  the  Places  and  Circumstances  in  which  they  are  found.  By  William  Phillips,  F.L.S. 
M.G.8.,  8ec.  4th  Edition,  considerably  augmented  by  R.  Allan,  F.R.S.E.  8vo.  numerous 
Cuts,  12s.  cloth. 

PHILLIPS-FIGURES     AND     DESCRIPTIONS    OF    THE 

PALiSOZOIC  FOSSILS  of  CORNWALL,  DEVON,  and  WEST  SOMERSET;  observed  in 
the  course  of  the  Ordnance  Geological  Survey  of  that  District.  By  John  Phillips,  F.R.S. 
F.G.S.  ftc.  Published  by  Order  of  the  Lords  Commissioners  of  H.M.  Treasury.  6vo.  with 
60  Plates,  comprising  very  numerous  figures,  9s.  cloth. 

PHILLIPS.-A  GUIDE  TO  GEOLOGY. 

By  John  Phillips,  F.R.S.G.S.,  &c.   1  voL  fcp.  8vo.  with  Plates,  6s.  cloth. 

PHILLIPS.-A  TREATISE  ON  GEOLOGY. 

By  John  Phillips,  F.R.S.O.b.,  8ec.  3  vols.  fcp.  8vo.  with  Vignette  Titles  and  Woodcuts, 
13s.  cloth. 

POISSON.-A  TREATISE  ON  MECHANICS. 

By  S.  D.  PoissoN.  2d  Edition.  Translated  from  the  French,  and  illustrated  with  Explanatory 
Notes,  by  the  Rev.  Henry  H.  Hartb,  late  Fellow  of  Trinity  College,  Dublin.  3  large  vols. 
8vo.  28s.  boards. 

PORTER.-A  TREATISE  ON  THE  MANUFACTURE  OF  SILK. 

By  O.  R.  PoRTBR,  Esq.  F.R.S.  Author  of  "  The  Progress  of  the  Nation,»»  &c.  1  voL  8vo.  with 
Vignette  Title,  and  39  Engravings  on  Wood,  68.  cloth. 
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PORTER-A  TREATISE  ON  THE    MANUFACTURES    OF 

PORCELAIN  AND  GLASS.    By  G.  R.  Porter,  Esq.  F.R.S.    1  voL  fcp.  8vo.  with  Vignette 
Title  and  50  Woodcuts,  6s.  cloth. 
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PORTLOCK.-REPORT  ON  THE  GEOLOGY  OF  THE  COUNTY 

of  LONDONDERRY,  and  of  Parta  of  Tyrone  and  Fermanagh,  examined  and  described  ander 
the  Authority  of  the  Master-General  and  Board  of  Ordnance.  By  J.  B.  Portix>ck,  F.R.S. 
&c.    8vo.  with  48  Plates,  S4s.  cloth. 

POSTANS. -PERSONAL  OBSERVATIONS  ON  SINDH, 

The  Manners  and  Customs  of  its  Inhabitants,  and  iu  Productive  Capabilities :  with  a  Narrative 
of  the  Recent  Eventa.  By  Capt.  Postans,  Bombay  Army,  late  Assistant  to  the  Political 
Agent,  Sindh.    8vo.  with  new  Map,  coloured  Frontispiece,  and  other  Illostrations,  18s.  doth. 

"  Capt.  Pcwtans  writes  pleMantly,  and  U  a  flrm  azwl  calm  rrcordrr  of  what  h«  haa  smu  aad  known— an  honect  and 
delibrrnt«  reporter  of  the  concliuiuu*  he  ha«  cume  to  on  a  »ubj«ct  that  hat  pointi  about  which  ram  are  much  diridnl. 
He  liM  «ta(lt4-«l  hid  thrmif  in  it.'*  %-arious  branrhcq  vii^ilantly  and  patirntly,  and  haa  beatowed  rvfl«ction  and  exemplaary 
care  before  delivering  the  reitulta  of  bin  obtrrratiun  and  research.  lli«  work,  indeed,  wp  cannot  doubt,  will  become 
an  authority  u})on  Tarioua  pointa  of  Indian  pulicj  eren  beyond  the  interests  that  are  immediately  combined  with  tha 
Sindhian  nation." — ^Momthlt  Rbtisw. 

POWELL.-THE  HISTORY  OF  NATURAL  PHILOSOPHY, 

From  the  Earliest  Periods  to  the  Present  Time.  By  Badbn  Powbll,  M.A.,  Savilian  Professor 
of  Mathematics  in  the  University  of  Oxford.    I  vol.  fcp.  8vo.  Vignette  Title,  6s.  cloth. 

PRISM  OF  IMAGINATION  (THE)  FOR  1844. 

By  the  Baroness  Db  Calabhblla,  Author  of  "  The  Prism  of  Thougr^t  for  184S.'*  Post  8vo. 
31  s.  handsomely  bound  in  morocco,  and  g^lt. 

*»*  Tne  Ornamental  Desi^s  by  Mr.  Owen  Jones.  Each  page  will  be  surrounded  with  rich 
and  appropriate  Ornamental  Borders,  printed  in  Colours  and  Gold.  There  will  be  Eight 
OmamenUl  Titles  illustrstive  of  the  Tales,  and  Eight  Lithographic  illustrations,  designed  by 
Henry  Warren.  The  Letterpress  will  consist  of  a  series  of  Ave  Imaginative  Tales,  entitled— 
The  Miniature— The  Ring- The  Pen— The  Armlet— The  Watch. 

PROCEEDINGS  OF  THE  ZOOLOGICAL  SOCIETY  OF  LONDON. 

8vo.    The  last  part  published  is  Part  9  for  1841,  6s.  cloth. 

REECE.-THE  MEDICAL  GUIDE, 

For  the  use  of  the  Clergy,  Heads  of  Families,  Seminaries,  and  Junior  Practitionera  in  Medi- 
cine ;  comprising  a  complete  Modem  Dispensatory,  and  a  Practical  Treatise  on  the  Distin- 
guishing  Symptoms,  Causes,  Prevention,  Cure  and  Palliation,  of  the  Disesses  incident  to  the 
Human  Frame.  By  R.  Rbbcb,  M.D.  late  Fellow  of  the  Royal  College  of  Snrgeona  of  Londoo, 
&c.    16th  Edition,  8vo.  pp.  600,  las.  boards. 

REEVE.-CONCHOLOGIA  SYSTEMATICA : 

Or,  Complete  System  of  Conchology :  in  which  the  Lepades  and  Mollusra  are  described  and 
classified  according  to  their  Natural  Organization  and  Habita ;  illustrated  with  aoo  highly 
finished  copper-plata  engravings,  by  Messrs.  Sowerby,  containing  above  1500  figures  of  Sheila^ 
By  L.  Rbbvb,  F.L.S.  &c. 

Vol.  1,  conuining  the  Lepades  and  Bivalve  MoUusca,  with  190  Plates,  itfS. 5s.  cloth;  with 

coloured  Plates,  ^5. 10s.  cloth. 
VoL  2,  the  "  Univalve  MoUusca,"  with  171  Plates,  jtf4. 9s.  cloth ;  coloured,  jff7.  19b.  doth. 

REPTON.-THE  LANDSCAPE  GARDENING  &  LANDSCAPE 

ARCHITECTURE  of  the  late  Hunphby  Rbftoit,  Esq.;  being  his  entire  works  on  these 
subjects.  New  Edition,  with  an  historical  and  scientific  Introduction,  a  systematic  Analysis, 
a  Biographical  Notice,  Notes,  and  a  copious  alphabetical  Index.  By  J.  C.  Loudon,  F.L.S. 
6ec.  Originally  published  in  1  folio  and  8  quarto  volumes,  and  now  comprised  in  1  vol.  8vo. 
illustrated  by  upwards  of  iSO  Engravings,  and  Portrait,  80s.  cloth ;  with  coloured  plates, 
j^.  6s.  cloth. 

RICHARDSON.-GEOLOGY  FOR  BEGINNERS: 

Comprising  a  Familiar  Explanation  of  Geology,  and  its  associate  Sciences,  Mineralogy, 
Physical  Geology,  Fossil  Ccmchology,  Fossil  Botany,  and  Paleontology,  including  Directiona 
for  forming  Collections  and  generally  cultivating  the  Science ;  with  a  succinct  Account  of  the 
several  Geological  Formations.  By  G.  F.  Richardson,  F.O.S.  of  the  British  Museum. 
Second  Edition,  considerably  enlarged,  with  new  Fkvntispieoe,  and  nearly  100  new  Wood 
Engravings,  fcp.  8vo.  10s.  6d.  doth. 

RIDDLE. -A  COMPLETE  ENGLISH-LATIN  AND  LATIN- 

ENGLISH  DICTIONARY,  compiled  from  the  best  sources,  chiefly  German.  By  the  Ber. 
J.  E.  RiDDLB.    2d  Edition,  corrected  and  enlarged.    8vo.  81s.  6d.  doth. 

*»•  Separatdy— The  English-Latin  part,  lOs.  6d.  doth;  the  Bnglish-Latin  part,  lis.  doth. 
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RIDDLE -THE  YOUNG  SCHOLAR'S  ENGLISH-LATIN  AND 

LATIN.BNGLISH  DICTIONARY :  being:  the  Author's  Abridgmente  of  the  above,  ad  Edit. 
Square  12mo.  12a.  bound. 

*»*  Separately— the  Eng^Ush-Latin  part,  Ss.  6d.  bound ;  the  Latin-Eng^lish  part,  78.  bound. 

**  Riddle'*  Dictionary  la  tha  beat  of  the  kind  in  our  langni^e."— ATBKMinrM. 

RIDDLE.  -  A  DIAMOND  LATIN  ENGLISH  DICTIONARY. 

For  the  waistcoat-pocket  A  Guide  to  the  Meaning^,  Quality,  and  rig^ht  Accentuation  of  Latin 
Claaaical  Words.    By  the  Rev.  J.  E.  Riddle,  M.A.    Royal  32mo.  4b.  bound. 

**  A  meat  uaefal  little  lexicon  to  the  general  reader  who  may  wiiih  for  an  accommodatins  interpreter  of  eueh  Latin 
werda  or  eentencce  aa  may  be  encountered  In  erery  day's  CMvai  literary  ezerciaca.  It  ia  at  once  copiona  and 
•nccinct."— Mo&Kiao  Hamau>. 

RIDDLE.-LETTERS  FROM  AN  ABSENT  GODFATHER ; 

Or,  a  Compendium  of  Religions  Instruction  for  Youngs  Persons.  By  the  Rev.  J.  B.  Riddlk, 
M.A.    Fcp.  8to.  6s.  cloth. 

RIDDLE.  -ECCLESIASTICAL  CHRONOLOGY ; 

Or,  Annals  of  the  Christian  Church,  from  its  Foundation  to  the  present  Time.  Containinfi^  a 
View  of  General  Church  History,  and  the  Course  of  Secular  Events ;  the  Limits  of  the 
Church  and  its  ReUitions  to  the  State;  Controversies;  Sects  and  Parties;  Rites, 
Institutions,  and  Discipline ;  Ecclesiastical  Writers.  The  wh(4e  arrang^ed  according^  to  the 
order  of  Dates,  and  divided  into  Seven  Periods.  To  which  are  added,  Lists  of  Councils  and 
Vopen,  Patriarchs,  and  Archbishops  of  Canterbury.  By  the  Rev.  J.  E.  Riddle,  M.A., 
Author  of  **  The  Complete  Latin  Dictionary.*'    1  vol.  8vo.  ISs.  cloth. 

RIYERS,-THE  ROSE  AMATEUR'S  GUIDE. 

In  Two  Puts :  Part  1,  The  Summer  Rose  Garden ;  Part  2,  The  Autumnal  Roae  Garden.  The 
whole  arrani^ed  so  as  to  form  a  Companion  to  the  Descriptive  Catalogue  of  the  Sawbridge- 
worth  Collection  of  Roses,  published  annually.  By  T.  Rivkbs,  Jnn.  Sd  Edition,  gfreatly 
enlarged,  fcp.  8vo.  6s.  cloth. 

Among  the  additions  to  the  present  Edition  vfll  be  fomid  foil  Directions  for  Raising  New  Reecs  from  Seed,  by 
mode*  never  before  pabliehed,  appended  to  each  Family ;  with  deacripCions  of  the  most  remarkable  Mew  Roacs 
lately  introdnecd;  an  alphabetical  list  of  all  the  New  Roses  and  Show  Flowers. 

ROBERTS.-A  COMPREHENSIVE  VIEW  OF  THE  CULTURE 

of  the  VINE  under  GLASS.  By  James  Roberts,  Gardener  to  M.  Wilson,  Esq.  Eshton  Hall, 
Yorkshire.    19mo.  5s.  6d.  cloth. 

ROBERTS.-AN    ETYMOLOGICAL    AND     EXPLANATORY 

DICTIONARY  of  the  Terms  and  Language  of  GEOLOGY;  designed  for  the  early  Student, 
and  those  who  have  not  made  great  progress  in  the  Science.    By  G.  Roberts.    Fcp.  6s.  cloth. 

ROBINSON.- GREEK  AND  ENGLISH  LEXICON  TO  THE 

NEW  TESTAMENT.  By  E.  Robinson,  D.D.  Author  of  "Biblical  Researches."  Edited, 
with  careAil  revision,  corrections,  &c.  by  the  Rev.  Dr.  Bloomfield.    1  vol.  8vo.  18s.  cloth. 

ROGERS.-THE  VEGETABLE  CULTIVATOR; 

Containing  a  plain  and  accurate  Description  of  all  the  different  Species  of  Culinary  Vegetables, 
with  the  most  approved  Method  of  Cultivating  them  by  Natural  and  Artificial  Means,  and 
the  best  Modes  of  Cooking  them ;  alphabetically  arranged.  Together  with  a  Description  of 
the  Physical  Herbs  in  General  Use.  Also,  some  Recollections  of  the  life  of  Ph  ilip  Miller, 
F.  A.S.,  Gardener  to  the  Worshipftil  Company  of  Apothecaries  at  Chelsea.  By  John  Roobrs, 
Author  of  "  The  Fruit  Cultivator."    Fcp.  8vo.  7s.  cloth. 

ROME.-THE  HISTORY  OF  ROME. 

2  vols.  fcp.  8vo.  with  Vignette  Titles,  I2s.  cloth. 

RONALDS.-THE  FLY-FISHER'S  ENTOMOLOGY, 

Illustrated  by  Coloured  Representations  of  the  Natural  and  Artificial  Insect ;  and  accompanied 
by  a  few  Observations  and  Instructions  relative  to  Trout  and  Grayling  Fishing.  By  Alfred 
Ronalds.    2d  Edition,  with  20  Copperplates,  coloured,  8vo.  14s.  cloth. 

ROSCOE.-LIVES  OF  EMINENT  BRITISH  LAWYERS. 

By  Henby  Roscoe,  Esq.    1  vol.  fcp.  8vo.  with  Vignette  Title,  6s.  cloth. 

SANDFORD.-LIVES  OF  ENGLISH  FEMALE  WORTHIES. 

By  Mrs.  John  Sandford.  Vol  1,  containing  the  Lives  of  Lady  Jane  Grey  and  Mrs.  Colonel 
Hutchinson,  fcp.  Svo.  6b.  6d.  cloth. 


SANDFORD.-WOMAN  IN  HER  SOCIAL  AND  DOMESTIC 

CHARACTBR.    By  Mn.  John  Sandford.    6th  Edition,  fcp.  8ro.  6s.  doth. 

Caiiien  of  Female  Influence;  Yalae  of  Letters  to  Wonurn ;  Importance  of  &di|;H»  to  W« 
niristiaiiity  the  Source  of  Female  Excellence;  Scripture  illustratiTe  of  Female 
Female  Influence  on  Helicon ;  Female  Defects;  Female  Romance;  Female  Macatloin  ; 
Dutiea. 

SANDFORD.-FEMALE  IMPROVEMENT. 

By  Mrt.  Johw  Sandpord.    9d  Edition,  fcp.  8vo.  7b.  6d.  cloth. 

The  Formation  of  Female  Character ;  Religion  a  paramonnt  Object ;  the  Importance  of  BdigioDs 
Knowledge;  Christianity,  Doctrinal  and  Practical ;  the  Employment  of  Time;  Study,  its  Mode 
and  its  Recommendation;  Accomplishment;  Temper;  Taste;  BencYOleiice;  Marriage;  the 
Young  Wife ;  the  Young  Mother. 

SAVA6E.-A  DICTIONARY  OF  PRINTING. 

By  William  Savaob,  Author  of**  Practical  Hints  on  DecoratiTe  Printing,"  and  alVeatiae 
'*  On  the  Preparation  of  Printing  Ink,  both  Black  and  Coloured."  In  1  yoL  8vo.  with  nomeroiBs 
Diagrama,  ^ei.  6s.  doth. 

SCOTT.-THE  HISTORY  OF  SCOTLAND. 

By  Sir  Waltkr  Soott,  Bart    New  edition.    2  toIs.  fcp.  8vo.  with  Vignette  Titles,  19b.  doth. 

SEAWARD.- SIR  EDWARD  SEAWARD'S  NARRATIVE  OF 

HIS  SHIPWRECK,  and  consequent  Discovery  of  certain  Islands  in  the  Caribbean  Sea :  with 
a  detail  of  many  extraordinary  and  highly  interesting  Events  in  his  Ufe,  from  17S3  to  174B,  aa 
written  in  bis  own  Diary.  Edited  by  Miss  Jan b  Portbr.  Sd  Edition,  with  a  New  Nantical 
and  Geographical  Introduction,  containing  Extracts  from  a  Paper  by  Mr.  C.  F.  CoUetty  of  the 
Royal  Navy,  identifying  the  islands  described  by  Sir  £.  Seaward.    2  vols,  pott  8vo.  21s.  doth. 

SELECT  WORKS  OF  THE  BRITISH  POETS, 

From  Chancer  to  Withers.  With  Biographical  Sketches,  by  R.  South kt,  LL.D.  1  toL  8vo. 
SOs.  cloth ;  with  gilt  edges,  Sis.  6d. 
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SELECT  WORKS  OF  THE  BRITISH  POETS, 

From  Ben  Jonson  to  Beattie.  With  Biographical  and  Critical  Prefaces,  by  Dr.  Aikim. 
1  vol.  8vo.  18s.  cloth ;  with  gilt  edges,  20s. 

*  .*  Th«  McuHar  featar*  of  these  two  worki  la,  that  the  Poena  laoliided  are  printed  catlre,  withovt  n«tflatia«  or 
■hrldgmenC ;  care  being  taken  that  ■vcb  pocnu  ooljr  are  included  as  an  At  for  the  penual  m  jooft,  oir  for  rcadi^f 
aloud. 

SHAKSPEARE,  BY  BOWDLER. 

THE  FAMILY  SHAKSPEARE;  in  which  nothing  is  added  to  the  Original  Text;  butfhoae 
words  and  expressions  are  omitted  which  cannot  with  propriety  be  readalood.  By  T-  Bowduir, 
Esq.  F.ILS.  Seventh  Edition  (1839),  1  large  vol.  8vo.  with  86  Hlostrmtions  after  Smirke,  &c. 
SOs.  cloth ;  or  Sis.  6d.  gilt  edges. 

W*  A  Library  Edition,  without  Illustrations,  8  vols.  8to.  jtf4.  Us.  6d.  boards. 

SHELLEY,  &c. -LIVES  OF  THE  MOST  EMINENT  LITERARY 

MEN  OF  ITALY,  SPAIN,  and  PORTUGAL.  By  Mrs.  Shbllrt.  Sir  D.  BRKwarsB, 
J.  MoNTQOMBRY,  &c.    S  vols.  fcp.  8vo.  With  Vignette  Titles,  18b.  doth. 

SHELLET.-LIVES  OF  MOST  EMINENT  FRENCH  WRITERS. 

By  Mrs.  Sh  bllb y,  and  others.    3  vols.  fcp.  8vo.  with  Vignette  Titles,  las.  doth. 

SHORT  WHIST : 

Its  Rise,  Progress,  and  Laws ;  with  ObservationB  to  make  anyone  a  Whist  Player;  containlnic 
also  the  Laws  of  Piquet,  Cassino,  Ecart^,  Cribbage,  Backgammon.  By  MiQor  A  •  «  •  •  *. 
7th  Edition.  To  which  are  added.  Precepts  for  Tyros.  By  Mrs.  B  •  •  «  •  «.  Fcp.  8vo.  3a. 
cloth,  gilt  edges. 

SISMONDI.-THE  HISTORY  OF  THE  ITALIAN  REPUBLICS ; 

Or,  of  the  Origin,  Progress,  and  Fall  of  Freedom  in  lUly,  firom  a.d.  476  to  1805.  By  J.  C.  L. 
Db  Sismondi.    9  vols.  fcp.  8vo.  with  Vignette  Titles,  13s.  doth. 
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SISMONDI.-THE  HISTORY  OF  THE  FALL  OF  THE  ROMAN 

SMPIRS.  Comprinng  a  View  of  the  Invaaion  and  Settlement  of  the  Barbariana.  By  J.  C  L. 
Db  SiBMONDi.    2  vola.  fcp.  8to.  with  Vignette  Titlea,  laa.  cloth. 

SMITH.-AN  INTRODUCTION  TO  THE  STUDY  OF  BOTANY. 

By  Sir  J.  E.  Smith,  late  President  of  the  Linnean  Society.  7th  Edition  (183S),  corrected  t  in 
which  the  object  of  Smith's  **  Grammar  of  Botany**  is  combined  with  that  of  the  "  Introduc- 
tion." By  Sir  William  Jaceson  Hooebh,  K.H.,  LL.D.,  ftc.  1  TOl.  8vo.  pp.  62S,  86  Steel 
Plates,  16e.  cloth ;  with  the  Plates  coloured,  £^  12s.  6d.  cloth. 

SMITH.-THE  ENGLISH  FLORA. 

By  Sir  Jambs  Edwaed  Smith,  M.D.  F.R.S.,  late  President  of  the  Llnna^n  Society,  ftc. 
6  vols.  8vo.  S\.  12s.  boards. 

Contents :— Vols.  I.  to  IV.  the  Flowering  Plants  and  the  Fbens,  jM.  8s. 

Vol.  V.  Part  1, 12s.— Cryptogamia  }  comprisini:  the  Mosses,  Hepatioe,  Lichens,  Characev, 
and  AlgK.    By  Sir  W.  J.  Hooebe. 

Vol  V.  Part  2, 12s.— The  Fungi— completini:  the  work,  by  Sir  J.  W.  Hooebe,  and  the  Ber. 
M.  J.  Bereblbt,  F.L.S.  ftc. 

SMITH.-THE  WORKS  OF  THE  REV.  SYDNEY  SMITH. 

2d  Edition,  3  vobi.  8vo.  with  Portrait,  pp.  1412, 86s.  cloth. 

This  ooUcctkm  consiato  of  the  arathor'a  contribtttiOBa  to  Mam  Edinburgh  Etrtov,  P«ter  PlTmler's  Letters  on  th« 
CatboUca,  aod  other  miaceUancoa*  worka. 

SMITH.-LETTERS  ON  THE  SUBJECT  OF  THE  CATHOLICS, 

to  my  Brother  Abraham  who  lives  in  the  Country.  By  Petbe  Plymlby.  21st  Edition, 
post  Sto.  pp.  200,  7s.  cloth. 

SMITH.-THE  MEMOIRS  OF  THE  MARUUIS  DE  POMBAL. 

By  JoH  M  Sm  ith,  Private  Secretary  to  the  Marquis  De  Saldana.  2  vols,  post  8vo.  with  Portrait 
and  Autogrrapha,  2ls.  cloth. 

Th«M  Mcmotn  of  this  Uhutrknu  Porta««eM  StBtmnaa,  dMinated  by  hia  oonatrymcB  the  "Gkjut  Muiavit," 
oonteia  dptnito  of  the  terrible  earthqutke  ia  1766— the  enefgf  of  Pombel  on  that  awfel  eecaiion— the  estabUehmeat 
of  the  Oporto  Wine  Compan  j— the  Duke  of  ATeiro'a  coatpiracT — mptnre  with  the  Coort  of  Rome^— etraage  hallncina- 
tioneof  theJeeoit  Halagrida— enppreauoa  of  the  Jesuit  order  thronghont  Europe  effected  by  Ponbal's  eneiKy  and 


addre»»    family  compact  and  war  with  France  and  Spain— extcnaiTe  refonna  and  flourishing  condition  oi  Portugal — 

,  and  death.    The  whole  interaperscd  with 


address— ramilT  compact  and  war  witn  >  ranee  and  spam— extenaiTe  retona 
death  of  the  ung — Pombal'a  leeignatioa,  ezaminatton,  sentence,  illnesa, 
extracts  fh>m  the  deapatchee  of  Mr.  Hay,  Lord  Kinnonll,  Mr.  Walpole,  fte. 


nerer  before  pabliahed. 


SMITH.-AN  INQUIRY  INTO  THE  NATURE  AND  CAUSES 

OF  THE  WEALTH  OF  NATIONS.  By  Adam  Smith,  LL.D.  With  a  Ufe  ofthe  Author, 
an  Introductory  Discourse,  Notes,  and  Supplemental  Dissertations.  By  J.  R.  M'Culloch. 
New  Edition,  corrected  throughout,  and  g^reatly  enlarged,  8vo.  with  Portrait,  j0ri.  is.  cloth. 

SOUTHEY'S  (ROBERT)  POETICAL  WORKS. 

First  and  only  Complete  Edition  (1838-42).  Collected  and  edited  by  Mr.  South  by.  With 
AutobiogTEphical  Prelkces.  10  Vols.  fcp.  8vo.  with  Portrait,  and  19  other  highly-finished 
Plates,  402. 10s.  Ikncy  cloth ;  or  jtf4. 10s.  handsomely  bound  in  morocco,  with  gilt  edges. 

The  following  may  be  had,  separately,  in  cloth  :— 


JOAN  of  ARC iTol.  5s. 

MADOC 1  vol.  5s. 

CURSE  of  KEHAMA   1to1.5s. 


THALABA 1  vol.     5s. 

BALLADS,  &c 9  vols.  lOs. 

RODERICK 1vol.     5s. 


I 


SOUTHEY,  &c. -LIVES  OF  THE  BRITISH  ADMIRALS; 

With  an  Introductory  View  of  the  Naval  History  of  England.  By  R.  South  by,  Esq.  and 
R.  Bbll,  Esq.    5  vols.  fcp.  8vo.  with  Vignette  Titles,  £\,  10s.  cloth. 

SPACKMAN.- STATISTICAL  TABLES 

Of  the  Agriculture,  Shipping,  Colonies,  Manufactures,  Commerce,  and  Population  of  the 
United  Kingdom  of  Great  Britain  and  its  Dependencies,  brought  down  to  the  year  1843. 
Compiled  from  Ofllcial  Returns.    By  W.  F.  Spaceman,  Esq.    Fcp.  8vo.  pp.  163, 5s.  cloth. 

SPIRIT  OF  THE  WOODS. 

By  the  Author  of  "  The  Moral  of  Flowers."  9d  Edition,  1  voL  royal  8vo.  with  28  beantifhlly- 
cokrared  Engravings  of  the  Forest  TKes  of  Great  Britain,  jTI.  lis.  fid.  doth. 


CATALOGUB  07  NEW  WORKS 


SPOONER.-A  TREATISE  ON  THE  INFLUENZA  OF  HORSES. 


Showing^  ita  Nature,  Symptoms,  Cauies,  and  Treatment;  embracinfp  the  subject  of  Epixootl 
Disease  gfeneraUy.  By  W.  C.  Sfoonbr,  M.R.V.C.  13mo.  pp.  118,  U.  0d.  doth. 

SPOONER.-A  TREATISE   ON   THE  STRUCTURE,  FUNC- 

•  TIONS  and  DISEASES  of  the  FOOT  and  LEO  of  the  HORSE ;  comprehending  the  Com- 
parative Anatomy  of  these  parts  in  other  Animals,  embracini;  the  subject  of  shoeing  and 
the  proper  Treatment  of  the  Foot ;  with  the  Rationale  and  Rfiects  of  various  Important 
Operations,  and  the  best  methods  of  performing  them.  By  W.  C.  Spooxbb,  M.R.V.C. 
lamo.  pp.  S96, 7s.  6d.  cloth.  « 

STEBBING.-THE  HISTORY  OF  THE  CHRISTIAN  CHURCH, 

from  its  Foundation  to  a.d.  1492.  By  the  Rev.  H.  Stbbbino,  M.A.  &c.  3  vols.  fcp.  8to. 
with  Vignette  Titles,  12s.  cloth. 

STEBBING.-THE  HISTORY  OF  THE  REFORMATION. 

By  the  Rev.  H.  Stbbbino.    2  vols.  fcp.  8vo.  with  Vignette  Titles,  12s.  cloth. 

STEPHENS.-A  MANUAL  OF  BRITISH  COLEOPTERA; 

or,  BEETLES:  containingaDescriptionof  allthe  Species  of  Beetles  hitherto  ascertained  to 
inhabit  Great  Britain  and  Ireland,  &c.  With  a  Complete  Index  of  the  Genera.  By  J.  F. 
Stbphbns,  F.L.S.  Author  of  "  Illustrations  of  Entomology.'*    1  vol.  post  8vo.  14a.  doth. 

STEEL'S  SHIPMASTER'S  ASSISTANT, 

And  OWNER'S  MANUAL;  containing  Information  necessary  for  penons  connected  with 
Meicantile  Affairs ;  consisting  of  the  Regulation  Acts  of  the  Customs  for  the  Umted  King- 
dom, and  British  Possessions  abroad ;  Navigation  Laws ;  Registry  Acts ;  Duties  of  Customs 
of  the  United  Kingdom,  the  British  Plantations  in  America,  Canada,  and  Isle  of  Man,  in  the 
East  Indies,  Cape  of  Good  Hope,  New  South  Wales,  and  Van  Dieman's  Land ;  Smuggling 
Acts ;  Pilotage  throughout  England  and  Scotland ;  Insuimncea ;  Commtfcial  Treaties ;  Dock 
Charges  on  Shipping,  ftr.  New  Edition,  corrected  by  J.  Stikbman,  Secretary  to  the  Eaat 
India  and  China  Assodation.  With  Tables  of  Monies,  Weights,  Meaanret,  and  Exchanges. 
By  Dr.  Kbllt.    With  a  Supplement.    1  vol.  Svo.  46*1.  Is.  cloth. 


STRONG.-GREECE  AS  A  KINGDOM : 

A  Statistical  Description  of  that  Country :  its  Laws,  Commerce,  Resources,  Public  Institutioni, 
Army,  Navy,  &c.— from  the  arrival  of  King  Otho,  in  18SS,  down  to  the  present  time.  Tnm 
Official  Documents  and  Authentic  Sources.  By  Frbdbbick  Stbono,  Esq.  Consul  at  Athens 
for  the  Kingdoms  of  Bavaria  and  Hanover.    Svo  15s.  doth. 

SUNDAY  LIBRARY : 

Containing  nearly  One  Hundred  Sermons  by  the  following  eminent  Divines.  With  Notes,  ftc. 
by  the  Rev.  T.  F.  Dibdin,  D.D.    6  vols.  fcp.  8vo.  with  Six  Portraits,  80s.  cloth. 

R«T  W.  J«nn  (of  Naytewl) 
•'    C.  W.  LcBm 


Archbp.  Lawrence 

"        Srckn 
Bp.  Bloomflekl 

^  Gr»y 

"  Hcber 

"  Hobart 

"   Horne 

"  Honle7 


Bp.  Huntincrford 

**    Maltby 

"    Mant 

*•    Newton 

"    Portena 

*'    J.  B.  Sumner 

"  VanMUdert 
Dean  Chandler 


Archdeacon  Narce 
•'  Pott 

Dr.  Blair 
"  Chalmcra 
•«  D'Oyly 
"    Paler 
"  Parr 
**  Shuttleworth 


Profeeeor  White 
RcT.  Arch.  Alinon 
"     C.  BenvoD 
"     Joahna  Gilpin 
"     G.  Hanitt 
••     Robert  HaU 
••     J.  Hewlett 
**     A.  Irrin* 


M 
« 

n 


H.  H.  Wilnaa 
R.  Morehead 
Themaa  Reancll 
J,  H.  Spry 
Sydney  Smith 
Tnomaa 


SWAINSON.-A    PRELIMINARY    DISCOURSE    ON    THE 

STUDY  OF  NATURAL  HISTORY.    By  W.  Swaintom,  Bsq.    1  vol.  fcp.  Sro.  <•.  doth. 

SWAINSON.-A  TREATISE  ON  THE  NATURAL  HISTORY 

AND  CLASSIFICATION  of  ANIMALS.    By  W.  Swainson,  Esq.     1  vol.  fcp.  Svo.  6«. 
doth  lettered. 

SWAINSON.-NATURAL  HISTORY  AND  CLASSIFICATION 

OF  QUADRUPEDS.    By  W.  Swaimson,  Esq.    1  vol.  fcp.  Svo.  with  vignette  title  and  176 
Woodcuts,  6s.  cloth. 

SWAINSON.-NATURAL  HISTORY  AND  CLASSIFICATION 

OF  BIRDSi.    By  W.  Swainson,  Esq.    Fcp.  Svo.  Vignette  Titles  and  above  SOO  Woodcuts, 
13s.  cloth. 

SWAINSON.-ANIMALS  IN  MENAGERIES. 

By  W.  Swainson,  Bsq.    Fcp. Svo.  Vignette  Title  and  numerous  Woodcuts,  68.  doth  lettered. 


I 


PRINTED  FOR  LONGMAN,  BROWN,  AND  00. 


29 


i 


I 


SWAINSON -NATURAL  HISTORY  AND  CLASSIFICATION 

OF  FISH,  AMPHIBIANS,  AND  REPTILES.  By  W.  Swainson,  Esq.  3  vols.  fcp.  8vo. 
with  nnmerous  Woodcuts  and  Vig^nette  I'itles,  ISs.  cloth. 

SWAINSON.-HABITS  AND  INSTINCTS  OF  ANIMALS. 

By  W.  Swainson,  Esq.    1  yoL  fcp.  8to.  with  Vignette  and  nnmerons  Woodcuts,  6s.  cloth. 

SWAINSON.-A  TREATISE  ON  MALACOLOGY; 

Or,  the  Natural  Classification  of  Shells  and  Shell-fish.  By  W.  Swainson,  Esq.  1  vol.  fcp. 
8vo.  with  Vignette  Title  and  very  numerous  Illustrations  on  Wood,  fis.  cloth. 

SWAINSON  AND  SHUCKARD.-HISTORY  AND  NATURAL 

ARRANGEMENT  OF  INSECTS.  By  W.  Swainson,  Esq.,  and  W.  E.  Shuckahd,  Esq. 
1  vol.  fcp.  8vo.  with  Vignette  Title  and  Woodcuts,  fis.  cloth. 

SWITZERLAND.-THE  HISTORY  OF  SWITZERLAND. 

1  vol.  fcp.  8vo.  with  Vignette  Title,  6s.  cloth. 

TATE.-THE  CONTINUOUS  HISTORY  OF  THE  LIFE  AND 

WRITINGS  OF  ST.  PAUL,  on  the  hasis  of  the  AcU ;  with  Intercalary  Matter  of  Sacred 
Narrative,  supplied  from  the  Epistles,  and  elucidated  in  occasional  Dissertations :  with  the 
Uorc  Paulins  of  Dr.  Paley,  in  a  more  correct  edition,  subjoined.  By  Jambs  Tatb,  M^A. 
Canon  Residentiary  of  St.  Paul's.    8vo.  with  Map,  ISs.  cloth. 

TATE.-HORATIUS  RESTITUTUS ; 

Or,  the  Books  of  Horace  arranged  in  Chronological  Order,  according  to  the  Scheme  of  Dr. 
Bentley,  from  the  Text  of  Gesner,  corrected  and  improved.  With  a  Preliminary  Dissertation, 
very  much  enlarged,  on  the  Chronology  of  the  Works,  on  the  Localities,  and  on  the  Life  and 
Character  of  that  Poet.  By  Jambs  Tatb,  M.  A.  Second  Edition.  To  which  is  now  added, 
an  original  Treatise  on  the  Metres  of  Horace.    8vo.  12s.  cloth. 

TAYLER  (REV.  CHARLES  B.)-MARGARET: 

Or,  the  Pearl.  By  the  Rev.  Chablbs  B  .Taylbr,  M.A.  Rector  of  St.  Peter's,  Chester,  Author 
of  "  May  Yon  Like  It,"  "  Records  of  a  Good  Man's  Ufe,"  itc.—In  the  Prut. 

-  ViUl  religion  U  tbc  real  antidote  for  tractatiAn  error." 

TAYLER  (REV.  CHARLES  B.)-DORA  MELDER; 

A  Story  of  Alsace.  By  Mbta  Sandbb.  A  Translation.  Edited  by  the  Rev.  C.  B.  Tayler, 
Author  of  **  Records  of  a  Good  Man's  Life,"  &c.    Fcp.  8vo.  pp.  286,  2  Illustrations,  7s.  cloth. 

*'  Vlemd  in  a  litarary  point  of  tieir,  thia  tal«  la  admirably  told  \  whilat  an  air  of  realitf  gives  it  a  tnw  cham." 

Butisx  MAOAiuia. 

TAYLOK-THE  STATESMAN. 

By  Hbnbt  Tatiob,  Esq.,  Author  of  "  Philip  Van  Artevelde."    12mo.  68. 6d.  boards. 

THACKER.-THE  COURSER'S  ANNUAL  REMEMBRANCER, 

and  STUD-BOOK ;  being  an  Alphabetical  Return  of  the  Running  at  all  the  Public  Coursing 
Clubs  in  England,  Ireland,  and  Scotland,  for  the  Season  1841-42  *,  with  the  Pedigrees  (as  far 
as  received)  of  the  Dog^  that  won,  and  the  Dogs  that  ran  up  second  for  each  Prize ;  also,  a 
Return  of  all  single  Matches  run  at  those  Meetings ;  with  a  Preliminary  Essay  on  the  Decision 
of  Short  Courses.    By  T.  Thacebb.    8vo.  lOs.  cloth. 

THACKER.— A    POCKET    COMPENDIUM    OF    COURSING 

RULES  AND  BYE-LAWS,  for  Use  in  the  Field.    By  Thomas  Th  acebb.    Is.  6d.  sewed. 

THIRLWALL.-THE  HISTORY  OF  GREECE. 

By  the  Right  Rev.  the  Loan  Bishop  of  St.  David's.  Vols.  1  to  7,  fcp.  8vo.  with  Vignette 
Titles,  j£r2. 2s.  cloth. 

THOMSON.-THE  DOMESTIC  MANAGEMENT  OF  THE  SICK 

ROOM,  necessary,  in  Aid  of  Medical  Treatment,  for  the  Cure  of  Diieases.  By  Anthony 
Todd  Thomson,  M.D.  F.L.S.  &c.     Post  8vo.  lOs.  6d.  cloth. 

THOMSON.-CHEMISTRY  OF  ANIMAL  BODIES. 

By  Thomas  Thomson,  M.D.  Regius  Professor  of  Chemistry  in  the  University  of  Glasgow. 
8vo.  16s.  cloth. 
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J.  Bell,  Sculptor, 
C.W.Cope, 
Thomas  Cmwich, 


Fnak  Stone, 
C.  StonhosM, 
P.  Tayter, 


H.  J.  Tovnsmd. 
T.  Wrlwtrr,  A.&.A. 


THOMSON'S  SEASONS. 

Edited  by  Bolton  Corn  by,  Esq.    lUostrated  with  Berenty-wvcn  iWdgna  drawn  oo  Wood, 
by  the  followinsr  Memben  of  the  Btchinf  Clab  :— 

J.  C.  HoralfT, 
J.  P.  KnUrbl, 
R.  RfdyrmTC.  A.R.A. 

Engraved  by  Tbompeon  and  other  eminent  EnfraTera. 

Handaomely  printed  in  aqnare  crown  8vo.  (1849),  pp.  S96, 91  s.  richly  bound  in  oltra-marine 
cloth ;  in  morocco  in  the  beat  manner  by  Hayday,  Ma. 

*»*  A  few  copies  printed  on  prepared  paper  of  (nreat  beauty,  forminr  a  moet  onaqne  book, 
j^.  28.  in  ultra-marine  cloth}  in  morocco  in  the  beat  manner  by  Hayday,  jn.  17a.  j  or  in 
Russia,  jtf'S. 

**  Few  works  of  the  class  hsTs  a  fairer  prospect  of  popolarity  than  this  new  edition  of  Taowsos,  ilhiatrated  hr  flae 
membeit  of  the  Etching  C1ttb.  Most  of  the  deswns  arc  In  accordance  with  the  spirit  of  the  anthor.-  annae  of  thnn 
beautiftil.  Hie  landncnpe  riirnettea  contributed  by  Mr.  Cbbhwick  entitle  hira  to  a  lint  place  as  a  book-iIhi»txatar  : 
eahibitinff  a  versatility  of  tairnt  for  which  his  warmest  admirers  cotild  hitherto  have  hardlT  ventured  to  pve  him 
credit.  Mr.  F.  Tatlcr  is  not  far  behind,  as  his  designs  at  pp.  11, 12,  and  as,  will  most  satlsnctanlT  prove ;  and  he 
ccmies  one  step  uesirr  historical  art  than  Mr.  Creswirk,  in  rigfat  of  ni«  clever  management  of  rustic  figuf«n.  Mnan. 
Core,  HoRSLST,  IlRDOAATi,  sud  Bbi.l,  with  all  their  true  English  feeling,  and  the  grace  of  their  conee|ittoas,  are  a 
degree  more  ambitious.  Mr.  Bkll's  preparatory  outline  of  '  npring '  gives  indkations  of  grace,  poetry,  awl  nner, 
worthy  of  being  carried  to  the  highest  perfection.  This  book  is  beautifully  brouaht  out;  the  vignettea  are  ttom 
copper  blocks,  produced  by  the  rlrctrotyiie  process.    This  gives  a  peculiarity  of  effect  to  the  imprcaawns  morv  easy  to 

Krceire  than  to  dcM-ribe.     Other  of  our  classical  poems  are  to  follow,  illustrated  In  a  similar  lashion.    Mr.  Bolvox 
iRXET's  labours  are  not  the  less  to  be  commended  because  they  are  unobtruaive :  the  work  is  estfcnely  well  oditBd, 
and  therefore  entitled  to  a  place  on  the  library  shelf  as  well  as  on  th«  drawlng-roon  tabl*."- 


TOMLINS.-A  POPULAR  LAW  DICTIONARY ; 

Familiarly  explaining  the  Terms  and  Nature  of  Rng^lish  Law ;  adapted  to  the  comprehension 
of  persons  not  educated  for  the  legal  profession,  and  affording  information  peculiarly  uaeAd 
to  Magistrates,  Merchanta,  Parochial  Officers,  and  othera.  By  Thomas  Eoltnb  Tomlims, 
Attorney  and  Solicitor.    In  1  thick  vol.  post  Svo.  18s.  cloth. 

The  whole  work  has  been  revised  by  a  Barrister. 

TOOKE.-A  HISTORY  OF  PRICES ; 

With  reference  to  the  Causes  of  their  principal  Variations,  flrom  1799  to  the  Present  Time. 
Preceded  by  a  Sketch  of  the  History  of  the  Com  Trade  in  the  laat  Two  Centnriea.  By  Thomas 
TooKB,  Esq.  F.R.S.    9  vols.  6vo.  j^l.  I6s.  cloth. 

(A  Continuation  of  the  Above.) 
AN  ACCOUNT  of  PRICES  and  of  the  State  of  the  CIRCULATION  in  1838  and  1839;  with 
Remarks  on  the  Com  Laws,  and  on  proposed  Alterations  in  our  Banking  System.  8vo.  19s.  doth. 

TRANSACTIONS  OF  THE  ENTOMOLOGICAL  SOCIETY. 

8vo.    The  last  part  published  is  Part  S  of  VoL  3,  Svo.  with  Plates,  4s.  0d. 

TRANSACTIONS    OF    THE    ZOOLOGICAL     SOCIETY    OF 

LONDON.  4to.  The  last  part  published  is  Part  1,  VoL  3,  with  Plates,  14s.  colonred, 
and  19a.  plain. 

TRANSACTIONS  OF  THE  INSTITUTION  OF  CIVIL 

Engineers,  4to.    Vol.  II.  with  Twenty-three  finely  engraved  Plates,  38s.  cloth. 
Vol.  III.  with  Nineteen  finely  engraved  Platea,  j£r3.  las.  6d.  cloth. 

TRANSACTIONS  OF  THE  ROYAL  INSTITUTE  OF  BRITISH 

ARCHITECTS  of  LONDON :  consisting  of  a  series  of  Papers  on  **  Antiquities,'*  and  "  Con- 
Btruction.**  By  R.  Willis,  M.A.  F.R.S.  &c. ;  Ambrose  I^oyuter;  Herr  Hallmann,  of  Han- 
over; Dr.  Faraday ;  Mr.  Bracebridge;  Herr  Beuth,  of  Berlin ;  Joseph  Owilt,  F.8.A.  F.A.S.  i 
Mr.  C.  H.  Smith ;  Mr.  C.  Fowler,  Hon.  Sec. ;  Mr.  W.  A.  Nicholson,  of  Lincoln ;  and  Mr.  J.  P. 
Papworth.  Vol.  I.  Part  S,  4to.  with  numerous  lithographic  and  woodcut  illustrations,  34a.  cloth. 
*»*  Part  1,  Vol.  I.  uniform  with  the  above,  I8s.  cloth. 

TRANSACTIONS  OF  THE  LINNEAN  SOCIETY  OF  LONDON. 

The  last  part  published  is  Part  9,  Vol.  XIX.    4to.  with  Plates,  31s. 

TROLLOPE.-THE  LAURRINGTONS ; 

Or.  Superior  People.  By  Mrs.  Thollopb,  Author  of  '<  Widow  Bamaby,'*  frc  8  vola. 
post  Svo.— Nearijf  ready. 

TURNER.-THE  SACRED  HISTORY  OF  THE  WORLD, 

PhQosophically  considered.  By  Sharon  Turner,  F.S.A.  R.A.S.L.    New  Edit.  3  vols.  Svo.  43a. 

Vol.  1  considers  the  Creation  and  System  of  the  Earth,  and  of  its  Vegetable  and  Animal  Racea 
and  Material  Laws,  and  Formation  of  Mankind. 

Vol.  S,  the  Divine  Economy  in  ita  special  Relation  to  Mankind,  and  in  the  Deluge,  and  the 

History  of  Human  Aflhirs  ; 
Vol.  3,  the  Provisions  for  the  Perpetuation  and  Support  of  the  Human  Race,  the  Divine  Syatem 

of  otir  Social  Combinations,  and  the  Supernatural  History  of  the  World. 
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TURNER.-THE  HISTORY  OF  ENGLAND, 

From  the  Earliest  Period  to  the  Death  of  Elisabeth.  By  Sharon  Tubnbr,  Eaq.  F.A.S. 
R.A.9.L.    la  vols.  8vo.  4^8.  39.  cloth. 

Or  four  separate  portions,  as  follow  :— 

THE  HISTORY  of  the  ANGLO-SAXONS ;  comprising^  the  History  of  En^^land  fh>m  the 
Earliest  Period  to  the  Norman  Conqaest.    6th  Edition,  S  vols.  8vo.  4(2.  5s.  boards. 

THE  HISTORY  of  ENGLAND  during:  the  MIDDLE  AGES;  comprising^  the  Reifn^s  fW>m 
William  the  Conqueror  to  the  Accession  of  Henry  VIII.,  and  also  tne  History  of  the  Litera- 
ture, Reliipon,  Poetry,  and  Progress  of  the  Reformation  and  of  the  Language  during  that 
period.    3d  Edition,  5  vols.  8vo.  jtS,  boards. 

THE  HISTORY  of  the  REIGN  of  HENRY  VIII.;  comprising  the  Political  History  of  the 
commencement  of  the  English  Reformation :  being  the  First  Part  of  the  Modem  History  of 
England.    Sd  Edition,  3  vols.  8vo.  afis.  bds. 

THE  HISTORY  of  the  REIGNS  of  EDWARD  VI.,  MARY,  and  ELIZABETH ;  being  the 
Second  Part  of  the  Modem  History  of  England.    3d  Edition,  3  vols.  8vo.  82s.  boards. 

TURNER.-A  TREATISE  ON  THE  FOOT  OF  THE  HORSE, 

And  a  New  System  of  Shoeing,  by  one-sided  nailing ;  and  on  the  Nature,  Origin,  and  Symptoms 
of  the  Navicular  Joint  Lameness,  with  Preventive  and  Curative  Treatment.  By  Jambs 
Turner,  M.R.V.C.    Royal  8vo.  pp.  118, 7s.  6d.  boards. 

TTJRTON'S  (DR.)  MANUAL  OF  THE  LAND  AND  FRESH- 

WATER  SHELLS  of  the  BRITISH  ISLANDS.  A  New  Edition,  thoroughly  revised  and  with 
considerable  Additions.  By  John  Edward  Gray,  Keeper  of  the  Zoological  Collection  in 
the  British  Museum.    1  vol.  poet  8vo.  with  Woodcuts,  and  12  Coloured  Plates,  15s.  cloth. 

URE.-DICTIONARY  OF  ARTS,  MANUFACTURES,  &  MINES ; 

Containing  a  clear  Exposition  of  their  Principles  and  Practice.  By  Andrbw  Urk,  M.D. 
F.R.S.  M.G.S.  M.A.S.  Lond.;  M.  Acad.  N.L.  Philad. ;  S.  Ph.  Soc.  N.  Germ.  Hanov. ;  Mulii. 
ftc.  &c.    Third  Edition,  corrected,  8vo.  illustrated  with  1240  Engravings  on  Wood,  60s.  cloth. 

WALKER.-BRITISH  ATLAS  OF  FORTY-SEVEN  MAPS, 

CAREFULLY  COLOURED;  comprising  separate  Maps  of  every  County  in  England,  each 
Riding  in  Yorkshire,  and  North  and  South  Wales;  showing  the  Roads,  Railways,  Canals, 
Parks,  Boundaries  of  Boroughs,  Places  of  Election,  Polling  Places,  &c.  Compiled  from  the 
Maps  of  the  Board  of  Ordnance  and  other  Trigonometrical  Surveys.  By  J.  and  C.  Walker. 
Imperial  4to.  coloured.  Three  Guineas,  half-bound ;  large  paper.  Four  Guineas,  half-bound. 

%*  Bach  County  may  be  had  separately,  in  case,  2s.  6d. 

WALTZING. -REFORM  YOUR  WALTZING.     THE  TRUE 

THEORY  of  the  RHENISH  or  SPANISH  WALTZ,  and  of  the  German  Waltz,  d  Deux  Tempt, 
analysed  and  explained  for  the  flnt  time.  By  An  Amatrur.  Fcp.  8vo.  uniform  with  **  Hints 
on  Etiquette,*'  price  Half-a-Crown. 

The  Ftgnra  of  6  in  boUi  tb«M  WaltM*  on  an  entirely  new  principle. 

*«*  Weltsinf  le  the  mrt  of  a  gcntlenttn,  uid  never  yet  wae  teught  or  nnderttood  hj  a  deneinf -master. 

'*  The  author  of  these  anwiaing  hinta  cannot  be  a  more  enthuiiaatic  admirer  of  waltxiofp  than  we  arp.  It  was  a 
•onroe  of  ei^oymeat  to  na  in  the  land  of  ito  legitimate  home  for  many  a  year  in  the  daya  of  yore ;  but, '  h#lai,Ut  sont 
pnmtta  cea  Jotin  de  (He !'  we  are  now  too  old  and  rheumatic  to  be  able  to  indulge  in  auch  paatimea.  Thooe  of  our 
reader*,  lM>weTer,who  are  yoniwer  and  more  aetiTv  than  ottnelTea,and  wlio  wish  to  knew  what  real  waltxing  actually 
meana,  cannot  do  better  than  oeneflt  by  the  system  laid  down  and  recommended  for  adoption  by  *  An  Amateur/ 
whose  remarks  are  wdl  calcolated  to  prove  serriccable  to  the  uninitiated/'— Umitbs  Sbaticb  Oa.scTTS. 

WARDLAW.-SERMONS, 

By  Dr.  Wardlaw.    8vo.  12i.  boards. 

WARDLAW.-DISCOURSES  ON  THE  PRINCIPAL  POINTS 

OF  THE  SOCINIAN  CONTROVERSY— the  Unity  of  God,  and  the  Trinity  of  Persons  in  the 
Godhead ;  the  Supreme  Divinity  of  Jesus  Christ ;  the  Doctrine  of  the  Atonement ;  the  Christian 
Character,  &c.    By  Ralph  Wardlaw,  D.D.    6th  Edition,  8vo.  15s.  cloth. 

WATERTON.-ESSAYS  ON  NATURAL  HISTORY, 

Chiefly  Ornithology.  By  Cmarlbs  Watbrton,  Esq.,  Author  of  "  Wanderings  in  South 
America.*'  With  an  Autobiography  of  the  Author,  and  a  View  of  Walton  Hall,  lliird 
Edition,  fcp.  8vo.  8s.  cloth. 
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WATHEN.-ARTS,  ANTIQUITIES,  AND  CHRONOLOGY  OF 

ANCIENT  EGYPT,  from  Personal  Observationi.  By  6.  H.  Wathbm»  Architect.  With 
Illastrations  from  Original  Sketches  by  the  Anther.  Royal  8to.  with  Plat^  and  Woodcuts, 
16a.  cloth. 

**  A  clcTrr  and  IWely  contribntioa  to  the  chronolo^  and  arta  of  »nci«nt  Kffypt,  tlie  result  of  m  profeuioiial  Tint  to 
her  land,  made  by  an  entliosiaatic  atadcat  of  her  luatory  well  qualified  to  exfuore  her  remaiaa."— aracTATOS. 

WEBSTER— AN  ENCYCLOPJIDIA  OF  DOMESTIC  ECONOMY; 

Comprising  such  subjects  as  are  most  immediately  connected  with  Housekeeping:  as.  The 
Coustraction  of  Domestic  Edifices,  with  the  modes  of  Warming,  Ventilating,  and  Lighting 
them^A  description  of  the  various  articles  of  Furniture,  with  the  nature  of  their  Materials- 
Duties  of  Servants— A  general  account  of  the  Animal  and  V^etable  Substances  used  as  Food, 
and  the  methods  of  preserving  and  preparing  them  by  Cooking— Making  Bread— The  Chemical 
Nature  and  the  Preparation  of  all  kinds  of  Fermented  Liquors  used  as  Beverage— The  varioas 
Clothing  Arts,  and  Materials  employed  in  Dress  and  the  Toilette — Business  of  the  Laundry— 
Description  of  the  various  Wheel  Carriages — Preservation  of  Health— Domestic  Medicine, 
&c.  &c.  Ax.  By  Thomas  Wbbstbr,  F.G.S.  Aec.  ;  assisted  by  the  late  Mrs.  Parkes,  Author  of 
"  Domestic  Duties."    1  thick  vol.  8vo.  illostrated  with  nearly  1000  Woodcuts.— /m  Me  Preu. 

WESTWOOD.-INTRODUCTION  TO  THE  MODERN  CLASSI- 

FICATION  OF  INSECTS ;  comprising  an  Account  of  the  Habits  and  Transformations  of  the 
different  Families ;  a  Synopsis  of  all  the  British,  and  a  Notice  of  the  more  remarkable  Foreign 
Genera.  By  J.  O.  Wbstwood,  Sec.  Ent.  Soc.  London,  F.L.S.,  &c.  9  vols,  illustrated  with 
above  ISO  Woodcuts,  comprising  about  3500  distinct  Figures,  ^n.  7s.  cloth. 

WHITE'S  COMPENDIUM  OF  THE  VETERINARY  ART; 

Containing  Plain  and  Concise  Observations  on  the  Construction  and  Management  of  the 
Stable ;  a  brief  and  popular  Outline  of  the  Structure  and  Economy  of  the  Horse ;  the  Nature, 
Symptoms,  and  Treatment  of  the  Diseases  and  Accidents  to  which  the  Horse  is  liable ;  the 
best  method  of  performing  various  Important  Operations ;  with  Advice  to  the  Purchasera  of 
Horses ;  and  a  copious  Materia  Medica  and  Pharmacopceia.  17th  Edition,  entirely  recon- 
structed, with  considerable  Additions  and  Alterations,  bringing  the  work  up  to  the  present  state 
of  Veterinary  Science.  By  W.  C.  Spoonbr,  Veterinary  Surgeon,  &c.  &c.  8vo.  pp.  588,  with 
coloured  Plate,  16s.  cloth.    London,  1842. 

WHITE'S  COMPENDIUM  OF  CATTLE  MEDICINE; 

Or,  Practical  Observations  on  the  Disorders  of  Cattle  and  other  Domestic  Animals,  except 
tbe  Horse.  6th  Edition,  re-arranged,  with  copious  Additions  and  Notes,  by  W.  C.  Spoonbr, 
Vet.  Surgeon,  Author  of  a  "Treatise  on  the  Influenza,"  and  a  "  Treatise  on  the  Foot  and 
L^  of  the  Horse,"  &c.    8vo.  9s.  cloth. 

WHITE.-THE  GOSPEL  PROMOTIYE  OF  TRUE  HAPPINESS. 

By  the  Rev.  Hugh  Whitb,  M.A.    12mo.  6s.  doth. 

WHITLEY —THE  APPLICATION  OF  GEOLOGY  TO  A6RI- 

CULTURE,  and  to  the  Improvement  and  Valuation  of  Land :  with  the  Nature  and  Properties 
of  Soils,  and  the  Principles  of  Cultivation.  By  Nicholas  Whitlby,  Land-Snrveyor.  8vo. 
7s.  6d.  cloth. 

«•  Mr.  Whitley'a  book  appcut  to  na  like  thtf  eommenceoient  of  a  more  philoaophioal  nrritBm  of  ovr  agiieottanl  ridm 
than  haa  yet  been  pven  to  the  public  ;  its  utUity  is  manifefft,  and  on  that  acore  alone  we  earnevUy  rtc«amnd  it  to 
thoee  who,  from  their  pnrmita,  ate  much  better  able  than  ouneltea  to  estimate  ita  mfetita  and  tak*  advaatMge  of  ita 
■oggeationa." — Stosat  Tmsa,  Oct.  82, 1M3. 

WILKINSON.-THE  ENGINES  OF  WAR,  fc. 

Being  a  History  of  Ancient  and  Modern  Projectile  Instruments  and  Engines  of  Waifare  and 
Sporting;  including  the  Manufacture  of  Fire- Arms,  the  History  and  Manufacture  of  Gun* 
powder,  of  Swonls,  and  of  the  cause  of  the  Damascus  Figure  in  Sword  Blades,  with  some 
Obsenrations  of  Bronze :  to  which  are  added.  Remarks  on  some  Peculiarities  of  Iron,  and  on 
the  Extraordinary  Effect  produced  by  the  Action  of  Sea-water  on  Cast-Iron  •,  with  Details  of 
various  Miscellaneous  Experiments.    By  H.  Wilkinson,  M.R.A.S.    I  vol.  8vo.  9s.  cloth. 

WOOD. -A  PRACTICAL  TREATISE  ON  RAILROADS,  AND 

INTERIOR  COMMUNICATION  in  GENERAL;  containing  numerous  ExperimenU  on 
the  Powers  of  the  Improved  Locomotive  Engines,  and  Tables  of  the  comparative  Cost  of  Con- 
veyance on  Canals,  Railways,  and  Turnpike  Roads.  By  Nicholas  Wood,  Colliery  Viewer, 
Memb.  Inst.  Civ.  Eng.  6tc.  Third  edition,  very  greatly  enlarged,  with  IS  large  Plates,  and 
several  new  Woodcuts,    dfl.  lis.  6d.  cloth. 

YOUNG  LADIES'  BOOK  (THE) : 

A  Manual  of  Elegant  Recreation!,  Exercises,  and  Pursuits.  4th  Edition,  with  numeroos 
beautifiilly  executed  Engravings  on  Wood.  jffl.  Is.  elcgantiy  bound  in  crimson  8ilk,liBcd  with 
imitation  of  Mechlin  lace. 
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